
BULL. AUSTRAL. MATH. SOC. 30C50

VOL. 43 (1991) [317-324]

SOME INEQUALITIES ON QUASI-SUBORDINATE FUNCTIONS

FUYAO REN, SHIGEYOSHI OWA AND SEIICHI FUKUI

The object of the present paper is to derive some interesting coefficient estimates
for quasi-subordinate functions. Furthermore, a conjecture for quasi-subordinate
functions is shown.

1. INTRODUCTION

Let g(z) and f(z) be analytic in the unit disk U = {z: \z\ < 1}. A function
g(z) is said to be subordinate to f(z) if there exists an analytic function w(z) in the
unit disk U with to(0) = 0 and \w(z)\ < 1 (z € U), such that g(z) = f{w(z)). We
denote this subordination by g(z) -< f(z). The concept of subordination can be traced
to Lindelof [1], but Littlewood [2, 3] and Rogosinski [5, 6] introduced the term and
discovered the basic properties.

Further, a function g(z) is said to be quasi-subordinate to f(z) in the unit disk
U if there exist the functions <f>(z) and w(z) (with constant coefficient zero) which are
analytic and bounded by one in the unit disk U, such that

(i.i) g{z) = <Kz)f{w{z)).

Also, we denote this quasi-subordination by g{z) -<q f(z). It is clear that the quasi-
subordination is a generalisation of the subordination. The quasi-subordination was
introduced by Robertson [4].

2. COEFFICIENT ESTIMATES

We begin with the statement of the following lemma due to Xia and Chang [7].
oo

LEMMA. Let w(z) = Y,c*zn be analytic in the unit disk U and \w(z)\ < 1
(z£U). Then n:=1

(2.1) | e i | £ l ,

(2.2) | c a | < l - | c i | 2 ,

(2.3) |c ,( l - |C l |
2) +clC\\ < ( l - | C l |

2 ) 2 - |c2|2 .

Applying the above lemma, we prove
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THEOREM 1 . Let f(z) = £ anz
n and g(z) = £ bnzn be analytic in the unit

n=0 n=0
disk U and let g(z) be quasi-subordinate to / («) . Then

(i) |&o| ^ |oo | with equality only if g(z) = e'ef(w(z)) (6 is real) in which
w(z) is analytic with to(0) = 0 and \w(z)\ < 1 (z G U).

(ii) 16x1 < (5/4)max(|ao|, |ai|) with equality only if g(z) = 4>(z)f(w(z)),

*(z) = e * r ^ (H = 1/2;"is rea/)-
In particular, g{z) = ((1 + 2z)/(2 + z))f{z) with a0 = oi is an extremal

function.

(iii) |62| < (7/27)(l + 2%/7) max(|ao|, |ax|, |a2|) witA equality oniy if

wAere /? and 6 are real. In particuiar, g(z) = ((z + <)/(l + tz))f(z), with

—ao = ai = a2 is an extremal function.
oo oo

PROOF: Note that there exist the functions <j>(z) = Y, anZn and w(z) = £ cnz
n

n=0 n=l

such that g(z) = <f>(z)f(w(z)). Comparing the coefficients of both sides, we have

(2.4) b0 = aoao,

(2.5) &i = a0ciOi + aiO0,

(2.6) b2 = a0 {c\a2 + c2ai) + a\C\a\ + a2a0.

It foUows from (2.4), (2.5), and (2.6) that

(2.7) N
(2.8) |&i|

(2.9) |62 |< (| aoc? | + |a0c21 + |aj ci | + |a21) max (|a01, \ai\,

respectively. Since |^(z)| < 1 (z £ U), we see that the function <f>i(z) defined by

' n=l

is analytic and bounded by one in the unit disk U. Note that

1 - I « o |
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and

Therefore, using the Lemma, we have

(2.13) | a i

and

(2-14) |d 2 |< l - |<* i | 2 -

With the aid of (2.11), (2.12) and (2.14), we obtain

(2-15)

Thus, it follows from (2.13) that |60| «* |oo| with equality only if g(z) = eief(w{z)).
Further, using (2.1) and (2.13), we obtain

(2.16) foK

^ 5 n i i i\§5 — max^|ao| , \ai\)

with equality only if

g(z) = el&- =-/(e'ez) (|a| = t = 1/2).

In particular, g(z) = ((« + <)/(l + tz))f(z) is an extremal function.

Next, let

(2.17) U = \aoc\\ + \a0c2\ + |eriCi| + \a3\.

Then, using (2.2) and (2.15), we have

(2-18) U < | a , | + | a l C l | + ( l - |affl|
2) - ^ -

Letting t = | a o | , x = \ci\ and y — \ai\, (2.18) can be written in the form

(2.19) U < 1 + 1 - t2 + xy - i / 7 ( l + t) = ̂ ( y ) .
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Clearly, yo = z(l +t)/2 is the maximum point of ij>(y). If yo ^ 1 — i2, that is, if

l - z / 2 < t < l , 0 < z < l , then y < 1 - t 2 , so

(2.20) tf

^ 1 + 2t - 1 2 - ta = A(t).

It is easy to see that t0 = (\fl — l ) /3 is the maximum point of A(t) of which the
maximum is

(2.21) A(<0) = t » = 1-631130 309.

Hence, when yo ^ 1 — *2 > w e obtain

(2.22, «,

If y0 = z(l + t)/2 < 1 - t2, that is, if 0 < t < 1 - x/2, then

(2.23) u < V(y) = ( i + ^ ) (i + 0 - 1 2 = n(*).

Since *0 = (l + a 2 / 4 ) / 2 i s t h e maximum point of Cl(t), it t0 < 1 - x/2, OT, if 0 ^ x <

- 1 ) , then

2 -. r 2

(2.24) Z7<n(i) l + + ( 1 +

and, if t0 ^ 1 - x/2, or, if 2(v/2 - l) «S x ^ 1, then

Therefore, it follows from (2.22), (2.24) and (2.25) that

Finally, from the above process of the proof, we know that the extremal function

g(z) = (f>(z)f(w(z)) occurs only if

l"o| = t = — ^ , |ai | = 1 - t2 = ,

a2 = l - r -

https://doi.org/10.1017/S0004972700029117 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700029117


[5] Quasi-subordinate functions 321

Hence, w(z) = eiez, <f>{z) = eifi((z - a ) / ( l - az)), \a\ = t. In particular, g(z) =
((z + * ) / ( l + te))/(z) ^ t h ~°o = <*i = 02 is an extremal function. This completes the
proof of Theorem 1. D

Next we derive
oo oo

THEOREM 2 . Let g(z) = £ bnz
n be quasi-subordinate to f(z) = £ a«zn, and

n=0 n=0

iet G(z) = X) 5 « * n b e quasi-subordinate to F(z) = £ Anzn. Further, let
n=l n=l

Un = inf {«„ : |6n| < «nmax(|a0 | , |oi|, . . . , laj)

for all f(z) and g(z) such that g(z) <q f(z)}

and let V n = i n f { « n : \Bn\ < t»,,max(|il i | , | A a | , . . . , \An\)

for all F(z) and G(z) such that G(z) -<q F(z)} .

Then

(2.26)

|6n| < £7nmax(|o0|, M , . . . . |on|),

(2.27)

and

(2.28) Vn < Un-!.

Furthermore, for an arbitrary given natural number n, if the extremal function is

g(z) = <f>(z)f(w{z)) which makes

|oi|, . . . , \an-i\)

and z<p(z)/w(z) is analytic in U, then

(2.29) Vn = Un-x.

PROOF: The inequalities (2.26) and (2.27) are clear from the definitions of Un

and Vn. In order to prove (2.28), we first show that if G{z) -<, F(z), then G{z)/z <q

F(z)/z. Indeed, since G(z) ~<q F(z), there exist the analytic functions $(z) and
vi(z) (with constant coefficient zero) bounded by one in the unit disk U such that
G{z) = $(z)F(w(z)). Thus we have

where H{z) = F(z)/z and (f>(z) = $(z)u>(z)/z.This shows that G(z)/z is quasi-
subordinate to F(z)/z.
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If G(z) = $(z)F(w(z)) is an extremal function of (2.27), then

(2.30) \Bn\ = VnmaxflAjl, | i4a | , . . . . IAJ) .

Since G(z)/z is quasi-subordinate to F(z)/z, by (2.27), we get

(2.31) \Bn\ < Un-! maxfl^ | , \A2\, ..., \An\).

Consequently, we have Vn ^ Un-i for all n .

Finally, in order to show (2.29), let G{z) = zg(z), F(z) = zf(z) and $(z) =
z</>(z)/w(z). Since g{z) = <£(z)/(io(z)), we see that G(z) - $(z)F(w(z)). Noting that
$(z) is analytic in U and bounded by one in U, we conclude that G(z) X, F(z). Since
Bn — 6 n _ i , Ai — a0, ..., An = a n _ i , (2.27) gives

(2.32) |&n-i|< V

But, by the hypothesis

\bn-i\ = t /n-imax(|a0 | , |oi|, . . . , |an_i|),

we have Un-i ^ Vn. Thus we complete the assertion of Theorem 2. D
oo oo

COROLLARY . Let G(z) = 53 Bnz
n be quasi-subordinate to F(z) = X) Anz

n in

U. Then n = 1 n = 1

(2.33) | i4 i |< |B, |

with equality only if G(z) = ei0F(ei0z) ,

(2.34) I ^ ^

with equality only if G(z) = $(z)F(w(z)) in which $(z) = e ^ ( ( z -
(|a| = 1/2), w(z) = eiez. In particular, G{z) = ((1 + 2z)/(2 + z))F{z) with Ai. = A2

is an extremal function, and

(2.35) \B3\<
1(1

2

with equality only if

In particular, G(z) = ((z + t)/(l -f tz))F(z) with —Ai = A2 = A3 is an extremal
function.

REMARK. The inequalities (2.33) and (2.34) in the Corollary were verified by Robertson

[4]-
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3. CONJECTURE

In view of the last assertion of Theorem 2, it is enough to study the extremal

problem (2.26) if we can prove that the extremal function of the extremal problem

(2.26) for n has the property of Theorem 2, because we can immediately obtain the

solution of the extremal problem (2.27) for n + 1.

What can we say on the problem (2.26)? For this problem, it is reasonable to make

the following conjecture.
oo oo

CONJECTURE: If g(z) = £) bnzn is quasi-subordinate to f(z) = £) anzn, then
n=0 n=0

(3.1) \bn\ < ffnmax(|ao|, | a i | , . . . . |o»|) ,

where

(3.2) \Un | = max Un{t) = max ( l + 2t - tn - t"" 1 ) .

The equality in (3.1) holds only if g(z) = <f>(z)f(w(z)) in which <j>(z) =

e*^((z — a ) / ( l — crz)), w(z) = et6z, and t = \a\ is a maximum point of Un(i) on

[0,1].

We know that it is true for n = 1, 2, but, for n ^ 3 , it is also an open problem.
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