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Abstract. This paper deals with an iterative version of the general planetary theory. Just as in Airy's Lunar 
method the series in powers of planetary masses are replaced here by the iterations to achieve improved 
approximations for the coefficients of planetary inequalities. The right-hand members of the equations of 
motion are calculated in closed formulas, and no expansion in powers of small corrections to the planetary 
coordinates is needed. For the Af-planet case this method requires the performance of the analytical 
operations on a computer with power series of AN polynomial variables, the coefficients being the exponen
tial series of N-1 angular arguments. To obtain numerical series of planetary motion one has to solve the 
secular system using Birkhoffs normalization or the Taylor series in powers of time. A slight modification 
of the method in the resonant case makes it valid for the treatment of the main problem of the Galilean 
satellites of Jupiter. 

1. Introduction 

This paper deals with an iterative version of the general planetary theory proposed 
by the author in 1969 (Brumberg, 1970). The general method is based on the ideas 
by Hill (non-Keplerian intermediary), von Zeipel (separation of slow and fast vari
ables) and Birkhoff (reduction of dynamical system to normal form). As in all existing 
planetary theories the actual performance of this method involves the expansions in 
powers of planetary masses. Such a method was used in the second-order linear 
theory of secular perturbations (Brumberg and Egorova, 1971) and in the general 
first-order theory (Brumberg and Chapront, 1974). 

Expansions in powers of planetary masses are convenient in construction of 
first-order theory permitting us to consider separately the perturbations in motion 
of planet i due to planet j . In second-order theory in addition to these single per
turbations one has to deal with double perturbations caused by the combined action 
of planets; and k. In third-order theory triple perturbations arise from the combined 
influence of planets j9 k and /, etc. Expressions of these perturbations become rather 
cumbersome and expansions in powers of planetary masses lose their efficiency. 
That is why these expansions are not used here. Dependence of masses is taken into 
account numerically by means of iterations. The only criterion of smallness of any 
term is its numerical value. This approach is similar to the Airy method used in the 
modern theory of the Moon. It should be noted that iterative versions of some classic 
methods of planetary perturbations have been already successfully elaborated 
(Broucke, 1969; Seidelmann, 1970). In the version suggested here we apply a new 
algorithm for computation of the right members. This algorithm does not demand 
expansions in powers of unknown variables. 

Construction of the general planetary theory by this iterative method calls for 
a system of literal manipulation on computer with power series of 4N polynomial 
variables, the coefficients being the exponential series of N — 1 angular arguments 
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140 V. A. BRUMBERG 

(to be more precise, we have N arguments but the sum of indices is always zero). 
Solution of this problem for N = 9 is possible on modern computers. 

2. Intermediary 

The general theory has been given in detail by Brumberg and Chapront (1974). We 
give here only the computational algorithm of the iterative version. 

If pt and wt are related with heliocentric coordinates xh y{ and z, by means of 

Xi + V - 1 tt = 0i( l-Pi) e x p - ^ - l A£, Zi = atwh 

X{ = riit + St, nfaf = k2 (m0 + mt), 

then the equations of motion take the form 

P.. + 2 V - 1 nffli-infipi + q^nfPi, 
Wi + nfwi = n?Wi. 

Here 

(i) 

P,= -1 -iPt-h,+(l-Pd(-)3 +H l(t) "ufo * (-Y 0 ~PJ)f-T + 
j = l 

+ m^-^'-^'Wl 
w^Wi-Wif^J-tijyUij 

\aj \fly ' «o / 

ffl« m i (?;♦ 

(2) 

(3) 

where 

fiKij-- m* 
m0 + mi 

Cu = exp 7 - 1 (Aj - A,), alV = max (a,., a,), 

Pi 
1 = ( 1 " P I ) ( 1 " 9 I ) + W?, 

(^"-^•'-Hl^-^/1-^. 
«i 

W; W 

(4) 

(5) 

and qi = pi. The form of expressions (2) and (3) is simpler for ai} = ab but the choice 
made here is more suitable for computation. 

We take as intermediary the particular solution of Equations (1), pt = p\0) and 
w, = 0, containing 2N arbitrary constants (mean motions n{ and mean longitudes at 
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AN ITERATIVE METHOD OF GENERAL PLANETARY THEORY 141 

the epoch et). The planetary masses mi and mean motions nt are supposed to have 
fixed values which lead by Kepler's third law to definite values of the semimajor 
axes a(. The intermediate solution can be represented in the exponential series form 

where 

and 

p!°> = XP ( ; ) exp v / - l (^ ) , (6) 

(y/l) = y1/l1+72A2 + ---+7N/lN, (7) 

y1+y2 + - + y„ = 0. (8) 

Summation in (6) is extended over all integer values of yl9..., yN. Coefficients p(
y
l) 

have real values which are determined by iterations. To do this we substitute expres
sions (6) known at some stage of the approximation process into right members (2). 
The pertinent series Pt are of the same form (6)-(8) with coefficients P{j\ Improved 
values of the coefficients of (6) are then obtained as 

, 0 = 2[(yn)2-2n,.(y»)+|»,2]n i ,-^P ,-v (9) 
Py "' (y«)2[«?-(y»)2] 

where (yn) means the dot product of y = (yi,..., yN) and n = (nu..., nN). The initial 
values of this process are p\0) = 0. Having found, with use of (6) the exponential series, 

z,(M)=(i-/>,)* U-<z,)', (io) 
and 

r ~\k r ~ii 
in. n. \ \ a- a- ' 

Zy(fc,/) = - ( I - ^ - ^ O - P . K U ' I T - O - ^ - ^ O - ^ C O - , ( H ) 

for k= 1 and 1 = 3, we have in calculating (2) to convert them into exponential series, 

T = Z~N/2, (12) 

with N = l. We meet further the value N = 2. This problem can be solved by well-
known methods. The initial value of T corresponds to the unperturbed circular 
orbits (^ = 0), that is, for (10) T0 = l and for (11), 

_ {ij) (0, -i/cN, -±/JV, 0, aj/at 
T° y [0, - i W , -ikN, i(/c-/)N, ajay 

with function yilj)(n, x, j / , v, a) determined in Brumberg (1970). 
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3. Equations of Motion 
Putting Pi = p\0) + Spi and collecting in (2) and (3) the linear terms we obtain 

Pt = P\0)-l (Ki/Spj + LM + PT, 

The unknowns 6pt and w, must obey the equations 

(13) 

(14) 

5pt+2y/-l n^nf £ [(-frj + Kj dpj + i-frj + Ljdq^nfPt, 
(15a) 

*i + »? I (ay + M y K = «?Wp. (15b) 

Assuming (6) to be known one can find functions depending on intermediary as 
follows: 

*-(*)". c,-(.-*G)\ 
£ , = 

^ i 

b*ij 

(i-p.H.v1 

f,=(i-p,) 
^5 

2 / « i 

^ . *<H? . 
(1-P,) ^(l-P^Cy1 

Determination of these functions in form (6)-(8) calls for conversion (12) with (10) 
and (11). The corresponding values of integers fc, / and N are 

k 
I 

N 

A 

3 
5 
1 

B 

3 
3 
1 

C 

1 
3 
1 

D 

1 
0 
2 

E 

1 
1 
2 

F 

1 
5 
1. 

One may use the check relations 

At = C,E„ B, = Cfi„ At = DtF, 
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and the similar expressions for two-indices functions. 
With the aid of these functions the coefficients for the left members of (15) can be 

obtained in form (6)-(8) as follows: 

i.„-}[l -F,-p £<» K„(£j F„J, (16) 

Mi(=-2Kih My=-2XyCy (»#j). 

Put, further, 

St = Dfp, + DMi ~ EtfpMi + wf), (17) 

2 

W 
■/ J 

(18) 

and let 7̂  and Ttj be the series of the same kind 

T^I^Sl T y - f ^ S y , (19) 

In virtue of relations 

there results 

Pf = -|>l |.(5p1^. + w?)-fBI.Si5pi+(C1.-B1.<5pi) 7] + 

+(^-Sw')lM>-S«'*')+ 
+ 
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+ 

(20) 

+ 

x l-lAjidpjSqj+wft-frjSjSpj + iCj-BjSpj) 7}]J, 

w?=-BSSi+n Wi-fi £«> KJBSS,J+TU) (- Wi-^Wj 
j-l L \aij aij 

+(£f B,®i+T)wi\. (21) 

These expressions allow us to calculate the right members without expansions in 
powers of 8ph Sqt and w,. 

4. Linear Inequalities 

According to the general theory the solution of (15) can be presented in the form 

*i=Krs ft apayif/By, (23) 

where summation goes over all nonnegative values of indices pp qp ri and sp with 
positive sum. The sum of all r, and Sj is even in (22) and odd in (23). Coefficients 
p(l\rs and w^rs are series of form (6)-(8). The variables a} and bj (the same designation 
cij for the unknown variables and semimajor axes should not lead to misunder
standing) are related with slow variables a,, Pj by simple expressions, 

aj = OLJ exp ̂  - 1 ^, bj = ̂  exp ̂  - 1 ^ . (24) 

The unknowns a, and Pj represent a sort of eccentricity and obliquity variables, 
respectively. For the two-body problem they can be expressed in terms of the usual 
Keplerian elements (Brumberg and Chapront, 1974). The secular system deter
mining these variables is treated in Section 6. 

Determination of the linear terms of (22) and (23) is performed in the following way. 
Let 2 = ||6KV|| (K, V = 1, 2,..., 6) be a block matrix, each block representing linear 
combination of matrices K= ||K0-||, L= ||Ly|| and M = ||M0||, 

Q^^K-L-K + L, e 1 2 = - f ( K + L + K + L), 
e i 3 = i ( - K + 3L + 3£-L) , e 2 1 = f ( - K + L - X + L), 
Q22 = K + L-K-L, e 2 3 = | ( X - 3 L + 3X-L), (25) 
Q3v = lQu+iQ2v (V=l,2,3), (243=-jGl3+fe23, 

e 55=-e 65=iM. 
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Eight blocks of Q are defined by conjugate relations, 

614 = 613, Ql4=-Q23, (241=631, 6 4 2 = - 6 3 2 , 
- UO) 

6 3 4 = - 6 4 3 , 6 4 4 = - 6 3 3 , 6 5 6 = - 6 6 5 , 6 6 6 = " 6 5 5 -

Remaining 16 blocks are zero matrices (for values K = 1, 2, 3,4, v = 5, 6 and K = 5, 6, 
v=l,2,3,4). 

Hence, each element QKX[i,f\ (*, v= 1, 2,..., 6; ij= 1, 2,..., N) of <2 can be found 
in form (6)-(8), that is, 

6 K V [ U ] = I 6(
y
Kv0) expV-l(yA). (27) 

Matrices G and S needed for calculation of the linear inequalities are of the same 
form as Q. Relations (26) remain valid for the blocks of G. The blocks of S satisfy 
similar relations but with the change of signs, 

S l 4 = — ^ 1 3 , ^24 = ^ 2 3 , S 4 1 = — ^ 3 1 , ^ 4 2 = ^ 3 2 , , ~ g . 

S34 = S 4 3 , S44 = 533, S 5 6 = S 6 5 , S 6 6 = S5 5 . 

Therefore, each of these matrices is completely defined by 12 blocks enumerated in 
(25), and it is sufficient to give expressions only for these blocks. G and S satisfy 
equations 

G = Q(E + S)-jr-lSJTG*, (29) 
G = G* + G, (30) 
S + yJ-\(SJrp-jrps) = yJ-\JTG, (31) 

where tyT = diag(n1, n2,..., nN)andP=\\PKV\\ being a constant block matrix with non
zero blocks, 

^12 = ^ 3 3 = ^ 5 5 = ^ , ^44 = ^66 = ~E> 

E denotes the unit matrix. G and 5, like g, have the factor of planetary masses and can 
be found from (29)—(31) by iterations. Let us assume that we know the approximate 
values of elements G and S in the form of (27). Then (29) yields more accurate series 
forG: 

Ccv P, J] = QKV ft j] + I I (fta [}, *] SAV ft ;)] -
fc=l A = l \ 

--SKX[i,k-]G*XvfrA (32) 

We collect in G* the terms with coefficients GfviJ) such that 

y»=0, for (K,V) = (1 ,1) , (1 ,2) , (2 ,1) , (2 ,2) , 

7* = « H - ^ for (K,V)=(3,3) , (5 ,5) (fe= 1, 2,..., JV). 
(33) 
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Remaining terms are included into G. From (31) we obtain the improved series for S: 

5(21ij)__!!i_ Q(2Uj) 5<22ij) = _^_ (g(22ij)_!h 5<21ij) I 
y (yn) y ' y (yn)\ y tit y y 

(y») (yn)\ »« / 

5(23 W = ^ L _ G(23.V) S d 3.7, = ^ i _ ( G U 3,7. + 5 ( 2 3 W ) 
r (yn)+Mj y (y«)+«/ 

5(31ij)_ "' G(31ij) g(32ij)_ Hi (Gl32iJ) "J Sl3UJ) ) 

^ v i J , =7-r -^ Cr"'0'' («. V)=(3, 3), (5, 5), 
(y»)+»;-«i 

S(KV,V) = _ _ ^ G(KV0-, ( v ) = ( 4 3 ) ( 6 5 ) 

(yn) + nj+n, y 

The zero values of divisors correspond to critical terms (33) which are absent in G. 
The associated terms of S are taken as zero. The initial values of this iteration process 
are 

G = Q, S=0. 

Having found G and S we compute the linear terms in the coordinates with the aid 
of 

W> = l [ ( - # y + c y ) aj+faj+dj aj], (34) 

^ = I 1(5,,+/,,) bj + tfij+Jij) Bjl (35) 

where c y , dfj and / y represent elements of matrices, 

c=S13-fS23-iS33+fS43) (36) 
d=-513-i523+$533-$543, (37) 
f=S55+S65, (38) 

and hence are available in form (6)-(8). The components of velocities can be obtained, 
if necessary, from 

J ^ W - l * I [(-^o + <v)«,+(-f^+^)a,], 
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where 
c = 5 2 3 ~ 2"5 3 3 —j5 4 3 , 

d = S 2 3 — j S 3 3 — 2^43> 

/ = ^ 5 5 " ~ ^ 6 5 -

This completes the computation of inequalities linear in eccentricities and inclina
tions. Just as in the case of intermediary we have to deal here only with operations on 
exponential series of form (6)-(8). 

5. Nonlinear Inequalities 

In accordance with the general theory the nonlinear problem reduces to the determi
nation of vectors U and r from the equations, 

u=R+Qr-jr-1ryjrG*Y-jr-1(s+ry)jru*, (39) 
£/=[/* + [/, (40) 
rt + J^(ryjrpY-jrpr) = J^ijru. (41) 

Vectors U and r consist of six subvectors UK and rK(/c = l, 2,..., 6) respectively. 
Herein 

Ot = Ul9 02=-U2, U4=-U3, U6=-U5, (42) 
/ \ = - r l s f2=r2, r4=r39 r6=r5. (43) 

Each subvector has N components. Vectors of variables Y and right members JR have 
the same properties as T and I/, respectively. Their components are 

*i [0 = 2̂ [0=0, Y3[Q = ah y5 [.] = *>„ 
RiU]=-PT-PT, RiUl-UPT-Pt), 
R3{.i]=kP?-iPf, «5p]=-2-»i*. (44) 

Rewriting (39) in scalar form we obtain 

j = l v = l j = l v = 3 " i 

In virtue of (42) and (43) for determination of U and r only subvectors with numbers 
K= 1, 2, 3, 5 are needed. 

The terms of the first order in eccentricities and inclinations found in the previous 
section serve as initial values in determining the second-order terms, etc. In general, 
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let expansions (22) and (23) be known up to order m — 1 inclusively (m = 2, 3,...). Then 
the terms of order m can be found in the following way: 

Expressions (17) and (18) give 5, and S0 up to order m-1. Restricting summation 
in (19) to value k = m we find 7] and Ttj up to terms of order m. With obtained expres
sions of Sh Sip Tt and Ttj the terms of order m in the right members of the equations of 
motion result from (20) and (21). Let superscript m denote the terms of order m in the 
appropriate function. With Pf(m) and Wf{m) we immediately obtain from (44) the 
components K(

K
m)[i]. Then the corresponding terms of U and r can be found by 

(Ki) iterations. Let us assume that we have the approximate values for coefficients Up
K

qrsy 

and rp
K

q%y of series 

W ] = L i/£?. ft <VW%> "£?.=! ^yexPV-i(7A), 

and similar ones for / " ^ [ i ] . Indices y are again related here by (8). The sum of all 
indices pp qp r} and s} is equal to m. With respect to all bj and Bj the series for K = 1, 2, 3 
are even, that for K= 5 is odd. The improved values for coefficients U{*£sy result from 
(45) or in more detail: 

j = i v = i j=\ rii 

lv = 3 * = 1 \ OClj 

-G*33[j, k]ak — + G*55[j, k]bk—-G?5[j, *] Bk^-Jx 
E[(m-2)/2] / p, 3 

i=i \ da,- da,-

+ t/?(2,+1)[/] ^ ; -^ ( 2 , + 1 , D] ^ r r - ^ w } . (46) 

Functions £/*[(] (K = 3, 5) represent the critical terms of UK\_i], that is, the terms 
with odd values of m (m = 3, 5,...), and the following relations for indices hold: 

N 

I {Pj-Qj + rjSj)=l> yj = Sij-Pj + qj-rj + Sj. (47) 
i = i 

For even values of m (m = 2, 4,...) the critical terms satisfying relations 

I (Pj-^ + O-S/H0 ' yj=-Pj + <l]-rj + Sj (48) 

might have generally occurred in subvectors Ux and t/2. But l / f = 0 if the critical 
terms in T2 are chosen appropriately. Relation C/f = 0 holds true by itself and serves 
as a reliable check of calculations. Then the improved values for coefficients r{

p
K

q%y 
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are determined by 

r (2 i ) _ ^ r/(2i) 
Pqrsy ((p-q + r-s + y)n) pqrsy' 

r ( l i ) = - (c^10 +r ( 2° ) (49) 
P^sy / / . i \ \ \ ^ pqrsy ' * pqrsyh V ) 

((p-g+r-s+y)") 
r ( * ' ) [ TT(>ci) (K=='l <\ 

Pqrsy // . . \ \ ^ pqrsy V^ ~*' ~7* 

For critical values (47) and (48), which lead to zero divisors, the coefficients are 
chosen as follows: 

n 2 £ v = - ^ n & , = 0 (*= U , 5 ) . (50) 

The process of determining 1/ and r is repeated until the desired accuracy is 
achieved. The initial conditions in the first application of (46) are zero values for r{m) 

and l/*(m). 
The terms of order m in Spt and w, and, if necessary, in 5pt and vv; can be found from 

expressions 

5PS""=rr[>]-!nm)w-inm,M+!A(m,w, 
wSm )=r (

5
m )[!]+f (

5
m )[j] , 

^M>=V-i»I(rr[i]-irr[«]-fri'"»[j]), 
^w-w/rra-Jrw). 

Thus, expansions (22) and (23) become available up to order m and one can proceed 
to the next order. 

Calculation of the nonlinear terms described here calls for performing literal 
operations on computer. At present, several systems of operations on Poisson series 
are known, for instance Rom (1970, 1971), Broucke and Carthwaite (1969), Jefferys 
(1970, 1972), Kovalevsky (1971), Cherniack (1973). Such a system may be applied 
without much effort to the general planetary theory. Basic series (22) and (23) are 
arranged in increasing order of power indices. The coefficients of these power series 
are exponential series of form (6)-(8). They are arranged in increasing order of expo
nential indices or in decreasing order of magnitude of numerical coefficients. Having 
approximate estimates for absolute values of a,- and bj it is useful to evaluate the 
absolute value of the whole power term. This permits us to judge the accuracy needed 
in calculating the corresponding exponential series. It is evident that not all possible 
combinations of power indices occur actually in (22) and (23). As in any planetary 
theory the main difficulties arise here in calculating the resonant terms due to the 
close commensurabilities of mean motions. Existence of such terms allow us to 
calculate the right members with an accuracy far greater than the accuracy of the final 
series for the coordinates. 

(51) 
(52) 
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6. Secular System 

Equations for slow variables a,- and fa have the form 

d = V - l ^ [ > t « + *(«,a,jJ,/f)], 

Matrices A and B and vectors 4> and IP are derived from Gf3, G£5, t/? and Uf, 
respectively. There results 

and 

A K 0=G3*3 [i, i], B [;, i]=G?5 [/, q, 
(54) 

(55) 

In (55) an asterisk denotes summation over critical values (47). 
Solution of the autonomous system (53) can be performed by further application 

of Birkhoff's normalization. Iterations with respect to planetary masses are not 
needed anymore. In this solution a, and ft are presented by series of odd power forms 
relative to up up v} and vj9 where 

Uj = tjexpy/-l(cjt + xj)9 Vj=rijexpJ-l(gjt + Xj), (56) 

£j, rjj, Xj and Xj being real constants. Frequencies Cj and g} are series in powers of 
£l and t\\. Substitution of these expressions for a, and ft into (24), (22) and (23) would 
lead to the planetary theory in trigonometric form. But such a form is not suitable 
for the practical aims. It is more preferable to compute a, and ft for some interval of 
time and to substitute these constant numerical values into (22) and (23). Then the 
coordinates and velocities of the planets will be expressed by exponential series 
relative to the mean longitudes. For the next interval of time new numerical values of 
a; and ft must be used. In such numerical computation, instead of Birkhoff's normal
ization, it is possible to apply a polynomial representation of a, and ft in powers of 
time. For this purpose we may substitute into (53) the power series 

«i= Z 4°«*. A - t W* (57) 
fc=0 fc=0 

with complex coefficients. Coefficients a$ and ffl are arbitrary constants. The re
currence relations, 

(k+1) w+ t = v - 1 nl £ BijM+n 
(58) 
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allow us to obtain all subsequent coefficients. $Jp and W^ denote here the coefficients 
of tk in substituting (57) into &t and ¥V It is to be noted that in treating a similar 
problem Krasinsky and Pius (1971) have determined the polynomial coefficients by 
interpolating the results of numerical integration. 

7. Application to the Main Problem of the Galilean Satellites of Jupiter 

The method described here may be extended into the case of commensurabihty of 
mean motions and applied to the main problem of the Galilean satellites of Jupiter. 
In spite of several classical theories this problem can still not be regarded as exhausted. 
Among recent investigations one may note Marsden (1966), Ferraz-Mello (1966), 
Sagnier (1972). The method of the last-mentioned paper is very close to that of the 
general planetary theory. Therefore, we confine ourselves to some general remarks. 

By a main problem is meant here the study of the motion of the Galilean satellites 
(Af = 4) in the gravitational field of Jupiter considered as a point-mass. Only pertur
bations due to the mutual attraction of the satellites are taken into account. All other 
perturbations such as those caused by the Sun or the asphericity of Jupiter are of less 
importance and can be neglected in the main problem. The mean motions of the 
satellites are supposed to satisfy one resonant relation, 

(y*n) = 0, (59) 

where (8) remains valid: 

y?=i . y ? = - 3 , y?=2, y:f=o. (60) 

Approximate commensurabilities nl— 2n2~0, n2 — 2n3«0 are not regarded as 
resonance (like the commensurabilities 2n5 — 5n6«0, n7 —2w8«0 in the planetary 
theory). 

The intermediate solution p\0) is presented in the old form (6)-(8). By substituting 
these series into the right members P\0) we separate the resonant terms, 

P|0)* = Z*P(;')expV-l(yA), 

where an asterisk denotes summation only over the resonant values 

yj = Kyf ( K = ± l , ±2,...). (61) 

Let P\0) stand for the nonresonant terms of the right members. Then 

PJ°) = P}°>* + P}°). (62) 

Coefficients pf can be obtained again by (9) where J*° represent now coefficients 
of the expansions for functions P\°\ As usually, coefficients pf for the resonant values 
(61) may be set equal to zero. 

The variables 8pt and w, are defined by Equations (15) but the right member nfPf 
of Equation (15a) is to be replaced now by nf(Pf + P\0)*). As a result of this change 
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the basic matrix equation equivalent to system (15) takes the form 

X = V - 1 jr[(P + Q)X + R(X,t) + R<0)(t)li, (63) 

where R(0)(t) is determined by (44) with substitution Pf = P\0)* and P^*=0. Unlike 
the nonresonant case one has to include into Birkhoff 's transformation a term r(0)(r), 
depending on time only. Thus we find that the transformation 

X = (E + S) Y + T(Y, r)+r(0)(r) (64) 

changes (63) into 

7 = 7 - 1 JT[HY + F{Y, t) + F(0)(f)], (65) 

where 

V-l^//=(£ + S)-1[V-l^(P+0(£ + S)-5], (66) 
V-i ^ F ( 0 ) = ( £ + S ) - 1 [V-i ^r^(0)+V-i ^(p+e)^(0)-^(0)],(67) 

V- i ^F=(£+s+ry)-1 [V-i JTR+J-I jr(p+Q)r-
- V - i ryjr(HY+F<0))-rt-]. (68) 

Expressions (63)-(68) underlie the theory. Their only distinction from the corre
sponding expressions of the planetary theory (Brumberg and Chapront, 1974) consists 
in the presence of the terms Ri0\ r(0) and F(0). To bring both theories closer together 
impose the relation F(0) = 0. Then the presence of Ri0) has three consequences: 

(a) In constructing the linear theory the critical terms in GKV [i, 7] will be determined, 
instead of (33), by the following relations: 

yk = Ky*k for (K, V)=(1, 1), (1, 2), (2, 1), (2, 2), 
yk = Ski-dkj+Kyt for (K, V) = (3, 3), (5, 5) (69) 
(k = l,2,...,N; K = 0, ±1, ±2,...). 

Zero value for K corresponds to (33). The expressions for the matrices A and B 
take the form 

ALUJ]= I G<"«exP>/-lJC(y*A), 

« [ U ] = I G<55«expV-lK(y*A), 
X = - 0 0 

where the value of K defines the resonant set of indices, 
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(b) In the nonlinear theory the resonant parts of functions UK [i] will include 
terms with indices satisfying the relations 

N 

I (Pj-4j + 0 - s ; ) = °> yj=-Pj + <lj-rj + sj + Ky*> 

K = 0, ± 1 , ±2, . . . , (71) 

for /c=l, 2 and 

N 

I (Pj-4j + rjSj)=l, yj = dij-pj + qj-rj + sj + Kyf, 

K = 0, ± 1 , ±2, . . . , (72) 

for K = 3, 5. These expressions generalize (48) and (47), respectively. Therefore, non
linear terms of the secular system will be 

oo N *.= i* i ^vw-iK(^)n«w?0?< (73) 
p , q , r , s K = - o o j= 1 

^ = I * I ^ v e x p V - l ^ ( ^ ) n « f a ^ . ^ , (74) 
p,q,r,s K= — oo j = 1 

where indices p, g, r, 5 and 7 are related by (72). 
(c) Additional terms caused by the resonance and described by vector r ( 0 ) satisfy 

the equation 

, f ( 0 ) - V - i jrpr*»=y]-\ ^u{0\ (75) 

where U{0)(t) is determined by an iterative expression: 

U(0) = Ri0) + Qr{0\ (76) 

There results 

f r - V - i ^r2
(0)=V-i ^i/\°), 

r 2
( 0 ) = V - i ^ ^ ( 2 0 ) , (77) 

r r - V - 1 ^A ( 0 )=V-i ^^(
3
0). 

Additional corrections <5p{0) caused by r(0)(t) can be obtained by (51) with m = 0. 
System (77) provides a complement to the secular system. If we neglect the libration 

of the satellites and assume the strict fulfilment of (55) and 

(y*A) = 180°, • (78) 

then the right members P\0)* will be real constants, 
00 

P(.o,*= ^(-l)KP^\ Yj = Kyf> (79) 
K= - 0 0 
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and up to the terms of order \i2 inclusively we obtain 

r/°> [*]=o, r2
(0) [/]=2P\0)*, r3

(0) [Q=p\ 0 ) * . (80) 

Subsequent approximations for J20) [i] are determined by (49) and (50) replacing T 
and U by r(0) and Ui0) and putting p = q = r = s=0. Critical terms cannot arise in 
Uf] and in U(i\ they vanish in virtue of the choice of the appropriate terms in r2

(0) and 
their absence in (/20) is again the check relation of the method. The secular system will 
be autonomous in this case and may be solved by the methods of the previous section. 

Neglect of the Hbration which so far has not been discovered from observations 
signifies the choice of the particular solution with two missing arbitrary constants. 
Approximate consideration of the Hbration may be performed in the following way. 

From (44) we have 
oo oo 

M0 )W= E a?coSk(y*X), K<2°'|T| = V - 1 I *i° sin/c(y*A), (81) 
fc=l fc=l 

where 

4^-2(Pf + ^y), ^> = 3(P<;>-P<i>y), yj=kyl (82) 

Supposing that (59) and (78) are close to strict fulfilment and differentiating the first 
Equation (77) there results: 

rlO)+jr2u^^09 (83) 

or up to the terms of order [i2 inclusively: 

fl0)M + V - W t 6l°sinJk(y*A) = 0. (84) 

In the resonant case the mean longitides must have the resonant corrections <$Af. 
Therefore, 

l^fln + SXt. (85) 

These corrections can be related with r1
(0) by imposing 

Substituting (85) and (86) into (84) and denoting 0=(y*dX) we obtain 

Sli + nf £ (-l)k+16il>sinfce = 0, (87) 

from which after multiplication by yf and summation follows the equation of Hbration 

#+ I (-1)*+1( Z y?nfbAsmkO=0. (88) 
k=i \i=i ) 

https://doi.org/10.1017/S0074180900070522 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900070522


AN ITERATIVE METHOD OF GENERAL PLANETARY THEORY 155 

8. Conclusion 

Experience with constructing the first-order theory revealed the practical efficiency 
of the method. Yet it became evident that the immediate continuation of the work by 
calculating the terms of the second and higher orders would involve the serious 
technical difficulties. Iterative version proposed here presents a trial to avoid these 
difficulties. Realization of the method on modern computers seems to merit attention. 
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