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1. Introduction

D. E. Cohen has shown in [1] that a variety consisting of metabelian groups
has a finite basis for its laws. In this paper I make use of Cohen's result to prove
the following theorem.

THEOREM. A variety of groups which satisfy an identity

\\x1, x2, • • •, xm], [xm+i,xm+2]] — 1

has a finite basis for its laws.

( [* ! , x2, • • •, xm] denotes the commutator [[• • • [[xt, x2], x3], • • •], xm].)

The theorem is an extension of Cohen's result, which covers the cases m = 1, 2.

2. Notation

The notation is that of [2]. The laws of a variety, U, of groups are in one-one
correspondence with the elements, or words, of a fully invariant subgroup, U, of
the free group, X, on the variables x^, x2, • • •. The laws of U are finitely based if
U is finitely generated as a fully invariant subgroup of X. If U is determined by its
n variable laws then U is determined by a fully invariant subgroup, W, of the free
group of rank n, Xn. Then the laws of U are finitely based if W is finitely generated
as a fully invariant subgroup of Xn.

Two sets of words are equivalent if they generate the same fully invariant
subgroup of X. If vvt, w2, • • •, wr are words of a group F, then V(w1, w2, • • •, wr)
denotes the fully invariant subgroup of Fgenerated by wlt w2, • • •, wr.

X" denotes the second derived group of X. X" is generated by

{[[a,b], [c,d]]\a,b,c,deX}.

I use the following notation for the lower central series of a group F. Put

I shall use the construction of commutators given in Chapter 3 of [2], applying
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it to the free group X. The commutators of weight one are the elements JCJ1;
i = 1, 2, • • •; n positive or negative, but not zero. If cl, c2 are commutators of
weight k, I respectively then, provided [cx, c2] # 1, [ct , c2] is a commutator of
weight k + l.

Let. (5{ denote the endomorphism of X mapping xt to 1, and mapping Xj to xs

for j =£ i. Then the commutator c involves the variable xt if and only if cdj = 1. If
a commutator involves n distinct variables then its weight is at least n, and it is
contained in yn(X).

3. Preliminary lemmas

LEMMA 1. If a = a1a2- • • am, b = b1b2 • • • bn then [a, b] is a product of

elements of the form [ct, c2, • • •, ck], where k 2: 2 and c(e {alta2,- • •, am,

* i . " " ~>ba) for i = 1,2, •• -,k.

PROOF. The proof is by induction on m+n, the result being trivial if m+n = 2.
If m + n > 2 then either m > 1 or n > 1.

Suppose that m > 1. Then using the identity [xy, z] = [x, zf[y, z], we ob-
tain:

[ a , b ] = [ a 1 a 2 - - - a m , b l b 2 - - - b n ]

= [ a t • • • a m _ j , Z>! • • • bn]
a-"[am, bt--- bn].

By induction [at • • • am-t,b^ • • • bn] = dtd2 • • • dk, [am, bx • • • bn] = e^e2 • • • eu

where d^, d2, • • •, dk, ex, e2, • • •, ex are of the required form.

Hence

[a,b) = (d1d2---dk)'""e1e2---el

= da
1
md2

lm---d^e1e2 •• • e,

= ^i[di,am]d2[d2, am] • • • dk[dk, am]ele2 • • • e,.

Since [dlt am], [d2, am], • • •, [dk, am] are clearly of the required form this shows
that [a, b] is a product of elements of the required form.

The same result follows similarly if n > 1, using the identity [x, yz] = [x, z]
[x, y]z. This proves Lemma 1.

COROLLARY. An element of X" can be written as a product of commutators of
the form [c1, d'\, where c', d' are both commutators of weight at least two.

PROOF. It is sufficient to show that an element [[a, b], [c, d]] can be written
as a product of commutators of the form [c', d'] where c', d' are commutators of
weight at least two.

Now a, b, c, d can all be written as products of commutators of weight one.
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Hence, by Lemma 1, [a, b] and [c, d] can both be written as products of commu-
tators of weight at least two. By Lemma 1, again, this implies that [[a, b], [c, d\\
can be written as a product of commutators of the form [cx, c2, • • •, ck]; k ;> 2;
ct, c2, • • •, ck commutators of weight at least two. This proves the corollary since
[cuc2,--;ck] = [[cl,c2,---, c k _ ! ] , ck].

LEMMA 2. A word in X" is equivalent to a set of 2(m— 1) variable words
and a set of words in [ym(X), y2(X)].

PROOF. Theorem 33.45 of [2] states that a word w in n variables x1, x2, • • •, xn

is equivalent to a set of words each of which is a product of commutators invol-
ving precisely the variables x, ie M, for some subset M of {1, 2, • • •, n}.

Now, if ix, i2, • • •, ik are all distinct, a word u(xh, xh, • • •, xik) is equivalent
to u(xlf x2, • • •, xk), and so this theorem implies that a word w in n variables is
equivalent to a set of words each of which is, for some k ^ n, a product of com-
mutators involving precisely the variables xlt x2, • • •, xk. But a word u which is
a product of commutators each involving the variables xx, x2, • • •, xk satisfies
u5t = 1 for i == 1, 2, • • •, k, and so a word w in X" is equivalent to a set of 2{tn— 1)
variable words and a set of words {wa} in X" satisfying ua.bi = 1, i = 1, 2, • • •,
2m— 1.1 shall show that a word in X" which is in the kernel of <5; for i = 1, 2, • • •,
2m— 1 is contained in [ym(X), y2(X)], and this will complete the proof of Lemma 2.

I shall call a commutator [c, d] a commutator of type 2 if c and </ are commu-
tators of weight at least two. Let u e X", and suppose that udt = 1 for / = 1, 2, • • •,
2m— 1. By the corollary to Lemma 1 u can be written as a product dyd2- • • dr,
where dlt d2,- • -,dr are commutators of type 2. Suppose that c?( involves xx, but
that di+1 does not involve jq . Then

u = dt- • • di_ldldi+idi+2 • • • dr

= dy • • • di_ldi+1di[di,di+1]di+2 • • • dr.

Clearly [dt, di+1] is of type 2 and involves xx, and so in this way we can shift the
commutators not involving xx to the left of those that do. Hence we may suppose
that u — dxd2- • • dr, where each dt is of type 2, and where dx, • • •, ds do not in-
volve Xj, ds+ ! , • • • , dr do involve xx, for some s ^ r.

Then 1 = uSx = ( ^ ^ i X ^ ^ i ) " '" (d^ i ) = ^1^2 ' ' ' ds. Hence u = ds+1 • • •
dr, i.e. u is a product of commutators of type 2, each involving x t . By induction
u is a product of commutators of type 2 each involving all of xx, x2, • • •, x 2 m - 1 .
Let rf be a commutator of type 2 involving each of xl, x2, • • •, x2m_ x. Then the
weight of d(wt d) is at least 2m— 1. Since c? is of type 2,d— [ct, c2] where w? cx,
wt c2 ^ 2 and w? Cj + w? c2 = vv< J ^ 2m — 1. It follows that at least one of wt cx,
wt c2 ^ m, i.e. that at least one of c t , c2 is contained in ym(Z). Since both cx

and c2 are contained in y2(X) this implies that d = [c1; c2] e [ym(A'), V2(A')].
Therefore u s [ym{X), y2(X)] and this proves Lemma 2.
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4. Proof of theorem

Let U be variety of groups determined by the fully invariant subgroup U of X.
Suppose that [[xlt X 2 , • • •, xm], [xm+l, xm+2]] e U for some m ^ 2.

Let n be the natural projection of X onto X/X". Then An is isomorphic to the
free metabelian group of countable rank, and so Un is a fully invariant subgroup
of Xn, since any endomorphism of Xn is induced by an endomorphism of ^([2],
13.24).

It follows ([1]) that Un is finitely generated as a fully invariant subgroup of
Xn, since Un determines a variety of metabelian groups. So Un = V(u1n,
u2n, • • •, uTn) for some ux, w2, • • -,ure U. Let ue U. Then there is an element
v e V(uln, u2n, • • •, urn) such that un = v. Since any endomorphism of Xn is
induced by an endomorphism of Xthere is an element w e V(ul, u2, • • •, ur) such
that wn = v = un. Then (MW"1) JT = 1, and so MW"1 e X". Hence U, as a fully
invariant subgroup of X, is generated by ultu2,- • -,ur and by a set of words in X".

Hence, by Lemma 2, U, as a fully invariant subgroup of X, is generated by
ut,u2, • • -,ura set of 2(w — 1) variable words and a set of words in [ym(X), y2(X)].
Since [[x1( x2 , • • •, xm], [xm+l, xm+2]] e C/this implies that U, as a fully invariant
subgroup of X, is generated by « t , w2, • • •, ur, a set of 2{m — 1) variable words and
the word [[x1; x2,- • •, xm], [xm+1, xm+2]]. Suppose that ut is an nt variable word
for i = 1, 2, • • •, r and let n = max {nt, n2, • • •, nr, 2{m— 1), m + 2}. Then U is
determined by a set of n variable words, and so U is determined by a fully invariant
subgroup of Xn, the free group of rank n. Since Wxx, x2, •••,xm], [xm+l, xm+2]]
is a law in U, U is determined by a fully invariant subgroup of Xn containing
[7m(^,)> yi{Xn)l But fully invariant subgroups of Xn containing [ym(^n), y2(^>)]
are in one-one correspondence with fully invariant subgroups of XJ[ym(Xn),
y2(Xn)], which is a finitely generated abelian by nilpotent group. Now finitely gen-
erated abelian by nilpotent groups satisfy the maximal condition on normal sub-
groups ([3]), and a fortiori satisfy the maximal condition on fully invariant sub-
groups. Hence fully invariant subgroups of Xn containing [ym(Xn), y2(Xn)] satisfy
the maximal condition, and so are finitely generated as fully invariant subgroups.
This proves the Theorem.
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