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COMPOSITION OPERATORS ON LORENTZ SPACES

S.C. ARORA, GOPAL DATT AND SATISH VERMA

Fredholm, injective, isometric and surjective composition operators on Lorentz spaces
L(p, q) are characterised in this paper.

1. INTRODUCTION

Let f be a complex-valued measurable function defined on a o-finite measure space
(X,.A, p). For s > 0, define u; the distribution function of f as

py(s) = p{z € X :|f(z)| > s}.
By f* we mean the non-increasing rearrangement of f given as
@) =inf{s>0:ps(s) <t}, t>=0.

We also denote the rearrangement of f with respect to the measure u by f*#. Fort > 0,
let

=1 " F(s)ds.

For 1 < p < 00,1 < ¢ < 00, and for measurable function f on X define || f||,q as

q o0 dt 1/q
{5/0 GGl ())M T} , l<p<oo, 1€g<oo

sup t1/7 f**(t), l1<p<g oo g=00
>0
The Lorentz space denoted by L(p, q)(X, A, ) (or shortly L(p,q)) is defined to be
the vector space of all (equivalence classes of) measurable functions f on X such that
| fllpg < 00. Also || - ||pq is a norm and L(p,q) is a Banach space with respect to this
norm. The L”- spaces for 1 < p € oo are equivalent to the spaces L(p,p). For more on
Lorentz spaces one can refer to [1, 2, 3, 7, 10, 13, 14, 15, 17).
On the measure space (X, A,pu), let T : X = X be a measurable transformation.
Then we define a linear transformation Cr on the Lorentz space L(p,q), 1 < p < oo,
1 € ¢ £ o into the linear space of all complex-valued measurable functions on X by

1£llpe =
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Crf = foT. If Cr is bounded with range in L(p, ¢), then it is called a composition
operator on L(p, q) induced by T'. There is a vast literature for composition operators on
measurable function spaces and their applications, one can refer to [4, 5, 6, 8, 9, 11,
12, 16, 18, 19, 20] and references therein.

For a complex-valued measurable function u on X, we define a linear transformation
M, on the Lorentz space L(p,q) as M,f = u - f, where the product of functions is
pointwise. If M, is bounded with range in L(p,q), then it is called a multiplication
operator on L(p, q) induced by u.

For a bounded linear operator A on a Banach space; we use the symbols N(A) and
R(A) to denote the kernel and the range of A, respectively. We recall that A is called
compact if the closure of the image of the unit ball is compact; and Fredholm if R(A) is
closed, dim N(A) < oo and codim R(A) < oo, where dim N(A) is the dimension of N(A)
and codim R(A) is the codimension of R(A), namely the dimension of any subspace
complimentary to R(A).

The main aim of this paper is to study Fredholmn property, isometry, invertibility
of composition operators on Lorentz spaces L(p,q). In Section 2, we study the bound-
edness of composition operators between Lorentz spaces with different measure spaces.
In Section 3, we discuss the closedness of the range R(Cr), denseness and surjectiveness
of composition operator. In Section 4, adjoint of a composition operator is obtained and
Fredholm, isometric and invertible composition operators are characterised.

2. BOUNDEDNESS

In this section we characterise those measurable transformations T : Y — X, where
(X, A, p) and (Y, B,v) are two o-finite measure spaces, for which

Cr: L(p,q)(X, A, p) = L{p,q)(Y,B,v) (f = foT)

is bounded.

THEOREM 2.1. A measurable transformation T : Y — X induces a composition
operator

Cr: L(p,q)(X, A, u) = L(p,q)(Y,B,v),1 <p<0o,1<g< 00
if and only if
(voT ') E) < b u(E), forall E € A, for some b > 0.
Moreover

lCrll = k'/P, where k=inf {by > 0: (voT')(E) < by pu(E), for all E € A}.
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PROOF: First assume that 1 < p < 0o, 1 £ ¢ < oo and suppose Cr is a composition
operator induced by T'. Let E € A, u(F) < co. Then the non-increasing rearrangement
of the characteristic function xg is given by

xg(t) = X0, uey(t)-

Thus
1 t
x50 =7 [ xp(e)ds
0
1, ifogt < u(E)
N % u(E), ift> u(E).
Therefore

oo . dt
Ixsllt, =2 [ (oxz) 5
pJo t
1
= W(E)P? + = w(E)* = p' (W(E)™,
where 1/p+ 1/p’ = 1. This implies that xg € L(p, ¢)(X, A, u) and

(v o T7)(E) = v(T"H(E)) = ()™ IIx1-1(5)IIE,
= (1) lIxz © TIlby = () *ICrxell,
< @) CrlP Ixellh, = ICrIP w(E).

" Hence
(u oT_l)(E) < b u(E),

where b = ||Cr||P. If u(E) = oo, then the inequality is trivial. For ¢ = 00, 1 < p < o0,
we have
xEllpes = sup /25 (t) = (u(E)).

Therefore
(vo T™)(E) = [|Crxellbe < IICTIP u(E).

Conversely, suppose there is a constant b > 0 such that for all F € A,
(voT7Y)(E) < b u(E).
For f in L(p,q)(X, A, u), the distribution of f o T satisfies
wpemy(s) = v{y €Y : |F(TW))| > 5}
= (uoT'l){z €X:|f(z)|> s}
<b u{z €X:|f(z)| > s} = b us(s).
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Therefore
{s>0:pp(s) <t} C {s>0:vpr(s) < bt}
This gives
(foT)™(bt) < f*H(t)

and consequently
(foT)y**(bt) < f*™H(t), t>0.

Now for fin L(p,q), 1 <p < 00,1< ¢ < 00,
Iorflge =2 [~ (o710
= (b9/P) % / (tllp( oT)"'”(bt))
0
oy & [ (piimpovsgpnyd B _ ra/p
<@ L [7 @) 5 = 6% 11,
This proves that Cr is bounded. For ¢ = 00,1 < p < o0, we have

ICrfllpo = supt'/?(f o T)***(t)
t>0

= b'/P supt!/?(f o T)***(bt)
>0

. dt

< BYP sup tYP £ (t) = B2 || £] oo
>0
Hence the result. Moreover, we have
ICrll = kY2,

where k = inf {80 > 0: (v o T~!)(E) < bo u(E)}. 0

COROLLARY 2.2. ([11}) Let T : X — X be a non-singular measurable transfor-
mation. Then T induces a composition operator Cr on L(p,q), 1 <p< oo, 1 < ¢ < 00,
if and only if there exists some constant b > 0 such that

(Lo T~')(E) < b u(E), for all E€ A.

3. RANGES OF COMPOSITION OPERATORS

In this section, we establish conditions for a composition operator to have a closed
range or dense range and then we present a characterisation of surjective composition
operators.

THEOREM 3.1. IfCr is a bounded composition operator on L(p,q), 1 < p < oo
1 € ¢ € 0. Then Cr has closed range if and only if there exists € > 0 such that fr(z) > ¢
for almost all z € S, where S = {z € X : fr(z) # 0} and fr is the Radon Nikodym
derivative of uT~! with respect to p.
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PROOF: Suppose fr(z) > ¢ for almost all z € S. Then for f € L3(S), where

L24(S) = {f € L(p,q) : f vanishes outside S},
(foT)(t)=mf{s>0:u{z€X:|f z)|>s}st}
=inf{s>0:uT"{a:€S:|f(z)|>s}<t}.

Now

uT~'(E) = /E fr(z)dp > € p(E),

where E = {z €5S: |f(:z:)| > s}. Hence

(foT)(et) > inf {s>0:u{z € S:|1(2) >s} <t}
1nf{3>0 y{zEX | £( z)| >s} t} f*(t), for all t > 0,
and so ‘
(foT)*(et) 2 f**(t), for all t > 0.

Therefore
ICrllpq = €"/7| fllpg, for allf € LEA(S).

As N(Cr) = LB9(X \ S), we get that Cr has closed range.
Conversely, suppose that Cr has closed range. Then there exists £ > 0 such that

(3-1) ICTllpg 2 llfllpg, for all f € LE(S).

Choose positive integer n such that 1/n < ¢. Let E= {z € S : fr(z) < 1/n*}.
If possible u(E) > 0, then u(E) < (1/nP)u(E) and

(xg o T)"(t) € xg(nft), for all t > 0.

This gives ]
ICrxelld, < FHXEHZ., < €lxelll,-
This contradicts (3.1). Hence fr is bounded away from zero. 0

For a measurable transformation T on measure space (X,.A,u), T7'(A) is a
o-subalgebra of .A. Then L(p,q)(X,T"!(A), u) is a subspace of L(p,q). Now we study
the range of composition operators in terms of L(p, ¢)(X, T~!(A), u).

THEOREM 3.2. If Cr is a composition operator on L(p,q), 1 < p £ oo,
1 < g < oo, then the range of Cr is dense in L(p, ¢)(X,T1(A), u).
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PROOF: In case X is of finite measure, then xs in L(p, ¢)(X, T }(A), u) implies that
xs = CrXs, for some S’ € A. Thus all simple functions of L(p, ¢)(X,T~!(A), u) belong
to the range of Cr and hence using (2.4, Hunt [7]), we find that range of Cr is dense
in L(p,q)(X, T (A), ). In case X is a o—finite measure space, the proof follows from
Lebesgue’s theorem on dominated convergence. 0

THEOREM 3.3. A composition operator Cr on L(p, q) is surjective if and only if
fr is bounded away from zero on its support and T~1(A) = A.

PROOF: In case Cr is surjective then by using Theorem 3.1, fr is bounded away
from zero on its support. Let E € A be of finite measure. Since Cr is surjective,
there exists f € L(p,q) such that xg = Crf. Then we find xg = X7-1(&,), Where
Ey={z € X : f(z) = 1}. Hence E = T~(Eo). This proves A C T~!(.A) and therefore
equality. The converse follows by using the Theorems 3.1 and 3.2. 1]

THEOREM 3.4. If Cr is a composition operator on L(p,q), 1 < p £ oo,
1 < ¢ < 0o. Then Cr has dense range if and only if T~'(A) = A.

PROOF: Suppose Cr has dense range. Let E € A be such that xg € L(p,q). Then
there exists a sequence (f,) in L(p, q) such that Crf, — xg in || - ||pq and so Crfr, = xE
almost everywhere. Since each Crf, is measurable with respect to 7-1(.A), therefore
XE is measurable with respect T-1(A) so that xg = xr-1(r) for some F € A. Thus
T-1(A) = A.

Conversely suppose T~ !(A) = A. Let E € A be such that u(E) < oo, then we can
find F € A such that u(EAT-!(F)) = 0. Since X is o-finite, we have an increasing
sequence (F,) of measurable set of finite measure such that F,, 1 F or T~1(F ~ F,) | ¢.
Hence for € > 0, there exists a positive integer ng such that

-1 E 14
T F ~F) < (5), V2 ne
Hence
ICrxF ~ CrxFallpe = ICTX(#~Fa)llpg = IXT-2(Prrn)llpg
=p (T (F~ F))" <e, Vn2n,
This implies that xg € R(Cr). Now the result follows by using [7]. 1]

4. FREDHOLM AND ISOMETRIC COMPOSITION OPERATORS

In this section we have made an attempt to study the adjoint of the composition
operator on L(p,q), 1 < p < o0, 1 € g < oco. Fredholm, isometric and invertible
composition operators are characterised. By using (2.7, Hunt [7, p. 262]) for every
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g € L(p',¢'), we can find a bounded linear functional F, € (L(p,q))" = L(¢, ¢’), where
1/p+1/p =1=1/g+1/¢, defined as

Fi(f) = [ fodu, forall { € Lip,o).

For each g € L(p, ¢'), there exists a unique T"!(.4) measurable function E(g) such that

/ fedp = / fE(g)dp,

for each T7!(.A) measurable function f for which the left integral exists. E(g) is called
the conditional ezpectation of g with respect to o—algebra T-!(A). The Frobenius Perron
operator Pr on L(p/,¢') is defined as

Prg=fr-E(g)oT™,
where E(g) oT~! = f if and only if E(g) = foT.

THEOREM 4.1. If Cr is a composition operator on L(p,q), 1 < p £ oo,
1 € g < 0o, then Cy, the adjoint of the composition operator Cr, is Pr.

PROOF: Let E € A be such that u(E) < co. Then for g € L(p/,q")
(C3F,)(xs) = F,(Crxs) = / Crxz- g dp
=f(xEoT)-ydu=/E(y)-xEonu

= / E(g)oT ' xg duT ' = / E(g)o T - xgfr du
= Fie(gyor-1).1r(xE)
Thus C3F, = Fgger-1).4r- By identifying g € L(p',¢') with F, € (L(p,q))", we can
write
Cig=(E(g)oT™")- fr=Prg 0
THEOREM 4.2. If Cr is a composition operator on L(p,q), 1 < p < oo,
1 < g < oo, then N(C7) is either zero dimensional or infinite dimensional.

PROOF: Suppose 0 # g € N(C3). Let E = {z € X : g(z) # 0}, then u(E) # 0.
Let (E,) be a sequence of disjoint measurable subsets of £ such that

o0
E =] En 0 < p(Es) < oo

n=1

For each natural number n, let g, = ¢g- xg o T. For each n,
Cilaf = [0 xzoT)(foT) du

=/y-(fo°T) du
= Cr(9)(xef) = 0.
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Therefore {g, : n > 1} is a linearly independent subset of N(C3). Hence, if N(C3}) is
not zero dimensional, it is infinite dimensional.

COROLLARY 4.3. If Cr is a composition operator on L(p,q), 1 < p < oo,
1 € ¢ < 00. Then Cr is injective if and only if T is surjective.

THEOREM 4.4. If Cr is a composition operator on L(p,q), 1 < p < oo,
1 € q < oo. Then Cr is Fredholm if and only if Cr is invertible.

PROOF: If Cr is Fredholm, then N(C}) and N(Cr) both are finite dimensional and
are of zero dimension. Therefore Cr is injective and R(Cr) is dense in L(p,q). Since
R(Cr) is closed, therefore Cr is surjective. This proves the invertibility of Cr. The proof
of the converse is obvious. 0

THEOREM 4.5. If Cr is a composition operator on L(p/,¢'), then C3.Cr = Mj,.

PROOF: On replacing ¢ by Crg in the Theorem 4.1, we find that for every
geLy.q)

CiCrg=Cp(goT)=E(goT)oT™ - fr=g- fr = My,g.
Hence C;CT =M Ir- |]
COROLLARY 4.6. If Cr is a composition operator on L(p,q), 1 < p < oo,

1 € ¢ < oo, then Cr is an isometry if and only if T is measure preserving.

DEFINITION 4.7: ([16]) The essential range of a complex-valued measurable func-
tion f defined on the measure space (X, A, p) is given by the set

{,\GC:p({xeX:If(:c)—-,\l<e})>0, forea.che>0}.

By the theory developed so far, we have the following
THEOREM 4.8. If Cr is a composition operator on L(p,q), 1 < p € oo,
1 € ¢ < o0, then the following are equivalent:
(1) Cr is injective.
(2) f and f oT have the same essential ranges for every f € L(p,q).
(B) p<poT™
(4) fr is different from zero almost everywhere.
(5) My, is injective.
THEOREM 4.9. If Cr is a composition operator on L(p,q), 1 < p £ oo,

1 € g < oo, then Cr is invertible if and only if fr is bounded away from zero almost
everywhere on X and T7'(A) = A.

PRrOOF: If fris bounded away from zero almost everywhere on X and T7!(A) = A,
then My, is injective and hence Cr is injective. In view of Theorem 3.3, Cr is surjective.
Therefore Cr is invertible. Converse follows by the Theorems 3.3 and 4.8. 0
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Invertibility of T does not imply invertibility of Cr. This is proved by the following
examples.

ExAMPLE 4.10. Let X = [0,1], with the Lebesgue measure p on the Borel
subsets. Let T(z) = /z, V z € X. Then Cr is a composition operator on L(p,q) ([11,
Example 5.1]). U(z) = 22 is the inverse of T. But Cr is not invertible as

1Crxionmllfs _ 1
Ixo/millte  n?’

for each natural number n. So Cr is not bounded away from zero.

ExaMPLE 4.11. Let X = R with Lebesgue measure and let T(z) = az + b,
a #0,1. Then T is not measure preserving and Cr is a composition operator on L(p, q)
but Cr is not an isometry.
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