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§ 1. Introductory. The first formula to be proved is
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where p~^.q + \,\ ampz |<TT, R(k±n + ar)>0,r = l ,2 , . . . ,p . For other values of # and g the
result is valid if the integral is convergent. A second formula is given in § 3.

The following formulae are required in the proof:
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where B{z)>0, (1);

; <xr : q ; ps: z/A2)rfA = 2"~17r~iJ^{a1,... , otj,, a/2, (a + l)/2 : q ; ps: fz) (4)
o

where B(a)>0, | amp 2 |<77, (2);

'; ar : q ; ps: z^2)dt,=21-"niE(p ; a r : plt..., pg, p\2, (p + l)/2 : 4z), (5)

where the contour starts from -00 on the £-axis, passes round the origin in the positive direc-
tion, and ends at -00 on the £-axis, the initial value of amp £ being - IT, (3).

§ 2. Proof of the Formula. In (2) put m = \, and apply (3), replacing Ihy k-\ and 2 by
I/2 ; then, on multiplying by J{2/(nz)}, it is found that, if B(z)>0,
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On generalising the .S-function on the left in the usual way, and applying formulae (4)

and (5) to the JP-functions on the right, formula (1) is obtained. When it is necessary to
avoid values of zt, such that i£(2£)>0, the contour in (5) may be replaced by a line to the right
of the origin parallel to the r^-axis, 2 being taken real and positive. This restriction on 2 and
any restrictions on the p's required for convergence may subsequently be removed by
analytical continuation.

§ 3. A Second Integral. The formula to be proved is
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where p^q + l, B(k±n+aT)>0,r = l, 2, ...,p, | amp z |<w. For other values of p and q
the result is valid if the integral is convergent.
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This result can be derived from Ragab's formula (4)
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where i?(z)>0.
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will be required. It can be derived by generalising the formula

.(8)

Now in (7) replace z by 1/z, put m = J, so that, from (3), Zj{l/(Az)} =
replace A; by A; - 1 and multiply by ,/{2/(7rz)}: then

j;

1 J I - I U - P :e±-4z2

^ ,,5/2 2-»/»(2a)-*-" r £ n + \n, f + \n : e±fa4z2 \
„, _n sin (A; + n) n sin n-n \ \\ + \k + \n, 1 +\k + \n, \, \+n, 1+n)

E

2z \1
where

https://doi.org/10.1017/S2040618500033098 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500033098


96 T. M. MACROBERT

Here apply (8), and formula (6) with p=q=O is obtained ; formula (6) can then be
derived in the usual way.

In particular, on putting p = 2, q = 0, a1 = \+m, a2 = | -m, replacing z by 2z and k by
k - 1 , and applying the formula

cos TMT E(% +m, \-m: :2z) =J(2nz)ezKm(z), (9)
it is found that
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where R(k ±m ±n)>0.
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