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PSEUDO-EINSTEIN REAL HYPERSURFACES
IN COMPLEX TWO-PLANE GRASSMANNIANS

YouNGg JIN SuH

In this paper we give a complete classification of D~ -invariant or Hopf pseudo-
Einstein real hypersurfaces in complex two-plane Grassmannians G,(C™*?).

0. INTRODUCTION

In the geometry of real hypersurfaces in complex space forms or in quaternionic
space forms it can be easily checked that there do not exist any real hypersurfaces with
parallel shape operator A by virtue of the equation of Codazzi.

From this point of a view many differential geometers have considered new notions
weaker than such a parallel second fundamental form, that is, VA = 0. In particular,
Kimura and Maeda [6] have proved that a real hypersurface M in a complex projective
space CP™ satisfying V¢A = 0 is locally congruent to a real hypersurface of type
A, As, that is, a tube over a totally geodesic complex submanifold CP* with radius
0 < r < m/2. The structure vector field £ mentioned above is defined by £ = —JN,
where J denotes a Kahler structure of CP™ and N a local unit normal field of M in
CP™. Moreover, in a class of Hopf hypersurfaces Kimura [5] has asserted that there
do not exist any real hypersurfaces with parallel Ricci tensor, that is VS = 0, where S
denotes the Ricci tensor of a real hypersurface M in CP™.

On the other hand, in a quaternionic projective space HPP™ Pérez [7] has considered
the notion of V¢, A = 0, 1 = 1,2,3, for real hypersurfaces in HHP™ and classified
that M is locally congruent to of A;, Az-type, that is, a tube over HIP* with radius
0 < 7 < m/4. The almost contact structure vector fields {£1,£s,£3} are defined by
&= —JiN, i=1,2,3, where J; denotes a quaternionic Kahler structure of HP™ and
N a unit normal field of M in HP™. Moreover, Pérez and the present author [8] have
considered the notion of V¢, R =0, i = 1,2,3, where R denotes the curvature tensor
of a real hypersurface M in HP™, and proved that M is locally congruent to a tube
of radius 7/4 over HP*.

Received 19th September, 2005

This work was supported by grant Proj. No R14-2002-003-01001-0 from Korea Research Foundation,
Korea. The present author would like to express his sincere gratitude to the referee for his careful
reading of the manuscript and useful comments to develop this paper.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/06 $A2.00+40.00.

183

https://doi.org/10.1017/50004972700038776 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038776

184 Y.J. Suh 2]

Now let us denote by G2(C™+2) the set of all complex 2-dimensional linear sub-
spaces in C™*+2. Then the situation mentioned above is not so simple if we consider a
real hypersurface in such a complex two-plane Grassmannian G,(C™+2).

In this paper we study the analogous question in complex two-plane Grassmannians
G2(C™*2) of all complex two-dimensional linear subspaces in C™+2. This Riemannian
symmetric space has a remarkable geometrical structure. It is the unique compact
irreducible Riemannian manifold being equipped with both a Kéhler structure J and’
a quaternionic Kahler structure J not containing J. In other words, G;(C™*?) is
the unique compact, irreducible, Kahler, quaternionic Kahler manifold which is not a
hyperkéhler manifold. So, in G2(C™*2) we have the two natural geometrical conditions
for real hypersurfaces that [€] = Span {¢} or D1 = Span {1, £;,£3} is invariant under
the shape operator. From such a view point Berndt and the present author [2] have
proved the following:

THEOREM A. Let M be a connected real hypersurface in G2(C™*+?), m > 3.
Then both (€] and D' are invariant under the shape operator of M if and only if

(1) M is an open part of a tube around a totally geodesic G(C™+!) in
G2(C™+%), or

(2) m iseven, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in G,(C™*?).

When the structure vector £ of M in G, (C™+2) is invariant by the shape operator,
M is said to be a Hopf hypersurface. In such a case the integral curve of the structure
vector field £ is geodesic (See Berndt and Suh [3]). Moreover, the flow generated by
integral curves of structure vector field & of Hopf hypersurfaces in G2(C™*2) is said
to be a geodesic Reeb flow.

In the proof of Theorem A we have proved that the one-dimensional distribution
[€] is contained in either the 3-dimensional distribution D or in the orthogonal com-
plement D such that T, M = D®D*. The case (1) in Theorem A is just the case that
the one dimensional distribution [¢] is contained in D+.

A real hypersurface M in G2(C™*?) is said to be pseudo-FEinstein if the Ricci
tensor S of M satisfies

' 3
*) SX =aX +bn(X)¢ + szlu(X)Eu

v=1
for any tangent vector field X on M, where b and ¢ are nonvanishing constants and
1-forms 7 and 7, are defined by n(X) = g(£, X) and 7,(X) = g(&,, X) respectively.
Moreover, a real hypersurface M in G2(C™*?) is said to be Einstein if the constants
b and c identically both vanish.
Then the derivative of the Ricci tensor S of a pseudo-Einstein real hypersurface
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in G, (C™+2) is given by

3 3
(**)  (VyS)X = b(Vyn)(X)§ +bn(X)Vyé +c)_(Vyn)(X)e +c)_m(X)Vyé,

v=1 v=1
for nonvanishing constants b and ¢ on M.

It is not difficult to check that any real hypersurfaces given in Theorem A is pseudo-
Einstein. Then it must be a natural question to know whether pseudo-Einstein real
hypersurfaces in G2(C™*2?) can be classified or not ?

Related to such a problem the main result of this paper is to give a complete clas-
sification of D+ -invariant pseudo-Einstein real hypersurfaces in G(C™*?) as follows:

THEOREM 1. Let M be a D' -invariant real hypersurface in G, (C™*?) satisfy-
ing the formula (**). Then M is congruent to
(A) a tube of radius r over G2(C™*!) in G2(C™*+?) or
(B) a tube of radius r over HP™, m = 2n, in G2(C™*?).

The formula (**) mentioned in Theorem 1 is just covariant derivative of the Ricci
tensor of pseudo-Einstein real hypersurfaces in G2(C™*+2). From such a view point we
give a D' -invariant pseudo-Einstein real hypersurfaces in G2(C™*2) as follows:

THEOREM 2. Let M be a D' -invariant pseudo-Einstein real hypersurface in
G2(C™*2%). Then M is congruent to

(a) a tube of radius r, cot’v/2r = (m—1)/2, over G(C™*!), where
a=4m+8, b+c=-2(m+1),
(b) a tube of radius r, cot’r = (2ntvdn-1)/(2(n—1)), over HP™,
m=2n, where a=8n+6, b=—-16n+2, c = -2,
When M is a Hopf hypersurface in G, (C"‘+2) , we assert the following:

THEOREM 3. Let M be a Hopf pseudo-Einstein real hypersurface in G2 (C™+2).
Then M is congruent to
(a) a tube of radius r, cot’v/2r = (m—1)/2, over G(C™*'), where
a=4m+8, b+c= —2(m + 1), provided with c# — 4,
(b) a tube of radius r, cot’r = (2ntvdn—-1)/(2(n~1)), over HP™,
m=2n, where a=8n+6, b=-16n+2, c = -2.

In Section 2 we recall Riemannian geometry of complex two-plane Grassmannians
G2(C™*?) and in Section 3 we shall show some fundamental properties of real hyper-
surfaces in G2(C™*+?). The formula for the Ricci tensor S and its covariant derivative
VS will be shown explicitly in this section.

In Section 4 (respectively, Section 5) we shall give a complete proof of Theorem
2 (respectively, Theorem 3) when M is a D~ -invariant (respectively, Hopf) pseudo-
Einstein real hypersurface in G2(C™+2).
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1. RIEMANNIAN GEOMETRY OF G,(C™+2)

In this section we summarise basic material about G2 (C"”’z) , for details we refer
to [1, 2, 3]. By G2(C™+2) we denote the set of all complex two-dimensional linear
subspaces in C™*+2. The special unitary group G = SU(m + 2) acts transitively on
G2(C™+?) with stabiliser isomorphic to K = S(U(2) x U(m)) C G. Then G2(C™*?)
can be identified with the homogeneous space G/K, which we equip with the unique
analytic structure for which the natural action of G on G2(C™*2) becomes analytic.
Denote by g and ¢ the Lie algebra of G and K, respectively, and by m the orthogonal
complement of ¢ in g with respect to the Cartan-Killing form B of g. Then g =¢®m
is an Ad(K)-invariant reductive decomposition of g. We put o0 = eK and identify
T.G2 (C"“‘") with m in the usual manner. Since B is negative definite on g, its
negative restricted to m x m yields a positive definite inner product on m. By Ad(K)-
invariance of B this inner product can be extended to a G-invariant Riemannian metric
g on G2(C™+2). In this way G2(C™*?) becomes a Riemannian homogeneous space,
even a Riemannian symmetric space. For computational reasons we normalise g such
that the maximal sectional curvature of (G2(C™*2), ) is eight.

The Lie algebra ¢ has the direct sum decomposition ¢ = su(m) ® su(2) ® R, where
R is the centre of £. Viewing ¢ as the holonomy algebra of G;(C™+2), the centre R
induces a Kahler structure J and the su(2)-part a quaternionic Kihler structure J on
Gq (C’"*z). If J, is any almost Hermitian structure in J, then JJ, = J1J, and JJ; is
a symmetric endomorphism with (JJ;)? = I and tr(JJ,) = 0. This fact will be used
frequently throughout this paper.

A canonical local basis Jq, J2,J3 of J consists of three local almost Hermitian
structures J, in J such that J,Ju41 = Jy42 = —Ju41Jy, where the index is taken
module three. Since J is parallel with respect to the Riemannian connection V of
(G2(C™+?),g), there exist for any canonical local basis Jy,Ja,J3 of J three local
one-forms ¢, g2, 3 such that

(1-1) vXJIJ = ‘Iu+2(X)Ju+1 - qV+1(X)JV+2

for all vector fields X on G2(C™+?).
The Riemannian curvature tensor R of Gz(C™*?) is locally given by

(1.2)
R(X,Y)Z =g(Y,Z2)X — 9(X,2)Y + g(JY,Z)JX — g(JX,2Z)JY - 2¢9(JX,Y)IZ

3
+3 {9(LY, 2)1.X - g(J.X,Z)JY - 29(J.X,Y)J],Z}

v=1

3
+> {g(LIY, 2)LIX — g(JLIX, 2)J,IY},

v=l1
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where J;, J2, J3 is any canonical local basis of J.

2. SOME FUNDAMENTAL FORMULAS FOR REAL HYPERSURFACES IN G,(C™+?%)

In this section we derive some basic formulae from the Codazzi equation for a real
hypersurface in G2{C™*?).

Let M be a real hypersurface in G(C™*2), that is, a hypersurface of G,(C™*?)
with real codimension one. The induced Riemannian metric on M will also be denoted
by g and V denotes the Riemannian connection on M. Let N be a local unit normal
field of M and A the shape operator of A with respect to N.

For any local vector field X on a neighbourhood of a point = in M the transfor-
mation under the Kahler structure J of G2(C™+?) can be given by

JX =¢X +n(X)N, JN = —¢,

where ¢ defines a skew-symmetric transformations of the tangent bundle TM of M,
while 77 and £ denote a 1-form and a vector field on a neighbourhood in M , respectively.
Then it is seen that g(£, X) = n(X). In such a case the set of tensors (¢,&,7n,g) is said
to be an almost contact metric structure on M. They satisfy the following

$*X =-X +n(X)§, ¢£=0, n(¢X)=0, n(¢)=1

for any tangent vector field X on M.

On the other hand, let us denote by {Jy, J2, J3} a canonical local basis of J, which
are said to be a quaternionic Kdhler structure of G, (C"‘“) . Then the transformation
of the tangent vector field X on M under the quaternionic Kéhler structure {Jy, J2,J3}
can be given by

JoX=¢X+n(X)N, JN=-£

for any v = 1,2,3, where ¢, X denotes the tangent component of J,X and 7,(X)
= g(X,&). Then J2 = —I induces an almost contact metric structure (¢, &, M, g)
on M defined in such a way that

¢|2;X =-X+ nu(X)Em o€ =0, 7’u(¢vX) =0, nv(gu) =1

for any tangent vector field X on M and any v =1,2,3.

Using the above expression (1.2) for R, the Gauss and the Codazzi equations are
respectively given by

+ 9(8Y,2)¢X — g(¢X, Z)¢Y ~ 29(¢X,Y)dZ
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3
+d {9(6.Y. 2)¢.X — 9(d.X, Z)$.Y - 29($, X, Y), Z}

v=1

3
+ 3 {9(6.8Y, 2)6.6X — g(6u8X, Z)$, Y }

v=1

3
- S {(n(¥)n(2)8.8X — n(X)n.(2)$.6Y }

v=1

3
= " {n(X)9(¢u4Y, Z) - n(Y)g(¢ ¢ X, Z)},

v=1

+ g(AY,Z2)AX — g(AX,Z)AY
and

(VxA)Y = (Vy A)X =n(X)gY —n(Y)$X —29($X,Y)¢

3
+ 3 {n(X)oY ~m(Y)$. X — 29(6,X,Y)E, }

v=1

3
+ 3 {0 (8X)6udY — n,(8Y)$.6X }

v=1

3
+ Y (X (8Y) — (VI ($X)}E,

v=1

where R denotes the curvature tensor of a real hypersurface M in Go(C™+2).

From J,Ju41 = ~Joy1dy = Juy2 and JJ, = JJ, v = 1,2,3, the following
identities can be proved in a straightforward method and will be used frequently in
subsequent calculations:

Sv+1o = =&us2,  Ouurr = Eusas
& = @€, M (6X) = n(¢. X),
Subv41X = ¢y X + Mus1(X)Es,
bv+100 X = —Pui2X + (X )t

(2.1)

Then from this and the formula (1.1) we have that

(2.2) (Vx9)Y =n(Y)AX - g(AX,Y)E, Vx{=9¢AKX,

(2.3) Vxé = qus2(X)év41 — @+1(X)E12 + S AX,

(2.4) (Vxd)Y = —~qus1(X)bu42Y + qui2(X)dp41Y + 0, (Y)AX
- 9(AX,Y)¢,.

https://doi.org/10.1017/50004972700038776 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038776

M Pseudo-Einstein real hypersurfaces 189

Summing up these formulas, we find the following

Vx(¢.€) = Vx(46)
= (Vx¢)&w + ¢(Vx&)
= gu+2(X)P+1€ — qu+1(X) 426 + $9AX
- 9(AX, €& +n(&)AX.
Moredver, from JJ, = J,J, v=1,2,3, it follows that

(2.6) o X = 60X + . (X)E — n(X)Es.

(2.5)

3. PROOF OF MAIN THEOREM
Now let us contract Y and Z in the equation of Gauss in Section 2. Then the
Ricci tensor S of a real hypersurface M in G2(C™*?) is given by

4m-—1
SX = Z R(X, e)e;

i=1 3

= (4m +10)X - 3n(X)¢ - 3D _n.(X)&

v=1

3
(3.1) + 3 {(Tréud)ddX - (6.)°X}

3
= S {m(6)8.8X — n(X)uet, }

v=l1
3
=S {(Tr dud)n(X) - n(.6X)}E, + hAX — AX,
v=1

where h denotes the trace of the shape operator A of M in G2(C™*2?). From the
formula JJ, = J,J, Tr JJ, =0, v =1,2,3 we calculate the following for any basis
{e1,-.. ,eam—1, N} of the tangent space of G, (C™*?)

0=Tr JJ,

4m-1

= Y g(JJsex, ex) + g(J LN, N)
k=1

=Tr ¢¢, — nu(é.) - g(JuN,JN)
=Tr ¢¢, ~ 2n.(€)

(3.2)

and

(89)2 X = ¢ d($b. X — nu(X)E + n(X)E,)
(3'3) = ¢u{_¢uX + 1)(¢,,X)f} + n(X)¢v2§
=X = n(X)& + (@ X)u€ + n(X){—€ + 1. (£)€}.

https://doi.org/10.1017/50004972700038776 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038776

190 Y.J. Sub (8]

Substituting (3.2) and (3.3) into (3.1), we have

3
=(4m+10)X 3(X)E -3 _n(X)E,

v=1
+ Z{m(e)mx X = (¢ X)pu€ — (X (£)€}
v=1
+hAX - A%X
(3.4) >
= (4m + 7)X I(X)E - 3D _n(X)E,
v=1

+Z{ny(g)¢,,¢x n($uX)$u€ — n(X)m.(£)€}
+hAX — A%X.

Now its covariant derivative of (3.4) becomes

3
(Vy$)X = -3(Vyn)X - 3n(X)VyE -3) (Vyn)(X)&

v=1
- 3Z(VYT]V (X - 3217,,(X Vy{,,
v=1 v=1
(3.5) 3
+ [Y(nu(ﬁ))¢u¢X + 0, (E)(Vy )X + 1 (). (Vyd) X

v=1

- (VY"')(d’uX)‘ﬁuf - TI((VY%)X)%E - n(¢VX)VY(¢V£)
~ (Vym) (X)) — n(X)Vy (m.(6)& — n(X)m.(E)Vr&,]
+ (Yh)AX + h(VyA)X — (Vy A X.

Then from (3.5), together with the formulas in Section 2, we have
(VyS)X = —39(¢AY, X)§ ~ 3n(X)pAY

3
-3 {a+2(V)m41(X) - @or1(Y)nus2(X) + 9(4,AY, X)}£,

3
=3 (X){g+2(Y)v+1 — qurrbosz + 4,AY }

v=1

+ Z[ (1) 00X + M€} { g 41 (V)b 420X

+ qu42(Y)bu 410X + (0 X)AY — g(AY,¢X)E, }
+ 1 (E){n(X)p AY — g(AY, X)9.£} — g(9AY, 6, X)$,€
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(3.6) + {@+1(Y)(du42X) — qui2(Y)n(bv41X) — 7,(X)0(AY)
+n(£.)9(AY, X)}¢.€
= (S X){@+2(Y)bv41€ — Qu41(Y)bu 426 + $LPAY
—n(AY)&, +1(&,)AY }
- 9($AY, X)n.(§)6 = n(OY (0.(0)& — n(X)m(E) V& |
+ (Yh)AX + h(Vy A)X - (VyA?)X.
Let M be a pseudo-Einstein real hypersurface in Gz(C™+2). That is, M satisfies

the formula (*) in the intoduction. Then by the formulas in Section 2 the derivative of
the Ricci tensor S satisfies

(VyS)X =Vy(SX) - S5(VyX)
*k 3 : 3
) = B(Vym)(X)E + bn(X) V€ + 3 (Vyn)(X)E, + 63 _n(X)VyE..
v=1 v=1
From this, together with (3.6), we have
3.7
(b+ 3){g(¢AY, X)¢ + n(X)pAY }

3
+ e+ 3) [ {1 (X) = Gosr(V)maa(X) + 94, AY, X)}6,

v=1

3
+ Znu(X){qu+z(Y)£u+1 = qu1(Y)lus2 + ¢uAY}]

v=1

3
= 3 [{9@42(0)80416 = G 41(Y)Bu 426 + ,8AY, X)g€
v=1

- 9(7I(AY)§u - n(Eu)AY, X)¢,,§
+ 9(Du€, X 42(Y)bv 416 — @41 (Y) D426

+ u9AY — n(AY)E, +7(6)AY )]

3
=D [Y (1) 88X + 1= 41(V)dr426X + qura(¥)br416X

+ 0, (E){n(X)$, AY — g(AY, X)$,€}

- 9(#AY, X)n,(€)6 = XY (1.())& — n(XOm(E)V 6 |
— (YR)AX — (hI — A)(VyA)X + (Vy A)AX =0.
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Note that pseudo-Einstein real hypersurfaces in G2(C™*?) satisfies the formula
(3.7). Now contracting X and W in (3.7) and using the formulas mentioned below

Y (n.(8)) =Y (9(6,8)) = 9(Vvén, &) +g(€s, VyE)
= @ui2(Y)n(v+1) — w1 (YIn(€+2) — 29(AY, 0.8),

3
Z{qu+2(y)fl(€u+1) Tr ¢vd — @1 (Y)N(€v42) Tr ¢
v=1

= (VO T bra28+ 242V T $rsrg} =0,
and
223:{‘1u+2(y)77(§v+1) = q+1(Y)n(€42)} =0,
then we have the follt;i-ilng
(3.8) —(Yh)h + trace (VyA)(24 — hI) = 0.

Now let us take an inner product (3.7) with any vector field W and use the equation of
Codazzi for the final terms of the left side of (3.7). From this, contracting Y and W,
we have

(3.9)
(b +3)9(d4E, X)

3
+ e+ 3D [{242E)m41(X) = o1 (E)n42(X) + 9(8 A, X))

v=1

+ 1 () {s2(6041) = Gorr Eor2) )]

3
= 3 [{a+2(806)9(90416, X) = a42(8,E)9(br426, X)

v=1

+ g(¢u¢A¢v§u X) - 77(A¢V§)77V(X)}
+ 9606 X){@u+2(80418) — a1 (B0426) — M(AE,) + () Tr A}]

3
= 3" [4e8X) (0 + 1 (O - tv41(Bu426X)
v=1

+ qu+2(dv+16X) + 1 (X) Tr A} + 7 (En(X) Tré, A - n(X)& (. (€))
= /(X) (€){qv+2(Evs1) — Qu+1(5u+2)}]

3
+3g(A€,6X) + 3D _g(Ad. X, &)

v=1
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3
-3 {s((4 - n)g&s. 4u8X) — hn, (8X) }

v=1

+Z{ (A= B)E,6,)m.(6X) + n(X)g(Ad61. )}

- Z{g(qsuqux, $E,) + M (PAX) Tr ¢ — n(€,) M (9AX)} = 0.

v=1

Now let us here calculate more explicitly the following terms in (3.9) as follows:

¢ X (m(€)) = 9(Vo,ex8,6) + 9(6 Vo exéo)

(3.10) = 29(¢Ad X, &) + 1(€u+1)qv+2(¢0 6 X)
— n(€v+2)qv+1(4.9X),
(X)é (1 (€)) = n(X){9(Ve, &, &) + 9(€, Ve, 6.)}
(3.11) = 2(X)g($A&, &) + n(X)M{(E+1)u+2(£0)
~n(€v+2)qv+1(&0)}-

Now let us substitute (3.10) and (3.11) into (3.9). From this, together with the formulas

9(PvpADE, X) = —g(E, 9ASL X)) + 1,(X)g(ALE, E) — N(X)g(AdLE, L)

and

3
—Zg ((A - hI)¢E,, 4,8 X) = Zg ($AS. X, &) = hD_nu(6X)m(€),

v=1 v=1
we have
3 3
(312) (b+3)g(dAE, X) +cd_g(dv ALy, X) = 2D _nu(¢X)m,(€) Tr A
v=1 v=1

— (AX)h + Tx (A — hI)(Vx A)

3
+39(A$X,€) + TrVax A+ hY n,(¢X)Tr ¢¢ =0,

v=1

https://doi.org/10.1017/50004972700038776 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038776

194 Y.J. Suh (12)

where we have used the following

3

Z [{Qu+2(§u)77u+1(x ) — @ur1(&)m2(X)}
v=1
+ WV(X){QV+2(€V+1) - qu+1(§u+2)}] =0,
3

>~ [{a+2(806)9(80416, X) — a1 ($06)9(d426, X) }

=1

<

+ 9(8u€, X){qv42(v416) — Qu+1(¢u+2€)}] =0,

M

[(1(60+1),+2(86X) = 1(E032),41(89))

g
1l
-

+ (O ~gu+1(60+20X) + G 42($19X)}] =0,

and

za:lﬂ(x ) [{n(§u+1)qu+2(€u) —n(€u+2)q4+1(6) }
+ 1 (O {@s2(6r1) = Gar(Ea)}| = 0.
On the other hand, by (3.8) we know that
Tr (VyA)A = (Yh)h. .
From this and using Tr ¢, = 27, (€) in (3.12), we have
3
(3.13) bAE + ) ¢y AL, = 0.
=

When g(AD,D1) =0, that is AL, = 8,&,, v = 1,2,3, then by (3.13) the structure
vector £ is principal. Then by virtue of a theorem due to Berndt and the present author
[3], we summarise the above arguments as follows:

THEOREM 3.1. Let M be a D' -invariant real hypersurface in G,(C™*?) sat-
isfying (**). Then M is congruent to one of the following:

(A) a tube of radius r over G2(C™*!) in Go(C™*?), or
(B) a tube of radius r over HP", m = 2n, in G2(C™+2).
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REMARK 3.1. A real hypersurface M in G,(C™*2) is said to be Einstein if the con-
stants b and ¢ in the formula (*) identically both vanish. Then by the formula (**) its
Ricci tensor should be parallel. Moreover, in such a case the Ricci tensor § commutes
with the structure tensor ¢. On the other hand, in a paper due to Pérez and the present
author [9] we have proved that there do not exist any Hopf hypersurfaces in G,(C™*2)
with parallel and commuting Ricci tensor. So naturally we know that there do not exist
any Hopf Einstein real hypersurfaces in G2(C™*?%).

4., PROOF OF THEOREM 2

In this section, let M be a D<-invariant pseudo-Einstein real hypersurface in
G2(C™+2). Then the Ricci tensor S of M satisfies the formula (*). Then naturally it
satisfies the formula (**). So by virtue of Theorem 3.1 M is congruent to of type (A)
or of type (B). First we consider M is congruent to of type (A), that is, a tube over a
totally geodesic G2(C™*1) in G,(C™+?).

Now let us introduce a proposition in [2] concerned with a tube of type (A) as
follows:

PROPOSITION A. Let M be a connected real hypersurface in G2(C™*2). Sup-
pose that AD C D, Af = af, and € is tangent to D+ . Let J,€J be the almost Hermi-
tian structure such that JN = JyN. Then M has three(if r = w/2 ) or four(otherwise)
distinct constant principal curvatures

(4.1) a=\/§cot(\/§r) , ﬂ=\/§cot(\/§r) , /\=—\/§tan(\/§r), u=0
with some r € (0,7/4). The corresponding multiplicities are

m(a) =1, m(B) =2, m(A) =2m - 2 = m(u),
and the corresponding eigenspaces we have

T, =R{ =RJN,

T = C+{ =C*N = {£2,63},
Ty = {X | XLH¢, JX = Ji X},
T, ={X|X1H{, JX = -J, X}

Now let us check for a tube over a totally geodesic Go(C™*!) in G,(C™*+%). We
put X€T, in (3.4). Then by the formula (*) we know that

(4.2) a=4m+8.
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From this, together with (4.1), (3.4) gives for any X€T)

{(4m +7) — V2tan V2rh - (\/Etan \/ir)z}X + ¢19X
={d4m +6- V2tanv2rh - (\/ita.n\/ir)z}X

= (4m + 8)X.

This gives h = —v/2(tanv/2r + cot v2r). From this, together with the trace of h,
which is given by h = (2m — 2)(—v2tanv/2r) + v8cot v8r + 2v/2cot v/2r, we have
cot? 2r = (m ~1)/2.

On the other hand, by putting X = ¢ = £; in (3.4) and the formula (*), we know

a+b+c=4m+ ha —a?.
From this, together with (4.1) and (4.2), it follows that
b+c=ha—-a®-8
=V2h (cot v2r — tan \/fr) - 2(cot V2r — tan \51')2 -8
= —2(cot2 V2r — tan? \/ir) - 2(cot V2r — tan \/fr)2 -8
4(cot2 \/—r + 1)
(7=

+1)

-4
—-2(m +1).
Next we consider M is congruent to of type (B), that is, a tube of radius r over

HP™, m = 2n in G2(C™*2?). Moreover, for a tube of type (B) in Theorem A we
introduce the following proposition due to [2] as follows:

PROPOSITION B. Let M be a connected real hypersurface of Go(C™+2). Sup-
pose that AD C D, Af = af, and € is tangent to ©. Then the quaternionic dimension
m of G2(C™*+?) is even, say m = 2n, and M has five distinct constant principal cur-
vatures

a=-2tan(2r), f=2cot(2r), y=0, A=cot(r), p= —tan(r)
with some r € (0,7/4). The corresponding multiplicities are

m(a) =1, m(B) =3 =m(y) , m(}) = 4n -4 =m(p)
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and the corresponding eigenspaces are

Ta = R‘E ) Tﬁ = {El,€2!£3}a T, = {¢1€)¢2€1 ¢3€}? TA ) Tp )
where
T, = HCE, I =T, I, =T,, JTa=T, .

By the formula (3.4) and (4.2) for the Ricci tensor of a pseudo-Einstein real hy-
persurface M in G2(C™*2), we have respectively for X€T) and X€Tp

(4.3) a=4m+ 7+ hcotr — cot?r
and
(4.4) a+c=4m+ 4+ 2cot 2rh — 4 cot? 2r.

Moreover, by Proposition B we can put A the trace of the shape operator A of M
in G,(C™*2) as follows

(4.5) h =4(n — 1){cotr — tanr} + 6 cot 2r — 2tan 2r.

On the other hand, for X€T, ot and Y€E€T_ 1anr we know that SX = aX and SY
= aY. Then by (3.4) we have hcotr — cot>r = h(—tanr) — tan®r. Then it follows
that

(4.6) h =cotr ~ tanr.

From this, together with (4.3), we assert that a =4m + 6 = 8n + 6.
On the other hand, by comparing both two equations (4.5) and (4.6) mentioned
above, we know that
4
cotT — tanr’
which gives cot?r = (2n++v/4n —1)/(2n — 1). Moreover, from (4.4) and (4.6) we know

(4.7) (4n — 2)(cotr — tanr) =

¢=—2+ (cotr — tanr)h —~ (cotr — tanr)? = —2.
Finally, we assert that b = —16n + 2.
In fact, by the formula (*), (3.4) and Proposition B for X€T, we have
4 16

2cot2r  4cot?2r’
From this, together with (4.3), it follows that

at+b=4m+4—

4 16
(4m+7) + hcotr —cot?r + b = (4m +4) - h - :
3
cotr —tanr (cotr — tanr)

Then substituting (4.6) and (4.7) into this formula, we know that

(4m + 7) + (cotr — tanr) cotr — cot?r + b = 4m ~ 8(2n — 1),

which gives above assertion that b = —16n + 2. So summing up all the situations
mentioned above, we give a complete proof of Theorem 2.
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5. PROOF oF THEOREM 3

In this section, we consider a Hop{ pseudo-Einstein real hypersurface M in
G2(C™*2), provided with c# — 4. Then, its Ricci tensor is given by

3
5X = (4m+ )X - 3n(X)E - 3D _m(X)E,

v=1

3
+ D {m()dudX — n(uX)bu€ — n(X)n, (€)€}

v=1

+hAX — A%X

(5.1)

3
= aX +bn(X)é +cd_m(X)E

v=1

for nonvanishing constants b and c# —4 on M. Then by putting X = £ into (5.1), we
have

3 3 3
(5.2) 4(m+1)E— 3D m(O)E — 3 M (€6 + hAE — A% = (a + b)E + 3 M ()6

v=1 v=1 v=1

On the other hand, by (5.1) we have

3
(5.3) A2X — hAX +pX =) _{n.(6)dudX — 0l X)u€ — n(X)m(€)60}

v=1

3
~(B+b)n(X)E - (3+0)d_m(X)E,,

v=1

where p=a — (4m + 7). When M is a Hopf hypersurface, (5.2) gives the following

3
(5.4) {4(m+1)+ha-a® - (a+ b)}e=(c+ 4)217,,({)5,,.

v=1

From this, applying £, to both sides, we have
(5.5) {4(m+1)+ha—a® - (a+b) - (c+4)}n(§) =0.
Now let us divide two cases. Then first we consider

Case . 4(m+ 1)+ ha—a? - (a+b)— (c+ 4)#0
Then from (5.5) we know that 5,(§) = 0. that is, £€D. Now let us put
T = A2 — hA. Then by (5.3) we have the following

Té = (A2 - hA)e = {p~ (3+)}&1,
Té = (A* — hA)a = {p— 3+ 0)}&,
Té3 = (A® - hA)& = {p— (3+c)}és,
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where we have put p = a — (4m + 7). From this, together with the fact TA = AT and
g(TD,D*) = 0 we know that there exists a basis X1, X2, X3 of D+ that AX; = A\ X;
and TX; = \; X;, i=1,2,3, in such a way that

X1 &
(X2> = SO(3) (Ez)
X3 &3

where SO(3) denotes the 3x3 special orthogonal matrix. Then

Span {X), X3, X3} = Span {£;,&2,£3}.

Accordingly, we also assert that g(AD,D1) =0.
CaseIl. 4(m+1)+ha-a®-(a+b)~(c+4)=0

By (5.4) and c# — 4, we know that £ = Za: n(€)6,€D. So we may put £ = ¢, .
Then by (5.3) we have the following =

(5.6) A% — hAEG = {4m - (a + b+ ¢)}&y,
(5.7) A%y — hAG = {dm+T—a— (1 +¢)}&,
(5.8) A3 — hAG = {dm+T—a— (1 +c)}&.

Then we know that g(TD,D1) = 0, where we have put T = A2 — hA. Moreover as in
Case I we know TA = AT. From this, together with the fact g(TD,D*) =0, by the
same method as in Case I we assert that g(AD,D1) = 0. Accordingly, summing up
Cases I and II we know that M is D+ -invariant. Then by Theorem 3.1 and using the
same method given in the proof of Theorem 2 we give a complete proof of Theorem 3.
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