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Abstract

We present some questions that we feel are important and interesting for the theory of finite p-groups,
and survey known results regarding these questions.
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Mike, the other year you asked me how I saw the future of p-group theory.
All I can offer in answer are more questions.

1. Enumeration

Most of the effort of finite group theory in the second half of this century was directed at
the investigation of simple (non-Abelian) groups, and there are still many outstanding
problems in that area. In the present paper I want to concentrate on groups that may be
considered as the farthest removed from the simple ones, namely nilpotent groups, or,
since a finite nilpotent group is the direct product of its Sylow subgroups, p-groups.
Why consider these groups? Personally I find them fascinating, but that opinion is
not shared by everyone. I have seen people, particularly ones concerned with simple
groups, say that p -groups should be avoided. I think that this attitude is based on
a misunderstanding. The kind of problems about p -groups that one may encounter
during the investigation of finite simple groups would call for an exact determination,
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[2] Some questions about p -groups 357

up to isomorphism, of a p -group satisfying certain properties. Such problems may
be extremely hard, and I do not consider them typical of p -group theory. As we see
below, there is a vast number of p -groups, and a complete classification of them does
not seem feasible. But we still would like to put some order into this seeming chaos,
and recent progress, much of it due to ideas of Mike Newman, indicates that this is
possible.

Passing now to mathematical, not personal, reasons, one is that, as Sylow's theorem
shows, p -groups are involved in all finite groups. Another reason may be the following
conjecture formulated in [P2] (where a related conjecture of Erdos is reported), that
I would rather pose as my first question.

QUESTION 1. Is it true that most finite groups are nilpotent?

If that is true, it follows that most finite groups are in fact 2-groups.
In precise terms, the conjecture is that if g(n) is the number of all (isomorphism

types of) groups of order at most n, and #„,;(«) is the number of nilpotent groups of
the same orders, then limn^.oa gnii(n)/g(n) = 1. This conjecture is a sharpening of
the following theorem of Pyber [PI].

THEOREM 1 (Pyber). l im,,^ log #„,,(«)/log g(n) = 1.

Thus attention is directed to the number of nilpotent groups, or better, to the number
of p -groups. Denoting b y / (n) the number of groups of order n, we have the following
result of Higman [HI] and Sims [Si].

THEOREM 2 (Higman and Sims). / (pk) = pvm)it+<*)?)m

(The term o(k3) depends only on k, not on p.) As usual, I denote by o(f (k))
and O(J(k)), a function g(k) such that g(k)/f(k) tends to 0, or is bounded in
absolute value, respectively, as k —> oo. The constants involved, or the rapidity of
the convergence, may be absolute or depend on some parameters of the situation, for
example on p.

QUESTION 2. Why?

Of course, there is a proof, and once we go through it (not easy but certainly
feasible) we see that even the constant 2/27 is not all that mysterious. Still one would
like another, more conceptual, proof. Let me suggest two possible directions that
such a proof might take. First, Higman, in [HI], derives lower bounds for / (pk) by
showing that the number of p -groups of class 2 (more precisely, Frattini class 2, that
is the Frattini subgroup is central and elementary) is given by the same formula as in
Theorem 2. This leads to the problem.
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358 Avinoam Mann [3]

QUESTION 3. Is it true that most p-groups are of class 2? Or, at least, that a positive
proportion of all p -groups are of class 2?

A direct positive answer to this question would provide one of these 'better' proofs
of Theorem 2, because the calculation of the number of groups of class 2 is not only
easier, it is also conceptually clearer than the similar calculation for all p -groups. But
why should we assume that a positive answer exists, apart from the fact that we know
that it holds 'logarithmically'? Well, the structure of a p-group is determined to a
large extent by its commutator function, that is the function associating to each pair
of elements x, y their commutator [x, y]. For groups of class 2, this is an alternate
bilinear function from one Abelian group to another. There is a lot of freedom in
choosing such a function. But once the group has class at least 3, we have another
severe restriction in the form of the Jacobi identity (called, in the group version,
the Witt-Hall identity), and it would not be surprising if this reduces the number of
possible groups considerably. Indeed to prove Theorem 2 we do not need such a sharp
reduction as is indicated by Question 3. Proving the logarithmic analogue of a positive
answer to Question 3 suffices.

In a subsequent paper [H2] Higman turned to the question how f (pk) depends on
p, for a fixed k. Here recall that for fc < 4 the number is independent of p (except that
for k — 4 there are 15 groups for odd p and for p —2 only 14), but starting with k = 5
the number tends to infinity with p. Also, the number of Abelian groups of order
pk is the number of partitions of k, and thus independent of k. Recently Blackburn
[Bs] has shown that the number of p -groups Gof order/?* satisfying \G'\ = p is also
independent of p (but is considerably bigger than the number of Abelian groups of
the same order). In [H2] it is shown that the number of groups of Frattini class 2,
for a fixed k, is given by a particularly nice function, one that Higman calls PORC,
standing for Polynomial On Residue Classes, that is one that takes on a value given by
one of finitely many polynomials, the choice of the polynomial being determined by
the residue of p to some modulus (such functions are also called quasi-polynomials).
This raises another question of great interest:

QUESTION 4 (Higman). Is / (pk), for a fixed k, a PORC function?

In the few cases in which we know exactly the number of p -groups of a certain
type (for example of orders up to/?6, and also of order p1 and exponent/?, see [Nw]),
not only is the answer positive, but the finitely many polynomials involved differ from
each other only in their constant terms. But I consider this evidence as being as yet
too slim to base any conjectures on it.

The commutator function of a p -group gives rise to a nilpotent Lie ring, of the same
size and class as the group, and variations on the construction yield Lie algebras over
the field of p elements. A result similar to Theorem 2 holds for such algebras. But
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here there is an additional aspect. The Lie algebra structure on a vector space can be
given by first choosing a basis in the space, then defining multiplication by specifying
structure constants, and, finally, imposing on these constants equations ensuring that
we indeed have a Lie algebra. If the dimension of the vector space is k, these equations
define an algebraic variety in &3-space. Now the analogue of Theorem 2 is the fact
that the dimension of this variety is (2/21)k3 + o(k3). This is true over any field [Nr].
It is an intriguing fact that the same asymptotic result holds for the dimension of the
variety describing commutative associative algebras, while for associative algebras
the coefficient becomes 4/27. It would be nice to be able to pass from the result on Lie
algebras to the number of groups. This is the second possible proof of Theorem 2 that
I alluded to above. The algebraic geometry approach raises immediately other highly
interesting questions, such are what are the irreducible components of the variety of
Lie algebras. There is some information about these questions in [KN] and [Nr], but
I do not know of any attempt to translate them to group theory. The results of [H2]
about PORC functions apply also to algebras.

QUESTION 5. How far can we improve the error term o(k3) in Theorem 2?

The aforementioned lower bound of Higman for groups of Frattini class two has
the error term — (4/9)k2, while Sims' proof establishes an upper bound with an error
term O(k&/i) (as k -> oo), and this was improved to O(k5/2) by Newman and Seeley
(unpublished). It was pointed out by Shalev that if one can get o(k2) in the upper
bound, or even O(k2) with the implied constant small enough, then Question 1 has an
affirmative answer (oral communication; see also [Sh2, Proposition 2.1]).

We can enumerate groups in which some other invariant is constrained, not neces-
sarily the class. Let f (n,d) be the number of groups of order n and d generators. By
results of Mclver and Neumann and the author [MN, Mnl], we have.

THEOREM 3. pc°(<"*2 <f(pk,d) < p(l/2)dk2+o(k2), for some positive constant co(d).

Thus the following seems reasonable:

QUESTION 6. Is there a constant c(d) such that / (pk, d) = pW'2+<xk2\ and what
is the value of this constant?

Failing an answer to that, or if the answer is negative, one would like at least to
give good estimates for co(d).

Combining Theorem 2 and Theorem 3 implies that for most groups G of order
pk the minimal number d(G) of generators is at least (4/27)/:. This suggests the
following

https://doi.org/10.1017/S1446788700002068 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700002068


360 Avinoam Mann [5]

QUESTION 7. Consider the set of groups G of order pk as a probability space (with
uniform distribution) and d(G)/k as a random variable on this space. Does the
distribution function of this variable have a limit as k -> oo, and what is this limit
distribution? In particular, what is the average (in the limit) of d/kl

Next, let g(n,r) be the number of groups of order n that can be defined by r
relations. Let also r(G) be the minimal number of relations needed to define G. For
any finite group G we have r(G) > d(G), and if G is nilpotent, the Golod-Shafarevich
inequality (Theorem 10 below) states that r(G) > d(G)2/4. Therefore, Theorem 3
and its analogues for more general groups [Mn 1 ], imply also upper bounds for g («, r),
in particular we have g(pk,r) < p^kl. However, the following sharper result can be
proved by applying simple probabilistic arguments regarding the Haar measure of free
pro-/? groups [Mn7]. (For more connections between group theory and probability,
see for example [Sh3].)

THEOREM 4. g(pk, r) = o(pkr), as k -> oo.

This shows that most groups of order pk require at least (2/27)k2 relations. Com-
pare that with the Golod-Shafarevich inequality. As in the inequality, we can replace r
in Theorem 4 by rp(G) (defined following Question 18), which is possibly smaller. It
is likely that the methods of [Mn 1 ] can establish also a lower bound pc'{r)kr for g(pk,r).
Of course, one can formulate questions analogous to Question 6 and Question 7 about
g(pk, r) and about the ratio r/k.

Results similar to Theorem 4 hold for nilpotent groups (see [Mn7]).
In contrast to the situation when we count all p -groups, the number of p -groups of

order pk with a given class and a given number of generators is (at most) polynomial
in the order, so we cannot have most, or even a significant fraction, of all groups with
a bounded number of generators also with bounded class. But the number of groups
of bounded number of generators and class is also interesting. Let / (n, d, c) be the
number of groups of order n, class at most c, and at most d generators. DuSautoy [dS]
considered the generating function %c,d,P{s) = ]C*/'(Pk< d, c)p~ks. This Dirichlet
series defines an analytic function of s in some right half plane. But it can also be
considered as a power series in X = p~s. DuSautoy proved

THEOREM 5 (duSautoy). Kcj,P is, for fixed p, d, c, a rational function ofp~s.

This is equivalent to the following.

THEOREM 5'. The numbers f (pk, d, c) satisfy, for fixed p,d,c, and large k, a
linear recurrence relation with constant coefficients.

With some extra work Theorem 5 also implies.
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COROLLARY 1 (duSautoy). Fix p , d, c. There exist a a rational number a, a non-
negative integer fi, and a positive number y , such that

f(pk,d,c)~ypakkl>.

Similar results are also proved for the number of nilpotent groups of bounded order,
number of generators, and class.

Note that f (pk) = f (pk,k, k — 1). Thus the PORC conjecture is a requirement
that these functions, regarded as a function of p for a fixed it, exhibit a certain type of
uniform behaviour. In that direction the following is proved in [dS].

THEOREM 6 (duSautoy). Given k, there exist finitely many polynomials Pi(X) with
integer coefficients, and systems S, of polynomial equalities and inequalities with
integer coefficients, such that for all but finitely many primes p:

where ekpi is the number of solutions o /S, (mod p).

The proofs of these results apply, besides complex analysis, tools from model theory
and algebraic geometry. Similar results were obtained earlier for a simpler generating
functions, ones that count not groups of a given order, but rather subgroups, or normal
subgroups, of certain infinite pro-p groups. The link between the present and the
earlier results is that the p -groups with d generators and class at most c are exactly
the finite factor group of the free pro-/? group of class c and rank d. Such a generating
function occurs also naturally in the proof of Theorem 4, though that proof is of a very
different nature (and much easier) than the proofs of [dS].

Another natural question is: how many p-groups can be faithfully represented as
permutation groups of degree n? In other words, how many p -subgroups does Sn

contain, up to isomorphism? It is easy to see that the order of a Sylow p -subgroup
of Sn is at most p ( n ~ l ) / p , and it follows immediately that the number of subgroups
of such a Sylow subgroup is at most p("~1)2/p2. On the other hand, it is shown in
[PyS] that if n = p e is itself a prime power, then Sn contains at least c"2/log" pairwise
non-isomorphic transitive p -subgroups. This still leaves a small gap between lower
and upper bounds, and it will be of interest to fill this gap, and also to answer

QUESTION 8. How many p-groups does GL(n, p) (or GL(n, q), for q a power of
p), contain, up to isomorphism?

2. Automorphisms

Let us return to Question 1. What reason is there to assume that the answer is yes,
besides the numerical evidence provided by Theorem 1 and similar results? Much
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of the complexity of a finite group is provided by the interaction of p -subgroups, for
different primes p, inside the group, while in a nilpotent group any such interaction
is trivial. A non-trivial interaction means that a g-group acts non-trivially on some
p -group G, where the primes p and q are distinct. This implies that the order of the
automorphism group of G is divisible by q. Now a 'reason' for a positive answer to
Question 1 is provided by the following result of Martin [Mr].

THEOREM 7 (Martin). The automorphism group of 'most' p-groups is a p-group.

It is unfortunate that the full proof of Theorem 7 was never published. Moreover,
I have put 'most' in inverted commas, because this notion has a different meaning in
[Mr] than we have given it in the previous section. Martin considers p -groups with a
fixed number of generators and Frattini class, and 'most' for her, is inside this class.
Thus the following is still open, where 'most' is interpreted, as in the previous section,
in the class of all groups of a given order.

QUESTION 9. Is it true that for most p -groups the automorphism group is a p -group?

Martin's theorem at least provides lots of groups with this property. Using it, the
following partial answer to Question 1 was given in [HP].

THEOREM 8 (Henn and Priddy). 'Most' p-groups P have the property, that if P is
a Sylow subgroup of a finite group H, then H has a normal p -complement.

Here 'most' has the same meaning as in Theorem 7.
The simplest way to produce automorphisms of any group is to consider inner

automorphisms. For many groups, for example the symmetric groups, these are the
only ones. But for our situation we have the following beautiful result [Ga].

THEOREM 9 (Gaschutz). All p-groups have outer automorphisms.

Moreover, except for the group of order p, the outer automorphism can be chosen
to have order a power of p.

Various refinements of that result are known. In [Wb], in which Martin provides
a particularly simple proof of Theorem 9, she shows that the outer automorphism in
question can be chosen to act trivially on the centre. In [Sch] Schmid shows that
usually the group of outer automorphisms contains a non-trivial normal p -subgroup.
This shows that not all finite groups can occur as such an outer automorphism group.
On the other hand Heineken and Liebeck have shown that, apart from a normal
p-subgroup, the structure is arbitrary (see below).

Another question is how big is Aut(G), for G a p-group. It is known, for all finite
groups, that | Aut(G)| tends to infinity with \G\. But how fast? In [Hy] it is shown
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that if \G\ is divisible by pk (G need not be ap-group), then | Aut(G)| is divisible by,
roughly, p^. It is even conjectured that if G is a non-cyclic p-group (not of order
p2) we have \G\\\ Aut(G)|. It is one of these conjectures that I do not know whether
one should believe in or not. On the one hand I see no particular reason for belief,
except that it holds in certain cases, and a counter example has not (yet?) been found,
even though infinitely many p-groups are known for which | Aut(G)| = \G\ ([NO1];
the examples there are for p = 2). On the other hand, I would not be surprised if
it were proved even that | Aut(G)| is usually much bigger than \G\. Let me mention
that for p -groups there is another standard way of constructing automorphisms. If (p
is a homomorphism of any finite group G into Z(G), whose square is 0, then 1 + <j> is
an automorphism of G. Such an automorphism is termed central. A p -group always
has non-trivial central automorphisms. Using variations of this construction it was
shown, for example, that the above divisibility conjecture holds for groups of class 2
[Fa], or for groups satisfying the law (xy)p = xpyp. This includes groups of exponent
p [Dv]. On the other hand, Heineken and Liebeck showed that it is possible for all
automorphisms of G to be central [HL]. More, the set of all central automorphisms is
a normal p -subgroup of Aut( G), and it is shown in [HL] that the factor group over this
subgroup may be assigned arbitrarily. Taking this factor group to be itself a p -group
(for example trivial), we have many specific instances of Theorem 9, that is of groups
with Aut(G) a p-group (the first such example occurs in [Mi], answering a question
from [Hi, page 233]; the question was probably suggested by Burnside). These groups
are of class 2. Elaborating these techniques, Heineken [He] constructed p -groups with
all normal subgroups characteristic. So these groups behave as if they have only inner
automorphisms. A striking construction was given by Bryant and Kovacs [BK]. The
Frattini factor group of a p -group can be considered as a vector space over the field
of p elements. Then Aut(G) induces a certain linear group on this space. It is shown
in [BK] that this group can be assigned arbitrarily, even as a linear group.

In addition to the question of how fast Aut(G) grows, let me mention some other
questions, just to illustrate our state of ignorance about automorphisms. (I have no
idea how difficult these questions are.) It is possible for a p -group to have outer
automorphisms that preserve all conjugacy classes (which is the same as preserving
all irreducible characters) [Sah]. Such automorphisms have a p -power order.

QUESTION 10. Do all p -groups have automorphisms that are not class preserving?
If the answer is no, which are the groups that have only class preserving automor-
phisms?

QUESTION 11. The dihedral group of order 8 is isomorphic to its automorphism
group. Are there other p -groups with this property?

More generally, let us consider the automorphism tower of a group G, that is the
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sequence G,, where G\ = G and G,+1 = Aut(G,), together with the homomorphisms
mapping each group in the series into the next one, by mapping each element to the
inner automorphism that it induces. What is the limit of this tower? In the example
above, where G is dihedral of order 8, the limit is of order 2. If at some stage we
reach a centreless group, a famous theorem of Wielandt guarantees that the series will
become stationary after finitely many more steps, and then the limit is a finite group.
But perhaps we should expect that 'generally' the limit is infinite?

QUESTION 12 (Berkovich). Can the non-inner automorphism in Theorem 9 be cho-
sen to have order p ?

3. Structural questions

One of the most significant achievements of p -groups theory in recent years was the
formulation and subsequent proof of the coclass conjectures. These conjectures were
formulated by Newman and Leedham-Green [LGN], who based them to some extent
on the theory of groups of maximal class (developed by Blackburn [Bn] and continued
by Shepherd [Sp], and Leedham-Green and McKay (see [LGM])), and proved by the
joint efforts of several people, of whom Leedham-Green was the most prominent [LG].
Another proof was given by Shalev [Shi]. The strongest of these conjectures states a
paradox: if a p -group is of large class, it is virtually of small class. More precisely, if
G has order p" and class c, then G contains a subgroup H of class 2 (Abelian if p =2)
such that | G : H | is bounded by some function of p and of the coclass n — c (groups of
coclass 1 are the same as groups of maximal class). To explain this paradox, consider
a very simple example: the dihedral group of order 2" is a 2-group of maximal class.
But this group contains a cyclic subgroup of index 2. It is easy to construct also for odd
primes p -groups of maximal class which contain Abelian subgroups of index p. More
generally, using so-called p-adic crystallographic groups, we can construct groups of
small coclass containing big Abelian subgroups. Thus these groups are very close to
being Abelian. The intuition behind the coclass conjectures is that these examples are
typical. As I said, the conjectures are theorems now, and the proof by Shalev even
gives explicit bounds for the index of the class two subgroup. Both proofs provide
more information on the structure of groups of small coclass. Such groups have a
small normal subgroup such that the factor group over it is obtained by 'twisting'
an extension of an Abelian group by another small group. Thus these groups have a
reasonable theory, and the work on elaborating this theory is continuing. In this theory,
all p -groups of a given coclass are considered as the vertices of a directed graph, and
there is an arrow from H to G if cl{G) = c and G/yc(G) = H. The theory shows
that this graph is the union of finitely many trees, so most groups belong to infinite
trees. In such an infinite tree there is a unique infinite 'trunk', from each of whose
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vertices finitely many finite branches can still grow. There are some results, and some
highly intriguing conjectures, on the nature of these finite branches (see [Nw, NO2]).
One of these conjectures was recently proved by duSautoy [dS]. His theorem states
that for p = 2, the trees are ultimately periodic. More generally, for any p, if we trim
the trees, that is cut the branches at some (fixed but arbitrary) distance from the trunk,
the resulting tree is (ultimately) periodic. For p = 2 all the branches have a bounded
length to begin with, so the trimming is unnecessary, but this is not the case for the
odd primes. Other conjectures estimate how far we have to go up (or down—these
trees are often drawn as growing downwards—Mike claims that this is a peculiarity
of the northern hemisphere), the trunk to find the periodic behaviour, and how big are
the period and the branches. The proofs of [dS] employ again, as in his enumeration
results mentioned in Section 1, generating functions.

Let us pass to other questions. You have noticed that the coclass theory relates
groups of large class with ones of small class. But it is possible that most difficulties
arise with groups of middle class (as I have said elsewhere, this is not (or not neces-
sarily) a sociological statement). I will present several problems about more general
groups. Note that if G has small coclass, most of its central factors G,/ Gi+1, or more
generally factors N/[N, G], where N is any normal subgroup, have order p .

QUESTION 13 (Leedham-Green). Study groups in which most central factors have
small order.

Such groups are said to have small width, see [KLGP].
While the class (or coclass) of a p -group is probably its most important commuta-

tivity invariant, its derived length dl(G) is also interesting. So let me state.

QUESTION 14 (Burnside and Hall). What is the minimal order of a p-group of de-
rived length kl

Hall showed that if | G\ = p", dl(G) > k, then n > 2k+k, and this can be improved
slightly to n >2k + 2k-2 [Mn4]. On the other hand, Hall gave examples showing
that n can be as small as 2k+l — 1, and this was recently improved to 2*+1 — 2 [ERNS],
so you see that closing the still remaining gap is not easy. For low values of k, we
know that the minimal order is p3 for k = 2 (this is probably due to Holder [Ho]), p6

for k = 3 and p > 5, p1 for k = 3 and p =2,3 [Bn], and for k = 4 the minimum
order is pi4 for p > 5, and either pn, p14 or p15 for p = 2, 3 (see the theses of
Blackburn and Evans-Riley; the remaining ambiguity for p = 2, 3 will probably be
settled by a computer calculation.)

QUESTION 15. What is the structure of the minimal groups of the previous question?
Do they have a nice theory, like the ones of maximal class have?
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I want next to discuss extensions. Hall proposed constructing p -groups recursively,
obtaining G as a central extension of G/Z(G). Thus he termed a group capable, if it
can be the central factor group of some group. Capable groups are exactly the ones
that can occur as the group of inner automorphisms of some group. The capability
of a given group can be determined by looking at its covering groups. Recall that H
is a covering group of G (also called a representation group), if G = H/N, where
N < H' D Z(H), and H has maximal order among such extensions. Covering groups
exist. They need not be unique, but the kernel N is uniquely determined, and is called
the Schur multiplier of G, denoted M(G). It can also be characterised homologically.
The group G is capable if and only if, given any covering group H of G, the equality
Z{H) = M(G) holds.

I consider it useful to widen the notion of capability. Let us call a group G adequate,
if there exists a group H such that G = H/N, N < Z(H), and cl(tf) > cl(G).
Capable groups are adequate, but there are others. For example any non-cyclic
Abelian p-group is adequate, but not all of them are capable. Again adequacy can be
determined by means of covering groups: G is adequate if and only if its covering
groups have class cl(G) + 1. Another way is by means of the unicentre. If H is a
covering group of G, identify G with H/M(G), and write U(G) = Z(H)/M(G).
I call U(G) the unicentre of G (it has also been denoted Z*(G), and called the
epicentre). Then G is capable if and only if U(G) = 1, and it is adequate if and only
if yc(G) 2: U(G), where c = cl(G) (so yc(G) is the last non-trivial term of the lower
central series of G).

Adequacy appears to be a much less demanding requirement than capability, and I
expect that most p -groups enjoy this property. It is desirable to investigate further this
notion, as well as obtain more information on capable groups and related concepts.
Some results appear in [LMMW] (where non-adequate groups are called absolutely
nilpotent), for example the central product of a non-Abelian p -group by itself is not
adequate. Also, if G and G/N have the same class, and G is not adequate, neither is
G/N. A two generated p -group of class two that is not metacyclic is adequate.

QUESTION 16. Give non-trivial criteria for a p -group to be adequate. In particular,
elaborate and prove the claim about 'most' groups above.

Let me mention a couple of related notions. They relate to a possible isomorphism
G S H/yc(H). A group G is terminal, if such an isomorphism is possible only if
yc(H) = 1. The non-terminal groups are adequate. In the language of trees that
was used above for the coclass theory, the terminal groups are the extreme points
('leaves') of the tree. Further, G is settled, if the isomorphism above implies that G
and H have the same coclass. An important result in the coclass theory is that groups
of a given coclass and large enough order are settled. It is desirable to investigate all
these concepts, and relations between them, further.
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Having mentioned the Schur multiplier, the following famous problem is still wide
open.

QUESTION 17. Which p-groups have trivial Schur multiplier?

As is well known, this is related to problems about defining relations. Recall that
d(G) denotes the minimal number of generators of G, and that r(G) is the minimal
number of its defining relations. Then d(M(G)) < r(G) — d(G).

QUESTION 18. Is this inequality an equality?

Another way of putting this question is to consider rp(G), the minimal number of
defining relations needed if we are also given the information that G is a p -group.
(In other words, rp(G) is the number of relations needed to define G in the variety of
pro-/? groups.) Then Question 18 is equivalent to the following

QUESTION 18'. Is r(G) = />(G)?

A famous result about defining relations is the following (see [DDMS, interlude D]).

THEOREM 10 (Golod and Shafarevich). Let G be a finite p-group. Then

rp(G) > d(G)2/4.

This implies that a p-group with a trivial Schur multiplier has at most three gener-
ators.

QUESTION 19. What is the minimum of r(G), or of rp(G), for a given d = d(G)l
In particular, is the Golod-Shafarevich inequality the best possible?

The Golod-Shafarevich inequality has been shown to be the best possible for d < 6
[NSW]. Moreover, the minimum of rp(G) is at most d2/A + d/2 - (1 + ( - l ) d ) /8 ,
[Ws, Sa]. There are similar results for Lie algebras, but a strange situation described
in [NSW] for d = 5 suggests that surprises are possible here.

In a completely different direction, let me say a few words on Abelian subgroups.
Since the structure of finite Abelian groups is known and simple, it is desirable to, first
obtain information on Abelian subgroups of a p-group, and second, to exploit this
information to study the ambient group. Considerable progress was achieved recently
by Alperin and Glauberman ([G12, AG]). Some of their results are summarised below.

THEOREM 11 (Alperin and Glauberman). Let the p-group G contain an elementary
Abelian subgroup of order p". ThenG contains a normal elementary Abelian subgroup
of the same order under any one of the following assumptions:
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(i) p is odd and p > An — 7;
(ii) cl(G)<p;

(iii) exp(G) = p and cl(G) < p + 1.
Moreover, assuming only p > 5, G contains an elementary Abelian subgroup of order
p" which is 2-subnormal.

In [G12] a certain partial order is defined on subgroups of a p -group G. Let {Z,}
be any central series of G. Then the subgroup A precedes B under that partial order
if and only if |A n Z,| < \B n Z,| for each i.

THEOREM 12 (Glauberman). Lef G be a p-group, and among the Abelian sub-
groups of G of maximal order consider the ones that are maximal under the partial
order just described. Ifp > 5, then any two such subgroups normalise each other. In
particular, they are 2-subnormal.

The last claim has the following corollary.

COROLLARY 2. Let a p-group G, p > 5, have an Abelian subgroup of index p".
Thend\(G) < 2\ogn.

An interesting special case was recently noted by Sanders and Wilde ([Sn, SW];
another proof was given by Berkovich [private communication]): If a p-group G, p
odd, contains a cyclic subgroup of index p", then cl(G) < 2n. The upper bound can
often be reduced to n, which, if it holds generally, would be the best possible. It was
remarked by Shalev that if we replace 'cyclic' by 'Abelian of rank p — 2 at most' we
still get a bound on the class in terms of n and p. Indeed in both cases we get more:
the index of the centre is bounded. The groups of maximal class show that we cannot
allow rank p — 1.

The paper [G12] provides further ways in which these remarkable subgroups oc-
curring in Theorem 12 are close to being normal, some of them requiring only that p
be odd, and derives applications for general finite groups. These applications employ
a certain characteristic subgroup of G, which is generated by some of the maximal
Abelian subgroups just discussed. This subgroup is similar to previous ones that were
also defined by Glauberman, such as 7(G), generated by all Abelian subgroups of the
maximal order, and so on. It is an intriguing question whether these subgroups can
also be employed to study the p -groups themselves, not just their embedding in larger
finite groups. Also the dependence of these subgroups on the particular central series
chosen to define the partial order should be considered. Another natural problem, less
vague, is:

QUESTION 20. Extend the above results to small primes.
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A noteworthy feature of [G12] and [AG] is their use of the results of Lazard on the
equivalence of p -groups of small class and Lie algebras of the same class [L]. Much
earlier, using elementary counting techniques, Konvisser and Jonah [KJ] showed that
if a p -group, p odd, contains an Abelian, or elementary Abelian, subgroup of order
at most p5, it contains a normal Abelian, or elementary Abelian, subgroup of the
same order. Berkovich [Bl] has given examples showing that this is no longer true
for order p7; I am not sure what happens at order p6. Gillam [Gi] showed that if a
metabelian p -group contains any Abelian subgroup, it has a normal Abelian subgroup
of the same order. [KJ] also includes another proof of an earlier result from [Al], that
if a p-group, p odd, contains an Abelian subgroup of index p3, it contains a normal
Abelian subgroup of the same index (the case of index p2, which holds also for p = 2 ,
is easy). The examples of Berkovich just mentioned have index p4. But in these
examples p = 5 . So we can still ask

QUESTION 21. Are there results analogous to Theorem 11 where the restrictions
are not on the order, but rather on the index of Abelian subgroups?

Subgroups of class two have also found their uses, see for example [Gil, Bi]. Let
us define the rank rk (G) of a group G as the maximal value of d(H) for all subgroups
H of G. It is known that for odd primes, rk(G) is realized by a group of class two [Lf].
Following [Ka], let us call G d-maximal, if d(G) > d(H) for all proper subgroups H
of G. Thus d-maximal p -groups are, for odd p, of class two.

QUESTION 22. What is the structure of d-maximal 2-groups? Do they have bounded
derived length?

See [Ka] for some partial results. The following is a special case of a problem
raised in [P3].

QUESTION 23 (Pyber). Does there exist an e > 0 such that each p-group G contains
a subgroup of class two and order at least | G\e ?

What about subgroups of still higher class? It is easy to see that a non-Abelian
p -group contains subgroups of class (exactly) two. It was proved by Macdonald [Me]
that a p -group of class more than two always contains subgroups of class three. In
the same paper he constructs, for each prime p > 5, /^-groups of class 6 all of whose
proper subgroups are of class at most three. His examples are of order pn, have two
generators and derived length 3. He also shows that such examples are impossible for
metabelian groups. The situation for the small primes remains unclear.

QUESTION 24. Given k > 3, is there a number n = n(k) such that all p-groups of
class at least n contain subgroups of class kl
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Changing direction again, let me mention powerful p -groups, a class of groups
that has found many applications in recent years, for example in Shalev's proof of the
coclass conjectures; also in the proof of Theorem 13 below. A p -group G is powerful,
if G < Gp (for p = 2, if G' < G4) The name powerful was chosen to indicate that
the groups contain many pth powers. For their theory, see [DDMS]. These groups
have many nice properties, and can often be used to replace Abelian subgroups, which
are less available. One similarity to Abelian groups is that if G is powerful, and
H < G, then d{H) < d(G). Thus rk(G) = d(G). A sort of converse is the fact
that if rk(G) — r, then G contains a characteristic powerful subgroup H satisfying
\G : H\ < pr(1°82r+1> (for p = 2 the bound is pr<l0S2r+2>).

QUESTION 25. Can we improve the last inequality? Specifically, can we get rid of
the log r factor in the exponent?

It was shown by Lubotzky that every p -group is involved in some powerful p -group,
that is it is isomorphic to a factor group of a subgroup of a powerful group ([DDMS,
Example 2.16, page 51]). But we still have only partial results on the following.

QUESTION 26. Which p -groups are subgroups of powerful p -groups?

In [PF] it is noted that if G/Z{G) is powerful (for example if cl(G) = 2), then G
can be embedded in a powerful p -group H in such a way that H = GZ{H). This
applies in particular to p -groups (p odd) with a cyclic derived subgroup.

A class of groups which is, in some sense, 'dual' to powerful groups is the class of
p-central groups. A p -group G is p -central, if all elements of order p lie in Z(G) (for
p = 2, all elements of order 2 and 4). These groups have some properties analogous
to those of powerful groups, for example a nice power structure, but they have not yet
found as many uses as powerful groups have, though it often happens that when we
look for powerful subgroups, the ones we find are both powerful and p-central. This
is the situation for the characteristic subgroup mentioned just before Question 25. The
rank of a p-central group is equal to d(Z(G)). The question analogous to Question 26
is to characterise factor groups of p-central groups.

I close this section with a question involving upper central series. A maximal
subgroup M of a p-group G is exceptional at the ith level, if there exists an index
k, such that the inclusion Z^L) < Zk(G) holds for all maximal subgroups L of G,
except for M, and M is exceptional, if it is exceptional at some level. See [Mn3] for the
motivation for this definition. Groups of small coclass have exceptional subgroups.

QUESTION 27. Study the p-groups without exceptional maximal subgroups.

(This problem is quoted from [Mn3]. The answer to the extra question formulated
there is trivially 'yes'.)

https://doi.org/10.1017/S1446788700002068 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700002068


[16] Some questions about p -groups 371

4. Representations and conjugacy classes

It is well known that all irreducible characters of a p -group are monomial, that
is, induced from a linear character of some subgroup. However, despite this nice
starting point, the representation theory of p -groups was not developed much beyond
that. Isaacs and Passman have written an important series of papers on this topic, for
example they determined the groups in which all non-linear irreducible characters have
the same degree, and discussed groups with bounds on the degrees of their characters
(see [II, Chapter 12], and the further references given there). From time to time other
interesting articles appear, but there is no systematic theory. Nor is it easy to point at
some specific problems to be answered here. What I would like to see is not only a
theory of characters of p -groups, but even more, applications of such a theory. Below
I describe some of the results known to me, and formulate some questions.

Conjugacy classes are in some sense dual to characters, and we can formulate for
both classes and characters similar questions. It is known that both the set of character
degrees of a p -group, and the set of conjugacy class sizes, can be arbitrarily given
(except that, trivially, both sets have to include the number 1), even for groups of class
two [13, CH]. But suppose we know either of these sets or even both; what can we say
about the groups? On the one hand, there are examples showing that two p -groups
can have even the same character table and still be of different derived lengths [Mt].
But some information is available. The character table does determine the class of G.
Further, a group having n different character degrees has derived length at most n. If
all these degrees are bounded above by pe, then it is shown in [IP] that G contains
an Abelian subgroup of index bounded by p4e, and then the Corollary to Theorem 12
gives a bound for the derived length which is often much better than n.

QUESTION 28. Suppose that the p-group G has n distinct sizes for its conjugacy
classes. Can we bound the derived length of G in terms of n?

Should we try to be bolder and bound even the class? I have already pointed out
that for each order (and each prime) there exist p -groups of maximal class and an
Abelian subgroup of index p. The only character degrees for such a group are 1
and p, the class sizes are 1, p, and \G'\, but the class is arbitrary. Thus we usually
cannot bound the class in terms of the number of character degrees or of class sizes.
However, if G has for its character degrees the numbers 1 and pk, with k > 1, then
cl(G) < p [IP]. Presumably there are other sets of powers of p such that, if they are
the character degrees of some p -group, the class of that group is bounded. For class
sizes, let us write the maximal class size as pb (b = b(G) is known as the breadth of
G; more generally, if x has pb(x) conjugates, b(x) is termed the breadth of x). Then
cl(G) < (5/3)b+l [C]. If we assume only that G is generated by elements of breadth
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b, then cl(G) < b1 - b + 1 (for b > 1; this is a slight improvement of [VLW]). But
the best possible bounds are not yet known.

Returning to Question 28, let us consider the extreme case: what is the structure of
p-groups in which all non-central classes have the same size? This question seems to
be surprisingly hard. It is known that in such groups G/Z(G) has exponent p ([15];
see also [Mn5] and [V]), but is the class (or even the derived length) bounded? If the
group is metabelian, it has class three at most (Heineken; see [V]); are there similar
results for higher derived lengths?

So far I referred mostly to the class and derived length, but another commutativity
invariant closely linked to questions about characters and classes is the size of a maxi-
mal Abelian section, and there is still enough to be done in clarifying the relationships
between the various numerical invariants involved.

I have mentioned that the degrees of the characters, or the class sizes, can be assigned
arbitrarily. But this is not so if we also want to specify the number of characters
(classes) of each degree. To be specific, let the p -group G have a, conjugacy classes
of size p', and bt irreducible characters of degree p'. We can ask to characterise the
vectors of non-negative integers that can occur as (a,), or as (b,), for some non-Abelian
p-group, or even characterise the pairs of vectors that can occur as the pair (a,), (£>,)
for some such group. But I am not at all sure that these questions have reasonable
answers. Perhaps we should be content just to look for some nice necessary, or
sufficient, conditions, that these vectors have to obey. It is known that if a group G
has the same character degrees, with the same multiplicities, as a nilpotent group, then
G is nilpotent (Isaacs [12]) and the analogous result for class sizes also holds (Cossey
and Hawkes, [CHM]).

Other questions deal with the number of classes, which is also the number of char-
acters. For example, Berkovich has determined the groups with only a few non-linear
characters [BZ, 3.50], and, motivated by that, I have considered minimal characters,
that is non-linear irreducible characters of least degree [Mn2], while minimal classes
are discussed in [LMM].

For the number of classes a nice formula was found by Hall. Let k(G) be this
number, and write \G\ = p", n = 2m + e, e — 0 or 1. Then

k{G) = 1 + e{p - 1) + m{p2 - 1) + s(p - Dip1 - 1)

for some non-negative integer s = s(G). It is known that if s = 0, then G is of
maximal class, n < p + 2, and if p > 11, then n < p + 1. These bounds are sharp
[FS]. Recently this was extended by Jaikin-Zapirain to all values of s [JZ].

THEOREM 13 (Jaikin-Zapirain). There are only finitely many p-groups with a given
value ofs(G).
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Let me remark that assumptions about conjugacy classes do not lend themselves
easily to inductive treatment, and this leads to difficulties in handling them.

Character values are of much interest in representation theory. Let G be a p -group,
and let F be the field obtained by adjoining to the rational field Q all values of
irreducible characters of G. If p = 2, let F contain also \f-i. Then all irreducible
representations of G can be written in F. Moreover F = Q(e) where e is a primitive
pr-th root of unity, for some r [Fe, Section 14]. Here pr is bounded above by the
exponent of G, and below by the exponents of Z(G) and of G/ G'.

QUESTION 29. Investigate this 'representation exponent' pr.

Some questions in representation theory are special to the prime 2. For example.

QUESTION 30. What are the 2-groups all of whose characters are rational valued?
Or real? Or have Frobenius-Schur indicators equal to 1 ?

Of course, one answer is that the characters are real if and only if each element is
conjugate to its inverse, and they are rational if and only if any two elements generating
the same subgroup are conjugate. But is this the most that one can say? Anyway I am
not familiar with any answer to the third part of Question 30.

In [T] it is shown that for odd p, the character ring of a p -group is isomorphic to
the centre of its group ring (this centre is spanned by the class sums), but this can be
false for 2-groups. So for which 2-groups does it hold? The rational ones are one
family. As in other contexts, it seems that the difference between 2 and the odd primes
arises because the automorphism group of a cyclic 2-group is not cyclic. Another
curious question is suggested by [FT], where Frame and Tamaschke have shown that
in each finite group the product of the orders of the centralisers of cyclic subgroups,
taken one only from each conjugacy class of cyclic subgroups, is either a square or
twice a square. In [Dd] an example is provided of a group of order 32 in which the
above product is not a square. Can one determine the 2-groups of this type? Again
in a rational group the product is a square. Intriguingly, the example in [Dd] is the
smallest example occurring in [T].

Some interesting special groups have been investigated. Palfy and Szalay [PaS]
have obtained a lot of information about the character degrees and class sizes (and
also about the orders of elements) of Pn, the Sylow subgroup of the symmetric group
Sp*. For example they show the existence of two constants c = c(p) ~ 1 — 2/p and
y (independent of p) such that

For the Sylow subgroup P(n, q) of the general linear group GL(n, q), where q is
a power of p it has been conjectured that k(P(n, q)) is, for a fixed n, a polynomial
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in q [Kr]. These polynomials have been calculated for n < 8 by Vera-Lopez [VA]
and his colleagues. The character degrees of both Pn and P(n,q) were determined by
Huppert [Hu], applying for the latter a result of Isaacs [14], that the relevant degrees
are powers of q. (The analogous result for the Sylow subgroups of other classical
groups does not always hold.) Some results on classes and characters of P(n, q) are
given in [Kr], which applies methods of algebraic geometry. In particular there is a
proof there that k(P(n, q)) is a polynomial. However, counter examples to some of
the results of [Kr] are given in [IK], so it is not clear if the above proof is valid. I am
grateful to A. Melnikov and Thompson who drew my attention to these papers.

In closing this section, I allow myself to deviate from p -groups and pose a question
about Lie algebras. It is easy and well known that, in any finite group G, the product
k(G)\G\ equals the number of commuting ordered pairs of elements in G. (This is
a special case of the orbit lemma of permutation group theory.) But this number of
commuting pairs can be counted in any algebraic system. In particular, let L be a finite
Lie algebra, and let cm(L) be the number of commuting ordered pairs of elements of
L. Unlike the case of groups, the quotient cm(L)/|L| is usually not an integer, as easy
examples show. But in all examples of nilpotent Lie algebras that I was able to check
(not many) the quotient is an integer. So let me state, as a digression,

QUESTION L. IS it true that in all finite nilpotent Lie algebras the above quotient is
an integer?

If the answer is yes, then for this quotient a formula similar to Hall's for k(G) holds.
This question was noted also in the Master's Thesis of B. Szegedy, who obtained for
it partial results similar to ours, for example the answer is yes if the nilpotency class
of L is no bigger than the characteristic.

5. Conclusion

It should be obvious that the above list of results and problems is far from com-
prehensive (the list in [B2] has hundreds of entries), and reflects my own (necessarily
individual) taste, (necessarily limited) knowledge, and (unfortunate) prejudices. I
have not mentioned, say, automorphisms with a few fixed points (see [Kh2, Sh2]),
nor have I touched on the power structure of p -groups (see [Xu, Mn6, Mn8]), or on
cohomology. Originally I was going to have a section on the Burnside Problem, but
since this issue has an article by Vaughan-Lee and Zel'manov on that subject, such
a section would have been both superfluous and presumptuous. I will just mention
that while Zel'manov's celebrated solution of the Restricted Burnside Problem deals
with groups of a given exponent, some results can be proved under the slightly weaker
assumption that our group has many elements of a given order. For example in [MM1]
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it is deduced from Zel'manov's theorem that if G (any finite group) has many elements
of order dividing n, then G has exponent n; exactly how many is 'many' here depends
on both n and the number of generators of G. Other variations state that a p -group
G with d generators has its order bounded in terms of p and d, under either of the
following assumptions: the Hughes' subgroup HP(G), generated by all elements of
G not of order p, has index at least p2 (see Khukhro's book [Khl]), or: more than
1 - l/(3/> — 1) of the elements of G have order p (this follows from the results
of [MM2] together with Kostrikin's solution of the Restricted Burnside Problem for
prime exponent). In the first case, Khukhro also shows that the exponent of G is
bounded in terms of p only, independently of d.

In a similar vein we have the following.

QUESTION 31. Let the p -group G be a transitive subgroup of Sn. Suppose that all
fixed-point-free elements of G have order p. Does G have exponent pi

See [MP] and [HKKP] for the origin of this problem and partial results. In the
latter paper it is shown that a group satisfying the assumptions of Question 31 has its
exponent bounded by a function of p only.

Finally, recall that the original Burnside problem is still open for small exponents,
for example we have.

QUESTION 32. Are all finitely generated groups of exponent 5 finite?
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