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Computing separable isogenies in quasi-optimal time

David Lubicz and Damien Robert

ABSTRACT

Let A be an abelian variety of dimension g together with a principal polarization ¢ : A — A
defined over a field k. Let £ be an odd integer prime to the characteristic of k and let K
be a subgroup of A[¢] which is maximal isotropic for the Riemann form associated to ¢. We
suppose that K is defined over k and let B = A/K be the quotient abelian variety together
with a polarization compatible with ¢. Then B, as a polarized abelian variety, and the isogeny
f : A — B are also defined over k. In this paper, we describe an algorithm that takes as input
a theta null point of A and a polynomial system defining K and outputs a theta null point
of B as well as formulas for the isogeny f. We obtain a complexity of 5(€(T9)/ 2) operations
in k where r = 2 (respectively, » = 4) if £ is a sum of two (respectively, four) squares which
constitutes an improvement over the algorithm described in Cosset and Robert (Math. Comput.
(2013) accepted for publication). We note that the algorithm is quasi-optimal if ¢ is a sum of
two squares since its complexity is quasi-linear in the degree of f.

1. Introduction

Let k be a field and let A be a principally polarized abelian variety of dimension g defined
over k. Let ¢ be an odd integer prime to the characteristic of k and let K be a subgroup of
exponent £ of A. Let B = A/K be the quotient abelian variety. In this paper, we are interested
in computing the isogeny f : A — B = A/K. Being able to compute isogenies between abelian
varieties has many applications in algebraic number theory [1, 7, 9, 12, 15, 18, 28, 29, 31].

In order to have a concrete description of A, we consider a projective embedding of A
provided by the global sections H?( A, .#) of a symmetric ample line bundle .#. In the following,
if 2" is an ample line bundle on A, we denote by v : A — A the polarization corresponding
to & and by eg : A x A = G,,, the associated Riemann form. We suppose that & = £’
with % a principal line bundle of A and n € N which we call the level of Z. If 4|n, we
have a very convenient description of A as the intersection of a set of quadrics, given by the
Riemann equations, in pH"(A.Z ), the projective space over the k-vector space H YA, %) of
dimension n9. A choice of a basis of H°(A, %) and as a consequence of a choice of an embedding
of A into the projective space P™~! is fixed by a choice of a theta structure for (A,.%)
(see [26, Definition p. 297]).

We suppose that this embedding is defined over k, which implies that k& contains the field of
definition of ¢ &. In order to avoid field extensions and have a more compact representation of
A, we want to take n as small as possible. Most of the time, in applications, n = 2 or n = 4.
In the following, we assume that 2|n and that ¢ is prime to n.

Now let K be a subgroup of A[¢] maximal isotropic for the Riemann form e ¢, that is given
as input by a set of homogeneous equations in IP’HO(A"’%), and let f: A - B = A/K be the
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corresponding isogeny. Then .Z descends by f to a line bundle .# on B which is a n-power of
a principal polarization .#;. If K is k-rational, then both B and the polarization .# are also
rational. Our goal is to compute an embedding of B in P (B.4#) a5 well as formulas for the
isogeny f: A — B. We can prove the following theorem.

THEOREM 1.1. Let (A,.%,0,) be a polarized abelian variety of dimension g with a
symmetric theta structure of level n even, defined over a field k. Let ¢ be an integer prime to
n and assume that ¢n is prime to the characteristic of k. Let K be a subgroup of A[¢|] maximal
isotropic for e . Then one can compute the isogeny A — A/K in theta coordinates of level
n by using 6(5(“’)/2) operations in k where r = 2 (respectively, r = 4) if ¢ is a sum of two
(respectively, four) squares.

This is the same result as [11, Theorem 1.1] except that in [11] the input kernel K is
given by generators of the group K (k), and the resulting theorem is that the isogeny can be
computed in 6(6(7”9 /2) operations in k’, where & is the compositum of the fields of definition
of the geometric points of K. When k is a finite field, this yields a complexity of O(f(’g )/2)
operations in k for the algorithm of [11], complexity that can be much worse when k is a
number field. In the case r = 2, we remark that the complexity of the algorithm presented in
this paper is quasi-linear in the degree of the kernel of the isogeny which is quasi-optimal for
a very natural setting of the isogeny computation problem.

Our algorithm is very similar to that of [11, Theorem 1.1] which is based, on the one hand,
on the algorithm described in [24] to compute an isogeny f : A — B between A together
with a line bundle of level n and B with a line bundle of level n¢, and, on the other hand, on
the Koizumi general addition formula [19] from which a change of level formula is deduced
(see [11, Proposition 4.1]). Our main improvement consists in working with ‘formal points’
rather than with geometric points of the kernel K.

One may ask how to find a description as an algebraic variety for a subgroup K of A[/], i.e.
obtain polynomial equations for it, which is one of the inputs of the algorithm presented in this
paper. In the case where A is a Jacobian of a curve over a finite field the zeta function of which
is known, it is possible to work with the geometric points of ¢-torsion by taking random points
in an appropriate extension (for more details, see [5]). One can then try to find directly a basis
of a rational kernel K. Generating the equations of K from such a basis takes 5(89 ) operations
in the field ¥’ (where k' is defined above as the compositum of the fields of definitions of the
geometric points of K). As we already have the geometric points of the kernel, it might seem
easier to directly use the algorithm from [11], but actually when ¢ is a sum of four squares this
algorithm takes O(£29) operations in k', so it is slower than the algorithm presented in this
paper (O(£9) operations in & to find the equation of the kernel and O(£29) operations in k to
compute the isogeny). In particular, in the worst case where the points of K are in an extension
of k of degree O(£9), we find that Theorem 1.1 gives a complexity of O(¢29) operations in k
for all odd prime ¢, whereas the algorithm from [11] gives a complexity of 6(629 ) for primes
congruent to 1 mod 4 and O(¢49) for primes congruent to 3 mod 4.

Another method would be to use modular polynomials as in the elliptic case to construct
rational kernels. Unfortunately, there is a lack of a database of modular polynomials for higher-
dimension abelian varieties, and there is as yet no known method to recover a kernel associated
to a root of these modular polynomials. What can still be done though is to work with
{-division polynomials directly. An ¢-division polynomial is a univariate polynomial of degree
(%9 parametrizing the variety A[¢], and by looking at rational factors of degree ¢9 of this
polynomial we can find rational kernels. This approach is mostly useful in the case where the
base field & is a number field, because it yields an algorithm polynomial (but not quasi-linear)
in £ to construct equations for a rational kernel K.
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In particular, we explain in §8 that if (4,.%,©,) is a polarized abelian variety of dimension
g with a symmetric theta structure of even level n defined over a number field k£ and ¢ is
an integer prime to n then one can compute all rational isogenies A — A/K where K is a
maximal isotropic subgroup of the ¢-torsion A[f] in time polynomial in £. More generally we
have a similar result over over any field & where we have an algorithm to construct rational
subvarieties of a given zero-dimensional projective variety )V that is polynomial in the degree
of V. For an application of isogenies over a number field, see [6], for instance.

REMARK 1.2. Let .# be an ample line bundle on B defining an embedding of B into
PH(B4)_ 1f we want to express the isogeny f : A — B in term of this embedding, it is
natural to take .# such that f*(.#) is a power £™ of Z. Indeed in that case f comes
from a morphism of the projective spaces PH(AL™) _y PH(B.4) which can be computed
without using the equations defining the embedding of A inside PH"(A2)  Descent theory
tells us (see [26, Proposition 2]) that, for m € N*  there exists such a line bundle .# on B if
and only if K is a subgroup of ker ¢ o= and is isotropic for egm. As by [26, Proposition 4],
ker p.gm = {x € A(k) | m -z € ker po}, we have that K is a subgroup of ker ¢ ¢m if and only
if £|m. For efficiency reasons, it is better to take m = ¢. It is also more convenient to work
with power of principal polarizations. When ¢ is prime to n, by [26, Proposition 2|, .Z is a
principal polarization if and only if K is maximal isotropic in the ¢-torsion. This discussion
motivates the hypothesis made in Theorem 1.1.

This paper relies heavily on the theory of theta functions which provides a convenient
framework to represent and manipulate global sections of ample line bundles of abelian
varieties. In order to avoid technical details, we have chosen to present our results using the
classical theory of theta functions. For this, we assume that k is a number field and we suppose
we are given a fixed embedding of k into C. Nonetheless, it should be understood that, by using
Mumford’s theory of algebraic theta functions, all our algorithms apply without modification to
the case of abelian varieties defined over any field of characteristic not equal to 2. The notations
used have been chosen to make the translation into Mumford’s formalism straightforward.

Our paper is organized as follows. In §2 we gather some basic definitions about theta
functions. In §3 we recall the principle of the algorithm of [11]. Then, in §5, we explain
how to compute with formal points in K. Section 6 is devoted to the proof of the main results
of this paper (in particular, Theorem 1.1), and in § 7 we give some examples. Finally, in §8 we
explain how to compute kernels over a number field.

2. Notation and basic facts

In this section, in order to fix the notation, we recall some well-known facts on analytic theta
functions (see, for instance, [4, 27]). Let H be the g-dimensional Siegel upper-half space which
is the set of g X g symmetric matrices 2 with coefficients in C whose imaginary part is positive
definite. For © € H, we denote by Aq = Z9 + QZ9 the lattice of CY. If A is a complex abelian
variety of dimension g with a principal polarization then A is analytically isomorphic to C9/Aq
for a certain ©Q € H,. For a,b € QY, the theta function with rational characteristics (a,b) is
the analytic function on C9 x H,:

0 {Z} (2,Q) = Z exp[mi' (v + a)Q(v + a) + 27i' (v + a)(z + b)]. (2.1)
vEZLI

We say that a function f on C9 is Ag-quasi-periodic of level n € N if, for all z € CY and
m € 79, we have f(z+m) = f(2), f(z+Qm) = exp(—mintmQm — 2wintzm) f(z) (where v is
the transpose of the vector v). For any n € N*, the set Hg ,, of Ag-quasi-periodic functions of
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level n is a C-vector space of dimension nY a basis of which can be given by the theta functions
with characteristics (6 [ ;,, ] (2,n77Q))be(,....n—1)s- There is a well-known correspondence (see
[4, Appendix B]) between the vector space Hg,, and H?(A, ') where % is the principal
line bundle on A canonically defined by a choice of Q.

Once we have chosen a level n € N* and 2 € H; such that the abelian variety A is analytically
isomorphic to C9/Aq, for the rest of this paper, we adopt the following conventions. We let
Z(n) = (Z/nZ)9 and, for a point z € CY and v € Z(n), we put 0:}(2) = 0 [V9n] (z,Q/n). If no
confusion is possible, we will write 6,,(z) in place of 0/(z).

A theorem of Lefschetz tells us that if n > 3, the functions in Hg, give a projective
embedding of A:

pn : C9/(Z9 +QZ9) — pZ)
z = (00(2))vez(n)-

For n = 2, the functions in Hg o do not give a projective embedding of A. Actually, it is
easy to check that, for all f € Hq 3, we have f(—z) = f(z). Under some well-known general
conditions [19, Corollary 4.5.2], the image of the morphism defined by Hgq o in PZ®) is the
Kummer variety associated to A, which is the quotient of A by the automorphism —1.

It is natural to look for algebraic relations between theta functions to obtain a description
of the abelian variety as a closed subvariety of a projective space. A lot of them are given by
a result of Riemann (see [23, Theorem 1]).

(2.2)

THEOREM 2.1. Let 4,4, k,l € Z(2n). We suppose that i+ j, i+k and i+1 € Z(n). Let Z(2)
be the dual group of Z(2). For all x € Z(2) and z1, 25 € C9, we have

( > XDt jin(z + 2)0i (21 — 22)) ( > X(n)9k+l+n(0)9k—l+n(o)>

neZ(2) neZ(2)
S IR I AEDRER)T () DIRtC NI ER RIS}
neEZ(2) neZ(2)

where Z(n) (respectively, Z(2)) are considered as subgroups of Z(2n) via the map x — 2z
(respectively, © — nx).

For n € N*, we can associate to {2 € Hy its level n theta null point (6,,(0)),cz(n)- By taking
2o = 0 in Theorem 2.1, we obtain a set of quadratic equations which are parametrized by the
theta null points of level n. A result of Mumford [26, Theorem 2] tells us that if 4|n this system
of equations is complete in the sense that it gives the embedding of A into PZ(™) defined by n
and  following (2.2).

In the context of Mumford’s theory of algebraic theta functions, the data of n and €2 which
determine the theta null point is replaced by a level n theta structure ©,, [26, Definition p. 297].

Let  : AZ(") — {0} — PZ(") be the canonical projection. We denote by A the affine cone
of A that is the closed subvariety defined as the Zariski closure of x~'(A) in AZ(™. We adopt
the following convention. If P € PZ(™)(C), we will denote by P an affine lift of P that is an
element of AZ(")(C) — {0} such that x(P) = P. We denote by P, € C for v € Z(n) the vth
coordinate of the point P and, for A € C, we let A % P e AZ® (C) be the point such that
(A% P), = AP,. In the same way, if P € A(C), we denote by zp € C9 a point such that
pn(zp) = P. We remark that zp actually defines the affine lift (0, (2p)),czmn) € A(C) of P
which we call a good lift (note that such a good lift is not unique since zp is defined by P up
to an element of Ag). We denote by p, : C9 — A, the map given by z (0,(2))vez(n) In the

following, we choose 04 € A(k) an affine lift of £((0,(0))vezm))-
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As the canonical line bundle defined by € is not defined over k& (not even over an algebraic
extension of k), we have, in general, 04 = A(6,(0)),ez(n) for A € C not in k. This subtlety
does not change the projective embedding given by Riemann’s equations, nor the computations
presented in this paper for homogeneity reasons (see Proposition 3.3 and [23, Remark 3]), so
that we can safely suppose in the following that A = 1.

Using Riemann equations, from the data of 04, (0,(21))vezm), (0u(22))vezm), (Bu(21 —
22))vez(n) € A(C), one can recover (6, (z + 22))vez(n) € A(C) provided that, for sufficiently
many x € Z(2), k,1 € Z(n), we have > nez2) X(MOkt144(0)0k—14,(0) # 0. This is always the
case if the level n is divisible by 4; and if n = 2, it is true if the projective embedding
of the Kummer variety of A given by level 2 theta functions is projectively normal (see
[23, §4]). We will always suppose that these conditions are fulfilled in the following. The
operation on affine points that we obtain is called a differential addition (see [23] for more
details). Chaining differential additions in a classical Montgomery ladder [10, Algorithm 9.5

p. 148] yields an algorithm that takes as inputs @ = (@,,)Uez(n), Ig‘J\r/Q = ((]%)V)yez(n),
P= (]Bl,)l,ez(n), 04 = (6y),jez(n) and an integer ¢ and outputs @ + ¢P. We write Q + (P =

ScalarMult(¢, F/’:-/Q, f’, @, GA).
If 4|n, we can compute the ‘normal’ addition law on the abelian variety: actually, by
computing sums of the form }-, c 7o) x(7)0;(21 + 22)0, (21 + 22) with Riemann relations for a

fixed jo € Z(n), from the knowledge of 04 and the projective points (0,(25))vezn) for j = 1,2,
we can recover the projective point (6, (21 + 22))vez(n). We call this operation NormalAdd.

3. Koizumi formula and isogeny computation

In this section, we briefly recall the principle of the isogeny computation algorithm presented
n [11]. Let (A, %) be a principally polarized abelian variety given by Q € Hy such that
A is analytically isomorphic to C9/Aq. Let £ be an odd integer prime to n and let K be a
subgroup of A[¢] maximal isotropic for the Riemann form eg,. As K is isotropic for e g,, up to
an action of an element of the symplectic group Sp,, (Z) on A, we can always suppose that
K = (1/0)Z9/Aq so that our problem comes down to the computation of the isogeny:

fAL-’(Cg/AQ — B:(Cg/Am
z — £z.

An important ingredient of the isogeny computation algorithm is the following formula
derived from the general Koizumi formula (see [11, Proposition 4.1]).

PROPOSITION 3.1. Let M be a matrix of rank r with coefficients in Z such that MM = ¢Id.
Let X € (C9)" and X =Y M1 € (C9)". Let i € (Z(n))" and j = iM 1. Then we have

02 (Y1)...08(Y,) = > 04 (X1 +t1)... 08 (X, + ). (3.1)
t1yet €329/29
(t1,..,tr) M=(0,...,0)
In particular, the projective coordinates of the theta null point of B are given by the
equations
0P (0)...08(0) = > 02 (tr) ... 02 (t,), (3.2)
th,etr €329 /29

(t1,. st ) M=(0,...,0)

where j = (k,0,...,0)M~1 € Z(n)".
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Likewise, if P € A(k) we can recover the projective coordinates of f(P) via the equations

08 (Lzp)...05(0) = > OA (X1 +t)... 00 (X, +1,), (3.3)

t1,..tr €L /29
(t1,..str) M=(0,...,0)

where zp € CY is such that p,(zp) = P, X = YM~! with Y = (2p,0,0,0) and j =

(k,0,...,0)M~! for k € Z(n). We remark that the X; are integral multiples c;zp of zp, where
(a1y...,ap) = (1,...,0)'M and o; € {1,...,£—1}.

The algorithm takes as input the projective theta null point of A, 04, as well as a basis
(e1,...,e,) of K(k). We can suppose that (e1,...,e,) is the image by p,, of the canonical basis
of (1/€)Z9/Z9 if necessary by acting on Ag by an element of Sp,,(Z). In order to compute
the isogeny, we need to evaluate expressions of the form of the right-hand side of (3.1) which
depends on the knowledge of the good lifts of the form (6, (X; +t;)),cz(n) where X; = a;zp
is an integral multiple of zp. Moreover, we note that these good lifts have to be coherent,
meaning that they are all derived from the same zp such that p,(zp) = P (we cannot change
zp from one term of the sum to another). Of course since everything is homogeneous, we only
need to work up to a common projective factor \ and take coherent lifts over any affine lift P
of P. This motivates the following definition:

DEFINITION 3.2. We assume that we have fixed once and for all an affine lift 04 of 04.
Suppose that we have fixed affine lifts @ of every geometric point Q € K(k) (we require
that the lift of 04 is 04). We say that these lifts are compatible (with respect to 04) if they
differ from the good lifts (0,(2Q))vez(n) for 2q € (1/€)Z9 /79 by the same projective factor A
(independently of Q).

Let P € A(k) and fix an affine lift P above it. Suppose that, together with the compatible
lifts Q from above, we have chosen affine lifts of every geometric point aP 4@ where Q € K (k)
and o € {0,...,£—1} (we require that the lift of P is P). We say that these lifts are compatible
with respect to 04 if there exists zp € C9 with p,(zp) = P such that they differ from the
good lifts (0, (azp + 2q))vez(n) for zq € (1/€)Z9/79 by the same projective factor .

We extend the definition of compatible lifts by saying that a set of points {Q} or {P/—&\—/Q}
(where the points Q are in K (k) and P is a fixed point in A(k)) are compatible (with 04 or P)
when they are part of a family of compatible points.

We would like to have an algebraic way to identify compatible lifts.

PROPOSITION 3.3. Let Q € K (k) and write £ = 2¢'+1. Let Q be an affine lift of Q compatible
with 04. Then

ScalarMult(¢' + 1,Q, Q,04,04) = —ScalarMult(¢', Q, Q,04,0.4). (3.4)

If @ satisfies equation (3.4), we say that it is a potential compatible lift of @ (with respect
to OA).

Likewise, let P € A(k), P be any affine lift of P, and let P/J\r/Q be an affine lift of P + Q
compatible with P. Then

ScalarMult(f,m,@,ﬁ,ﬁA) =P. (3.5)

IfP/IE) satisfies equation (3.5), we say that it is a potential compatible lift of P + @ (with
respect to P).
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Proof. We begin with the first claim. By [24, Lemma 3.10], if we let x(«,S,m)
ScalarMult(m, o * @,a * @,B * 6,4,6 * 6A) for a, 3 € C and m € N, we have
x(a, B, 0+ 1) /x(a, B, £") = (/B (x(1,1,£ +1)/x(1,1,£)). Thus, by virtue of homogeneity,
we can suppose that 04 = (0,(0))vez(n)- Let zg € (1/£)Z9 be such that p,(zq) = Q; we have
Uzg=—+1)zg mod Z9. As ScalarMult(¢' + 1,@,@,6,4,6,4) = (0,((¢' +1)2Q))vez(n) and
ScalarMult(¢, Q, Q,04,0,4) = (0,('2Q))vez(n), we obtain (3.4) because of the periodicity of
0, with respect to Z9.

Still using [24, Lemma 3.10], we have ScalarMult({, o % (m),ﬁ xQ,a % P, * 6,4) =
a * ScalarMult (¢, m, é,ﬁ,ﬁA) for o, B € C. Thus we can assume that 04 = (0,(0))vezm)

and P = pn(zp) for zp € CY. It is then easy to check, using the Ag-quasi-periodicity property
of 8, for v € Z(n), that 0, (zp + £zq) = 6,(zp). O

If Q € K(k), let Q be any lift, and let A € C be such that A« Q is a compatible lift Pn(zq)
for zg € C9. We remark that because of the symmetry relations [27, Proposition 3.14], for
all v € Z(n), we have 6, (¢ + 1)2) = 0_,(('2)). Thus, if § = (£'Q),/((¢ + 1)Q)_,, for
any v € Z(n), by [23, Remark 3], we have A* = §. Thus we can obtain A up to an fth root
of unity In the same way, let P/J\rZ) be any affine lift of P + @ and p € C be such that
1* (P +Q) is a compatlble lift. Then from equation (3.5) and [24, Lemma 3.10], if we set
P+ €Q = ScalarMult(E P+ Q Q,P OA) we obtain a relation of the form /f/\[(p D = 3 where

8= PU/(P +4Q),, v € Z(n). As we know A\’ from above, we can recover y’.
We can summarize [14, Proposition 18] and [24, § 3] in the following theorem.

THEOREM 3.4. Let (eq,...,e4) be a basis of a maximal isotropic subgroup K of A[(]. Assume
that we have chosen potential compatible lifts €;, e; + e; with respect to 04. Then:
— we can use the ScalarMult algorithm to compute potential compatible lifts @ for every

point of K (k) from the data of €;,¢; + e;;
— up to an action of Spy,(Z) on Aq which leaves 79 C C9 invariant (and also (0,,(0)),cz(n)),

these lifts @ are compatible with 04 .
— if P is an affine lift of a point P € A(k) and we are given potential compatible lifts

P + e; with respect to 15, then they are actually compatible with E and we can use the
ScalarMult algorithm to obtain compatible lifts (with respect to P) of all points of the
form aP + @ for a € {0,...,0 —1}.

Sketch of proof. We prove the first two claims. Let A;, A;; € C be such that A\; x €;, Ajj

(ej—l\—_gj) are compatible lifts. We know by the discussion following Proposition 3.3 that the
i, Aij are fth roots of unity. Using the transformation formula for theta functions [27, p. 189],
we can find a symplectic matrix M in Sp,,(Z) that leaves K (globally) invariant and acts by
% on the compatible lifts of e; and e; + e; exactly by )\;1 and )\;jl. Since £ is prime to 2n
we can even ask for M to be congruent to the identity modulo 2n so that it leaves the theta
null point 04 invariant [17]. By definition of differential addition and Riemann equations (see

—_~—

Theorem 2.1), starting from compatible points €; and e; + e;, we can generate compatible lifts
of all geometric points in the kernel with the ScalarMult algorithm.

As for the third claim, by homogeneity, we can assume that P is a good lift coming from a
point zp € C9. Let p1; € C be such that p;x(P + ¢;) is a compatible lift with respect to P. Then,
Proposition 3.3 shows that the p; are £th roots of unity. For j =1,...,9, let ¢; € (1/0)Z9 /729
be such that p,(g;) = e;. The functional equation for theta functions [27, p. 123] gives that
for a,b € Z% and j =1,...,g, we have 0, (z2p +¢; + Qa+b) = e*“’("%aga”n”a(wﬂj))QV(ZP)_
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So up to the common constant e‘”i("t“Q““‘Qnt“P), if necessary by changing zp to zp + Qa for

a well-chosen a € Z9, we can suppose that the P + e; are compatible lifts with respect to P.
By using differential additions one can then generate any compatible lift of the form azp + zq,
zg € (1/0)29)79. O

Fori=1,...,g, we choose any affine lifts €; of e;. By using normal additions, we can compute
e; + e; and choose affine lifts ei/—l\—_gj. Let A, Aij € C be such that \; x €;, Aj; * (ei/—T—_gj) are
potential compatible lifts. Note that, by the discussion after Proposition 3.3, we know \{
and )\fj. Then Theorem 3.4 tells us that by choosing any root for the A\; and A;; we can
generate compatible lifts and evaluate equation (3.2) to get the theta null point (67(0)),ez(n)
of B = A/K. Actually, if we work formally with the A;, A;;, then the right-hand side of (3.2)
is a rational function of A;, A;;. But by [11, Lemma 4.2], this rational function actually lies in
C(X, Af;) so that we can evaluate it directly.

In the same way, we can compute the image f(P) of P € A(k) given by its projective theta
coordinates. Indeed, from the knowledge of P and e, We can compute the projective points

P + e; with normal additions. We choose affine lifts P + e; of P + ¢;, and let u; € C be such

that u; x (P + e;) are potential compatible lifts. By Proposition 3.3 we know the value of uf,
and Theorem 3.4 tells us that by choosing any set of roots we get compatible lifts for the points
appearing in the right-hand side of (3.3). We can as such find the projective coordinates of
f(P). Actually, if we work formally with the p;, A;;, A; we can evaluate the right-hand side of
(3.3) as a rational function in C(u;, A;, Aij). But by [11, Lemma 4.4] this rational function is
an element of C(uf, \¢, )\fj) so that we can evaluate that directly too.

4. Equations for the kernel

We retain the notation of the preceding section. Recall that A together with a projective
embedding inside PZ(") is given by the data of its theta null point 04. As K is defined over
k, we can suppose that K is represented, as a zero-dimensional subvariety of PZ(") by a
triangular system of homogeneous polynomial equations with coefficients in k:

Qil (Uim Uh) =0
Qi Uiy, Uiy, Usy) =0

Qing,l(Uioa Ui17 .. '7Uing,1) = 07

for i; € Z(n). Indeed, from the knowledge of a set of generators of a homogeneous ideal defining
K as a closed subvariety of PZ(™ such a triangular system may be obtained by computing
the reduced Groebner basis for the lexicographic order on the variables U;y,...,U; ,_,.

If necessary, by carrying out a linear change of variables, we can always suppose that iqg =
0 € Z(n) and V(Up)(k) N K(k) = @ (where V(Uy) is the closed subvariety of PZ(") defined
as the zeros of Up) and we contend that this linear change of variables is defined over a small
extension of k. Indeed, we just have to find a hyperplane of PZ(") passing through the origin and
avoiding all the points of K. We remark that the set of hyperplanes passing through the origin
and a point x € K (k) is represented by an hyperplane through the origin in the Grassmannian
Gr(n — 1,Z(n)). As a consequence, the set of hyperplanes passing through the origin and a
point of K is a hypersurface H of degree bounded by ¢9 = #K (k) in Gr(n — 1,Z(n)). If
the field k is infinite there exists a point of Gr(n — 1,Z(n))(k) which is not in H(k) and
we are done. If k& = F, is finite, by a result of Serre [30], an upper bound for #H (k) is
09g™" =2 4+ 1,63 where IT,,, = (¢"™*! — 1)/(q — 1) is the cardinality of P"™(F,). Thus, a random
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point in Gr(n—1, Z(n))(k) will not be in H (k) with high probability as soon as ¢ is sufficiently
large compared to £9. We deduce that we can find (probabilistically) a hyperplane in PZ(™) that
avoids K by working over an extension of k of degree O(In(¢9)). Let k' be such an extension, as
the arithmetic in k" has the same complexity as the arithmetic in k up to a factor in O(In(¢9))
which we have chosen to neglect in the statement of Theorem 1.1, we can safely suppose in
the following that k = k.

From our hypothesis, the variable Uy plays the role of the normalizing factor of a projective
point. We consider the algebra

Ho = k[Ui | i€ Z(”)]/(Qil(lv Ui1)> s 7Qin971(17 Uiy Uin!]—l))'

We note that the system (4.1) is generically such that degy,, (Qi,) = £9 and degy, Q; = 1
for i € Z(n) — {0,41}. Actually, it can be seen exactly as before, by considering the set of
hyperplanes in the Gr(n — 1, Z(n)) that intersect the vector defined by a pair of elements of
K (k), that this property is always true if we carry out a linear change of coordinates. This
is known as the ‘shape lemma’, which holds in our situation because the kernel is reduced;
we refer to [3] for more details. This linear change of coordinates may involve an extension
of k of degree O(In(¢9)) when k is finite with negligible consequences for the asymptotic
complexity of the arithmetic of the base field. From now on, we suppose that deg;; Q; =1 for
i€ Z(n)—{0,i1} and we let Q(U) = Q;,(1,U) € k[U]. The algebra J is then isomorphic to
the algebra # = k[U]/(Q).

The transformation from equation (4.1) to a polynomial system defined by one polynomial
@ will not be necessary for the algorithms presented in the next section, but it helps for
computations in the algebra associated to J¢ .

5. Computation with formal points

We retain the notation of the previous section. We thus have an isomorphism K — Spec . #
associated to the isomorphism .#° = _#; on coordinate functions. We recall that a point
n € A(J) is by definition a morphism 7 : Spec £ — A. We call such a point a formal point,
in opposition to the geometric points in A(k). Since ¥ is étale, a formal point n € A(¥)
is given by the data of a Gal(k/k)-equivariant morphism (of sets) K (k) — A(k). We denote
by Ix € A(X) the point coming from the closed immersion K — A defined by (4.1) which
can be seen as a point in K (). For instance, if K \ {04} is irreducible then I restricts

to its generic point. Since A is an abelian variety, A(J#") is an abelian group. Let P € K (k)
be a geometric point P : Spec(k) — Spec(#). For a formal point n € A(J#"), we denote by

n(P) € A(k) the geometric point n o P : Spec(k) — Spec(A) obtained by ‘specialization’. In
the same way, if z € .# and P € K(k), we denote by x(P) the value of x in P.

Let Q@ = [l;e; Ri, for R; € k[U], be a decomposition of @ in irreducible elements.
Via the projective embedding A — P#() a formal point € A(#) can be seen as a
projective point 7 € PZ(™(#). Since # is an étale algebra such a projective point is
given by the data of a (,)vezm) € 72 such that, for all i € I, at least one of the
7, is invertible modulo R;, modulo the action of invertible elements of J# on J# % (") The
isomorphism K — Spec.#  shows that the projective coordinates of n € A(#") are given by
(1,15, Qiy(1iy)s - -, Qi (15,)) where the Q;, € E[U] are defined in §4. The formal point
Ly € A(X) is such that (Iy);, = U. As for geometric points, we denote by 77 € A(#) an
affine lift of n € A(J¢) and let (7); € J# for i € Z(n) be its corresponding affine coordinates.
A point P € A(k) corresponds to a formal point np € A(%') via the constant morphism
Q € # (k) — P. We will often make this identification in the following.

The arithmetic of geometric points recalled in § 2 translates mutatis mutandis into arithmetic

with formal points. For instance, from the knowledge of 771,72 € /T(J)i/ ), and 77/:/772 € /T(Ji/ ),
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one can compute the differential addition nmg € A(¢). This can be proved exactly in
the same way as with geometric points using Riemann’s equations and we obtain the same
formulas. The case g = 1 is given, for instance, in [23]. We remark that in order to be able

—_~—

to compute the differential addition, we have to find an invertible coordinate (n; — 12),, € A
for vy € Z(n). But in fact, there is always at least one such coordinate modulo R; for every
i € I. So we can always compute the differential addition, provided that we work modulo R;,
which is the case if we know the factorization of @, the polynomial defining JZ". Actually we
do not even need to compute the factorization beforehand because when we try to invert a
non-zero element, if it is non-invertible the Euclidean algorithm will give a factor of Q). We
remark that when the difference is a formal point with value in K, then, by the hypothesis
made in §4 on the equations, the coordinate ¢ = 0 is always invertible, which helps in the
computations. In the same way, if 4|n, one can compute normal addition of generic points.
Addition and multiplication operations in .# take O(¢9) operations in k. Computing the inverse
of an element of %" can be done in 5(69 ) operations in k via the extended Euclidean algorithm.
Thus, differential and normal additions of elements of A(#) take O(£9) operations in k.

For P € K(k), n € A(X) and 7j € A(¢) any affine lift of 5, we denote by 7(P) € A(k) the
point with affine coordinates (77);(P). As two formal points 77,77 € A(#) are equal if and only
if, for all P € K(k), j(P) = 7(P), this allows us to verify certain properties by specializing
a formal point to geometric points. For instance, the result of a chain of differential addition
that one can compute from a set 71, ..., 7, € A() of affine lifts of 11, ..., 7 € A(H) does
not depend on the order of the operations because, as proved in [24, Corollary 3.13], it is true
for geometric points. Also if n € K () then ¢n =04.

Let n = P+ nx € A(K) with ng € K(¢) and let 77 € A(J#) be an affine lift. We say that
77 is a compatible lift of 7 (relative to P) if, for all Q € K (k), 71(Q) € A(k) is a compatible lift
of P+ nk(Q) relative to P. 1t is easy to extend Proposition 3.3 to compute compatible lifts
of formal points.

PROPOSITION 5.1. Let nx € K(J), and let fjx € A(X) be any affine lift. Write { =
2¢" + 1, and compute £'ngx = ScalarMult(ﬁ’,ﬁK,ﬁK,GA,aA), (¢ + 1)ng = ScalarMult(¢’ + 1,
MK, MK,04,04). Let X € ¢ (where ¢ = A4 @y C) be an invertible element. Then A x 7k is
a potential compatible lift if and only if

(' + D7g )X = (U7k) - = 0, (5.1)

for v € Z(n).

Likewise, let n = ng + P € A(J') where ng € K(*') and P € A(k). Fix affine lifts
P e A(k) of P and 7jx € A(J) of ni and denote by 7j € A(J¢') a compatible lift of . Let
70 = ScalarMult(¢, 7, A  7ix, P, 04) € A(# (X)). Then modulo the equations from (5.1), 70 is
in Z(Ji’) and p € J¢ is such that p * 17 is a potential compatible lift (relative to ﬁ) if and
only if

HZﬁB -P,=0 (52)

for v € Z(n).

Proof. By equation (3.4) and [23, Remark 3|, we have that A x 7] is a potential compatible
lift if and only if A€ +D* (¢ +1)7) = A (7). We thus obtain that if A is an element of
an étale extension of J# which satisfies equation (5.1) then A %17 is a potential compatible lift.

By [23, Remark 3], the coordinates of 7° only have factors of the form eXf1) where
¢ € . By looking at equation (5.1), it is thus clear that 7° does not depend on the choice
of a compatible lift for nx. By equation (3.5) and [23, Remark 3] again, we have that p 1] is
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a potential compatible lift if and only if pf » 7j° = P. Thus, if 4 is a root of the polynomials
from equation (5.2) in an étale extension of J# then p 7 is a potential compatible lift. [

We denote by Normalize(7, P) the algorithm which outputs equation (5.2) defining p such
that p * 77 is a compatible lift (relative to ]5) It is clear from its description that Normalize
applied to a formal point takes 5(€g ) operations in k. In practice, given the hypothesis about
the kernel made in § 4, it suffices to use equation (5.1) with coordinate v = 0 to determine X\,
and it suffices to use equation (5.2) with a coordinate v such that P, # 0 to determine u’.
The corresponding algorithm (with v = 0) for Normalize is given in Algorithm 1.

Algorithm 1: Algorithm Normalize

input: 7
- n=mnk + P where ng € K(¢) and P € A(k);
— P an affine lift of P and 77 an affine lift of 7. _
output: An equation puf = ¢ for ¢ € J# so that p*7 is a compatible lift with P when g
satisfy this equation.
1 M[II(] + ScalarMult(¢ + 1, A x g, A *ﬁK,GA,GA) and
u[lg] + ScalarMult (€', A * 7, )\*ﬁK,ﬁA,ﬁA) where £ = 20’ + 1;
2 pl% « ScalarMult(£, pu * 77, A * Tixc, 13,6,4);

L0\
3 return pf = 28 ( S50 ;
Ko HK.0

REMARK 5.2. Compared to Proposition 5.1, Theorem 3.4 starts with a basis of potential
compatible lifts €; and derives compatible lifts for the set of all geometric points of the kernel.
By contrast, if 77 is a compatible lift of a formal point n € A(J) and P an affine lift of
P = 1(0) € A(k), then by definition all the 7(Q),Q € K (k) are compatible with P, but, in
general, they will not be globally compatible with each other.

One can think of the formal point approach that we have presented as doing formal
computations with geometric points. We conclude this section by explaining that it is actually
possible to follow exactly the same procedure as that of the algorithm of [11] to compute
isogenies with formal points. Let k' be the compositum of the fields of definition of elements
of K(k). The Galois group Gal(k’/k) acts on K (k). As the group law of A is defined over
k, this action is linear and Gal(k’/k) acts on the elements of A(#). Suppose that K \ {04}
is irreducible and that Gal(k'/k) is cyclic generated by g. Let n; = Id» € A(J) and let
ni = g'n for i = 2,...,g. Then, as by hypothesis g generates Gal(k’/k), n1,...,n, are linearly
independent formal points of K. One can compute 7; +n; with normal additions, then compute
potential compatible lifts of all the 7; and 7; + 7; and use chains of differential additions to
obtain potential compatible lifts of all the points of the kernel. Thus, it is possible to evaluate
the right-hand side of (3.2) with formal points: the result of the computations in J#” will actually
lie in k. We remark that the algorithm that we have just sketched is just a fancy way to compute
with the splitting field defined by @Q. This naive approach does not improve the complexity of
the algorithm of [11] even in the favorable case that we have considered in this paragraph.

6. An algorithmic improvement

Returning to the context of §3, let (A4,.%) be a principally polarized abelian variety given by
Q € H,. We have seen that the general isogeny computation problem boils down to the case
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where K = (1/0)Z9 /Aq and

fA":(Cg/AQ — BZCQ/AgQ

z — {z.

(6.1)

We explain how to evaluate the expression of Proposition 3.1 with formal points and derive
an efficient algorithm. Actually, by looking at the right-hand side term of equation (3.2), we
need to deal in a ‘formal’ way with r-tuples of the form X; + ¢;. This motivates the following
definition.

DEFINITION 6.1. For ¢ a positive integer, let & = # ®* so that K = Spec %. We define a
formal tuple as a point n € A(%).

For i = 1,...,t, let pu; : Kt — K be the ith projection. Note that u; induces the natural
injection of coordinate algebras given by x — 1®...®2®...®1 where z is in the ith position.

Fori=1,...,t, we denote Ié? = Iy op; € A(Z) so that Z§=1 I;? (the sum is the group
law of A(Z)) is the point coming from the canonical morphism associated to the addition:
At — A.

Since & is also an étale algebra, everything said in § 5 about the arithmetic of formal points
(differential additions, Normalize, .. .) also applies to formal tuples. In particular, n € A(%) is
represented by its coordinates 7, € & for v € Z(n), addition and multiplication operations in
the algebra Z take 5(€t9 ) operations in k and computing the inverse of an element of % can
be done in 6(€t9 ) operations in k via a recursive use of the extended Euclidean algorithm.

REMARK 6.2. A point n € A(Z) that is also an algebraic group morphism is necessarily of
the form nM oy + ... +n® o p; for a tuple (n™), ..., n®) of points in A(#'). The formal
point (9 can be recovered from the formal tuple n via n(¥ = (i on where the ! correspond
to the canonical inclusions of K into K*. In practice we will be working with formal tuples
coming from linear combinations P + > AJ;) where P € A(k).

Let M be an r x r matrix with integer coefficients such that MM = £Id. Write £ = £,/
where ¢; is the biggest square factor of . If £ = /1, we can take M = (\/¢1) and fix r = 1. If
l9 # 1 and all prime factors of ¢35 are congruent to 1 mod 4, then there exists a,b € N* such
that ¢, = a® + b2. thus we can take M = /01 My, with My = (fb g) and fix r = 2. Finally,
if there is a prime factor of ¢5 congruent to 3 mod 4, we can write fo = a? + b% + 2 + d?
for a,b,c,d € N such that a? + b% £ 0 mod ¥, take for My the matrix of multiplication by
a+1ib+ cj + dk in the quaternion algebra over R, M = \/f; My, and fix r = 4. We consider the
isogeny of algebraic groups F : K™ — K" acting componentwise by the matrix M. Denote by
ker F' the kernel subvariety of F. If £ = {1, ker F is isomorphic to v/¢1 K, an isomorphism being
given on geometric points by the identity. If 5 # 1 is a sum of two (respectively, four) squares,
ker F' is isomorphic to L = //1 K (respectively, L = v/£; K?), an isomorphism L — ker F' being
given on geometric points by z — (z, Boxz) with Sy = —b/a mod ¢ (respectively, (x1,x2) —

- R o
(z1, 2, awy + Brg, yr1 +I72) With (’v ?) =(%0 7 (54) =@1/(a*+b%) (Zd+gg ad+be ) note
that (% ?) is invertible modulo ¢ since a? +b? # 0 mod ¢). With this notation, we have the
following proposition.

PROPOSITION 6.3. Let P € A(k) and let zp € C9 be such that p,(zp) = P. Fix k € Z(n)
and let j = (k,...,0)M~! € Z(n)". Let N be the cardinality of the kernel of the group

morphism K*(k) — 1K' (k),x v /lyx. If {5 = 1 then set t = 1; otherwise, set t = r/2 and
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let = #®*. Moreover:
~If by = 1, let N = /l11¢ + (P for ( € Z. Let 7" be any affine lift of n*). Let
7 = px ) where p is a formal parameter. Let X = (zp € C9 and Y = X M. Set
R, = nj(f) € # (u), and let R be the reduction of R, modulo the equations in £ coming

from Normalize(ij(}, Cﬁ)

— If by # 1 is a sum of two squares, let nV) = /I11 4 + CP for ¢ € Z. Let 1Y) be any
affine lift of nV. Let 7™ = p» 1Y) where u is a formal parameter, 71!l = o). Let
X = (Czp, BoCzp) € (C9)? and Y = XM. Set R, = 7"ijlll € # (n), and let R be the
reduction of R, modulo the equations in J# coming from Normalize(i(!), CP).

— If Uy is a sum of four squares, let n*) = \/>I(z + (P with ¢; € Z for i = 1,2 and fix
corresponding affine lifts j*). Fix also an affine lift 7712 of V) 473, Let 77(*) = py %51,

72 = py « 73 and 712 = py, *77(12) where i1, 2, p12 are formal parameters. Let
gt = ap(m) 4 gryle2) and 2 = yqr) 4 672) in A(B(uy, po, p12)) (bootstrapping from
7(12) using differential additions). Let X = (C1zp, (azp, (a1 + BC)zp, (v¢1 + 6C2)zp) €
(CH* and Y = X M. Set

R, = nj(fl)nJ(Z )77,[3]77][3] € B, pa; p12)-
Le’tv R be the reduction gf R, modulo the equations in <%’~coming from Norlrnalize(ﬁ(l)7
¢1P), Normalize(7(?, ¢, P) and Normalize(71'?, ({; + () P).
We have that R € % and

05 (v1)...08 (v, Z R(T (6.2)

TeK*(k)

Proof. First, we prove the case where ¢5 # 1 is a sum of two squares. In order to prove that
R is indeed in J#, because of Proposition 5.1, it suffices to show that the rational function
R, does not change when we act on 77(1) by p in an étale extension of JZ that satisfies the
equations coming from Normalize(7j("), P).

For this let 7y in A(#c(u)) be such that 7 = 1/ % 7y where y/ € J¢ is a (th root of
unity because of equation (5.2). Let 7 [ = ScalarMult(So, 79, 79,04, 04). By [23, Remark 3],
we have 71t = //50*77[1] Thus, we have R, = ﬁéi‘)nj[z] = u'Ty (T)M’B“né with 82 = —1 mod /.
We deduce that R € % since it is left invariant by the action of '

Now let 775 in A(#¢) be such that {775(Q) | Q@ € K(k)} is a system of compatible lifts relative
to P. Using Theorem 3.4, we can suppose that 77" = 77y modulo the equations coming from
Normalize(7{"), ¢ P). Then we have R(T) = 75(T)i9(BoT) = 9ﬁ (X1 + ZT)GJ-"; (X2 + Bozr) for
zr € C9 such that py,(z7) = T. Thus the relation (6.2) is just a consequence of Proposition 3.1.
The 1/N in front of the right-hand side of (6.2) comes from the fact that the parametrization
of (ker F')(k) by K (k) we have used is an epimorphism the kernel of which has cardinality N.

Now suppose that £ is a sum of four squares. Fix a system of global compatible lifts {aP +
Qla €{0,...,4—1},Q € K(k)} relative to P.Fori=1,2, let 7 ) be the formal point such
that ﬁél)(Ql, Q2) is the corresponding compatible lift above (; P + Qi, and define 001 ) 50 that
7, 2)(Q1, Q2) is the corresponding compatible lift above (¢; + ()P + Q1 + Qo.

We proceed along the same lines as for the case above. Let pj, w5y and pj, be roots
in . of the equations (E) given by Normalize(7"),¢,P), Normalize(7®,(,P) and
Normalize(771?), (1 + ¢2)P). By Proposition 5.1, ) * 7, uf « 7 and p), * 712 differ

from né ) , néQ) and %12) by ¢th roots of unity ul, ug and ;9 respectively.

Let nél] = of(l) + ﬁn(2) and 77[2] = W(l) + 5 . We can use [23, Remark 3] repeatedly to

obtain that af) 4 ) = (g u'i“(“ ”)/(us 1>><ané” + 757, i) = pg’ (afi")) and,
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finally, it = M?Q*Bu?ta’g,ungaﬂ 17([91]. We have in the same way 712l = uyguf*wugz*% %2].

Thus, for T = (11,7}) € K2(k), we have R(T) = 7\ (1) (T)il, ()i, (T) = A7), (T)
A (T 5, (T)7k () where

8, 1+a?+y2—af—vS8  1+B%+6%—aB—~3
A — M%ﬁﬂ N1+a +y —aB—y Nngﬁ +6"—aB—y )
But an easy computation shows that a8 ++6 = 0 and o? ++% = 82 +§2 = (b> + %) /(a® + V?)
so that A = 1. Finally, we obtain that R(T) = 6,, (X1 + 27,)0;, (X2 + 21,)0,, (X5 + azp, +
Bz, )0;,(Xa + vor, + d21,) for zp, € C9 such that p,(21,) = T; for i = 1,2 and relation (6.2)
is again a consequence of Proposition 3.1.
The simpler case 5 = 1 can be treated in a similar manner as the other cases. We leave it
as an exercise for the reader. O

REMARK 6.4. The fact that the fth roots of unity appearing in the evaluation of the right-
hand side of formula (3.1) of Proposition 3.1 cancel out is no miracle. It can be explained
with a more conceptual point of view: these £th roots of unity correspond to choices of a level
In-theta structure for B compatible with the level n-theta structure of A via the contragredient
isogeny of f : A — B and we can interpret the change of level formula (3.2) as ‘forgetting’
the ¢-torsion part of these theta structures to recover a level n theta structure for B (see, for
instance, [24]).

The stronger fact that they also cancel out when only considering the terms in the sum comes
from the fact that these terms already forget the part of the ¢-structure whose automorphisms
act by the * operator [14, Proposition 18].

In order to turn Proposition 6.3 into an algorithm, it remains to explain how to compute
efficiently the right-hand side of (6.2). This is done by the following lemma.

LEMMA 6.5. Let W € & = k[U]/(Q), let (T,S) € k[U] be respectively the quotient and
remainder of the Euclidean division of UW Q' by Q (where Q' is the first derivative of Q}). We

have
> W(P)=T(0). (6.3)
PeK(k)

Proof. Let # be the set of roots of Q in k. We want to prove that Y ., W(a) = T(0). We
have

uweQ' Uw

Q aE%U_a

For a € # let T, be the quotient of the Euclidean division of UW by (U — a) so that
we have UW = T,(U — a) + aW(a). Putting this in (6.4), we obtain that UWQ'/Q =
Yoaca(Ta+aW(a)/(U—a)). As Q) ,cpaW(a)/(U — a) is an element of k[U] of degree less
than deg(Q), we deduce that S = Q) ,c,aW(a)/(U—~a) and T = ) ., To. Moreover,
T(0) =3 ,c Ta(0) but —aTy(0) +aW(a) = 0 so that T,(0) = W(a) (it is easy to check that
this also holds if @ = 0) and we are done. (Over C, this lemma is just an easy application of
the residue theorem.) O

(6.4)

As R defined in Proposition 6.3 is an element of #®"/2 if ¢3 # 1 and an element of %
otherwise, Lemma 6.5 shows that, in the case where £ is a sum of two squares, the evaluation
of the right-hand side of (6.2) can be done with an Euclidean division of an element of k[U]
of degree bounded by ¢9 at the expense of 5(69) operations in k. If £ is a sum of four squares,
R is an element of .#®2 and we can resort twice to Lemma 6.5, to carry out the evaluation
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of (6.2). The dominant step is an Euclidean division of an element of . [U] of degree bounded
by ¢9 which can be done in 6(629) operations in k. We call Evaluate an algorithm which takes
as input R € #®"/2 and returns rerrrzm B(D).

If we apply Proposition 6.3, with P = 0, we obtain an algorithm to compute 62(0) ... 6% (0)
for any k € Z(n) that gives the projective theta null point of B associated to (€. Let P € A(k)
and let zp € CY be such that p,(zp) = P:

— if £ is a square, Proposition 6.3 with ¢ = v/¢ gives an expression for 08 (02p)08 (0) for

ke Z(n);
— if £ = a® 4 b?, Proposition 6.3 with ( = v//1a gives an expression for 5 (£2p)0F (0) for
k€ Z(n);

— if by = a?+b?+c?4d?, Proposition 6.3 with (; = v/f1a and {3 = /f1b gives an expression
for 08 (02p)0F (0)3 for k € Z(n).

In all cases, we obtain the projective coordinates for f(P) and we have proved Theorem 1.1.
Algorithms 2 and 3 recapitulate the isogeny computation algorithms we have described (we
leave to the reader the easy adaption in the case where £ is a square). To give more details,
in Algorithm 2 the line 771 < Go7(#) is simply computed as ScalarMult (3o, 7, ﬁ(#),aA,ﬁA).
Likewise, in Algorithm 3, the line 711 < af*1) + B(#2) is computed as a(#1) 4 f#2)
ScalarMult (e, 7(12), 74 7(12) 0 4), 71« ScalarMult (8, azj#1) + 7(#2) 7(2) og(1) 0 ,) and
similarly for 7712,

Algorithm 2: Algorithm Genericlsogeny for ¢ a sum of two squares

input:
— 04 the level n theta null point of (A, %) associated to Q € H;
— £ € N such that ¢ = ¢1/5 where {7 is the biggest square factor of £ and a
decomposition £y = a? + b? # 1;
— @ € k[U] such that deg(Q) = ¢9 describing K (see §5);
— P € A(k) given its projective coordinates;
- ke Z(n).
output: (f(P))x the kth projective coordinates associated to the level n projective
embedding of B provided by /2.

1 7 < NormalAdd(v/01 I, /l1aP) where /{114 and \/{1aP are computed with
ScalarMult;
2 77" < px 77 where p is a formal parameter;

3 1 < By where By = —b/a mod ¢,
4 R+ %f)ﬁj[i] mod Normalize(7j, /f1aP) where j = (k,...,0)M~ € Z(n)";

5 return Evaluate(R);

We note that in Algorithm 3 we need three calls to Normalize, each costing two scalar
multiplications by ¢. We can improve this as follows. First, compute 77((]1) = I;/) + P and use
Normalize to normalize an affine lift 7](()1) up to a factor 1. From this data it is easy to recover
a compatible affine lift 77(()2) of I;?,) + P up to a factor po. Using differential additions, one
can then recover the compatible lifts 7(), 77(?) of Proposition 6.3. Likewise, one can normalize
I{glg) + I((f{/) up to a factor A\jp by using only equation (5.1). One can compute 7'?) using
differential additions from a compatible affine lift of P + ISK) + I(g?). But the latter point
can be computed as a three-way addition [25, §3.6] between the corresponding lifts above of
P+ IL(ZI/), P+1 1(12/)7 Ik(zl/) + 14(12/). This method requires only three scalar multiplications by ¢ rather
than six to normalize the points.
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Algorithm 3: Algorithm Genericlsogeny for ¢ a sum of four squares

input:
— Same as in Algorithm 3 except that we have a decomposition 5 = a? + b% 4 ¢ + d?;
output: (f(P)) the kth projective coordinates associated to the level n projective
embedding of B provided by /¢£).

1 W NormalAdd(\/EI;Q, ¢ P)) where ¢; = v/?1a, (o = /I1b for i = 1,2 and \/Elﬁg and
(; P are computed with ScalarMult;

2 7 « NormalAdd(n™® + n®);

3 ) gy x| ge2) g g ) s 512
parameters;

4 (E) « Normalize(7, Clﬁ) U Normalize(7z, Cgﬁ) U Normalize (12, ({1 + Cg)ﬁ),
5 U« an) 4 gr2) 72 45 4 §3(H2) where (: ?) =(9 3)_1 (52);
6 R+ ﬁ;fl)ﬁ?fi’)ﬁi}ﬁj{? modulo (E) where j = (k,...,0)M~ € Z(n)";

7 return Evaluate(R);

where 1, pio, 112 are formal

Throughout this paper we have supposed that 4|n so that we can compute normal additions.
But actually one can work with level n = 2 exactly as in [11, §4.4]. The only difficulty is the
case where £ is a sum of four squares where we need to compute a point of the form n") 472 in
Proposition 6.3. Here, we replace the normal addition of the two formal points n(*) and n(® by
any formal point 7 such that 7(Q) € {n™M(Q)+1®(Q),nM(Q) —n®(Q)}. Computing such an
7) requires taking a certain square root in J# as in [25, § 3.3] (this square root may have more
than two solutions since .#” may not be a field). Also ¢ is no longer an étale algebra because
we identify P with —P so the points in K \ {04} have multiplicity 2, but we can instead work
directly on (K'\ {04})/£1) and gain a factor of 2 in time complexity. See § 7 for an example.

We conclude this section by comparing the algorithm presented in this paper, with the
algorithm of [11]. In the latter algorithm, all the affine lifts of points of K (k) are globally
compatible in the sense that they are deduced by the way of differential additions from the
knowledge of a minimal set of compatible good lifts as in Theorem 3.4. This property is not
true if we specialize the lifts of the formal points of Proposition 6.3 to geometric points of K.
For instance, in the case £ = 1 mod 4, ¢ prime, for a fixed Q € K (k) the lifts 70 (Q), 711(Q) €
K (k) (modulo the equations coming from Normalize) of (P + @ and (y(CP + Q) are locally
compatible with 13, but they may not be globally compatible over all Q € K (k). But as seen
in the proof of Proposition 6.3, in the evaluation of the right-hand side of (3.2) this local
compatibility between the elements appearing in the sum is enough. The authors of [11] did
not use the local compatibility, because it is actually faster to compute potential compatible
lifts for a basis of K (k) and use differential addition to get the other compatible points than
it is to normalize locally for each term in the sum. This shows the usefulness of working with
formal points since we can normalize everything once and for all.

7. Example

We give a simple example to illustrate the algorithm in the case where the dimension g = 1,
the base field k = Fiog9 and the level n = 2. Let 04 € AZ® be the level 2 (affine) theta
null point with coordinates (971,94). This theta null point corresponds to the elliptic curve A
with Weierstrass equation y? = 3 + 76222 4 2462. This elliptic curve has a unique subgroup
K defined over k in its 5-torsion. If (Up, U;) are the theta coordinates of level 2, a system of
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equations for this kernel is given by Uy = 1 and R(U;) = 0 where R(U;) = U} + 751U +
546U + 447U2 + 660U; + 339. We explain how to compute the level 2 theta null point of
B=A/K.

The polynomial R factorizes as R(U;) = (U1 +268)Q(U1)? where Q(Uy) = U+ 746U, +353.
The linear term corresponds to the U; coordinate of the theta null point of A, while the fact
that @ has multiplicity 2 comes from the fact that we are working on the Kummer variety
here associated to A (see §2).

We consider the algebra ¢ = k[U]/(Q), and we look at the formal point n = (1 : U). Let
7= (A, AU) be a potential compatible lift. An easy computation shows that 27 = A\*(980U +
906, 103U + 7) and 377 = A%(861U + 437, 572U + 129). We thus find that > = 126U + 129 =
(980U + 906) /(861U + 437) = (103U + 7)/(572U + 129).

Now from equation (3.2), we have (up to a common factor) that

02(0)05(0)= Y 0A(t)0A(t2) = > 0 (1)07 (2t)

t1,t2€ K teK
t1+2t2=0
—2t1+t2 0

=02(0 + Y 0o

te K\{0}

If we let W = 6;,(17)0;,(277), we have that 62(0)85(0) = 67(0)61(0) + 27(0) where T is the
polynomial defined in Lemma 6.5.

If i1 = iy = 0 then W = \3(980u + 906), T' = 380 and 95‘(0)95(0) =186.If i1 = 0,i2 =1
then W = A\>(103u + 7), T = 629U + 529 and 05(0)95(0) = 513.

The level 2 theta null point (186 : 513) corresponds to the elliptic B given by the Weierstrass
equation y? = 2% + 13322 + 875z. In this case we could have computed the isogeny by an
application of Vélu’s formulas, yielding a curve isomorphic to B. (The conversion between
theta and Weierstrass coordinates was done using [5].)

8. Constructing kernels over a number field

In this section we show how higher-dimensional analogs of the ¢-division polynomials can be
used to find equations of rational isotropic kernels over a number field. Let (A4,.%,0,) be
a polarized abelian variety of dimension g with a symmetric theta structure of level n even,
defined over a number field k. For simplicity we assume that n > 4 so the theta structure
yields an embedding of A into the projective space PZ("). Let £ be an integer prime to n. Let
1 be the generic point of A in theta coordinates.

By using the same method as in §5 we can formally compute ¢n (in time polynomial in
log(£)) and deduce equations for A[f] in the projective space PZ(™). As in §4 we can compute a
Groebner basis for a lexicographic order; up to a random change of basis the ‘shape lemma’ [3]
says that this Groebner basis contains a univariate polynomial ®, of degree ¢29 the zeros of
which parametrize the points of A[/].

The Groebner basis step is polynomial in the degree £29 of the variety and the size of the
generators of the ideal describing it (in our setting we have O(n9) equations of degree O(£2)),
so this step is also polynomial in ¢ (for more details see, for instance, [2, 20-22]). One way
to compute the Groebner basis for the GrevLex order is to compute the Macaulay matrix
up to the degree of regularity of the ideal and put it in row echelon form. Then one can use
the change of order algorithm from [13] to obtain the lexicographical Groebner basis. Over
a number field, the system describing the ¢-torsion will have coefficients of height O(log{),
and during the Groebner basis computation the size of the coefficients will go up to a height
polynomial in /.
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For practical computations, it is better to use the involution [—1] and work over the Kummer
variety, and to construct equations for A[¢] by writing them as (¢ + 1)y = —¢'y for the generic
point 7. Also, rather than constructing the Groebner basis directly over the number field, it
is more convenient to compute the reduced Groebner basis for the lexicographic ordering over
small primes p of good reduction and lift them through a CRT algorithm. As noted, over
each small field F,,, computing a Groebner basis for the lexicographic ordering will take a time
polynomial in ¢, and since the points of ¢-torsion have small heights (because their canonical
heights is zero), the coefficients of the ¢-division polynomial have a height polynomial in ¢, so
we only need to work over a polynomial number of finite fields.

We note, however, that computing a Groebner basis can be exponential in the number of
variables (for a dimension-zero homogeneous system). Since we have a number of variables
that are already exponential in the dimension, we see that we can only hope to carry out
such a computation for low-dimensional abelian varieties as in [14]. For an example of the
computation of a ¢-division polynomial in dimension 2, see also [16].

Now we can factorize the polynomial ®, (over a number field this is polynomial in its degree)
and look at rational factors of degree ¢9. These factors correspond to a rational subvariety
K C A[{] of degree ¢9. Now we need to check that K is a subgroup and is isotropic.

For this we will work with the formal couple (u1, o) from Definition 6.1. We can compute
p1 + p and —pg as in §5 and check that they satisfy the equations of K. To check that K
is isotropic, we need to formally compute the pairing between pq and ps. For this we use the
results of [23]: the Weil pairing can be computed by taking affine lifts of p1, p2 and pg + o and
using ScalarMult to compute the points uy, pg + £u1, Lz and 1 + fus. We get an element of
2 ®% which is equal to 1 when K is isotropic. This computation requires O(log ) operations
in .72 so it is polynomial in ¢, which concludes the proof.

9. Conclusion

In this paper we have presented an algorithm to compute isogenies between abelian varieties in
the arguably most general setting which takes advantage of the field of definition of the kernel
in order to improve the complexity. We note that the quasi-optimality announced in the title
is only for the case where £ is a sum of two squares. It would be very interesting to extend it
to encompass all cases. Another question is to handle the case where ¢ is not prime to 2n. The
problem here is that there may be several ways to descend a symmetric theta structure of .£*
along the isogeny defined by K, and it is not clear how to specify the choice of a symmetric
theta structure of level n on B = A/K via a set of equations.

A related question is how to improve the method of §8 to generate a rational maximal
isotropic kernel. An obvious way would be to use modular polynomials instead of the ¢-division
polynomials. Even given a modular polynomial, and a root of it giving an abelian variety B
that is f-isogenous to A, it is not clear how to recover equations for the kernel K of the isogeny
A — B. In the case of elliptic curves, one way is to look at the equation of the isogeny provided
by Vélu’s formula and to solve a differential additions [8]. We hope that Theorem 1.1 will help
to generalize this method to abelian varieties.
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