Ergod. Th. & Dynam. Sys., (2023), 43, 1382-1432 © The Author(s), 2022. Published by Cambridge 1382
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use,
distribution and reproduction, provided the original article is properly cited.

doi:10.1017/etds.2021.162

Decay of correlations for certain isometric
extensions of Anosov flows

SALMAN SIDDIQI

University of Michigan, Ann Arbor, MI 48109, USA
(e-mail: siddigis @umich.edu)

(Received 1 April 2020 and accepted in revised form 22 November 2021)

Abstract. We establish exponential decay of correlations of all orders for locally
G-accessible isometric extensions of transitive Anosov flows, under the assumption that
the strong stable and strong unstable distributions of the base Anosov flow are C!.
This is accomplished by translating accessibility properties of the extension into
local non-integrability estimates measured by infinitesimal transitivity groups used by
Dolgopyat, from which we obtain contraction properties for a class of ‘twisted” symbolic
transfer operators.
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1. Introduction

One of the strongest characteristics of chaotic behaviour in dynamical systems is the
exponential decay of correlations, or exponential mixing; in addition to being of intrinsic
interest, this is typically accompanied by other strong statistical properties for regular
observables. Naturally, there has been substantial interest in understanding and charac-
terizing the dynamical systems with this property.

Hyperbolicity and the joint structure of the strong stable and strong unstable foliations
are among the most well-understood mechanisms driving chaotic behaviour in both
discrete-time and continuous-time dynamical systems. For continuous-time systems in
particular, the extent to which these foliations fail to be integrable is known to be especially
important.

Unfortunately, even among Anosov flows, there is no complete characterization of those
which are exponentially mixing. There have been many significant advances, however, and
we note only a few results that are relevant to our main result: we refer the reader to [9, §1]
for an excellent narrative.

Perhaps the most notable result was due to Dolgopyat, who showed in [11] that
smooth Anosov flows with C! stable and unstable foliations were exponentially mixing,
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via a quantitative non-integrability estimate. Recently, [9]—following related work by
[3-5]—established exponential mixing for Anosov flows in the absence of any regularity
hypotheses on the unstable foliation.

Our attention will be restricted to the class of Anosov flows studied in [9, 11], which
are known to be exponentially mixing. We consider compact isometric extensions of these
flows, and give criteria for these extensions to be exponentially mixing. We prove the
following result.

THEOREM A. Let M, N and F be closed Riemannian manifolds, where w: M — N is

a fibre bundle with fibres isometric to F. Suppose that g;: N — N is a C>T€ transitive

Anosov flow preserving an equilibrium measure v with a Holder potential ¢: N — R.

Moreover, suppose that either:

(i) the strong stable and strong unstable foliations are C', and v has unstable
conditional measures v that are diametrically regular; or

(ii) the strong stable foliation is C It+e' for some € >0, and v is the g;-invariant
Riemannian volume.

Let G be a closed, connected, normal subgroup of the isometry group Isom(F) that acts
transitively on F, and equip F with the pushforward w of the normalized Haar measure
on G. Let fr: M — M be a G-extension of g;. If f; is locally G-accessible, then it enjoys
exponential decay of correlations of all orders for the invariant product measure v X .
(Here, the product measure v X w refers to the pushforward of the locally defined measure
V X w on trivialization charts, where the fibrewise measures are obviously compatible so
long as the trivializations are G-equivariant.)

In fact, the main portion of our argument, obtaining quantitative non-integrability
estimates for the extension in terms of the infinitesimal transitivity group described in
Definition 4.3, only requires that the strong stable distribution is C!. The additional
regularity hypotheses are merely required to obtain the necessary spectral bounds for the
symbolic transfer operator associated to the dynamical system on the base manifold. In
particular, (i) would allow us to invoke [11, Theorem 2], whereas (ii) would allow us to
instead invoke [9, Proposition 3.16].

Note that qualitative mixing in this context can be deduced quickly from very broad
theorems for partially hyperbolic systems; specifically, we note the general result of Burns
and Wilkinson in [8] that essentially accessible centre-bunched volume-preserving systems
are mixing of all orders. Quantitative results, on the other hand, seem to require a more
specialized approach.

Theorem A is analogous to a result of Dolgopyat, who showed in [12] that accessible
compact group extensions of discrete-time expanding dynamical systems are exponentially
mixing, and whose techniques we make heavy use of in our proof. Our approach follows
the strategy Winter used in [17] to establish exponential mixing for frame flows over convex
cocompact hyperbolic manifolds with Dolgopyat’s techniques. We begin by constructing
a symbolic model for the extension flow, establishing uniform local non-integrability
estimates for this symbolic model and using arguments employed by Dolgopyat in both
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[11, 12] to obtain bounds for the spectrum of certain ‘twisted’ transfer operators. Our main
technical result is the following bound.

THEOREM B. Fix notation as in Theorem A, and suppose that the potential ¢ is C'. Then
there are constants C > 0 and r < 1 so that we have

I1L2 @l 20y < Cllgllcrr”

forall ¢ € CY(U, VP), all non-trivial irreducible representations p of G, and anyz € C
with |[Re(z) — P(¢)| < 1.

The principal novelty here, and our main point of divergence with [17], is that we use the
local G-accessibility (see Definition 2.4) of the extension flow f; to obtain the necessary
local non-integrability estimates. As in [17], we measure the local non-integrability of the
extension using Dolgopyat’s infinitesimal transitivity group.

Although we rely heavily on the techniques used in [12], translating these into our
setting presents several difficulties. Most notably, the non-integrability of the strong stable
and unstable foliations of the base flow g; and the non-triviality of the fibre bundle
m: M — N require some additional care to properly deal with, though we are ultimately
able to adapt many of the same arguments.

One of the most striking applications of quantitative mixing results in this setting has
been the recent work of Kahn and Markovic, using the exponential mixing of frame flows
on hyperbolic manifolds in their resolution of the surface subgroup conjecture in [14]. In
the specific case of the frame flow, Theorem A can be stated more succinctly.

COROLLARY C. Let N be the unit tangent bundle of a closed C**¢ n-manifold of
quarter-pinched negative curvature equipped with an invariant Riemannian volume v,
and let M be the oriented full frame bundle over N equipped with the extension v X @
by the Haar measure on SO(n — 1). If the frame flow f; is locally accessible, then it enjoys
exponential decay of correlations of all orders.

2. Preliminaries

We fix some notation that we use throughout this paper: N will be a closed Riemannian
manifold equipped with a probability measure v and g,: N - N a C% Anosov
flow preserving v. Let M be a compact Riemannian fibre bundle 7: M — N whose
fibres 7 ~!(x) are each isometric to a fixed compact, Riemannian manifold F, and let
fi: M — M be an extension of g, satisfying m o f; = g, o w. We equip M with the
product measure 1 of v and a probability measure on F.

The motivating example for everything that follows is when N is the unit tangent
bundle for a closed n-manifold of quarter-pinched negative curvature, M is the oriented
orthonormal frame bundle, g; is the geodesic flow and f; is the frame flow. In this case,
we take v to be the Liouville measure on N, and u to be the local product of the Liouville
measure and the normalized Haar measure on SO(n — 1, R).

2.1. Dynamical preliminaries. Our goal is to show that, with appropriate hypotheses, f;
enjoys exponential decay of correlations or, equivalently, is exponentially mixing.
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Definition 2.1. A flow f; is said to be exponentially mixing of order k for C* functions if
there are constants C > 0 and r < 1 so that

‘/ oo (1o fy)----- ((Pkoftk)dv—</ (PidV) ----- (/ €0kd‘)>‘
M M M

< cr™i=hlgollce - - lloxll ce
for all g; € C*(M, C). Here, | - ||c= denotes the usual a-Holder norm
lp(x) — ()]
llgllce := sup lp(x)| + sup ——————
x x#y lx — vl

on the space C* (M, C) of a-Holder complex-valued functions.

Actually, we prove that there are constants C > 0 and r < so that

‘ / @o-(@rofy)- - (@ o fy) dv| < Cr™™ 1 - lgollce - - - - llxllce
M

for all ¢; € C*(M, C) with f y @i dv =0.1Itis an elementary exercise to show that this is
equivalent to Definition 2.1.

Although having some degree of regularity is critical, exponential mixing for Holder
functions and exponential mixing for more regular functions are typically equivalent by a
standard approximation argument. We provide a brief outline of the proof here.

LEMMA 2.1. Suppose f; is exponentially mixing of order k for C' functions. Then, f; is
exponentially mixing of order k for C* functions, for any o > 0.

Proof. We perform the argument in the case k = 1. The general case can be obtained by
repeating this inductively.

It is well known that, given ¢ € C*(M, C), we can find smooth approximations @, to ¢
with [}, ge du = 0 satisfying

—dim(M)—1

lge —@llco < €”ll@llce  and  lgellcr < € lellco

for any € > 0; a proof of this can be found, for instance, in [13, Lemma 2.4]. As f; is
exponentially mixing (at rate, say, ') for C! functions by hypothesis, we can write

‘/ ¢'(1/f0fz)dﬂ‘
M

<

/(p~(¢0fz)du—[ ¢€-<woff>du'+‘f v (W o f) du
M M M

=<

/M(W —¢e) - (o fi) du‘ +Crllgelcr ¥l e

< llg = @ellcoll¥llco + Crle MDD o1 o1yl o1
< e llgllce ¥ lico + Cre EmMMDTD o) oy o1
= (% 4 Cr'e @MDY g ca |y [l o1
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for any fixed r > 0. Note that the last line does not involve ¢, so we can simply set € = r¥’

with k = 1/2(dim(M) + 1). This leaves us with the inequality

. , )
< (UmODEDT L ot =20 gl ca |9 ]| 1

‘/ g-(ofi)du
M

<(1+0C) (rmin(l/Z,a(dim(M)+1)—1))t ”w”CO‘ ”'WHCI

and, noting that the base of the exponential term is at most 1, we see that f; is
exponentially mixing for any ¢ € C*(M) and ¥ € C'(M). Now, set D := C + 1 and
s = pmin(1/2e@dimM)+D)"" a0 d consider @, £ € C*(M). Once again, we can find a smooth
approximation & to & with [ u & du = 0 satisfying

s = &llco < €llgllce and [iEellcr < €= S0 o

for all ¢ > 0. By what we have just shown, we can now write
’/ ¢'(§'°fz)dﬂ’
M

<

fw(éofz)du—f ¢~(Seoﬁ)du‘+’/ w-(éeoft)du’
M M M

=

/M @-((E—=8&)o fr) du' + Ds'llgllce llgell ¢

< 1€ — &llcoll@llco + Ds'e DT g ca |[£]| o
< €||Ellcellgllce + Ds'eMIDTD 6 co &l ca

< (% 4 Ds'e”MMDTDY o) co 1€ | co

for any fixed ¢ > 0. Once again, we can set € = s with k = 1/2(dim(M) + 1), leaving
us with the bound

. —1 _
' / ¢-(&ofr) du' < (@ AmDFDTE 4 psts =2 lg] el | e
M

< (1 + D)(s™n(1/2a@mODDDy o) |1 | ca,

which is independent of €. Once again, we note that the base of the exponential term is at
most one and does not depend on ¢ or &, completing our proof. O

Henceforth, we restrict our focus to establishing exponential mixing for C! functions;
exponential mixing for Holder functions then follows by Lemma 2.1. Of course, whether
a system is exponentially mixing depends on the measure under consideration: we are
interested in equilibrium measures for Holder potentials.

Definition 2.2. For a continuous function ¢: N — R, we call a measure v an equilibrium
state for g; with potential ¢ if v maximizes

/ ¢ dv+hy(g1)
N

among all g,-invariant probability measures on N. To emphasize the potential, we write v
for the equilibrium state corresponding to ¢ when it exists and is unique.

https://doi.org/10.1017/etds.2021.162 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.162

Decay of correlations for certain isometric extensions of Anosov flows 1387

Of particular importance to us is the fact that equilibrium states admit a local product
structure with respect to the strong stable and unstable foliations, and that they are invariant
under the appropriate transfer operators; we expand on both of these properties in due
course.

When g; is an Anosov flow on a compact manifold, it is a classical result of Bowen and
Ruelle [7] that equilibrium states for Holder potentials exist and are unique. Of course,
the measure of maximal entropy is always an equilibrium state for the trivial potential
¢ = 0. In the case of the geodesic flow in negative curvature, the Liouville measure is the
equilibrium state for the geometric potential

d
slx) = T (log lldgsIwx )
Ii=0

=
on the unit tangent bundle.
We are interested in extensions of Anosov flows that act fibrewise by isometries.

Throughout, we assume that g; is a C>T¢ flow whose strong stable and unstable
distributions are C!, so that the results of [11] apply.

Definition 2.3. We call a smooth flow f;: (M, u) — (M, n) on a closed Riemannian
manifold M a G-extension of g;: (N,v) — (N,v)if7: M — N is a smooth fibre bundle
where:

e the fibres 7! (x), with the induced metric, are all isometric to a closed Riemannian
manifold F;

e Gis aclosed, connected normal subgroup of the isometry group Isom(F');

e G acts transitively on F and has no proper transitive normal subgroups;

e mo f;=gom;

e there is an atlas of trivializations of 7 : M — N for which all transition functions lie
in G;

e with respect to these trivializations, the isometries of F induced by the flow f; all lie
in G;

e f; preserves a measure w satisfying () = v; and
the fibrewise disintegration of u along the fibres of 7: M — N is the pushforward of
the normalized Haar measure on G to each fibre.

The primary driver of exponential mixing in our case will be a stronger variant of local
accessibility.

Definition 2.4. Let f;: M — M be a G-extension of g;: N — N. We call f; locally
G-accessible if, for every € > 0, any trivialization ¢: 7~ (Bc(x)) = Bc(x) x F defined

near x € N and any isometry & € G, there is a sequence of points xg, ..., xy € N for
which:

® X0 =Xf=xX;

® X0,...,Xr € Bc(x);

e we either have x;1| € Wéfl” (xj) or xj4] € ngs (x;) for each i; and

https://doi.org/10.1017/etds.2021.162 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.162

1388 S. Siddiqi

e we have h = h,? 0. oh(l), where hf“: F — F is given (via ¢) by the isometry
7' (x;) = 7' (xi41) induced by leaves of the strong stable or strong unstable
foliation of f;.

2.2. Symbolic dynamics. In this section, we build a discrete, symbolic model for f;: we
follow [17], and accomplish this by artificially extending a standard Markov partition for
the base flow. The results of [6, 16] on the existence of Markov partitions for hyperbolic
dynamical systems are classical and well-understood; as such, we recall some of the
important points but refrain from delving into the details.

THEOREM 2.2. (Bowen and Ratner) If g; is Anosov, then g; has a Markov partition of size
€ for any sufficiently small € > 0.

Specifically, Bowen and Ratner constructed a Markov partition by taking local strong
stable and unstable segments and forming a Markov rectangle.

Definition 2.5. Given x € N and ¢ > 0, consider the local strong and weak stable and
unstable manifolds of size € through x given by

W (x) := (WP () N Be(x))°, W (x) := (W’ (x) N Be(x))°,
W (x) := (W (x) N Be(x))°, W (x) := (W"*(x) N Be(x))°,

where in each case we have taken the connected component through x. For u € W*(x)
and s € W}*(x), we define the bracket of u and s to be the point of intersection

[u, s]= WS () N W2r(s),

which is necessarily unique when € > 0 is sufficiently small. We define the Markov
rectangle [W3" (x), WE*(x)] to be the set

[We" (x), W ()] := {[u, s | u € W(x) and s € W* (x)},
assuming € > 0 is sufficiently small.

For now, fix € > 0 chosen to be small enough that a Markov partition exists; we will
likely need to adjust our choice of € as we proceed. We let R = {Rj, . . ., Rx} be a Markov
partition of size € for g;, where each rectangle R; := [U;, S;] is generated by local strong
stable and unstable manifolds S; := W}*(z;) and U; := W}"(z;) through points z; € N.
SetR:=JR;,U:=U;and S :=J S;.

Remark 2.3. As we assumed that the strong stable and unstable foliations for g; were C 1,
each R; is naturally an open C' submanifold of N. It is important to note that both the
Poincaré return map # and the return time map t defined previously are the restrictions of
locally C! functions on R, but both of these functions are discontinuous at points whose
image would lie on the boundary of a Markov rectangle.

To fix this, we remove any point of discontinuity for any iterate #"* and 7, and replace
R with the corresponding full-measure residual subset R*. Note that  and 7 are both
well defined on R*, though we continue to reference R, U and S to make use of their C 1
structure.
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A more extensive discussion of this can be found in [ 10, pp. 380-382]. We write (X, P)
for the Markov shift corresponding to the partition R of (N, g;).

Definition 2.6. The suspension of (X, %) with roof function 7 is the flow g;: X x
R/ ~— £ x R/ ~ defined by g/(x, s) = (x, s + t), where we have declared (x, T(x)) ~
(P(x), 0).

Theorem 2.2 states exactly that the natural inclusion of R into N induces a
Hélder-continuous semi-conjugacy between g, and g;: this is precisely the result we
wish to extend to f;.

Fix a finite cover {V;} that trivializes the fibre bundle 7 : M — N, with isometries
¢i: 1N (V;)) > Vi x F. At this point, we may need to revisit our choice of €: let us
assume that we have taken € to be smaller than the Lebesgue number of the cover
{Vi}. By definition, this means that each R; lies entirely in some Vj(;y and, hence, ¢x(;)
induces an isometry 7~ (R i) = R; x F. We can put these together to form an isometry
¢: 71 " (R) > R x F.

It is worth noting that we have considerable freedom in our choice of isometries ¢;, and
this is something we want to exploit to simplify our arguments in §4. As the centre-stable
foliation of f; is C!, we can modify a given ¢; so that it is constant along the (local)
leaves of this foliation. Specifically, we assume that the projection of each ¢; : 7~ (V;) —
Vi x F onto F is constant on each connected component (W]Scl” (x) N~ (V;))° for each
x eV.

We realize f; as a suspension flow on £ x F with roof function 7. To do this, we need
information on the fibrewise action of g;.

Definition 2.7. For x € Rj N R* with P(x) € Rj,, we define the temporal holonomy
Hol(x) at x to be the isometry between ¢y jl)(n_l(x)) and ¢y j2>(n_1(¢’(x))) induced
by f;. This defines a function Hol: R* — G.

We often write Hol ™ (x) for Hol(#"~!(x)) o - - - o Hol(x). Note that function compo-
sition is the multiplication operation in G.

Given the temporal holonomy function Hol: R* — G, we can, of course, recover f;
as a suspension flow on (X x F, P x Hol) with roof function t. However, we push this a
step further.

We can define a projection along the leaves of the strong stable foliation projg: R — U
by setting projg([u, s]) = u. This allows us to construct a uniformly expanding model U
for g;, where the Poincaré return map : R* — R* descendstoamapo: U* — U* given
by o := projg of.

Remark 2.4. By construction, the return time map t and the temporal holonomy function
Hol are both constant along the leaves of the strong stable foliation of g, and, hence,
descend to functions t: U — R and Hol: U — G.

Set Uy :==U* x R/~ and U po := U* x R x F/~, where we declare (u, (u)) ~
(P(u),0) and (u, t(u), k) ~ (Pu), 0, (Hol(u))(k)), respectively. We write f/ for the
suspension flow f/(u, s, k) = (u, s +t, k) on U Hol. It is not too difficult to show that
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the exponential mixing of f; is equivalent to exponential mixing for f;, though we must
first fix a measure on U; yo to make sense of this.

Remark 2.5. As v is an equilibrium state for a Holder potential ¢, there are measures
v? and v}’ on each of the strong stable and unstable segments S; and U; so that v is
absolutely continuous with respect to the product v x v} x dt. Moreover, these measures
can be chosen so that the Radon—Nikodym derivative of v with respect to the product
v X v} x dt is uniformly bounded above by a constant K > 1 and below by K -1,
We write v* and v* for the corresponding measures on U and S, respectively, and suppose
that they have been normalized so that vy (U) = vg(S) = 1.

Remark 2.6. Up to replacing ¢ with a cohomologous function on (X, ), we can assume
that ¢ is the extension of a Holder potential ¢V on U. As a consequence, we may as well
assume that v* is, in fact, an equilibrium state for a Holder potential ¢>U on (U, o).

These are classical results in thermodynamic formalism: we refer the reader to [15]
and [18, pp. 87-91], respectively, for more details. We require, in addition, the conditional
measure v to have a doubling property later on, in order to control the spectrum of our
transfer operators using Dolgopyat’s methods.

Definition 2.8. We say that a measure v* has the doubling or Federer property, or is
diametrically regular, if for any k > 1 there is a uniform constant C > 0 so that

V*(Bier (x)) < Cv*(Br(x))

forallx € U andr > 0.

It is important to note that U, go1 has no natural smooth structure, and U* may well have
infinitely many connected components. However, we understand C 1(UT’Hol, C) to mean
the class of functions on Uy o, identified as a quotient of U* x R x F/~, that arise as
the restriction of a smooth functionon U x R x F. It is easy to see that the symbolic flow
f7 leaves invariant C! (Uz Hol, C) defined in this way.

With the following lemma, we restrict ourselves to establishing exponential mixing for
the suspension flow f; on the expanding model Uz gol.

LEMMA 2.7. If f] is exponentially mixing of order k for functions in C ! (Uzr Hol, C), then
fi is exponentially mixing of order k for functions in C'(M, C).

Proof. Once again, we perform the argument in the case k = 1. The general case can
be obtained by repeating this inductively. Given ¢, € C'(M, C) with /, yedu=
/, u¥du=0 and a fixed k € F, we consider corresponding functions ¢, ¥ €
C!'(Ur o1, C) given by
@r(u, h,r) :=/w(fz+r(¢_l([u,S],h(k)))) dv,
s

Yi(u, h,r) i=/5lﬁ(fz+r(¢>_l([u,S],h(k)))) dv’,
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for each 7. Let Cog’ be the rate of contraction of S under g;. As ¢ is C!,

|0 (firr @~ (L, 51, h(K))) — o(figr (@™ ([, 50), h(K)))| < Cog'll@ll

for any 59 € S. Of course, this yields

‘[9¢(ft+r(¢_l([u:5]ah(k))) dvs—/S<ﬂ(fr+r(¢_1([u,So],h(k))) dv’

< Coq'll@lic1v’ (S)
after simply integrating both sides with respect to s. This can be rewritten as
’ fs O ferr @ (L, 51 h (kD) AV = @(frar (@ (L 501, h(K))) - vS(S>’

< Coq'llellc1v* (S)

because s is fixed. We then see quickly that the difference in the integrals

f ( / @ (frir (0~ ([u, 51, h(K)))) de(s>>
Uz Hol S

( /S U (fr (@ (u, 51, h(K)))) de(s’>) dw dr dv" @2.1)
and

V' (S) / / 9 (firr (@~ ([, 50], h(K))))
Ur,H(yl N

Y@ (w8, h(K))) dV' (s)) doo dr dv" 2.2

is at most C1¢"[|¢||c1 1Y [l co. But now, the same argument shows that

@ (frar @ (w501, h(K)))) - ¥ (fr (@~ ([u, 5", h(K))))

and
O(frar @ ([, '), RGD)) - ¥ (@7 ([, '], h(K))))
must be within C2¢" @]l 111 || co of each other. Hence,

vS(S)/ /<p(fz+r(¢_1([u,S’],h(k))))
Ur,Hol S
A (fr (@ (u, 5’1, h(k)))dV* (s") dew dr dv*

is within C3g’ ||¢|l o1 1 [l co of (2.2). From the local product structure of v, we see that this
is within a constant multiplicative factor of K of the integral

/M (fi(x) - ¥ (x) du (2.3)

for any ¢ and . To conclude, we simply observe that if [,, ¢ diu = [;, ¥ di = 0, then
we must have

/ @ (u, h,r)dowdr dv" =/ Y(u, h,r)do dr dv* =0
Uz Hol Uz Hol
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for any ¢ € R. Moreover, the regularity of ¢; and ¥, is determined by the regularity of the
bracket operation [, -]: because we assumed that the foliations were C ! we see that ¢; and
¥, must also be C'. Hence, if f/ is exponentially mixing for functions in C 1(Ut,H01, ©),
(2.1) must decay exponentially in ¢, from which we conclude that (2.3) must also decay
exponentially. O

2.3. Representation theory. In this section, we recall some classical results from
the representation theory and harmonic analysis of compact Lie groups; our primary
references are [2, 19].

Following [17, §3.6], our strategy is to decompose functions on U po] into components
corresponding to irreducible representations of G. A function ¢ € C! (Uz Hol» C) can be
viewed as a C! function ¢: Uy — L%(G) by setting ¢ (u, r) := ¢ (u, -, r).

As G is a compact, connected Lie group, we can decompose @(u, r) € L*(G) into
isotypic components corresponding to irreducible representations of G: this is, of course,
the classical Peter—Weyl theorem.

THEOREM 2.8. (Peter—-Weyl) If G is a compact, connected Lie group, then there is a
decomposition

LX(G) = P ame,
P

where the sum is taken over pairwise non-isomorphic irreducible representations of G, and
the (VP)&® dim p associated with non-isomorphic irreducible representations are pairwise
orthogonal with respect to the standard inner product on L*(G).

We fix such a decomposition and write @(u, r) =Y » @7 (u, r) for the decomposition
of ¢(u, r) obtained by projecting onto each (V)@ dim p. Abusing notation, we use ¢
to refer interchangeably to a function U; — L2(G) or to the function U; go1 — C; there
should be little ambiguity in either case.

For our later analysis, it is helpful to consider the derived representation dp of the Lie
algebra g of G acting on L%(G), induced by the representation p of G on L%(G): see
[2, §2.5.1] for details. We always assume that we have a fixed Ad-invariant norm || - ||
on g.

Definition 2.9. Given an irreducible representation p: G — GL(V?) of G (where we
view V? C L*(G)), we define the norm || p|| of p to be the supremum

ol :="sup lldo(X)|l12()

1Xllg=1
where [|dp(X)ll12(g) is the operator norm of dp (X) viewed as an automorphism of L%(G).
It is a classical fact that || p|| is finite, and can be bounded in terms of the highest weight

associated with p. In the following propositions, let |A| denote the norm of a weight A
arising from a fixed adg-invariant inner product (-, -) on the Lie algebra g.
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PROPOSITION 2.9. Let p be a non-trivial irreducible representation, and let L(p) be its
highest weight. There are uniform constants C > 0 and m > 0 so that

el < Cla(o)I™.

Proof. See [2, Theorem 3.4.1]; note that the Hilbert—Schmidt norm is an upper bound for
the operator norm. O

We also require some particular results on the growth rate of ||p||.

PROPOSITION 2.10. There is a constant N > 0 so that the sum Zp lpll~" taken over
non-trivial irreducible representations p of G converges for any n > N.

Proof. By Proposition 2.9, we can bound
Yol =Y e,
o o

which, by [2, Theorem 3.2.1], converges so long as m/n exceeds the rank of G. O]

More generally, we can obtain decay estimates for the Fourier coefficients ¢” associated
with irreducible representations p.

THEOREM 2.11. For every n > dim(G) /4, there is a C > 0 so that

lol“* le” 26y = Cllelen
for all non-trivial irreducible representations p of G and all ¢ € C*" (U, L*(G)).
Proof. By [19, equations (1.5) and (1.11)], we have the inequality

)P N0 26y < llgllex
for any ¢ € C2k(U,, LZ(G)) and 2k > dim(G)/2. By Proposition 2.9, we therefore have

oI/ ™ 191l 126y < C**/™ gl ok

for some uniform m > 0, from which the theorem follows. O]
3. Twisted transfer operators
In this section, we define Dolgopyat’s ‘twisted’ transfer operators, and show how the
spectral bounds we intend to obtain for these operators lead to correlation decay estimates
for the expanding suspension semi-flow f; constructed in the previous section.

Recall that we can view a smooth function ¥ € C I(UT,Hol, C) as a function ¢ €
C! Uz, LZ(G)). We can integrate out the time variable to obtain

5 T(u)
¥ (u) :=/ V(u,r)dr
0
in C'(U, L%(G)); this is the space on which we would like to define our operators. The

advantages of working with smooth (as opposed to Holder) functions will become clear
in §5, but we need to assume that ¢ is C! for most of our arguments. We explain how to
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modify our proof to deal with the general case where ¢ is Holder in Corollary 5.8, using a
standard approximation argument.

Let p be an irreducible representation of G acting on an isotypic component V* C
L%(G), and fix z € C. We define the transfer operator .Z:z,p ¢, vry = cl(U, vP)by

Lep@)@) =Y e (p(Hol)) - o)),

ow)=u

where ¢, is the potential on the one-sided Markov model (X1, o) obtained as the
restriction of the potential

T(u)
/ (g‘Op)(u,s,t)dt—z-T(u,S)
0

defined on (X, ). Note that ¢, is well-defined in light of Remark 2.6, where we assumed
that both & and 7 are constant in s. It is also worth remarking that both T and p are C!,
because we assumed that the strong stable and unstable foliations of g, were C!. As a
consequence, ¢, and, hence, ZZ, 0@ are both C!, because we have restricted ourselves to
the case where ¢ is smooth.

Let us recall some classical results of thermodynamic formalism; for a slightly more
detailed treatment, we refer the reader to [18, pp. 87-91]. Let P(s) be the topological
pressure of ¢ for the map g;. By the Ruelle-Perron—-Frobenius theorem, the operator
L P(c),0 associated with the trivial representation p = 0 has a unique positive eigenvector
@c € Ccl(U, R) with eigenvalue e” (¢,

Recall that v* is an equilibrium measure for the restriction of the potential ¢ to (X7, o),
which by construction has the same topological pressure P(¢). By the Lanford—Ruelle
variational principle, this means that

ep(g)f o dv" =/ Frirop dv"
U U

forall ¢ € C1(U, V). It will be convenient to normalize L P(c),09 so that it preserves the
measure v": let L, , be the operator defined by

Zople - 0= D@
(Lep0)0) 1= pe "5

forallp € CL(U, VP).
Remark 3.1. 'With these renormalizations, we have
/ (pdv“ :/ LP(g),Oﬂ" dUu
U U
forall 9 € C1L(U, R).

We can alternatively write

(Lepp)@) = Y e (p(Holw) - o),

o )=u
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where we set
T(u)
az(u) == / (cop)u,s,t)ydt —z-t(u,s)
0

— log(¢g (1)) + log(¢g (0 (u))) —log P(s)

for all u € U: note that the positivity of ¢ is required to ensure that log(¢. (1)) is
well-defined. It will be helpful to have a similar formulation for the iterates

L= W pHID W) - ),

o (u')=u

with
r(")(u)
ol () = / (cop)u,s,t)dt
0

— 27" (u, 5) —log(pl" (1)) + log(p (o (u))) — n log P(s)

for all u € U. Here, we write

n—1
o) =[] ¢c(s' )
i=0

for the nth ergodic product along o.
Our overarching goal is to establish spectral bounds for these operators; in §5, we
ultimately prove the following theorem.

THEOREM 3.2. There are constants C > 0 and r < 1 so that

1£2 @l 20y < Cll@llcrr”

for all ¢ € CY(U, V?), all non-trivial irreducible representations p of G, and any z € C
with |Re(z) — P(¢)| < 1.

The remainder of this section is devoted to showing how we obtain Theorem A from
Theorem 3.2.
Given ¢y, . . ., ¢ € C'(Urol, ©) with [, ¢; dv" do dr =0, let

T(u) k
o= [ [ [ (Tlowhr ) dodr avt
v Jo G Pl

be the kth correlation function Py : R’i — R. To show that B; decays exponentially
in f1, ..., %, we show that the integral defining its Laplace transform B &1, ..., &)
converges absolutely for some fixed values of &1, . . ., &. The following lemma expresses
the Laplace transform in terms of the transfer operators we have just defined, the proof of
which consists almost entirely of elementary integral manipulations.

We are somewhat cavalier in interchanging sums and integrals, though this is eventually
justified as the final expression we obtain is absolutely convergent.

LEMMA 3.3. Given gy, . .., ¢k eCl(UT,Hol, C) as previously with ‘fUr oy P dvtdwdr =
0, we can bound the Laplace transform of the kth-order correlation by

https://doi.org/10.1017/etds.2021.162 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.162

1396 S. Siddiqi

k
B, ... 80 <) Z / <L§‘*‘,§{5+g|¢o,_gl><u>(ﬂ||¢)I-,si||co) dv
i=1

P nyp,..ng

forRe(&), . .., Re(&) < 0. Here, we use §; g, to denote the function

T(u)
by = [ e s
0

and ﬁk to denote the Laplace transform

n x o

B, ..., &) = / S / B, ..., e G HEID gy

0 0

for& e R.

Proof. By definition, the Laplace transform ,3k (&1, ..., &) of Br(ty, . . ., tg) is given by

T(u)
/ / f/ /fpo(u,h,r)
max (0,7 (u)—t;)

' (1_[ oi(u, h,r +1t)e” é”’) dodr dv' dn --- diy 3.1
i=1

for &1, ..., & € C. As the systems of inequalities

0<r<t(u 0<r<t(u
t(u)—ti<r and t(u) <r+t
0<t 0<y

are obviously equivalent, we can rewrite (3.1) as

T(u) 00 [e'e)
(L]
UJG JO T(u) T(u)

k
: <1_[ (pi(“’ h7 ti)e_gi([i_r)> dtl st d[k dr d(,() qu
i=1

by reparametrizing the domain of integration. Let us focus on the k innermost integrals

over t1, . . . , tx, which can be broken up into a sum of integrals
(e%e] t(”l'H)(u) T('lk+1)(u) k
> o] oot b, r)( [T et ti)e—%‘i(n—r)) dn - d
nyong=1 (nl)(u) r(”k)(u) i

over intervals of the form [t (), TtV (4)]. Of course, we can rewrite this as

o]

(0"t ) pr(c™k W)
Y W
. 0 0

1_[ @i(u, h, t; + T(ni)(u))e_gi(ti_r‘f‘f(’li)(”)))i| dty - - dig
i=1

—
Il ~
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by changing variables, replacing #; with #; + %) (). We can rewrite the integrand here as
k
polu, b, r>( [ #i " @), Mol @)~ o, tf>e‘§"(”'"+’w"”> (3:2)

i=1
using the identifications we made in constructing U; po1. Evaluating the integral of (3.2)
with respect to #1 through #; over the intervals [0, t(o"!(«))] through [0, T (" (u))] then
yields

k
g0, h, r)eé ( [T ¢ (0" @), HI™ @)~ o h)e‘éi’("i)(")), (33)
k i=1

where we set £ := Zé,-. Similarly, evaluating the integral of (3.3) with respect to r on
[0, T(u)] yields i=1
k
o (u, h>< [] %" @), HI™ @)~ o h)e‘s”("”("v
i=1
and so (3.1) becomes

oo k

)3 [ f Go.¢ (u, ’”( [ 1. (0" ), (HOL™ ()~ o h)e‘g”w)) do V!
U JG N

=1 i=1

3.4)

ni,.

after interchanging the order of integration and summation.
As o is bi-invariant, we can replace & with (Hol ™ "/) (1)) o h. Of course, we have the
identity (Hol " (1)) =1 o Hol™3 ™)) (35) = Hol " =M 1)) (i (44)), and (3.4) becomes

> / / [@0,_g(u,Hol(maX"f)(u)oh)
UJG

ni,...np=1

k
' < l_[ Gi g, (0™ (u), Hol M= maxni) ) o h)e‘git(ni)(“)>} dw dv*

i=1

with this change of variables. This is equivalent to

2 f f [ﬁf’O»—s(u,Hol(“m"ﬂ(u)oh)
G JU

ni,...,ng=1

k
| ( [ 6 (o™ @), Hol =m0 ) o h)e‘g"f(ni)(")ﬂ e
i=1

by simply reversing the order of integration. Applying Lp () to the integrand a total of
max n; times yields

> [@0,50/, Hol ™) (u') o r)
Umax nj (u’):u
k ax n:
)¢t (max nj) ,
| (l_[ Drg, (0™ (), Hol =1, 1y 6 =67 ))e% ’ )]

i=1
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for any given values of ny, ..., n; € N. Now, observe that e ReET" @) g at most

(max n ; )
e ReEITW) 6 Jong as each Re(é,) is negative. Hence, we can bound the magnitude
of the integrand from above by

k
(max n ; 2
Z \Go,—e (. Hol™ax 1) (") o h)|<l—[ i, ”C0>6—Re(5)z P )+01P( ) 7y

oM (')=u i=1

using the triangle inequality. Rearranging this expression, we see that the magnitude of the
integrand is bounded above by

k
( [116 ||co)
i=1

(maxn ;) ax n ) /
QD S uier “). 33

e (u)=u

which is reminiscent of the expression defining the transfer operator. To make this
concrete, recall that we have an L%(G)-invariant decomposition of the function @o ¢ €
CL(U, L*(G)) in terms of its isotypic components

G- (', Hol ™™™ ') o ) = D | ¢ (', Hol ™"y o ),

where the sum is taken over irreducible representations p of G, including the trivial
representation. Once again, by the triangle inequality, we can bound (3.5) above by

k
(1'[ ||¢>l-,g,.||co)

i=1

( Z Z 186, _¢ (', Hol ™ ") (') o h)le_gr(max ", (“')>

o max W=u

. . max 7 . N .
where we quickly recognize the transfer operator £ 0.P(c)+Re(®) applied to |‘Po,_g |, noting,
of course, that

190 (', Hol ™" (') o )| = |p(Hol™ ") (') - 6§ _, (', )]
for each p. Putting this back together, we see that (3.1) is bounded above by

k
> Z f / (LZ‘?(';§+RC@|¢£,_E|)<»¢,h)(]‘[ 19 ¢ ||co) de dv"

P ni,..., i=1
in magnitude, as desired. O

We now simply use the bounds in Theorem 3.2 to conclude that the Laplace transform
B in Lemma 3.3 converges.
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THEOREM 3.4. With conditions as above, there are uniform constants C > 0 and r < 1
so that

k
‘/ (pO(u,h»r)(l_[(ﬂi(u,h,r-i-ti)) dUu da)dr
Ur,Hnl

i=1

< ™™ ilgolicr - gkl

forall gy, . . ., ¢ € CH(Uyr Hol» C) with fu, @i AV dw dr = 0.
Proof. We assume that Theorem 3.2 holds, and so we have

||£’Z1,p(ﬂ||L2(uu) < Cllglcr" (3.6)

for all non-trivial irreducible p, all ¢ € C!(U, V?) and for each z € C with |Re(z) —
P(¢)| < 1. Up to choosing larger values of C and r, we can also assume that the same
inequality holds when p is trivial: this is precisely the main result of either [11, Theorem 2]
or [9, Proposition 3.16], depending on the regularity hypothesis we are using in Theorem A.

We show that the expression bounding B(&1, ..., &) in Lemma 3.3 converges when-
ever the real parts of & simultaneously lie in the interval —1/k < Re(§;) < 0. The decay
desired follows immediately from applying the inverse Laplace transform with the specific
bounds we obtain.

Fix &1, ..., & with —1/k < Re(&;) < 0. As before, we consider the function

T(u)
Pig (u, h) = f @i (u, h, e 5" di;
0

and decompose @ ¢ into its isotypic components
N _ ~p
$0,-& = Z (p()’_&-s
P

where & = &1 + - - - + & as before, noting that the decomposition of L?(G) into irre-
ducible subspaces commutes with the Laplace transform. By (3.6), whenever —(1/k) <
Re(&;) < 0, we have

max 7 max 7 N
//(LPP@HRe@W’o gD 1) do dv® < (L, p o) yrece) 190Dl 220
maxn_/

< Cllgg_gllcrr

for each p. Combining this with Lemma 3.3, we are reduced to ensuring that

> Z cn% el ( H i ||co>
oo
<D katlclgg ||c1r"( H 614, ||co> 3.7)
i=1

P n=l1

converges. Although this appears promising, note that we can only bound

196 _llct < Dlipll(sup 194 o (s i z26))
uelU
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for some constant D > 0. To salvage this, we assume for the moment that we have chosen
@ e C 2N /(UT,Hol, R) for a sufficiently large N’ > 0 so that we can invoke Theorem 2.11
to bound

D'\ @o,— (u, )l o
oIV

pointwise with a fixed constant D’ > 0, where N > 0 is the constant guaranteed by
Proposition 2.10. With this, it is clear that the expression on the right-hand side of (3.7)
converges absolutely, which says immediately that B; must decay exponentially fast in
1, ..., t; this is almost what we wanted to show, but we need an explicit bound on ﬁk to
obtain uniform estimates with the desired constants.

Integrating the defining expression for ¢; ¢ (u, 1) by parts, we have

10118§_e e, Y26y <

. Ne—Eiti ) T(u)
R I A f ( : it
Pigu,h) = ———|  + - — @i (u, b, t;) e 5 dy;
" =& 0 & Jo " ' l
for each u and . Assuming that we choose ¢; € C 2(Ur,Hol, R), we can crudely bound
. D" |lgillc2
1figllor < ————

— 14 [Im(§)]

for some constant D" that depends only on ||T||~1; note that it is essential here that Re(&;)
is confined to a bounded interval. We can similarly bound

. D"llgoll cvr+:
— 4 < 1 T e
90— llen = 1+ [Im(&)|

by choosing a larger value for D” if necessary. Putting this all together, we have

) C’||(po||CN/+1< £ il )
Bers g0l = T o 11 vy

forall § € Cwith —1/k < Re(§;) < 0. Now, we simply take the inverse Laplace transform
in the variables &; through & in succession to obtain

[Br(t1, . . ., te)l

Re(&)t++Re(E)n oo 00 k )
e 0 /
- : / / l@oll o1 (1—[ ||§0z||C2>dsl . dsk.
(2m) 0 —oo LA sy 4+ skl 1+ |si]

i=1

where s; is to be interpreted as the imaginary part of &;. To complete our decay estimate,
we simply need to show that the integral

/ / (l_[ >dsl...dSk
—o0 oo LA Is1 4+ -+ ¢l 1+ |si]

i=1

converges. Once the convergence of this integral has been established, we will have shown
that

k
1B, - 1] < Cr™™ Y llgoll onrsn ( I1 ||§0i||c2>

i=1
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for all g9 € CN "+l (Urnol, R)and ¢; € C 2(UT,Hol, R). An identical argument to that given
in Lemma 2.1 extends this to C! functions, using [13, Lemma 2.4] once again. O

We now indicate how to establish the convergence of the integral encountered in the
preceding proof.

LEMMA 3.5. The integral

00 00 1 k 1
[ / ( )ds1...dsk
—00 —oo LA st + -+ sl - 1+ |si

i=1

converges.

Proof. We show, in fact, that the function defined by the integral

o 1 1
S0 = /700 (1 + |x + ypOs—e (1 + Iyl) @ G

decays at a rate of

C
[f()] < W

for all sufficiently small € > 0; the statement of the lemma follows immediately by
direct successive integration. We work in the case when x > 0, and split the domain of
integration in (3.8) into regions where x + y, y < 0, where x +y > 0 but y < 0 and
where x 4+ y, y > 0. In the first case, where x + y and y are both negative, we evaluate

= 1 1
f_oo (1= (x +y)0-e (1 - Y> &

for a fixed x > 0. One can verify that the antiderivative of this expression is given by

(1= + /0=y F1(0.5-€,05 - 1.5 —e;x/(1 = y))
(0.5 —€)(1 — (x + y))05—¢
where > Fy (-, -; -; -) is the principal branch of the analytic continuation of the Gaussian
hypergeometric function. Hence, the integral evaluates to

/—x | ( 1 )d 2F(05—€,05—€1.5— € x/(1+x)
oo U= (A yn05e\1=y) DT (05— e)(1 +x)05¢

which can be bounded above by C/(1 + x)?>~¢ for an appropriate choice of constant
C > 0, because by [1, 15.1.1] the defining series for > F1(a, b; c; z) converges on the unit
disc in the complex plane when ¢ — (a + b) > 0. Similarly, on the region where x 4 y is
positive and y is negative, we evaluate

s

()
O a1y @

_ ((1 + x+ NG F05+6, 13154614+ x4+ y)/Q2+ x))
- 05+e)2+x)

y=0

y=—x
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1+ 1) F (05 +¢€,1;1.54 ¢, (1 +x)/Q2 +x))
- 05+6)2+x)
2F1(05+¢€, 151546, 1/24x))
B 0.5+6)(2+x)
which can once again be bounded above by C/(1 4 x)%3~¢ for the same reasons, though

with a possibly larger choice of C > 0. Finally, when both x + y and y are positive, we
evaluate

o0 1 1
/0 (L+ (x + y))05< (1 +y> 4

_ (((1 +(x+y)/A+ ) F(05—€,05—€;1.5—€; —x/(1 + y)))

bl

y=00

0.5 =)0+ (x + )5
2F1(05—€,05—€;15—¢€;—x)
05—¢€

and we simply need to understand the asymptotics of , F1(0.5 —€,0.5 —€; 1.5 — €; —x)
as x — oo. By [1, 15.3.1], we have an integral representation given by

['(1.5—¢) 1 1

FO05—Or) Jy 057e(1 1 1x)o5—< ¢!
(3.9)

y=0

2 F1(05—€,05—¢€;15—€; —x) =

for x > 1. Setting u = 7x, we can rewrite

1
1
‘/(‘) t0‘5+6(1 + tx)O.S—e dl

1 * 1
T 05 Jy uOSFe(1 4 u)05—e du

1 ! 1 J x 1 J
T 05—\ Jy wWOSFe(l 4 u)05—€ U+ L uOSte(] 4 wy0s— M)

at which point we note that the expression in parentheses can be bounded above by
C(1 +log x). Hence, (3.9) can be bounded above by C/(1 + x)9372¢ with a possibly
larger choice of C, as desired. The proof in the case when x < 0 is identical. O

4. Uniform local non-integrability estimates
In this section, we use the local accessibility of f; to establish the uniform local
non-integrability estimates necessary to prove Theorem 3.2, drawing on techniques
introduced by Dolgopyat in [12] for group extensions of expanding maps. These arguments
require some additional care to adapt to our setting, the principal difficulty being the
non-triviality of the fibre bundle 7 : M — N which requires us to choose trivializations to
construct the infinitesimal transitivity group as in [12].

We want to translate the local accessibility of f; into an infinitesimal statement on the
Markov model we constructed in §2; we accomplish this in two main steps. The first step is
to define a subalgebra of the Lie algebra g of G that measures the ‘non-integrability’ of the
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fibre bundle over the weak stable and strong unstable foliations; this can be accomplished
before making any reference to our symbolic model. The second step is to translate this
into the symbolic model.

For most of what follows, we need to be careful to specify which chart V, of the
trivialization we are working with at any given point. This is a necessary complication
to many of our arguments, because many of the objects we are working with are highly
sensitive to the choice of trivialization. Fortunately, however, this will also afford us with
the flexibility later on to work with trivializations that are specially adapted to our needs.

To start, we want to measure and relate three different holonomies associated with f;:
namely, the holonomies induced by the leaves of the strong stable foliation, the leaves of
the strong unstable foliation and the flow.

Definition 4.1. Fix x,y € N with y € W,(x), along with trivializations ¢y, ¢y of
m: M — N at x and y corresponding to subsets Vy, V), C N, respectively. We define the
unstable holonomy

(~)‘J§x,vy(x, yv): F—>F

between x and y to be the isometry induced by the map 7' (x) — 7~ '(y) that takes
a € w~1(x) to the (necessarily unique) point b € 7 'yn W;;’ (a). The identifications of
7~ Hx) and 7 ~( y) with F' are obtained via the trivializations ¢y, ¢y. The stable holonomy
Oy, v, (x,y) is defined analogously for y € W) (x).

Definition4.2. Fixx,y € N with g;(x) = y, along with trivializations ¢, ¢, of m: M —
N at x and y corresponding to subsets Vy, Vy, C N, respectively. We define the temporal
holonomy

Holzi(x, v,t): F—> F

between x and y to be the isometry induced by the map 7! (x) — 77! (y) that takes a €
. (x) to fi(a) € A (v). The identifications of 71 (x) and ! (y) with F are obtained
via the trivializations ¢y, ¢y .

By the end of this section, we only need to work with a fixed, finite collection of
trivializations that cover N. At this stage, however, the flexibility in these definitions is
crucial. Our first observation is that the unstable holonomy can be expressed in terms
of the temporal holonomies induced by the flow; this is made precise in the following
proposition, the proof of which is largely summarized in Figure 1.

PROPOSITION4.1. Fixx,y € N withy € W, (x), along with trivializations ¢o,x and ¢o,y
defined at x and y, respectively. Let T = (t,) be a monotonic sequence of times with t, = 0
and t, — —o0, and let Iy = (¢pnx) and Iy = (¢n,y) be sequences of trivializations for
which ¢y x = ¢y for all k > N. Then we can write

O o, (62 ¥) = Tim Hol}" 7 (v) (Hol"7 () ™", (4.1)
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(Holl" (1, (x), g, (1)) ™!

(Hol!™ (g, (x), x))~!

1% Vo
8n(¥) |
............. Xg,z(y)
b1y
Holy " (85, (), 81 ()

b0,y
olg” (81, (¥). ¥)

FIGURE 1. Measuring the unstable holonomy between x and y along a sequence of times 0 > #; > 7, > ... with

respect to trivializations (¢,,x) and (¢,,y) defined over charts V,,, illustrated in the case when the trivializations

for x and y coincide. As the unstable leaf through x and y contracts under g, , the remaining contribution to the
unstable holonomy decreases.

where
(n) R Pn—1% D0,
HOlI*’T(*) T H01¢n,* (gtn (*)’ gtn—] (*)’ t"_l - tn) ©---0 H01¢1_* (gtl (*)9 *, _tl)

is the n-step temporal holonomy measured with respect to the trivializations 1. at times
given by T.

Proof. The convergence of the limit is simply a consequence of the fact that
d(g, (x), &, (y)) = 0asn — oco. More precisely, we can rewrite

Holy" 4 (» (Holy! £ (x)) ™!
as

HOli:il (gtn+l (y)’ gtn (y), tn - tn+])
o (Hol(")T(y)(Hol(")T(x))—l)

o (HOIG™ | (2,1 (%) 84, (), tn — 1)) 7,

and because f; is C I we see that Holg:’:lx(g,n +1(X), g, (x)) must also be locally C !
in g, (x). Since dn(gs,,,(¥)> 81,1 (X)) décay exponentially fast as n — oo and the
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trivializations I, and I, eventually agree, we see that

On X

¢7r1+ 1.x

d(HOlS™ (g1, (¥), 8, (), tn — ts1), Hol

¢7n+1,y

(8141 (XD, &1,(X), Ty — Tny1))

must also decay exponentially fast. In particular, for any 4 € G, this means that

d(HOID™ (g4, (), 80, (3)s tn — tas1) 0 I

¢n+1,y

o (HOI?™ (g4, (¥): 84y (X)s by — tg 1)1, 1)

¢n+l,x

decays exponentially fast and, hence,
1 1 — _
dg (Holy! 7 () (Holy 7 () ™", Hol {7 (3) (Hol " (x) ™)

decays exponentially fast as n — o0o. As G is complete, the limit must exist. A similar
argument shows that this limit is, in fact, equal to @;ﬁm ¢0V(x, y): because the unstable
foliation of f; is invariant under the flow, we can rewrite

2t
O¢0,x >¢0,y (x’ y)

as
Holi"r (1 0 ), (81, (x), &, () o (Hol{"7.(x)) ™! 4.2)

for any n >0 and any sequences I,,I, and T as previously. As 1, — —o0,
dn (g, (x), g1, (y)) decreases exponentially fast, and so ®$n,,n bny (g1,(x), g1, (y)) converges
to the identity in G. Of course, this means that, as n — oo, (4.2) converges to the
limit in (4.1). As the expression in (4.2) is constant at @;;QX’ b0, (x,y), this proves the
proposition. O

We need to understand the infinitesimal behaviour of the stable and unstable foliations:
rather than working with the unstable holonomy as defined, we instead consider its
derivative along a leaf of the unstable foliation.

PROPOSITION 4.2. The unstable holonomy @;‘1 . (x, y) is simultaneously C' in x and y,
as x and y vary in a fixed leaf of the strong unstable foliation of g;, and within charts
associated with fixed C' trivializations ¢ and ¢,.

Proof. This follows immediately from our hypotheses on the regularity of f;, which imply
that the leaves of the strong unstable foliation of f; are C'. O

Definition 4.3. Fix x € N, a trivialization ¢ defined near x and a vector w € TX1 Wgt" (x).
We define the infinitesimal holonomy at x in the direction of w to be the element

d
X% (x) := <E

(CHES u)))(w)

u=.
of the Lie algebra g of G. Let € > 0 be small enough that ¢ is defined over B.(x). The
e-infinitesimal transitivity group at x is defined to be the linear span

b? (x) := span(X, (y) — Xy (x))
y,w
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taken over all y € W¥(x) and w € Tx1 Wg,'t“ (x). Here, w’ denotes the pushforward of w to
Tyl We,' (v) along the leaves of the centre stable foliation of g;.

We soon verify that h? (x) is largely independent of the choice of trivialization ¢, but it
is worth making a few comments first.

Remark 4.3. Under our hypotheses, the foliation W,* is C !, and so the holonomy it
induces between the leaves of the foliation W, is also C !, This is necessary for the
pushforward of w € TV1 Wgr” (y) in Definition 4.3 to make sense.

Remark 4.4. Tt is necessary to consider the relative infinitesimal holonomy, as we did in
Definition 4.3. As we show in the course of proving Proposition 4.6, the vector X 3 (x) in
Definition 4.3 is extremely sensitive to the choice of trivialization ¢. For instance, it is
certainly possible for X ﬁ (x) to be zero for all w € TX1 We,' (x) if the trivialization ¢ is built
to be constant along the leaves of the strong unstable foliation, and the existence of such
trivializations will be extremely helpful in the course of proving Theorem 4.11.

Remark 4.5. The vectors X ﬁ(x) and X i/ (y) vary continuously in x and w, by
Proposition 4.2. However, because . (x) is defined as the linear span of continuously
varying vectors, it is only lower semi-continuous. In particular, there can be singular sets
where the dimension of b, (x) jumps down.

It turns out that hZ’(x) will typically be independent of €, though we do not prove
this directly. We show instead that, if f; is locally G-accessible, then h.(x) is generically
equal to g. For most of what follows, we treat € > 0 as a fixed constant with no particular
restrictions. Our first important calculation is that the conjugacy class of bf(x) does not
depend on the trivialization ¢, if the trivializations are chosen appropriately.

PROPOSITION 4.6. Fix € >0, x € N and trivializations ¢;: 7 W (Vi) > Vix F for
i=1,2.If Bo(x) C V;, then

b () = Ad, o, (' ()

so long as ¢ and ¢, have constant projection to F along each leaf of the strong stable
foliation of f; and each flowline of f;.
Here, idg? (x): F — F is used to denote the isometry induced by the identity map

7 (x) = 771 (x) with the domain and target identified with F via ¢ and ¢, respectively.

Proof. We can relate the unstable holonomies between x and u € Wgt“ (x) with respect to

¢1 and ¢, by
+ _ 4% +
®¢2,¢2 (v, u) = 1d¢1 () o ®¢1,¢1

by definition. We now simply take the derivative of each side of (4.3) with respect to u at
u = x; in the notation of Definition 4.3, this becomes

¢ _ é1
XE ) = Ad g X010+ (@R)

(x. 1) o (i (x)) ™! 4.3)

oyt ©dGdg0w) (4.4)
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for any w € Tx1 We, (x), where dR denotes the derivative of right multiplication in G.
Given any y € W (x) and w’ corresponding to w as in Definition 4.3, exactly the same
calculation yields

X5 = Ad o (X51(3) + ((@dR) 0 d(id})y) (W), 4.5)
1(/51 y) 1

(g2 ()

assuming, of course, that y is sufficiently close to x that we are able to use the same
trivializations ¢, ¢». As both trivializations are constant along the strong stable foliation
of f; and we chose y € W£*(x), we clearly have idﬁf (x) =id 2(y) and, hence,

(dR) = (dR)

(id32 ()1 (g2 ()1

as functions T'G — T''G. Moreover, because the trivializations are also constant along

the flowlines of f;, we see that idif must be constant along the leaves of the centre stable

foliation of g;. Hence, we must have
(dGd).) () = (d(d),) (w')

for all w € TIWS” (x). Subtracting (4.4) from (4.5) and using the fact that idgf x) =

dq)2 (y), we then obtain

X)) = X200 = Ad s, (X51(0) = Ad s, (XD ()
1dg) y) w

idﬁf )
as desired. O

There is an analogous relation between the e-infinitesimal transitivity groups at points
along a flowline of g;, though the expansion of the unstable leaves prevent us from obtain
an equality in this case.

PROPOSITION 4.7. Fixe > 0, x € N andt > 0. Let ¢, and ¢g,(x) be trivializations near
x and g;(x) for which Be(x) C Vy and Be(g:(x)) C Vg, (x), and write h for the temporal
holonomy

h(x) = Holii’(” (x, gr(x), 1)
measured with respect to ¢ and ¢q, (x). We then have

Adpo (09 (1)) € 52 (g, (x))

so long as ¢ and g, (x) have constant projection to F along each leaf of the strong stable
foliation of f; and each flowline of f;.

Proof. By Proposition 4.1, we have

O, 4 (& (), & W) = h(u) 0 ©F , (x,u) 0 (h(x))™'

so long as u is sufficiently close to x. Noting the resemblance to (4.3), simply repeating our
calculations in Proposition 4.6 yields

X5 (g0(1)) = X0 (21 (0) = Aduey (X2 (7)) — Adyo (X2 (1)
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forall y € W¥(x) and all w € Tx1 WQ,"“ (x). This completes the proof; note that we do not
obtain equality this time because the strong stable leaves for g; contract, and there will be
y' € W& (g/(x)) that are not of the form g (y) for y € W2*(x). O

Note that Proposition 4.7 only yields an inclusion of the e-infinitesimal transitivity
groups, and only in forward time. Our goal is to show that hf(x) is exactly g at every
x € N; unfortunately, the proof of Proposition 4.7 suggests that even the dimension of
b, (x) may fail to be constant in general. Fortunately, given the topological transitivity of
g, what we have proven so far is enough to show that the dimension is constant on a large
set.

In light of Proposition 4.6, we can be somewhat cavalier in specifying the trivialization
¢ used in defining b‘f(x), if we are solely concerned with the dimension and restrict our
attention to trivializations that satisfy the hypotheses of the proposition. We henceforth
always assume that every trivialization we work with has constant projection to F along
the strong stable leaves and flowlines of f;.

COROLLARY 4.8. Fix a collection of trivializations ¢1, . .., ¢ defined over a cover
Vie..., Vi of N, and let € > 0 be the Lebesgue number of this cover. Then dim b} (-)
attains its maximum value on an open, dense subset of full measure.

Proof. Let x € N be a point at which h}(x) has maximal dimension. As b} (-) is lower
semi-continuous, it has maximal dimension on an open neighbourhood W containing x.
By Proposition 4.7, h7(-) therefore has maximal dimension on an open set containing the
forward orbit of g;. This is a dense set if g; is topologically transitive.

As g; is ergodic and dim b} (-) is measurable, it must be constant almost everywhere.
The measure v is an equilibrium measure with a Holder potential and therefore has full
support; hence, the open and dense set on which dim b} (-) has maximal dimension must
also have full measure. O

Our next objective is to relate the e-infinitesimal transitivity groups between points
along a leaf of the strong unstable foliation of g,. If we indeed had equality in
Proposition 4.7, this would be a relatively straightforward application of Proposition 4.1.
The lack of equality makes such an approach impossible, but we can still argue as in
Corollary 4.8.

LEMMA 4.9. Fixe > 0, x € N and y € W' (x), along with trivializations ¢, and ¢y for
which we have Byc(x) C Vy and Be(y) C V. If x is backwards-recurrent under g, and
dim b} (x) is maximal, then

by
€)= Adgp () (B8 ()
and, in particular, dim b} (-) is constant on Wg:‘ (x).

Proof. As dim b (-) is lower semi-continuous, there is an open set W C B¢ (x) on which it
is maximal. Because x is backwards recurrent, we can find a monotonic sequence of times
T = {t,} with t, — —oo for which g;, (x) € W for each n > 0. Moreover, we can suppose
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that 71 is large enough that we also have g; (y) € W for each n > 0. Now, write
™ (x) := Hol}’ (g, (x). g1, (x). ta—t — tn) © - - - 0 Hol}" (g;, (x), x, —11)
and
1™ (y) 1= Hol) (g1, (). 81,1, () ta—1 — 1) 0 - - - 0 Holy (g1, (). ¥, —11)

for the n-step holonomies at g; (x) and g, (y). As we have g, (x), g, (y) € W by
construction, we have

Adyo () (52 (g1, (X)) = b (x)
and
Ay ) (02 (g1, ))) = b (1)

by Proposition 4.7; note that we have implicitly used the fact that By (x) C V, in writing
bf‘ (g1, (x)) and f)fx (g1,(y)), where Vy is the chart over which ¢ is defined. By rearranging
these equations, we see that

o
AGr(dim b2 (0. (De” ()2 Adyao () (-1 (B2 (1))
is equal to
dGrdim v* (o)) (02 (81, (1), b2 (81, (),

where the distances are measured in the standard metric on the Grassmannian of
(dim b} (x))-dimensional subspaces of g. As hf~‘(~) is lower semi-continuous and has
maximal dimension on W, it must be continuous on W. Up to passage to the interior of
a compact subset of W, we can assume that fj.(-) is uniformly continuous on W. Because
dn (g, (y), 8,(x)) — 0 as n — oo, we must then have

AGrdim b7 (o) (027 (81, (1), b2 (g4, ()))
as n — oo. This yields
() = 1im_ Ady ) -1 (B2 (),

at which point we simply observe that Ad, (-) is continuous in g and that R ) (h ™ (x))~1
converges to @;ﬁx’ " (x, y) by Proposition 4.1. [

In addition to the preceding lemma, we require its analogue for the stable holonomies.
The proof is identical, and we do not repeat it.

LEMMA 4.10. Fix € >0, x € N and y € W,'(x), along with trivializations ¢ and ¢y
for which we have B¢ (x) C Vy and B:(y) C V). If x is forwards-recurrent under g, and
dim b} (x) is maximal, then

Py = s
ey()’) = Ad@;x,d{v(x’y)(he (x))

and, in particular, dim b} () is constant on Wgsf (x).
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Now that we have Lemmas 4.9 and 4.10 to connect the e-infinitesimal transitivity groups
to the unstable and stable holonomies, respectively, we can achieve the first major goal of
this section: translating the local accessibility of f; into an infinitesimal statement about
bZ(-). To begin, we show that if f; is G-accessible, then hf(x) must be Adg-invariant for
any bi-recurrent x € N.

THEOREM 4.11. Fixe > 0, x € N and a trivialization ¢, for which B¢(x) C V. Suppose
that 2¢ is smaller than the Lebesgue number of a finite cover {V;} of N corresponding
to trivializations {¢;}. If x is bi-recurrent under g;, dim b‘f” (x) is maximal and f; is
G-accessible, then h‘fX (x) is Adg-invariant.

Proof. Suppose that x is bi-recurrent. Fix an isometry g € G and consider a
stable—unstable sequence xq, X, . . ., Xk, Xk+1 = Xo in N with xo = x and whose total
holonomy is g, where x;1 is either on the strong stable or strong unstable leaf through x;
for g;. As g is the total holonomy, we can write g as the composite

. ¢x . ¢x
1d¢x: (x0) o ®quxk be, (xk, X0) 0. . . ldqu? (x2)
. Ox
° ®$X1 Pxy (x1, x2) 0 1d¢x(l) (x1) o ®§xo’¢xo (X0, x1),

where we can freely assume that each consecutive pair x;, x;+1 has a common trivialization
¢y, for which B (x;), Be(x;41) C Vy,; this is true up to refining the sequence (Figure 2).
Suppose, moreover, that we have chosen ¢y, = ¢5.

We would like to now invoke Proposition 4.6 and Lemmas 4.9 and 4.10 to show that
b‘f«‘ (x) is Adg-invariant for the g corresponding to the total holonomy along this sequence.
The x; we have chosen, however, may fail to be forwards- or backwards-recurrent as
necessary. However, note that idiﬁ:“ ), ®<J£x,- ’¢x,-(" -) and @;Xi . (-, -) are all locally
continuous in all of their arguments. As bi-recurrent points are dense in N, given any
8 >0, we can find a sequence of bi-recurrent points xg, x|, ..., X, X; = X, near
X0s X15 « « « » Xky Xk+1 = X0 With x() = x whose total holonomy g’ is given by

. Px b
ldquz (xg) © @;Xk’%k (X, Xp) o+ -0 1d¢): (xh)
+ s N
° ®¢X1 Py (x1, x3) 0 1d¢x(l) (p) e ®¢XO’¢X0 (x0 x1)

so that we have dg(g’, g) < 8. As each xlf is bi-recurrent, successive applications of
Proposition 4.6 and Lemmas 4.9 and 4.10 show that we have

b2* (x) = Adg (h* (x))
for g arbitrarily close to G. As Ad, is continuous in g’, we then obtain
her (x) = Adg (62 (x)
as desired. O

It is worth remarking that, under our standing assumption that trivializations must
have constant projection to F along strong stable leaves of f;, the stable holonomies
8(;” . (xi, xj+1) that appeared in the preceding proof must all be trivial.
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FIGURE 2. A refined stable—unstable sequence xo, xi, . . . , Xk, Xk+1 = Xo. Any stable—unstable sequence can be
refined so that for each 0 < n < k, there is a trivialization ¢y, over a chart V,, containing both x,, and x,. This
refinement has the same total holonomy.

We want to show that h¥(-) is equal to the full Lie algebra g, and the local G-accessibility
of the extension will be crucial at this point. In fact, with Theorem 4.11, we can show that
local G-accessibility at a point x € N is roughly equivalent to having b?(x) =g.

THEOREM 4.12. Fixe > 0, x € N and a trivialization ¢ defined over V, C N for which
we have B3c(x) C Vy. Moreover, suppose that f)?*’ (+) is continuous and has maximal
dimension on B3¢ (x), and that the forwards orbit of x under g; is dense in B (x). If
[t is locally G-accessible at x, then bfx x)=g.

Proof. Without loss of generality, suppose that we have chosen ¢, so that @;x’ . (x,u)
is trivial for all u € (Wg:‘ (x) N By (x))°, and so that ®¢_>x, b (s1, $2) is trivial whenever s
and s lie on the same (local) leaf of the strong stable foliation of g; in By (x).

We write ) := hZ’x (x) and suppose for the sake of contradiction that f C g is a proper
subalgebra. By Proposition 4.9 and our choice of ¢,, we must have f)f‘ (u) = b for all
u € B¢(x) lying on the local leaf through x of the strong unstable foliation of g;. Hence,
for any u; € B¢(x), each vector X 3*, (u1) used in the definition of hz’x (1) must lie in the
Lie algebra h. Integrating this, we see that the unstable holonomies ®;§x’ o, (U1, u2) are
constrained to exp(h) for all uy, up € B¢(x) that lie on the same local leaf of the strong
unstable foliation of g;.
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Now, consider H :=exp(h) and consider an element g € G\ H that lies in the
complement. By our construction of ¢,, all unstable holonomies are constrained to H
and all stable holonomies are trivial; hence, no local sequence of stable and unstable
holonomies along a sequence of points x, x1, X2, ... Xk, x lying in Bc(x) can result
in a total holonomy of g. Moreover, because b is an ideal by Theorem 4.11, H is a
normal subgroup of Gj; hence, we cannot obtain a total holonomy of g for any choice
of trivialization. As f; is locally G-accessible at x, this is a contradiction. O]

It is worth noting that accessibility within a single, fixed trivialization ¢, at a given x €
N is vital here. Indeed, if we only had global rather than local accessibility, the unstable
holonomies could be constrained to exp(f)) as in the proof of Theorem 4.12 without any
contradiction, because the transition functions between different trivialization charts need
not act by exp(h).

With Theorem 4.12, all that remains in this section is to verify that this translates
properly into the symbolic model we are working with. In principle, the difficulty is
that unstable leaves for the discrete dynamical system (R, ) are typically not unstable
leaves for g;; fortunately, our choice of trivializations will circumvent almost all of these
problems.

Recall that (R, P) is a Markov partition associated with g;, which descends to a C'
expanding model (U, o) by projecting along leaves of the strong stable foliation of g;. We
want to define unstable holonomies entirely within the symbolic model; a natural candidate
for a definition comes from Proposition 4.1. For everything that follows, we assume that
each R; C N has been assigned a fixed trivialization ¢; defined on a neighbourhood
B<(R;), with the property that ¢; has constant projection to F along each leaf of the strong
stable foliation of f; and each flowline of f;. By choosing and fixing trivializations at each
point in R, we no longer need to specify which trivialization we are using, at least when
dealing with the symbolic model.

Definition 4.4. Fix x € R and y € Wp'(x). The symbolic unstable holonomy @;;mb(x, y)
is defined to be the limit

O (x> ¥) 1= lim Hol® (P~ (y)) (Hol ™ (P~" (1)),
where we write
Hol™ (1) := Hol(?" ' (1)) o - - - o Hol(u)
for the nth holonomy under the Poincaré return map.

It is straightforward to verify that this limit exists. Moreover, our choice of trivializations
ensures that the symbolic unstable holonomies agree with the appropriate (non-symbolic)
unstable holonomies.

PROPOSITION 4.13. Fix x € R and y € Wp"(x). There is a (possibly negative) t so that
g:(y) € Wp!'(x) for which we have

®;gfmb(x’ y) = ®$X,¢y(xv & (),
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assuming x and y are sufficiently close, where ¢, ¢ are trivializations corresponding to
the respective parts of the Markov partition.

Proof. The existence of such a ¢ satisfying |f| < T(y), T(P~!(y)) follows immediately
from the construction of the Markov partition (R, ). We then clearly have

OF (2 1) = Holly (1 (1), y, 1) 0 OF_, (x. 21 (»)

by Proposition 4.1 and Definition 4.4. By our choice of trivialization and the fact that ¢ does
not exceed the return time of y, Holgi (g:(y), y, —t) is the identity in G, as desired. [

Now, we can analogously define the symbolic infinitesimal transitivity group.

Definition 4.5. Fix x € U; and a vector w € Tx1 U;. We define the symbolic infinitesimal
holonomy at x in the direction of w to be the element

syml d
X" (x) = (E' (O u)))(w)

of the Lie algebra g of G. The symbolic infinitesimal transitivity group at x is defined to be
the linear span

Bsymb (X) 1= span(Xy/ ([x, s']) — Xy ([x, 51)),
5,8 w
where we take the span over 5,5’ € S;, w € TX1 U; and let w’ be the projection of w to
[x, s'] via centre-stable leaves followed by the flow.

With very little work, we can now prove the following result.

THEOREM 4.14. Fix a bi-recurrent x € U; at which dim b, (x) is maximal, and suppose
that f; is G-accessible. Then by (x) = g.

Proof. By Proposition 4.13, the unstable holonomies used in Definitions 4.3 and 4.5 are
the same. Hence, the regular and symbolic transitivity groups agree, and so by Theorem
4.11, we have by, (x) = g. O

This is almost the result we want, but we need to use some Lie theory to extract the
explicit estimates that we use in the next section. We want to phrase this in terms of o,
which means minor notational changes in the preceding theorems. Recall thato: U — U
is not actually invertible; to make sense of the inverse, we must choose branches of o ™"
locally.

Definition 4.6. A consistent past for u € U; is a sequence of maps {v("): Ui— Ujp |
n > 0} where v© =id |y, and o o v = =D,

Remark 4.15. A consistent past for u € U; corresponds exactly to a choice of stable
element s € S;: we can recover the maps {v?} by projecting the Poincaré return map
P along leaves of the strong stable foliation.
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Finally, we can establish the main estimate; this is fundamentally the same estimate as
[12, Lemma 3.17] and [17, Lemma 5.5], the primary difference being in the analysis of the
infinitesimal transitivity group needed to arrive at it.

THEOREM 4.16. Let p be an isotypic component of the representation of G on L*(G).
There is an open subset Up,; C U and constants €, §, ng > 0 so that, for any x € Uy,; and
any ¢ € Cl(U, VP), there are consistent pasts v = {vﬁn)} and vy = {vén)} defined near x
and a C! vector field w: Up,;j — T U, satisfying

symb b
1dp (X, @) = Xy 1, @D (@) 12y = €llpll
forall u € Bs(x).
Proof. By definition, we have

syml d
yb()_

wv,

( lim Hol™ (v ) (Hol™ (v (x)) ™)

U=x

for all u € Bs(x). The derivatives of the terms in the sequence converge exponentially fast
in n, so we can interchange the limit and the derivative to obtain

d
Z)y?,llb x) = lim <—
—oo \du

(Hol(")(vl.(")(y))(Hol(")(vl.(")(x)))1))

u=x
. symb symb
for any consistent past v;. As the X wy ww — X wy(u),v_, taken over pasts v;, v; and vectors w

form a basis of g, there is a finite n¢ so that the approximations

b d _
X @)= ) (Hol "™ () (Hol ™" ) ™)
w,Y, u Uu=x
can also be used to form a basis X y( (,10)( Xx) — sym;) (g (X), taken again over pasts
M u ;
1

v;, v; and vectors w. Hence, we have a Cas1m1r
— symb symb symb symb
Q=3 (&) x> o0 @) = X g (X ) () = Xy ()
i v

for some finite collection of pasts v;, v; and a given vector w. This acts on V* by scalar
multiplication by || 0|/, and so we obtain

dp( 2 8™ X (0 = X <x>)2> (p(x)) = llol*¢ ()

for this collection of pasts, and the same vector w. Now, there is a uniform constant € > 0,
depending only on the g;; and g, so that

b b
ldp (Xsym(,,o) (x) — X;yj‘(_,,()) )@ 226y = €llpllox)

symb
for some choice of v;, v; and w. As Xy y (u) varies continuously in w and u, there is a

neighbourhood Bs(x) of xin U and a C v Vector field w: Bs(x) — T!B;s(x) for which
symb symb €
”dp(Xw(u),vi(nO) (u) — Xw(u),vj."o) @) @@)l2) = Ellpllw(u)

holds for all u € Bs(x), as desired. O
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5. Spectral bounds for L] ,

In this section, we establish bounds for the twisted transfer operators L7 , acting
on CL(U, VP) with respect to the L?(v*)-norm. The key ingredients are the local
non-integrability estimate in Theorem 4.16, the diametric regularity of the measure v*
and the C! regularity of o, from the definition of the transfer operators.

The strategy adopted in this section is by now classical, dating back to Dolgopyat in
[11, 12]; an account of this almost completely adapted to our setting was given by Winter
in [17]. The reader already familiar with these arguments should find few surprises in this
section, but we feel it necessary to include them given their delicate nature and the minor
differences in our contexts.

We begin by recalling the definition of the twisted transfer operator

L0 = S e pHol™ (') w)

o (u')=u

associated with an irreducible representation p of G on V? C L?(G). For the triv-
ial representation p = 0, Dolgopyat [11] established contraction by using the uniform
non-integrability of the strong stable and unstable foliations for g; to establish cancellation
in the terms defining the transfer operator. In principle, the difficulty in obtaining
contraction for IILZ pPll 2y asn — oo lies in the possibility that the rotation introduced
by the action of p may ‘undo’ any cancellation between the vectors ¢(u’) € V* that we
might obtain from the dynamics on the base, and that this may happen on a set of large
measure.

The local non-integrability estimate provided by Theorem 4.16, however, suggests that
we should typically be able to find u/, u’, with 0" (u}) = 0" (u}y) € Uy; so that

p(Hol™ (u}))p(u}) and  p(Hol™ (uh))g(uh)

are ‘uniformly’ non-parallel. The main argument in the section boils down to verifying that
this can be accomplished on an adequately large set, with explicit uniformity estimates.

Throughout this section, we work with a fixed isotypic component V* of the regular
representation of G on L?(G). However, it is worth noting that most of the intermediate
constants will fundamentally depend on p, and keeping track of these dependencies is
essential to obtaining a final bound in Theorem 5.7 that is independent of p.

Though we need to deal with L7 o9 forany ¢ € Ccl(U, v*), it will be helpful to work
instead with slightly more regular real-valued functions ® € C!(U, R*) with bounded
logarithmic derivative; in other words, we require

sup  [(dP)y(w)| < CP(u)
weTulU

for all u € U. We use K¢ to denote the class of such functions
Ke :={® € C(U,R") | log ® is C-Lipschitz}

for any constant C > 0.
As g; is Anosov, the expansion rates of g; on U are bounded away from 1. As the return
times t: R — R are bounded away from zero, the slowest expansion rates of do” on U are
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therefore also bounded away from 1. For what follows, let fx" and K" with 1 <k < K
be the slowest and fastest expansion rate of any unit vector in 7' U under do”.

We are interested in functions ® € K¢ with bounded logarithmic derivative because
they can be used to control less-regular functions ¢ € C'(U, R). The following lemma
makes this precise, and is analogous to [11, Lemma 14] and [17, Lemma 6.5].

LEMMA 5.1. FixC > 0,9 € CY(U, V) and ® € K¢. There is a § > 0 so that, if

le@)ll 26y < Pu),

sup  [[(d@)u(w)llp2Gy < CP(u)
weTulU

forallu € U, then for any ug € U,
lp@™ @)l 26y < 3@ ™ W)

or

le@™ @)l 26y = 12" 1))

for all u € Bs(ug), each n > 0 and each consistent past v = {v"™} defined near uy.
Moreover, for any ug € U,

D™ (y)) < 20" (x))

forall x,y € Bs(ug). The choice of constant 5 > 0 can be made so that we have 5C = A
for some uniform constant A, which does not depend on p, ®, ¢, ug, v or n.

Proof. As we chose & € K¢, log @ is C-Lipschitz and we therefore have
C

fr"

| log(®(v™ (y))) — log(® (W™ (x)))| <

d(x,y)
< ;d(x, y)

for any x, y € U. Exponentiating both sides, this means
W™ () < DS (x)) (5.1)
for any x, y € U. Now, suppose that d(x, y) < 2§ for some § > 0, and fix a unit speed
path y: [0, 28] — Up with y(0) = y and y (28) = x. We then have
26
o™ @Nl26) = le@™ D26 < /0 (grad(p o v™)(y (1)), ¥ () 1| dt
C
<
= Fen

< & 250CI 1NN () (1))
fr"

26
/ (@ o v™)(y (1)) dt
0

< C €12 gy y))
f

https://doi.org/10.1017/etds.2021.162 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.162

Decay of correlations for certain isometric extensions of Anosov flows 1417

by the fundamental theorem of calculus and our bounds on ¢. Fix § small enough to ensure

Cosecinzs o L
=3
and

(€N < o

hold simultaneously; note that we really only require that C$ is sufficiently small, and so §
can be chosen inversely proportional to C. We therefore have

W™ () < 20" () (5.2)
and
lo@™ Nlz26y < le@™ D L26) + 2™ () (5.3)
whenever d (x, y) < 24. To conclude, suppose that we had
le@™ N2y < 3P @™ ()
at some y € Bs(ug), for a given ug € U and n. Then by (5.3) and (5.2), we must have
le@™ Nl 26y < 1P@P () + 2™ ()
< 10" @) + 3™ ()
< 300" (x)
for any x € Bs(ug), as desired. O]

LEMMA 52. FixC >0, 9 € CY(U, V?) and ® € Kc. Take 8 > 0 as in Lemma 5.1 and
suppose that we have

lell2gy < P),

sup  [[(de)u(w)|| < CP(u)
weT U

forallu € U. If v™ is a past defined on Bs(uo) satisfying
le@™ @)l 26y = 3P @™ W)

for all u € Bs(ug), and some given ug € U, then we have
(n)
pov
‘<d<u o v, >>(w)
% L*(G) u

Proof. Differentiating the fraction, we see that we need to bound the supremum of

H«uwowm»AwW¢wmkmnuqcy—wmeMdewovmnuqmnﬂw)
o™ @)l 26

8C
=

L2(G) fK"

sup
weT,) Bs (up)

for all u € Bs(ug).

(5.4)
L%(G)
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foranyu € U and w € Tu1 Bs(up). Note that we always have

d(llg 0 v™ | 26 (w) < (d(@ 0 V™)) (W)l 26
and so (5.4) is at most

20l @)l 26yl (d (@ 0 V) (W) 12

Sup 3 (5.5)
weT,)! By (uo) (™ (u)) ”LZ(G)
by the triangle inequality. Cancelling terms, we can reduce (5.5) to
20d(g 0 V™)) (W)l 26
Sup b
weT,! Bs(uo) ||§0(U(n) (1)) ||L2(G)
which is at most
211 () i oy W) 26y 1@V (W) [l 71y 56
weT,! Bs(ug) ”(p(v(n)(u)) ||L2(G)
w/eTU](n)(u)Ba(uo)

by the chain rule. As f«” is the slowest expansion rate of any vector in T'U under do™,
we can bound

sup [[(dv™), (W) ll1y <
weT U ‘ Jr"

for all u € U. By hypothesis, we also have

sup  [1(d) o oy W)l 26y < CP ™ (W)

/ 1
w ETu(”)(u)U

for all u € U, and so (5.6) can be bounded above by

2C D (1™ (u))
fre o™ (u)) ||i2(G)

which is, in turn, at most

8C P (v™ (u))
fr"® (™ (u))

by hypothesis. Cancelling ®, we obtain the result desired. O

We need a simple lemma before proceeding to the main argument of the section; the
proof is a straightforward application of the polarization identity.

PROPOSITION 5.3. Let (V, -) be an inner product space, and suppose that we have

[0 -l =€
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forv,w €V and € < 1, where v, W denote the unit vectors in the directions of v and w,
respectively. If ||v] < ||w]|, then
2

€
lv+wl < <1 - Z)IIUII + [wll.

We might be tempted to argue that, if ¢ € C!(U, V) is controlled by ® € K¢ as in
Lemma 5.1, then we can similarly bound || (Lg’pgo) Wl L2y by (‘Lﬁe(z),()cb)(u) pointwise;
however, although this turns out to be true, it is not particularly helpful because L’;,( g)’()@
fails to contract as n — oc. Indeed, because @ is strictly positive by definition, L7, ( g)’OCD
will converge to [, ® dv* > 0.

The solution is to artificially introduce contraction into the transfer operators, and
Theorem 4.16 is precisely what ensures that we can do this while maintaining a point-
wise bound. In the next lemma, we show that we can uniformly and explicitly bound
l (Lg,p(p) W)l L2y away from (L’ée(z)’od))(u) on a measurable portion of any sufficiently
small set.

The following lemma establishes the key cancellation mechanism in our setting, and
mirrors [17, Lemma 6.6] and, together with Lemma 5.5, is analogous to [11, §8].

LEMMA 5.4. FixC > 0,9 € CY(U, V?) and ® € K¢ with

le@)ll2G) < Pu),

sup ([ d@)u(W)ll12(g) < CPu)

weT} U
for allu € U. Let Uy,; C U be the open subset given by Theorem 4.16 and let § > 0 be
the constant given by Lemma 5.1. There are constants ny > 0, € > 0 and s < 1 so that, for
any x € Upy,; with Bs(x) C Ui, we can find
e apointy € Uj,; with Bss(y) C Bs(x),; and
e apair of pasts vi"(’), vén()) defined on Bs(x);
for which we can bound

az(.n()) (Uino)

le D p (Hol™ (v} (1)) (v} )

(ng) , (ng)
+ e 2 p (Hol ™ (0" 1)) p (0" ()l 26

above by

2 n, n n n
| _ €80+ Mm@DIAIDTY ae?) oy 0)(u))q)(v(no)(u)) 4 R (Vs 0)(u))q>(v(no)(u))
4096 ! 2

for all u € Bgs(y) and all z € C with |Re(z) — P(¢)| < 1. The constant € can be chosen
independently of p and C, whereas ngy depends only on C/| p|. The constant s can be
chosen uniformly in C and p.

Proof. We deal with a fixed n > 0 throughout the proof, and specify how large n needs to
be as we proceed; it is important to note that we cannot deal with arbitrarily large n without
foregoing the uniformity of the bounds we wish to obtain. We proceed in cases depending
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on which alternative of Lemma 5.1 holds. For any pasts v}") and vé"), if we have

o\ @)l 26y < 2O @)

for all u € Bs(x), then because p is unitary we can clearly bound

(n) .o (n)
e p (Hol™ (vf” ) (v]" ()
(n) ¢ (1)
+ e @27 o (Hol™ (0" () (05" )l 26,

above by
3 (o hetey @1 ) g (M ey 057 @) g ) ()
30D " (1)) + e 2 D " (u)))
for all u € B;s(x). In this case, we are done by simply setting y := x. Similarly, if we had

oS @)l 26y < 3O )

for all u € Bs(x), then we are again done by setting y := x, up to interchanging our choice
of vy and vy. So we may as well assume that the second alternative of Lemma 5.1 holds
for both vi") and vé”), and that we therefore have

o @)l 26y = TP @) (5.7)
for all u € Bs(x). We temporarily abbreviate
ge(u) := Hol™ (v} (u)),
B
le @™ @)ll2q)
and
(n)
Jo () = M@ @ @i AVRC)
T o™
¢, (u))”LZ(G)

for the sake of clarity. Note that ¢, and &g are well-defined on Bs(x) as an immediate
consequence of (5.7). Now, by reversing the triangle inequality,

1o (81N Y1 (x) = p(g20NP2(0) ]l 12, (5.8)
is at least

1o (81N Y1(¥) — p(g2N P2l 12

= o1 NV () = p(&IEN T 126y — 10(82()) Y2 (x) — p(82(N) P2 126
5.9

for any y € Bs(x). As group elements act by isometries with respect to the L>(G) norm,
(5.9) is equal to

lp(2(1) g5 )81 NP1 () — p(E2NT2 Wl 265
— 191 () = P10 26y = 2 = Y2l 26,

https://doi.org/10.1017/etds.2021.162 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.162

Decay of correlations for certain isometric extensions of Anosov flows 1421

which we can bound below by

lp(g2(3)85 ' ()G NP1 () — pINTIWI 26,
— 11 () = P10 26y — 1¥2(0) = 2Dl 26
— llp(g2(MP2(») — P ONFIW 26 (5.10)
using the reverse triangle inequality once again. We can rewrite (5.10) as
lp(g1()er Ma NP1 — p(g2(¥)gy Mgt N1 26
— 11 () = 1@ 26y — 1¥2(6) = Y2 2
— llp (@22 (y) — PG NP1 126, (5.11)

by replacing 1}1 (y) with gl_l(y)g](y)l/}l (y) in the first term of the first line, and
multiplying both terms on the first line by g2(x)g, ! (v). Hence, (5.8) is bounded below
by (5.11), and we see that

1o (21T (x) = (g2 V2 (@)l 26y + (@22 — PN Wl 26

is at least

lp(g1)gr ' ME NP1 — p(g2(¥)gy Mgt N1 26,
— 191 = Y1l 26y — 1P2(0) = Y2 126 (5.12)

after rearranging. By Theorem 4.16, there is an N > 0, € > 0, a choice of pasts vin) and

vy, and a y with d(x, y) = 8/2 for which we have
lo(g1 ()8 Mg1 MNP () — p(g2(0)g5 ' M1 N T1TM L2
>e(l+ IIm(z)I)IIpIIg (5.13)
for all n > N; note that we have applied the theorem to

@ (u)
||¢(M)||L2(G)

elm(Z)‘L’(n) (u)i p (Hol(l’l) (M))

which is certainly a smooth function in C LU, vP). On the other hand, by Lemma 5.2,
@¢(u) is at worst 8C/ fx"-Lipschitz in u on Bs(x), and we can estimate

(), (n)y - Mg )y -
|(d (M) ()] 2y = (Im(g)e MO

DT ov)) i, )

i=1

=zl
sum(z)l(; fK,.>

[
< Im(2)| - —5~

fke—=1)
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forallu e U, w € Tu1 Bs(x) and w’ € Tvlg(u)Ba (x). Hence, we can bound

S 8C _zller
e (x) = P < ( Fen T IM@IZETT

because we chose y € Bs(x). Suppose that n and || p|| are large enough so that we have

)d(x, y)

(SC I ()|M) €1+ Im@Dl ol
Frn TRy ) T gt T ImEIe

for some constant K > 0. Note that we can make this choice of n so that it depends only

on C/| p|l and not || p|| directly; moreover, the requirement that || p|| be sufficiently large
can be made absolute, and in particular is independent of z. This ensures

1) = Tl 2y = (1 +HmE@DIo8 (5.14)

because d(x, y) < §. Note that our choice of n here depends only on C/| p||. Plugging
(5.13) and (5.14) into (5.12), we conclude that

lo(g1 NP1 (x) — p(g2(N V2 () 12¢6) + 081NV () — (2N T2 (Ml 12(65)
> 281+ [m@Dllo

and so

lp(g1 NP1 (x) — p(g2N V2 () 12 > 25(1 + Mm@l ol (5.15)

or

o (g1 ONT1() = p(E2NT2 (Wl 2(6) > %8(1 +Im@DIel  (5.16)

must hold. Without loss of generality, suppose (5.16) holds. Using the Lipschitz estimate
on ¢y, we can bound

sup  1d(p(g)Ve)u W)l 126
weT,! Bs(x)

by

sup  [1(((dp) gewy © (dge)u) (W) vre (u) + p(ge(u))(dlﬁz)u(w)llm(c) (5.17)
weT,) Bs (x)

for all u € Bs(x). A straightforward calculation shows that

sup [ dgu)ll < sup Y lI(d(Hol ov)), (w)llg16

weTulBg(x) weTulBl;(x) i=1
n
_ N I Hol e
B i=1 le
- | Hol || -1
IACEY)
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and we have

sup  11(dp) e @)l 2 < ol

/ 1
w eTgl @ G

by Definition 2.9; note that because p is a homomorphism, the operator norm of dp at
ge(u) is equivalent to the norm at the identity. Hence, (5.17) is at most

|| Hol lcr e
i + g(l + [Im()D el

by our choice of 8, because p acts by L?(G)-isometries. We can make a uniform choice of
s < 1 so that

ol

( A Holller € 4 meay (1 + Im2)]) 5.18)
s||p||f(K_1)+8<+|mz|||p||><32 +im@Dlel G
and we then have
o1 NV () — p(g1 )T W)l 2y < ;—26(1 Fm@Dlel (519
and
1o (222 () — p (&2l 26y < 36—260 + [Im()Dl ol (5.20)

for all u € Bss(y). Combining (5.19) and (5.20) with (5.15), we now have

llo(g1 )1 () — p(g2N) 2 W)l 26y > %8(1 + [Im@)D o

for all u € Bss(y). Now, fix u € Bgs(y). By Proposition 5.3, we can then bound

(n) - (n)
e o (Hol™ (v @))e (v} ()

(n) . (n)
+ e 02 ) p(Hl™ (0" (1) (WS W)l 26

above by
€5(1 + |Im 2\ L o m o
(l _( ( +|10;Z-)|)“p””) )eotRe(Z)(v1 (u))q)(vin)(u))+eaRe(Z)(v2 (u))q)(vén)(u))
(5.21)
assuming without loss of generality that
OIPNO) QIR 0)
%0 T DM W) 126y < R0V Dol ()l 2 (5.22)

held for this particular u; this is true up to interchanging v%") and vé”). It simply remains to
ensure that a similar inequality extends to Bss(y) for this particular choice of vf") and vg'):
this is not immediate because (5.22) could certainly fail to hold on the entire ball Bys(y).

This requires some extra work. Note that we have

oo} o

O‘1(2")(~) 0!12")7 ()
< sup |(deR), ()| D )l 2g) + € R0 WD), () 26
weT U

sup
weTu1 U

L2(G)
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(n) (n)
< llagory 1% ™ @ @) | 12y + Ce®®e@ ™ @ (1)

n
. (n) (n)
< ( > bK florecs ll )eaww 1D @)l 2y + Cere0™ D (u)

i=1
n+1 _

K (n)
S (b”OlRe(z) ”Cl ﬁ + C) EaRe(Z>(u) || (D(M) ”LZ(G)
for all u € U. By making s smaller if necessary, we can ensure that, in addition to (5.18),
we also have

n+1

K
Ss(b”aRe(z)”Clﬁ +C) <d8C=A,

where A is the uniform constant guaranteed by Lemma 5.1. Note that this can be
accomplished by a uniform choice of s, because n is fixed and z is required to satisfy
[Re(z) — P(c)| < 1. As a consequence, we see by Lemma 5.1 that

@ ™ ®
%e“Rem(”z (u ))CD(UE")(M’)) < %Re(0) (Y (“))cp(vé”)(u)) < 2e%Re(n (Ve ))Q(Ué’l)(u’))

(5.23)

for all u, u” € Bys(y). Now, suppose that

() ¢ G

n) ;s
lle= @D o (Hol™ (0™ (")) 0" (')

n) o (n) 7
+ ¢ D o (Hol ™ (vf W) (" W)l 26

were bounded above by

(n)

oy S(1 + |I 2
R 1 @D g (M (1)) 1 (1 _ (€8 + [Im@)DIlel)

1024

(n) )/
> “Re (V2 W) g (vén) W)
(5.24)

for some u’ € Bys(y); this is in contrast to the bound by (5.21) that we have at u € Bys(y).
If we had

) ) )
¢Re() (V2 (U ))qg(vé")(u’)) < Relr V1 ))qg(vi")(u’)),
then (5.24) is, in turn, bounded above by

(1 (81 +[Im@)D ol
1024

which is consistent with (5.21). If, on the other hand, we had

CIRON, W 0
) Mo O (o (1)) 4 et WD (o (),
QIR QIR
Re(n @1 ))<I>(v§n)(u’)) < %Relr (V2 ))Q(vén)(u’)),
then we can invoke (5.23) twice to see that
IR QIO
e“Re( (V1 (”))Q)(UE")(M)) < 2e%ke(n) (Vi ))Q(UY’)(“/))
(n) (n) 7
< 2e%Re() (V2 ))¢(v§")(u’))

@
< 4¢%Re(0 2 (“))qp(vé’l)(u))
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for any other u € Bss(y). Hence, (5.21) is at most

(1 (€81 + [Im@)Dplh?
4096

QI Q) m 0
e“Re(:)(vl (u)) @(vin) () + )e“Re(z)(vz (u)) ® (vén) (w))
and so we can make a consistent choice of vgn), vé") on the entire ball Bgs(y). Note that

if (5.15) held instead, everything that followed would have been identical, with Bgs(x)
instead of Bss(y). O]

The point of Lemma 5.4 is that, in any ball Bs(x) of radius §, we can always find a
uniformly smaller ball Bgs(y) C Bs(x) on which L;" o9 is strictly and uniformly bounded
away from Lﬁem’o(d)). This means that we can ‘bump’ ® down on any such ball Bs/4(y)
without affecting our inequality. Moreover, using the diametric regularity of the measure
V¥, we can ensure that we are able to do this on a set of uniformly large measure.

LEMMA 5.5. FixC > 0,9 € C'(U, V) and ® € K¢. Suppose we have

le@) 2y < Pu),

sup ([ d@)u(w)llp2Gy) < CP(u)
wETulU

for all u € U, and let § > 0 be the constant guaranteed by Lemma 5.1 and ngy > 0,
€ >0 and s < 1 be the constants guaranteed by Lemma 5.4. For a given p and z € C
with |Re(z) — P(¢)| < 1, we can find a function 8 € cl(U,R) for which we have

1(L20) 0l 1206y < (LR (BN 1)
forallu € U, as well as

(e8(1 + IIm)Dllpl)*
4096

1L 0B 2y < (1 —r V"(UZni))IIQJIILz(Vu)
for some uniform constant r < 1. The constant r depends on ny and C, but not on p, z, ¢
or ®; the function B may depend on all of these.

Proof. By the Vitali covering lemma, we can find a finite collection of points xp, . . ., x; €
Ui so that the balls Bs(x1), . . ., Bs(xx) C Ujy; of radius § are pairwise disjoint, whereas
the balls B3s(x1), . . ., B3s(xx) of radius 38 cover Uj,;. By Lemma 5.4, for each i we can

find a ball Bys(yi) C Bs(x;) and pasts v{""’, v"" so that

(ngy) , (ng)
e 1 p (Hol ™ ) @) v ()

(ng) , (ng)
+ e 02" o Hol™) I 1)) o (v W)l 26

is bounded above by

<1 _ (€8(1 + [Im@)DlIpl)*

(ng) , (ng) (ng) . (ng)
4096 >eaRe(Z)(U"" D@ @) + e 2 D' ()
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for all u € Bys(y;). For each i, define a C 1 radially decreasing bump function 7; centred at
(n

v{" (y) by

7 (0" (u))
(e8(1 + tm(2)DIpl)? . s
1006 if d(, yi) = =
(€8(1 + Im@)Dlpl)?
= 4096
- ex <1+ ! ) if§<d(u i) < 868
P ((1/58) d(u, y;) — (1/2))2 — 1 2 i ’
0 if s§ <d(u, y;),

for all u € Bs(x;). We can smoothly extend 5; to all of U by setting n; = 0 outside
vi"O)(u)(B(g (x;)). To define B, we simply set

Blu):=1—"ni(u)

and by Lemma 5.4 we clearly have
1(L2,0) ) 1206y < (LR 0 (BP) @)

for all u € U. It simply remains to estimate ||L'}°(g)’0(ﬁ D) [ 12 puy-

In principle, we have only introduced contraction into a single term in L';,O( g),O('B d) at
any given point; we need to argue that this was significant enough for our purposes. The
regularity of @ is essential here. As in (5.1), note that the ratio between dD(v((l"O) (u)) and

d (vl(jn(’) (1)) cannot exceed
(no)
" W) _ c/f) diamv)
® (v, (u))
for any pair of pasts v,, vp. As a consequence, we must have

(e8(1 + Im(2)Dpl)? (€5(1 + Im@) o)
4096(£e(C/f) diam(N)) 1096

Do W) <

W0

O™ () (5.25)

where £ is the number of pasts v((ln‘)) of length n¢, and the sum is taken over all such

(ng) . (ng)
pasts. Of course, we can find a uniform D > 0 so that D™ < eReWa W) < b for all

pasts and all u € U; note that D can be chosen independently of z so long as we require
|Re(z) — P(¢)| < 1. From this, we can bound

@ W) g 00 (1))
a

2 n
(€00 + m@DIPI”_ 5~ o)
4096 D2 (£ge €/ diamN)) £t
no
Va
_ €80+ Im@DIPID? ae) ol
- 4096
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following (5.25). This leads immediately to obtaining the pointwise bound

2
(e8(1 4+ [Im(z)Dllpl) >(£n0 @) (u)

no
(Lpio)0BPNW) = (1 2096 D2(05e /N damyy ) P60

forall u € |J Bss /2(¥;) by construction. On the other hand, because L’;,O( )0 is monotonic,
we of course have

(LF100BENW) = (LP) (@)

forallu € U — | Bys ,2(yi). Taken together, these inequalities mean that we can bound

l (L';,O(g)’o(ﬂQ)) ||L2(Vu)

from above by

€+ m@DIe? \> AN
(fuBssmy,» (1 " 4096 D2 (£0e 1) diam(N))) (Lpig) 0P @)7dv >

1/2
+ ( / Ly @)(u))zdv“)
U~ Bss2(vi) P©0

for our particular choice of p and z. As the operator L';,O( o), Preserves the measure v* (by
our renormalization), this is exactly

(e8(1 + Im(z)Dpl)?
”q)”Lz(v”) (1 - 4096 D2 (£ge(C/f) diam(N)) v* U Bss2(vi) | )-

By the diametric regularity of the measure v¥, there is a uniform constant r < 1 for which

V! (Bss2(3i)) = rv*(Bss (i)

for all i. Hence, we have

v"( U Bsa/z(yi)> > rv”( U B3a(yi)) > rv* (Uini),

completing the proof. O

It is important to recognize that many of the estimates so far do, in fact, depend on p,
Im(z) or C; this is problematic for the spectral bounds we want to obtain. To isolate some
of these dependencies, we restrict our attention to control functions ® € K1+ 1m@)pioll»
where we hope to be able to make a uniform choice of an appropriate C. In particular, we
want to find a C so that Kc(i+jim()))p| is invariant under L7 ,, at least for z with Re(z)
sufficiently close to P(¢).

PROPOSITION 5.6. There is a uniform choice of constant C > 0 so that, for all ¢ €
C! U,VP)yand ® € 7<C(1+|Im(z)|||p||: if we have
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o)l 2y < D),

sup [[(d@)u(w)ll12g) < C(1 + [Im(2)[) P (u)
weTulU

forallu € U, then we can bound

Sup AL, 912Gy = €O+ MDA (Lo ®) )
weTl, U

forallu € U, and all n > 0.

Proof. Fix u € U. By definition, the transfer operator can be expressed as the sum

£ 0) ) = Z ) o (Hol™ (0 (1)) p (1™ (1)) (5.26)

over pasts v ). We need to control

sup  d(L; ,(@)uW)l12G)»
weT U

which we will accomplish by differentiating (5.26) term-by-term. For a fixed i, the
derivative

d(e” ") 5 Hol™ (0 (1)) (0 () (w)

can be bounded by the sum

e " @) (o (Hol™ (v (1)) (W @) (@A (@™ 0 v N2y (5:27)
+ 10O (@ (o (HOl™ o™, (W)™ @) 26 (5.28)
+ 1" @@ 5 (Hol ™ (0™ 1)) (d (9 0 v (W) 26 (5.29)

for all w e T,}U . We bound each of these terms individually, beginning with (5.27).
Observe that

n

@@ o v))u(w) =Y 1(@d(ez 0 v))u(w)l
j:l
Z ||az||cl
frci
”az ”C'

< 2t
T flk—=1

and so (5.27) is at most

”Olz”Cl aRe()(v (“))H(p(v

fke —1)

forallu € U and w € T,!U. Exactly the same calculations show us that

@)l 26
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n
IdHI™ ov™ )y (w)llz1 < Y I(d ol ov))u(w)ll71g
j=I
" || Hol |1
A
- | Hol || -1
fle—1)

=<

and, hence, that (5.28) is at most
| Hol lc1 e 0
L e e @ )] (™
(”p“f(/( 1 € e (v; (u))”LZ(G)

by the definition of || po|| and the chain rule. Finally, we can bound (5.29) by

CA +[Im@Dliell,

fr"

by hypothesis. Combining all of these with the pointwise bound on the norm of ¢, we see
that so long as we have

ez (v (1)) 1) (v.(") ))
1

ozl o1 ol | Hol |c1 C(1 + [Im(z)]) | o]l
fle—1) flk=1) fr"

we obtain the bounds desired. Note that || Hol || -1 is a uniform constant and |lo, || -1 is at

most ||are(z) 1 (1 + [Im(z)[). As [[otRe(z) Il 1 1 uniformly bounded when Re(z) is confined

to the bounded interval |Re(z) — P(g)| < 1, we can clearly choose a C > 0 so that (5.30)
holds for all n > 0. O

< CA 4+ [Im)Dllell,  (5.30)

We are now in a position to prove Theorem 3.2; the strategy is entirely analogous to that
outlined in [11, §6] or [17, Theorem 6.8].

THEOREM 5.7. Fix a non-trivial isotypic representation p > 0 and z € C with |Re(z) —
P(c)| < 1. There are uniform constants D > 0 and ro < 1 so that

1£2 0l 20 < Dl

forall ¢ € CY(U, VP). Neither D nor ro depends on p, ¢ or z.

Proof. Fix C > 0, N > 0 as in Lemma 5.6 and ngp > N as in Lemma 5.5. We begin by
setting

po(u) := ¢(u),

Po(u) = llgllc

for which we clearly have ®o € Kc(14(im(z)))| 0| as Well as the bounds

loo)llL2(y = Polu),
)

sup  [[(dpo)u (W)l 2y = €1+ [Im(2) [ o1l Po(x)
weT,}U
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assuming that C > 0 is large enough so that C||p|| > 1 for all p. By Lemma 5.5, we can
find a function By € C L, R) for which we have

L% 90) Wl 126y < (Lydz).0(BoP0)) (1)

and

||£§%(Z),o(/30q>o)||142(uu) < rollPoll 2(yuy

for a uniform choice of ng > 0. Moreover, ry and || Bol| -1 can be made uniform in p, ¢ and
z by choosing § so that C(1 4 |Im(z)|)||p]| - § is constant, as in Lemma 5.1.

We want to iterate this, for which it will be crucial that we can find a uniform Cy so
that we have By®g € 7(C0(1+|Im(z)|)||p|| for all ®g € 7<C0(1+\Im(z)|)\|p\|- For any given D) €
Kc+m@)Dlpl» we have

sup  [(d(PoBo)u(w)| < Bo(w)( sup [(dPo)u(w)|) + Po(u)( sup [(dfo)u(w)])
wETMIU weTL}U wETMIU

= sup Po)(C + [Im@)DlpllBou) + (dBo)u(w))
weT U

for all u € U. From the construction of By, and by our earlier remarks on our choice of 3,
it is clear that we can choose a uniform Cy large enough so that

sup C( + [Im(2) Dl pll Bo(w) + (dBo)u(w) = CoPolu)
weTl, U

for any choice of By as in Lemma 5.5. We then clearly have Bo®o € Kcy(1+1m(z)))lpl> and,
hence, by Lemma 5.6 we obtain

Sup 1d (L, 0)u W)l 26y < Co(l + Im()DI2I1(Le(r).0P0) (1)
weTl, U

forallu e U.
Now, we can repeat what we have done so far and inductively choose f;_1 as in
Lemma 5.5, setting

@i (u) := (L% pi-1) W),
(1) 1= (L2 ) 0 (Bim1 Bi—1) @)
for i > 1. Note that we have just shown that ®1 € Kc,(1+im(z)))| 0 and that we have

o1l 26y < ®1),

sup  [[(deD)uW)llz2(Gy) = Co(1 + [Im(2)D I plIP1(u)
weTulU

for all u € U. As before, we obtain

loi 2y = Piu),
(

sup  [[(dei)u(W) 2y = Co(l + [Im(2)]) || ol P; ()
weTulU
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inductively for all i > 1 and, moreover,
IPill 2y < rollPi—ill 22
by construction. Chaining these inequalities together, we have
L0020y < roll@licrs
which is almost what we need. To conclude, observe that we have
I (£§,’Z,°+ P)Y Wl 2wy < rollelic 1L 426

where ||‘£1§,p||L2(G) denotes the operator norm ofL’Z"p. If k < ngand |Re(z) — P(¢)| < 1,
then we can find a uniform bound D > 0 so that ||‘£1§,p 226y < D, as desired. O]

The differentiability of the potential ¢ was essential to much of what we have done so
far in this section; to extend our results to the case when ¢ is only Holder, however, is a
relatively straightforward approximation argument, identical to that given in [11, §4(ID)].
We sketch this in the following.

COROLLARY 5.8. With notation as in Theorem 5.7, we have

1-LRe ()09 L200m) < Drgllgllcs

when the potential ¢ is only Holder continuous.

Proof. Suppose that ¢ is Holder continuous. As in [11], we can find a sequence of smooth
potentials ¢ ™M@ ¢ C1(U, R) indexed by Im(z) for which we have

/2
sup |so(u) — ¢ MM ()| < ||go||ca< ) (5.31)
uel Im(z)|
and
I¢M™D |01 < Cy/Im(2)] (5.32)

for some uniform constant C > 0. We consider the alternatively defined transfer operator

(-Z:z,p¢)(u) = Z 6&2(”/)(,0(H01(u’)) . (p(u')),
where we set ow)=u
&z (u) = "M () — Re(2) - (u, 5) — log(geo () +log(pw (0 (w)) — log P(s™)

for u € U. By (5.31), &, converges uniformly to are(;) as Im(z) — oo and, hence, iz,pga
must converge to Lre(z),» in the L2(v*) norm.

Now, we simply observe that the spectral bound in Theorem 5.7 holds for the
operator -Z:z,p’ because the main properties required of &, namely that [|@;[|;1 < C(1 +
[Im(z)|) for large |Im(z)| when |Re(z) — P(g)| < 1, are guaranteed by (5.32) and [11,
Lemma 1]. Moreover, note that all the constants, and particularly those originating from
Proposition 5.6, can be chosen uniformly in Im(z). As the inequality in Theorem 5.7 holds
with the same constants for jzz,,, for each Im(z), it must hold in the limit, as desired. = [
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