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UNITARY REPRESENTATIONS OF UNIPOTENT GROUPS

ASSOCIATED WITH THETA SERIES

HISASI MORIKAWA

1. Unipotent group of real (g + 2) X (g + 2) -matrices

1 R R R

1 R R

1 R

1

may be regarded as a split extension of Ng(R) by Heisenberg group of real
(g + 2) X (g + 2)-matrices

/ I R R R R \

1 0 - 0 R

" . 0 R

1 R

1

We may choose a coordinate system of Ng+2(R)

which corresponds to

iV*(R))

1

From the matrix composition
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I xη + y x0 + y0 + x*yy

ξη '(x + y'ξ)

1 x xo\ / 1 y yo

ξ 'χ)[ v '0 1 =

we obtain law of composition

(1) (j?0, £, x, ζ) ° (2/o, ϋ, y, tj) = fo> + yo + xty,£η + V

We denote discrete subgroups of integral matrices

Ng+2(Z) = {(60, 6, b,β)\bo<ΞZ;b,b<Ξ Z8, β

N, + 2 (Z n) = {(6o, 6, 6, j8) e iV,+2(Z) | β = I mod n}.

By means of right action of Ng+2(R) the complex Z,2-spaces with normalized Haar

measure

L2(Ne+2(Z)\Nt+2(R)), L2(Ng+2(Z n)\Λ^+ 2(R))

are spaces of unitary representations of Ng+2(R).

In the present note using the above coordinate system (xo,x,xfξ) of

Λ/^+2(R), we shall construct irreducible invariant spaces in L2(Ng+2(Z n) \

Ng+2(Tl)), which are associated with theta series of level n.

2. We use the following notations freely:

Z^o = {non-negative integer}

Z!>0= {;= (Ju...Jg)\ji^Z^oi

I j \ = h + h + ' * + jg
i—1 g—i

Si= (0,. . . ,0,1,0,. . . ,0)

r = a symmetric complex £ X ^-matrix with positive definite imaginary

part,

z — x + xty z = x + xi.

The vector space of theta series of level n has a basis

(2) (τ\z)= Σ a-.
W

(a<ΞZ*/nZg).

To each theta series we associate a family of real analytic functions on

Γ a

(3) Φ. n

Lθ
o, 5, ΛT, ξ)
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v̂ ΠΓxo] Σ ((χ + £ + -yξ-ιy

- )

169

+ 2xξ-\x + £ + 3
Ύl

(a , j e Zio, n > 1)

PROPOSITION 1.

(4) ftin)
9L
n

Lθ

= φjn) I w
0

(τ | xo, £, x, ξ) ((6o, ί, δ, j8) e N8+2(Z)).

Proof. For each (δ0, δ, δ, β) e Ng+2(Z), we have

a_
n

0

= Φjn) \ n ( r I (δ 0 + xo + b*x, bξ + £,b + x'β, βξ))

(δ0, δ, δ, x, x,

0

Σ ((x'β + b + £ + ^ -1\J

Ύl

+ 2(x+bξ)ξ-lt(xtβ+b

= exp [— 2πny/— lx0] exp [— 2πn\j— 1 tx] Σ ((x + £ + — 'β'1)^

£ + ̂ ξ-1 '{x + £ + ^'β'

+ £ +
n

ίβ~ι exp[2πn^F:rϊb'x]

— /f\(n)= Φ Λ» P
o, x, x, ξ).

3. Right invariant vector fields

D = k ΰ =
on are naturally extended to right invariant vector fields on Ng+2(R) as
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follows,
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because

— Utf (Xo, X, X, ξ) —
, x, x, ξ) ° (s, 0,0. /)) - / t o , £, s, ξ)

S = 0

_ f(x0 + s, x, xy ξ) - f(xQ, x, x, ξ)

, X, X, ς) —

s=0 UXQ

_ / t o , J + 5ε<, x, ξ) - /(xo, f, x, ξ)

r ^ „ e\ - /(to> >̂ x>
XQ, X, X, ζ) —

Λ/ί; J \Xθf Xj Xf s / ,

_ f(x0 + s£t, x, x + set 'ξ, ξ) — f(xQ, x, x, ξ)
s

LEMMA 1.

(6)

5 = 0

f(Xo' £' x' ξ)'

Proof. Denoting ξ x = (ξ*k) we have

I g g

(7)

(8)

(9)

PROPOSITION

D0Φjn)

DtΦ?»

Γ ^

Lo.

.0

. 0 .

2.

1

(r

Xo,

Xo,

X,

£,

x,

X,

x,

x,

ξ) = 2πn^/~

ξ) = 2πn^

1 Φjn)

T Φ ίL

n (rl

Tί

~1
oJ

• α_

.0

L %p

(τ x.,f

(r

-n

• i, f),

',i. f),

(rl*. , £, x, ξ),
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(α

Proof. From the definition of Φjn

o, n>\, \<i<g).

(τ\x0, x, x, ξ) and Lemma 1 we have

n
0 J

(τ\xo,£,x9ξ) = (τ\xo,£, x, ξ)

= 2πn\j— 1 Φjn) (τ\xo,£, x, ξ),

h(n)

0 J 0 J
(τ\xo,x, x, ξ)

= exp[- 2πn^rΎxo\ Σ ((x + £ + f )'ί~1)y exp[τrM

f)
' 1 expL ΔTZΎly lXoJ ZJ \ U T ί T ) ς ^

(r|x 0, ί, Λ:,

(T I xo, i, x, ?) =
0 J

- 2πnyJ— l£iΦjn) w | ( τ | x, ξ) + exp[-

(τ\xo,£, x, ξ)

f)n

g

Σ
ρ=ι

/ — 1 rt/, exp[ — 2TZW— l^ol Σ

(r|xo, X, X, ξ)

»\(.τ\xo,x,x,ξ)+ 2πw/=T Σ r^

o J
| (r | x0( x, x,

o
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PROPOSITION 3.

(10) ( A - ΣτipDdΦjn)
Γ a

(τ\xo,£, X, ξ) =jiΦ}-εi
o J

(τ\xo,x, x, ξ).

This is a direct consequence of (8) and (9).

Since Λ^+2(Z n)\Ng+2(R) is compact, Proposition 1 means

n
LO

o, x, x, ξ) e L2(N8+2(Z : n)Wi+ 2(R))

THEOREM. W^ denote 63; K(n) the completion of the vector spanned by

(τ\xo,x, x, ξ)

in L 2 U W Z n) \JV# + 2(R)). T/î n K(n
in

0
i5 an irreducible invariant subspace

wtih respect to the right action of Ng+2(R) on Ng+2(Z

a

Proof From Proposition 2 K (n) n
0 J

is an invariant subspace with respect

to subgroup

element

. From Proposition 3 K{n) \ n \ is generated by a primitive
0

(τ\xo,x, x, ξ),

hence K(n)

0 J
is irreducible with respect to . It is sufficient to prove

Γ a
that Kin) is invariant with respect to subgroup Ng(K). For each element A

of Lie algebra of Ng(R) we denote

DΛ/(XO, x, x, ξ) = f^Xθt *' X'

> e x p ( 5 i 4 ) ) ~f(χ»> £> x>
s=0
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= f(xo, x exp(sA), x, ξexyjsA)) — f(xOf x, x, ξ)

It is enough to show

DAΦjn)

0
(τ\xo,£,x,

5 = 0

Since ther exist constants λjk,βjh depending on A and τ such that

((x + £ + ̂ )tξ-1(-A))i = Σ λjk((x + 4
n

£ + ~Yξ-ι
J)) {{x + £

= Σ
1*1-1^1+2

\ ti-
ll (r|x0, x, x, ξ)

Σ «x + £ + %)tξ-1exp(-

LO

= 7 [fexp[-

exp(- s'A)τ exp(- sA)ξ~ι '(x + £ + - )

- exp[- 2τrMVr::::T.ro] Σ ((ar ^

{(x + £ + ̂ T1 '(x + £ + f) + 2£ξ~ι >(x

= Σ λjkexp[-2πnx0] Σ ((x + £ + -J) T 1 )

2xξ'1

+ Σ βjk ί
1*1-1/1+2

/—TiΘ X P

= Σ λjkΦίcn)

1*1-1/1

i v n

(γ .

\X

a
n
Q

[•— 2πnxo

+ £+-)
n

(r | xo, x

] Σ ((

» x, ξ)

X + £ -\ ) 'ξ" 1)
n

a. ,

+ Σ βjhΦ™
1*1-1/1+2 .0

f>»L

•£•)}]t
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