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ON EXISTENCE AND STABILITY OF SOLUTIONS TO
ELLIPTIC SYSTEMS WITH GENERALISED GROWTH

MAREK GALEWSKI AND MAREK PLOCIENNICZAK

We are concerned with existence and stability of solutions for system of equations with
generalised p(z) and m(z)—Laplace operators and where the nonlinearity satisfies
some local growth conditions. We provide a variational approach that is based on
investigation of the primal and the dual action functionals. As a consequence we
consider the dependence of the the system on functional parameters.

1. INTRODUCTION

In this paper we consider existence and stability of solutions to the following family
of systems of Dirichlet problems with generalised p(z), m(z)—Laplacian operators for
k=0,1,2,...

~div (a(z) |Vu(z)|"“"’w(x)) = F¥(z,u(z), v(z)),
(1.1) —div (b(z) |Vo(2)|™*Vu(z)) = F¥(z, u(z), v(z)),
u(z) lon =0, u € WIPA(Q), () sa =0, ve W™ (Q)
where  C RV is a bounded region with Lipschitz boundary, p,q,m,n € C(Q), 1/p(z)
+1/g(z) = 1, 1/m(z) + 1/n(z) = 1 for z € Q; Wy™?(Q), Wr™=(Q) denote

the generalised Orlicz-Sobolev spaces, see [3, 5]; a,b € C(Q) with a(z) > a¢ > 0,
b(z) 2 by >00n Q for k=0,1,2,. Letp‘=ig£p(x)>N, m'=ix€1rflm(z)>N.
x x

We shall show — upon some conditions — that for all k = 1,2, ... there exists a solution
(uk, vx) to (1.2) and later that from the sequence (ui,vx) one can choose a subsequence
(ug;, Uk;) such that ug, — G weakly in W'#@(Q), vy, = 7 weakly in W1™()(Q) and
- div( (z)|VE(z) |p(z) *vu(z) ) F2(z,u(z), 0(z)),

— div(b(z)| V()| Vi(z)) = F2(z,5(z), 5(a)),
@(z) lon =0, (z) an = 0.
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Such a property we shall call the stability of the system. Some general framework for
studying stability of solutions to variational problems in sublinear case can be found in
(10, 12] and [13] but our method provides suitable results for the family of systems of
Dirichlet problems with generalised p(z), m(z)—Laplacian operators.

In order to obtain the solution to (1.2) we minimise J; on a set X, C W!?()(Q)
x W1m(=)(Q) which has the following property: for all (u,v) € X}, the relation

—div (a(z)|va(x)|"‘”'2va(z)) = F*(z,u(z),v(z)),
(1.2) —div (b(x)|v5(z) |"'""2va;(z)) = F*(z,u(z), v(x))
Uz) lon =0, T € Wo™™(Q),  (z) on =0, T € Wy™(Q)

implies (&, ?) € X,.
First we show, with the aid growth conditions F1, F2, F3 (see Section 2), that the
action functional

Jk(u,v)=/a(x |V u( )|p(z)dz+/n;—((a;—))|Vv(z)|m(z)dx—/‘;F"(x,u(z),v(z))dz

is bounded from below and achieves its minimum (G, U;) on X;. Since X is not dense in
WrE@(Q) x Wm(=)(Q) we may not apply the Euler-Lagrange equation. Our assumptions
also do not allow us to use either the mountain pass geometry or the topological approach.
In order to show that (U, Tx) is indeed a solution we construct a dual functional J? :
WlxW?— R

JP(w,2) = /n(F")‘ (z, — divw(z), — div z(z))dz

- L (@)@ 1 1\ ot
B /n (a(z))T@7P@ q(z) Juw(@)|"dz - /n (@)@ n(z) |v(2)|"Pdz

where

W' = {w e L*@(Q) | divw € LTI (Q)},

W? = {z € L"(Q) | divz € L"*(Q)}
and investigate relations between J and JP. We relate critical values on Xj and X{ (on
which J?2 is considered) and later we relate the relevant critical points. These relations
provide the existence of solutions. Construction of X and some convergence of F* will

further allow us to obtain stability. Here (F*)* denotes the Fenchel-Young conjugate of
F*, see [2], that is,

(1.3) (F*)*(z, w1, wq) = s:’g(('w, z) — F¥(z, 2, z)),

where z = (21,2) and w = (w,,w;). The only work — known to the authors - that
concerns elliptic system with generalised growth is (9]. Following [4] the authors of [9]
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apply first a direct method of the calculus of variations and later a mountain pass geom-
etry. Since problems with generalised growth conditions are applied in elastic mechanics
and electrorheological fluid dynamics (see [11, 14} and references therein), we believe
that our results may contribute to that research. Concerning some ideas on stability in
variational problems we may mention [6].

2. ASSUMPTIONS AND AUXILIARY RESULTS
In what follows by C%, CZ we denote the best Sobolev constants

lullpte) < C5 1|Vl for all w € Wy ™),

lullm(z) < CE|Vttll sy for all u € Wy ™ (Q).

m(z

Since WaP®(Q) is continuously embedded into Wi* (£2), as well as W™ (Q) into
W, ™ (), [3], we denote by C[*, C? the following constants

(2.1) IVull- < ClIVullpe),
IVUllm- € CTIIVlima)-

Since p~ > N and m~ > N by Sobolev Imbedding Theorem [1] we get
(2.2) meagclu(a:)l < G} ||Vul,- for all u € WyP™ (Q),

T

mégclv(z)l < C7||Vy|,- for all v € W™ (Q).

x

Therefore by (2.2) and (2.3) for all u € WyP®(Q), v € W™= (Q) we get
(2.3) max|u(z)| < CE[|Vull,- < CYCE (| Vully),
max|v(z)| < CF* | Voll,.- < CT°CT ||V

m(z) *

Let us consider two nondecreasing sequences of positive numbers, bounded away
from 0, {d}2,, {ck}2,- We assume that

Fi: |[lYlgzy € /o™ + 1/¢7)7Y, llnmy < (1/m~ + 1/n7)7! and for

k=0,1,2,...
4 cree F* d
¢4 CRAE I e o2 0] < o
CSC"'C’”wssup max IF (z,u,v)| < boc.

ug[— dhdh] UE[—C; 1Ck}

F2: F* Fk F¥:Qx[~dy,do) % [—co, o) = R are Caratheodory functions for all
k=0,1,2,..., F* is convex in the last two variables on [—dy, di] X [~ ¢k, ck]
forall k =0,1,2,... and almost all z € Q.

We may define F* on Qx (R\[—dy, do]) X (R\[—co, co]) by putting F* = +c0.
Now F* is convex and lower semicontinuous.
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F3 FX(z,0,0) # 0, F¥(z,0,0) # 0 for almost all z € (2, functions z +»
F*(z,0,0) and z — (F*)*(z,0, 0) are integrable on Q where (F*)* is defined
by (1.3).
We put

d c
i - Wl,ﬂ(.‘l!) Q Wl,m(z) Q o < k o < k
(2 5) Xk {(u’v) €Wy ( ) X Wy ( )’ "VU’“P( ) Cfcg»HV"Hm( ) C{"Cg"

|u(@)| < db, [o(2)] < e}

Reasoning exactly as in [8] we show that X, has indeed property (1.3). The dual func-
tional JP will be considered on a set X which is a set of these (w,z) € W' x W?2 for
which there exists a (u,v) € X such that

(2.6) —div w(z) = Ff(z,u(z),v(z))
and

(2.7) a(z)|Vi(z) " Vi) = w(z),
(2.8) ~div z(z) = F} (z,u(z), v(z))
and

(2.9) b(z)| V()| ™ VE(z) = 2(z),

where (@, 7) corresponds to (u,v) in (1.3).
Ji and JP are well defined on X, and X2 due to the following.
LEMMA 2.1. Forany k=0,1,2,..., there exist constants vy, > 0 such that

(2.10) /ﬂF"(z, u(z),v(x))dz' <%

for all (u,v) € X; and
(2.11) |/(F")‘(z, —divw(z), - div z(x))dxl < T
Q

for all (w, z) € X§.
PROOF: Relation (2.10) follows by convexity of F*, F1, F3 and the estimates

|F"(:r:, u(x),v(x)), < |F*(z,0,0)] +i1€18{|F:(z, 0, O)”u(z)|}
By (2.6), (2.8), (2.10) and the definition of X2 we get that
/(F")‘ (z, — divw(z), — div z(z))dz |
Q
=— / F*(z,u(z), v(z))dz + / (u(z), v(z)) (- div w(z), - div z(z))dz
n Q

is finite. Thus relation (2.11) follows. 1]
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3. EXISTENCE OF SOLUTIONS

THEOREM 3.1. Assume F1, F2, F3. For all k = 0,1,2,... there exists
(uk, Uk, Wk, 2¢) € Xk x X# such that

(3.1) - divwi(z) = FE(z, ur(z), ve(z)), — div 2 (z) = Fy (2, ux(z), ve(z)),
32)  o(@)|Vur(@) PP Vur(z) = wi(2), b(z)| Vo (2)| "D Vur(z) = ze(a).

Moreover

D = —
(3.3) “ lzx)lé”Xk JP(w, 2) = JP (wi, zx) = Ji(ug, vx) (u,tl:l)leka Ji(u, v).

PRrROOF: We fix k =0,1,2.... We observe that by Lemma 2.1

J"(u’v)=/Q;l%lvu(z)lp(z)dx'*'L%IVU(Z)W(Z)dz
- [ @ ute), v(@)dz >
1]

Therefore ( u)lfx Jie(u,v) is finite. By the properties of X there exists a minimising
u,v)}e

sequence {(uk, )} nz for functional Ji on X and this sequence may be assumed to be
weakly convergent in Wa"*)(Q) x W™ () and therefore, up to a subsequence, strongly
in IP@(Q) x L™= (). Thus it contains a subsequence convergent almost everywhere,
still denoted by {(uf,v}')} -, and its limit is denoted by (ux,vk). We see that
di
IV ull Loera) < cPct
for all n and
lim inf[|Vug|| o) 2 | Vetell otorger -

Therefore || V|| sy < (di)/(CTCE). By definition of sequence {up}i2, we also get
|uz(z)| < dx. Since {uf}32, is convergent almost everywhere, we get |uk(z)| < di. The
same holds for {vg}32,. So (u,vx) € Xk and we get hm mf Ji(ul, vP) = Ji(ux, vx) since

lim /{; F¥(z,up(z), vp(z))dz = /{; F¥(z, ux(z), v(z))dz

Thus Ji is weakly lower semicontinuous on X} and since X} is weakly compact we see
that Ji(ug,vx) = inf  Je(u,v).
k(Uk k) (u,v)EX, k( )

We show that

(3.4) inf JP(w,2) = inf Ji(u,v).

(w,2)eXg (u,v)EXs
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We consider a functional Jf : Xx x X# — R given by the formula
# _ K\e (1 _ _di a(z) #(z)
JE(u,v,w,2) = [ (F*)*(z, - divw(z), ~ div 2(z))dz + |Vu(z) | dz
Q a p(z)
_ b(z) m(z)
Vu(z)w(z)dz + ——|Vv(:c)| dz — | Vu(z)z(z)dz.
0 o m(z) a

We observe that for any (u,v) € Xk

(3.5) inf  J¥(u,v,w,2) = Jp(u,v)

(w,2)eXE
and for any (w,z) € X¢

D
(3.6) : (u,};?efx. J¥(u,v,w, 2) = JP(w, 2).

To show (3.5) we fix (u,v) € X and obtain by Fenchel-Young inequality

(3.7) sup . /ﬂ [(u(z), v(z)) (- divw(z), - div 2(z))

(w,2)EX
— (F*)*(z, - divw(z), — div z(z))] dz < / F*(z,u(z),v(z))dz
n
By definition of X{ there exists (@, Z) € X{ satisfying

—~divio(z) = F¥ (z,u(z), v(z)),
—divZ(z) = F} (z, u(z), v(z)),

which provides

(3.8) / (u(2), v(z)) (- div @(z), — div Z(z))dz
Q
/(F") (z, - div @(z), — div 2( a:) /F"(x u(z), v(z))dz
Therefore equality holds in (3.7). This and integration by parts provides

inf  J¥(u,v,w,2)
(w,2)eX§

=— sup {— /n(F")’ (z, - div w(z), — div z(z))dz -

(w,2)exg

+/Vu(z)w(z)dx+/Vv(z)z(z)dz]
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=~ sup [—/Q(F")‘(z,—divw(z),-divz(z))d:t

(w,z)EXg
"'/ﬂ(u(z)av(z))(—divw(z),—divz(x))}
+/S);%|Vu(x)|p(z)dz+/nTI;(—z)|Vv(z)|m(z)dz

(z)
P M p(z) _bg_.’l_?)_ m(z) _
= /(;Fk(z,u(z),v(x))d:z:+/np(z)IVu(xﬂ dx+/nm(x)|Vv(x)| dz = Ji(u,v)

s0 (3.5) follows.
To show (3.6) we fix (w, z) € X. We obtain by the Fenchel-Young inequalities

sup {/w(x)Vu(z)dm—/%Ivu(x)ln(:)dx
Q

(uv)EXs

(3.9) / Vu(z /QL:E)|V'U(:1:)|m(I)dz}

q(x) 1 1 n(z)
<), e ool + [ G @
For a given (w, z) € X¢ there exists (%,7) € X such that

2)| V() PP vi(z) = wiz), b(e)| Vi)™ *Vi(e) = 2(z).

Thus we get

/Q w(z)Vi(z)ds — /Q pi ]v~(x )P dz + / 2(z)V3(z)dz — /Q bz

= 1 q(:) 1 n(:)
_/( (z))1@/7@ g(z) |“’ ) d“"‘/((x))n(z)/m(:)n |v(z)[™ dz.

Thus equality holds in (3.10) and relation (3.6) follows.
By (3.5) and (3.6) we obtain

~(.’L‘)IM(I)d.’E

inf  Ji(u,v inf inf J7(u,v,w,z inf inf JF(u,v,w,z inf J7(w,z
(u,v)€X, k( ) (u,0)€ Xy (w,2)eX§ "( )= (w,2)eXd (uv)EXy "( ) (w,z)ex k( )

and (3.4) follows.

Since (uk,vr) € X we may take (wg, zx) € X such that (3.1) hold. By the Fenchel-
Young inequalities

(3.10)
(z) - 1 a(z
Jrpvatal e > [ wevwionts - [ il

and
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b( ) mz ]_ 1 alz
A mZ;)IVvk(:c)l @ e > /nz,,(z)Vv,,(z)dz— @)@ n(x)lz"(x)l @ gz

and by a direct calculation we get Ji(uy, v,;) > JP(wk,z). By (3.4), it follows that

Ji (ug, vk) < © inf JD('w z) € JP(wk, ). Hence Jx(ux,vx) = JP(wy,2:) and by a
¥ e b

direct ca.lcula.txon we have actually equalities in (3.10). Therefore by the properties of
the Fenchel-Young transformation (3.2) holds. Assertion (3.3) follows by (3.4) and since
JkD(wk,Zk) = Jk(uk,vk). D

4. STABILITY OF SOLUTIONS

Now we take up the stability problem. We assume F1 - F3 and

F4: F} is differentiable in u on [~dy,dp] and in v on [—cg, co] for almost all
z € §, FF is differentiable in u on [—dy, dg] and in v on {~cg, ¢g] for almost
all z € Q. There exist constants f;, B,, 83, s > 0 (independent of k) such
that

ﬂG[ do.do]ve[_q, co]l (1', u, ’U)l < ﬂl,
(4.1) |F (I u v)l s ﬂ2,

ue[ dodo]vel-co 1o
l uv(m u, ‘U)‘ S ﬁS’

u€[— -dolvel coco)I (@, v)l P

THEOREM 4.1. Assume F1, F2, F3, F4 and that for all (u,v) € X, there exists
a subsequence {k;}32, such that

11‘1’1510 FF(z,u(z),v(2)) = F2 (z,u(z), v(z))

ue[—do do} vE[ o Co]

and

Jim FF(z,u(z),v(z)) = F)(z,u(z), v(z))

almost everywhere in Q. For each k = 0,1,2,... there exists a solution (ug,vi) to the
problem (1.2). There exists a subsequence {(uk,,,vk,,)} of the sequence {(uk,ve)},.,
and (@,7) € X, such that

(ut,, v,) = (B,T) € Xo, weakly in W"”(‘)(Q) Wy ™)
and
~ div(a(z)| Va(e) " Va(@)) = F(z,5(2), 5(2)),
(4.2) —dlv(b(x)|Vv(z)|m(=)—2Vv(z)) F(z,3(z), 3(z)),
%(z) lsn =0, T(z) lon = 0.
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ProOOF: By Theorem 3.1 it follows that for each k = 0,1,2,3,... there exists
(ug,vx) € X satisfying (1.2). Since X; C X it follows that we may choose a weakly
convergent subsequence in W, *®(2) x Wy ™ () which up to a subsequence may be as-
sumed to be strongly convergent in LP(®)(Q) x L™*)(Q) and convergent almost everywhere
to (%,7). Due to F1

(o 3(0), 7(0) - Fil(e, (e), 70)| < ey

2b
*(z,3(z),0(z)) — FL(z, (), (:z:))! < C%C:%'

(4.3)

cpr - . p(z)-2 o0
By (4.3) and definition of X we obtain that {— div (a(-)quk(-)l Vuk(-)) }k_l and

{ dlv(b( )| V(- )Im(z) Vo ()) }:: are weakly convergent in L9®)(Q2) and L*=)(Q),
respectively to functions d; € L9 (Q), d, € L™*)(2). We obtain that

0< /n<_ div(a(x)|Vuk|”(z)-2Vuk) - (— div(a(x)|Vu|"(’)‘2Vu)),uk - u>dz
- /n <d1(z) - (— div(a(i)qu|P(’)'2Vu)),U - u>dz.

Thus by the monotonicity of the p(z)—Laplacian we see that d(z) = — div(a(z) |Va['®)~? va)
and similarly dy(z) = — div(b(z)|Vo|™=-2V7).
We now prove that

lim FF¥ (z,ug,(z), v, (z)) = F)(z,%(z),?(z)) and
1—00

(4.4) lim F¥ (z, ug,(z), v, (z)) = F{(z,%(z),v(z)) almost everywhere.
=00

We show the first relation. We have

(45) Ft’:' (x, Uk, (-T), Uk; (Z)) - F,?(:L‘,'ﬁ(z:),ij(z)) = F:' (Z, uk"(z)’ Uk (I))
—Fyi(z,9(z),9(z)) + Fy (z,8(2), 8(2)) — F3(z,5(z),5(z)).

By the mean value theorem we observe that

lF,f“(:z,uk..,vk,) Fki(z, u,v)l sup sup \/}‘uu(z uk’,vk,l +|F i(z, uk‘,vk')l
z€0 (uv)€Xp

' \/luk.' - ﬂlz + 'vk.' - 5'2
Since {uk,}32, and {v, }32, are convergent almost everywhere, by F4 it follows that

il_iglo (F'f" (z, uk,(2), v&, (2)) ~ F (z, 5(2), ﬁ(x))) = 0 almost everywhere.
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Thus from (4.6) using the above and by the assumption ,l_i'm Fki(z,1(z),9(z))
31— 00

= FY(z,u(z),v(z)) we obtain (4.4). Since the weak limit is equal to an almost ev-
erywhere limit we get (4.3). 0

By Theorem 3.1 there exists (up,vo) € X such that ( il)lfx Jo(u,v) = Jo(ug, vo).
u,v)EXo

The following corollary shows that under some additional assumptions (%, 7) minimises
Jo on Xp.

COROLLARY 4.2. Under the assumptions of Theorem 4.1 if

(4.6) limsup(/ FX(z, uo,vo)dz—/Fo(x, ‘UO,'U())dI) <0
) o)

k—o00

and klim F*(z,%,v) = F°(z,%,7) for almost everywhere z € ), then (%, 7) minimises J,
—$0
on Xp.

PROOF: Let us suppose that (%, 7) does not minimise Jp on Xj, that is,
Jo(ﬁ, ﬁ) - Jo(Uo,'Uo) > 0,

where (ug, Up) is a point minimising J, on Xp, provided by Theorem 3.1. Due to the weak
lower semicontinuity of Jo we have

(4.7) lim inf (Jo(us, v¢) — Jo(Z, 7)) > 0.

Hence, by

0 < Jo(@, T) — Jo(uo, v) = (Jk(uk, ’Uk) - Jo(’Uo,’Uo))
— (i (s, ve) — Jo(ur, ve)) — (Jo(ur, vi) — Jo(4, 7))

and by (4.7) the proof will be finished by showing that

(4-8) kl;lfgo(Jk(Uk, k) — Jo(ux, ve)) =0
and

(4.9) liginf(.]k(uk, Uk) - Jo(uo,vo)) <0.
We get

lim (Jx(ur, ve) — Jo(uk, ve)) = lim (/ Fz, ug, vp)dz —/ F(z, uk,v,,)dz).
k—o0 k—=oo \ Jq Q
Since

| FO(z, ug, vi) = F*(z, ug, ve)| < |FO(z, wp, ve) — FO(z, %, 7))
+ |F"(z,ﬁ, 7) - F'(z, %, ﬁ)| + IF"(z, U, Uk) — F"(z,ﬁ,ﬁ)l
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we have by the mean value theorem and by F1
IFO(.’L‘,’U.k,Uk) - FO(I u, 5)'

0 _ _ 512
ilelg(uil)lgx \/|F (z,u, v)| + |F(z,u,v)| \/|uk a® + v — 7|

\/7(12 + B/ luk — T + o - T2 = 0,
[F"(z,uk,vk) — F¥(z,7, v)| - 0.

Since F*(z,%,v) = F°(z,,v) we obtain
lim (/ FO(z, ug, vg)dz — / F*(z, uk,vk)dx) =
k—o0 Q Q

so (4.8) is shown.

Now since (ux, vx) minimises Ji and by (4.6) we have
: li’fn inf (Ji (uk, vi) — Jo{uo, v0)) < llmmf(Jk(uo,vo) Jo(uo, vo))
—00

=liminf(/ F°(z,ug, vo)dz — / F"(z,uo,vo)d:r) <0,
Q o

k=00

so (4.9) is proved. 0

Investigation of the proof of Theorem 4.1 shows that we may weaken a bit its as-
sumptions. Precisely, instead of F4 we assume F* and F¥ have property as in (4.4). Thus
we have the following corollary.

COROLLARY 4.3. Assume F1, F2, F3 and that for all (u,v) € X, there ex-
ists a subsequence {k;}%®, such that lim F"'(z u(z),v(z)) = F2(z,u(z),v(z)) and

lim F¥(z,u(z),v(z)) = F2(z,u(z), v( )) almost everywhere in .  For each
t—00
k = 0,1,2,... there exists a solution (ux,vx) to the problem (1.2), subsequence
{(uknrvr,)}oo, Of the sequence {(uk,vk)},.., and (,7) € X, satisfying (4.3). We assume
that

lim FF (z, uk(z), ve,(2)) = F2(z,3(z),9(z)),
=00
(4.10) lim FF(z, ug,(z), vk, (z)) = F2(z,%(z),0(z)) almost everywhere
1—00
Then (w,,vs,) — (,7) € Xo weakly in WeP®(Q) x WE™®(Q). If additionally

lim F*(z,%,7) = FO(z,%, %) for almost all z € Q and (4.6) holds, then inf Jy(u,v) =
k=00 (u,v)€EXo
Jo(@, 7).
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5. CONTINUOUS DEPENDENCE ON PARAMETERS

Now we prove that system (5.1) depends continuously on a functional parameter g;.
We are interested in giving conditions asserting that if only gy — g in L9=)(9), then
solutions (ug, vx) to

- div(a(z)]Vu(x)l’ (s)‘ZVu(z)) = F,(z,u(z), v(z), gx(z)),
(5.1) —~div (b(z)|Vv(a:)|m(z)-2Vv(z)) = F,(z,u(z), v(z), 9x(z)),
u(z) lon = 0, u € WoPP(Q),  v(z) lsn =0, ve W™ ()

converge (up to a subsequence) to the solution (%, ) to
—div (a(:z:)qu(:L') |p(=)—2Vu(z)) = Fy(z,u(z), v(z), §(z)) ,
. m(z)-2 _
—div (b(:z:)|Vv(z)| Vv(:c)) = F,(z,u(z), v(z),9(z))
Let gx and § be functional parameters taken from the set
{g:Q2—= R™: g is measurable, g(z) € M almost everywhere},

where M is a bounded and compact subset of R™. Existence of solutions to (5.1) for
each k =0,1,... is guaranteed by Theorem 3.1.
We assume that for some d > 0, ¢ > 0 we have

F5: |flge) < (1/p7) +1/g7)7Y, Ulney € (1/m~ +1n~)"! and for all g € M
1, p <
Csclcg esjes‘l:p ug[l—agfd] ug[l-ai,(c]lFu(z’ u,v, g)l X God,
2
< .
C5CT O ess sup max .,f:-’[‘i’,‘c]lF” (z,u,v,9)| < boc
F6: F,(z,0,0,0) # 0, F,(z,0,0,0) # 0 for almost all z € ¢,
z — F(z,0,0,0) and z — (F)*(z,0,0,0) are integrable on Q for all g € M.
F7. F:Q x[-d,d] x [-¢,c] x M = R is a Caratheodory function, that is,
measurable in z and continuous in (u,v,g). F is convex in (u,v) on [—d, d]
x [—¢, ¢] for almost all z € Q and all g € M.
Since the notation changes, we now rewrite the definitions of X, and action func-
tionals. We have for each k = 0,1, 2,... that X; = X, where

X = {(u,v) € Wg (@) x W™ (@), |Vu]

d Cc
s CTCg’ "VUHM(Z') s W; ,U(x), s d, I’U(.’E)I s c}

p(z)
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and

a\r p(z b m(z
Ju(u,v) = /n pE:}:)IV 2)[Pdz + / (—I))|Vv(z)| ®) gy _ /,, F(z,u(z), o(z), gs()) dz

Jo(u,v) = /n %lv'u(x)r’mdz-f- / blz) A vola)|" Pz - / F(z,u(2), (), 3(z)) ds.

THEOREM 5.1. Assume F5-F7, g, — g in LY®)(Q) and

k—00

limsup(/ F(z,u,v, gi)dz — / F(z,u,v,j)dx) £0.
) a

Then for each k =0, 1,2, ... there exists solutions (ug, vx) to (5.1) minimising Jj. given by
(5.2) on X. Moreover, up to a subsequence, {(ug,vs)} converges in L*®(Q) x L™=)(()
to (G, 7) being solution to

_dlv(a(x )| Vu(z) Ip(z) 2Vu(:t:)) = F,(z,u(z), (z),ﬁ(z)),

—dlv(b(z |Vu(z) |m(z) 2Vv(:z:)) = F,(z,u(z),v(z), g(:z:))
where Jy(T,7) = (u}‘ggx Jo(u,v).

PRrOOF: We show that conditions of Corollary 4.3 are satisfied with F*(z,u,v)
= F(z,u,v,9x) and F%z,u,v) := F(z,u,v,g). Let us fix (u,v) € X. Clearly F5-
F7 imply F1-F3. By F5 it follows that |Fu(:z:, u,v,gk)| and |F,,(z, u,v,gk)| are bounded
on Q x [—d, d] x [—¢, ¢] x M. By the generalised Krasnosielski Theorem [7] the Nemytskij
operators

Lq(z)(n) 39— Fu(', ‘u('),'U('), g())
L)) 5 g — Fy(-,u(-),v(), 9(-))
are well defined and continuous, that is,
F, (z, u(z),v(z), gk(z)) - F, (z, u(z), v(z),ﬁ(z)),
F,(z,u(z), v(z), g(2)) = F(z, u(z), v(2), 5(z)).

Clearly (4.10) holds. Moreover, by F7 it folows that F(z,u,v, gx) = F(z,u,v,7) almost
everywhere in Q. Thus assertion follows by Corollary 4.3.

Now we present a special form of system (5.1); that is, a special form of nonlinearities
in which parameters are given linearly but the sequence of parameters is only weakly
convergent. We provide also Theorem similar to Theorem 5.1.

5.1. LINEAR CASE. We assume that right hand side is in the form

F(z,u,v,g:) = F'(z,u,v)g + F*(z,u,v).
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THEOREM 5.2. Assume F5-F7, g, — § weakly in L%)(2) and
z - Fy (-, u(-),v(")), = Fy(-,u(),v(-)

are in LP®) (). Then for each k = 0,1,2,... there exists solution (ux,v) to (5.1)
minimising Jx on X. Moreover, up to a subsequence, {(uk,vk)} converges in LP(’)(Q)
x L™=)(Q) to (,7) being the solution to

~div(a(a: |Vu(x)|p(z)_2Vu(z)) = Fy(z,u(z),v(z),9(z)),
~ div b(z)|Vv(1:)|m(z) 2Vv(x)) Fy(z,u(z),v(z),9(z))
and Jy(T,7) = (u’iﬁé X Jo(u, v).

PROOF: We have since {gx} is weakly convergent and Fy (-, u(:), v(-)), F (-, u(-), v(-))
are in LP®)(Q) that

/Fl(z; u(z )gk(:c)clz--)/Fl z,u(z), v(z))7(z) dz,
/Ful (z, u(z),v(z)) g(z) dz—)/F,,l (z,u(z), v(z))3(z) dz,
n Q

s0
/F (z,u(z), v(z))gﬂz)dz—)/F z,u(z), v(z))g(z) dz,
/F., (z,u(z),v(z)) gr(z) dz — / Fy(z,u(z),v(z))d(z) dz.
bt a
The assertion follows by By Corollary 4.3. 0

6. EXAMPLES
We give now two examples of nonlinearities satisfying our growth assumptions.
EXAMPLE 1. Let us first take

F*(x,u,u)=(c;0fcg)-l(e"+ fk(z)u+%u ) + (C2crer)- ( e’ +—-v ~ fulz))

We assume that 2 is a bounded subset of RV and
Z1 a(z) > a0 > 2ve+3,b(z) > by > V3+25/12forall z € Q.
Z2 fx € L}(Q), esssup|fi(z)| = 1 and meas {z € Q| fi(z) = -1V fi(z)
=-1/2} =0. =<
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Clearly assumptions F2 and F3 are satisfied. F*, F* are integrable respectively in
u, v, on every compact subset of R. To conclude that F4 holds we only need to show
(4.2). By Z2 and since 0 < dj < dp, 0 < ¢k < ¢p we get

ax |F%,(,u,9)| < (CICICE) ™ (e* + 1),

max m.
u€[~dg,dx] vE[—cx,cx]

x |Fh(@,u,0)| < (CROPCP)™ (3¢ + )

max
u€[—dx,dx] UG[—Cth]
We demonstrate that relations (2.4) hold. We obtain

CsCiClesssup max — max |Fi(z,u,v)| <e®* +dp+1,
zeN u€[~dg,di} vE[—cp i)

ax 1 1,
CiCI'Cesssup m F¥(z,u,v Lo layq
IEQP“E[ dhdk]ve[-c,,,c,,]l ( )l 2 3%

By Z1 the functions z — e* + (1 —ag)z + 1 and z — (1/2)e* + (1/3)z® — boz + 1 are both
nonpositive on the intervals {1/2,5/2] and [1/2, 2], respectively. Thus

for dy € [1/2,5/2] and ¢ € [(1/2),2] and we conclude that (2.4) holds. Therefore we
may take any nondecreasing sequences {dy}, {c,} from [1/2,5/2] and [1/2, 2], respectively
and put X as in (2.5).

As for stability we consider for k = 1,2,... F* as in the above but with f, which
now reads

fe (:L‘) = e—(kz’/k-{—l).

Now F1, F2, F3, F4 and Z2 are obviously satisfied. Clearly (4.6) is also satisfied
since fi(z) = fo(z) := e~ uniformly on . By Corollary 4.3 it follows that from the
sequence {(ug,vk)} of solutions to

—div(a(z |Vu(z)|p(z) *Vu(z) )) = (CLCPCE) (e + u + e~*=*/k+1)),
—dlv( ()| Vo( z)|m(:) *Vu(z) ) = (CiCrC)™ (;e" + %vs - e—("zz/"‘“)),
u(z) Jon = 0, u € WoP@(Q),  v(z) [sn =0, v € W™ ()
we may take subsequence converging to a certain (ug, vg) being a solution to
— div(a(2)| Vu(z) " " Vu(z)) = (CICPCE) (e +u+e),
— div(b(z)| Vo(@)| " Vu(z)) = (CACTCR)" ( &+ ;'v ),
u(2) lon =0, u € Wg?D(Q), u(z) |sn =0, v Wy (Q).
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Now we check that F* with gi(z) := fi(z) = e (k#"/k+1) gatisfies assumptions of
Theorem 5.2. We may rewrite it as follows '

FHz,u,v) = F(z,4,v,9:) = ((CsCTCE)'u + (CECT"CT) " 'v) gk
1 afuy L2 2 vm emy—1( 1 1
+(Corcp)™ (e + Su ) + (CEerep) (2e + 75 o),
so it is in the form required in Theorem 5.2. It is clear that gy — g in L9®)(Q) and

that F5-F7 hold. Obviously the functions z — F2(-,u(-),v(")), z = F!(-,u(-),v(-)) €
LP@)(Q). Thus assertion of Theorem 5.2 holds.

EXAMPLE 2. We consider
— div (a(z)|Vu(z)|""‘2vu(z)) = [a? - |u(@) | - u(z) - v(z)

(6.1) @) u(z) + |,

—div (b(z)|Vv(z)|m(I)_2Vv(:n)) = a1 2|2 - |u(:::)|""(”)+l -v(z)
+z| - |v(z) v(z) - v (z) + |l
u(z) lon = 0, u € WPB(Q),  w(z) [sn =0, v e W™ (Q).

|ﬂl:(3)-1 .

Here Q = B(0,6) is a ball in R® and for all k = 0,1,... of,0f > pt > 3;
Bi.Br > m* > 3, where of = supox(z), ¢ = infak(z), B = suppBi(z),
z€fd zen zen
B = Helrt; Br(z). We also assume
W1 a(z) 2 ap = C}CICS, b(z) 2 by > C5SCPCP for all z € Q.
W2 af =} forallk=1,2,...and {af} is bounded by &*
W3 4 satisfies the following inequalities

ate2fc2, 1
2 (5 +25)+5<1
1
+2( e
(25 +6)+6<1.
W4 cy=dy=2—(1/k) forallk=1,2,...
Here
F¥(z,u,v) =

ol - fuf T o ol - ol w1 (ful + [v])

_ 1 1
ox(z) +1 Br(z) +1

Obviously assumptions F2 and F3 are satisfied. We show now that (4.2) holds. Clearly
F¥ is differentiable in u on [—d,di] and F} is differentiable in v on [—c}, ci] for almost
all z € Q. Moreover, for all £ by W2 and W4 we have

éc"* T g 8 g2gt 4 97

ax |Fh(z,u,0)| = ¢$2¢)z;"'¢i°"_1c2 +

ue[_dh 1dk] ve[—ck ,Ck]
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and similarly
ax |Fk(z,u,0)| <2762 + 2% Hgts.
“6[ dhdk]”e["chck]
Now we show that (2.4) is also satisfied. By W1 and W2 it is equivalent to showing
that forall k =1,2,...

5. (2—%)°t+2+%a- (2-%)°t+2+5<2—%,
%52- (2—%)°:+2+5- (2-%)°t+2+6<2—%

or

-3 (e de) <o

(= 3)" 4+ <2- -

which is true by W2 and W3. Thus we may put X; as in (2.5) with cx, dy as in W4.
Again we may conclude that from the sequence {(uk,vx)} of solutions to (6.1) we may
choose a subsequence converging to the solution (ug, v9) € Xp to

—div (a(z)|vu(z)|"")‘2w(z)) = [z - |u(z)|*® " - u(z) - v2(z)

2 o(z
*ama1 o @O (@) +1al,
m(z)— 2 ao(z
_div(b(x)IVv(z)l =) 2Vv(:l:)) = @l Iz - |u(z)| (=)+1 - vu(z)
+|z| - |v(alc)|ﬁ°("‘)_1 ~o(z) - ud(z) + |z
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