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A nonoscillation theorem

for a second order sublinear
retarded differential equation

TakaSi Kusano and Hiroshi Onose

Sufficient conditions are obtained for all solutions of a class
of second order nonlinear functional differential equations to be

nonoscillatory.

This paper is concerned with the second order functional differential

equation

(1) )y ()" + q(t)fly(g(e))) = »(2) ,

where p, q, r, g : [a, ») >R and f : R~ R are continuous functions.
In addition, it will be assumed throughout that p(t) > 0, q(¢) >0,
g(t) o as t +o , f(y) is nondecreasing, and yf(y) >0 for y # 0 .

Equation (1) is said to be sublinear if lelsup fly)/y < » and retarded
y-)w

if g(t) =t for all large t .
We shall restrict our attention to solutions y(¢) of (1) which are

defined on some ray @%, «ﬂ and nontrivial in the sense that

sup{|y(¢)] : £t =T} >0 for every T = Té .

Such a solution is called nonoscillatory if it is eventually positive or
negative. Otherwise the solution is called oscillatory.

The objective of this paper is to obtain sufficient conditions for all
solutions of the sublinear retarded equation (1) to be nonoscillatory.
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Since the pioneering work of Atkinson [1] numerous nonoscillation results
for nonlinear differential equations have appeared in the literature; see,
for example, a survey paper of Wong [5] and the references cited therein.
However, most of them pertain to equations without forcing term, and very
little is known about the nonoscillation of equations with forcing term
even in the case of ordinary differential equations. To our knowledge, the
papers of Graef and Spikes [2], [3], [4] are the only references in which
nonoscillation criteria for forced nonlinear differential equations can be

found.

LEMMA. (Z) No oscillatory solutions of (1) are bounded above if

t
(2) lim inf J [r(s)-kq(s)]ds > 0 forany k>0 and T >a .
tro T

(i1) No oscillatory solutions of (1) are bounded below if

t

(3) lim sup J [r(s)+kq(s)]lds <0 forany k>0 and T >a .
e T

Proof, It suffices to prove the statement (). Let y(%f) be an

oscillatory solution of (1) such that y(t) =M for ¢ = t, » where M is

a positive constant. Take ¢ so that g(t) = ty for t= tl and

17 %
let T = tl be a point at which y'(I) = 0 . An integration of (1) yields

t
p(£)y'(£) jT [r(s)-q(e) 7 (y (g(e)))]ds

v

t
j [r(s)-F(#)q(s) ds
T

Letting ¢ > ©» and using (2), we see that p(¢)y'(¢) > 0 for all large
t . But this is impossible for an oscillatory function y(¢) , and the

proof is complete.

REMARK |. The condition (2) [or (3)] is satisfied, for example, if
J q(t)dt < © and rr(t)dt =o [or =],
a a

or if
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lim r(t) _ for -= ].
t—)coq(t)
dt
REMARK 2. Suppose that ET27-= © and replace (2) by a stronger
a
condition
t
(k) lim f [r(s)-kq(s)]lds = © for any k >0 .
tro g

Then, we have a stronger conclusion that no solutions of (1) are bounded

above. A similar remark applies to the case where (3) is replaced by

. .
(5) lim J [r(s)+kq(s)]lds = «» for any k > 0 .
3o ‘g

We now state and prove the main result of this paper.

THEOREM. Let (1) be a sublinear retarded equation. Assume that

t
ds o s at__ .
(6) J: [Ja ETESJq(t)dt < if I: 5(£) R
and
Loe) . . mdt -
(7 ja q(t)dt < if Ja ~e) <o,

Assume, moreover, that either r(t) =2 0 and (2) holds or r(t) <0 and
(3) holds. Then all solutions of (1) are nonoscillatory.

Proof. Consider the case where r(¢) 2 0 and (2) holds. Suppose to
the contrary that there exists an oscillatory solution y(t) of (1). From
(7) of the lemma it follows that y(t) is not bounded above. Therefore,

it is possible to select two sequences {cn}, {Tn} of zeros of y(t) with

the following properties: ¢ < 7T , limg, =limT ==, y(t) >0 on
nro N
(on, Tn) .
M, = _max y(t) = max y(¢) , n=1,2, ...,
[on > Tn] [ol ’ Tn]
and {Mh} tends increasingly to infinity as n > ® . Let {tn} be a

https://doi.org/10.1017/50004972700022838 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022838

404 Taka8i Kusano and Hiroshi Onose

sequence such that tn € (Gn, Tn) and Mh = y(tn) , n=1, 2,
Integrating (1) from ¢t € [0, t ] to & , we obtain, since y'(¢,) =0

and »r(t) =2 0 ,

p(tly'(¢t)
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where n 1is taken so large that g(t) = 01 for ¢ = cn . Dividing the

above inequality by p(¢) and integrating from a, to tn , we have

t t

n 1 n
(8) y(tn) = Jo mft q(s)fly(g(s)))dsdt -

n
Since g¢g(t) <t , we have y(g(¢)) < M, for ¢t =t . Hence it is true
that

t t

n
M = flu) L (T L qls)dsdt

from which, observing that (6) or (7) implies

(9) rzy(l—ﬂj:q(s)dsdt <o,
a

we obtain

(10) 1=

q(s)dsdt .

= =
SE
—
Q Q
e
<
Ly Q

In view of (9) and the fact that {f(Mh)/Mh} is bounded above, the right-

hand side of (10) tends to zero as =7 + ® . But this is a contradiction.
A similar argument leads us to a contradiction if we suppose that r(t) =0

and (3) holds. This completes the proof.

REMARK 3. From the theorem and Remark 2 we have the following
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proposition.

Let (1) be sublinear and retarded. Suppose (6) holds. If r(t) =0
and (4) is satisfied, then all solutions of (1) are nonoscillatory and
unbounded above. If r(t) =0 and (5) is satisfied, then all solutions of
(1) are nonoscillatory and unbounded below.

EXAMPLE 1. Consider the equation

(11) y"(£) + £%(¢) = t 11 + cos(log £)] , t=1.

If o > 2 , then (2) and (6) are satisfied, so that all solutions of (11)
are nonoscillatory. (These nonoscillatory solutions are unbounded above
since (4) is also satisfied.) If a = 2 , then (6) is violated, and (11)
has an oscillatory solution y(t¢) = ¢[1 + sin(log ¢)] .

EXAMPLE 2. Consider the equation

(12) (6321 (£))" + 3215 (65) 1Y sen 4 (F)
= (1/2)eL _ @Y (BY¥3)/2 log" ¢, t=21,

where 0 <8 <1 and 0 <y =<1. Since (2) and (7) are satisfied, all
solutions of (12) are nonoscillatory. In fact, (12) possesses a non-

-1/2

oscillatory solution y(t) = -t log t .
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