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On a Sumset Conjecture of Erdds

Mauro Di Nasso, Isaac Goldbring, Renling Jin, Steven Leth,
Martino Lupini, and Karl Mahlburg

Abstract. Erd6s conjectured that for any set A C N with positive lower asymptotic density, there are
infinite sets B,C C N such that B+ C C A. We verify Erdds’ conjecture in the case where A has
Banach density exceeding % As a consequence, we prove that, for A C N with positive Banach density
(a much weaker assumption than positive lower density), we can find infinite B, C C N such that B+C
is contained in the union of A and a translate of A. Both of the aforementioned results are generalized
to arbitrary countable amenable groups. We also provide a positive solution to Erdés’ conjecture for
subsets of the natural numbers that are pseudorandom.

1 Introduction
For A C N, the lower (asymptotic) density of A is defined to be

dA) = liminf A0 LA
n

n—oo

Here and throughout this paper, for a,b € N, [, b] denotes
{ceN:a<c<b}
Moreover, if A and B are subsets of N, then A + B denotes the sumset
{a+b:acAandb € B}.

Hindman’s theorem (see [10]) asserts that if the natural numbers are partitioned
into finitely many sets, then at least one of these sets contains an IP-set, i.e., contains
all finite (non-repeating) sums of some infinite set. A counterexample of E. Straus, as
reported in [7], shows that there are sets of positive lower density that do not contain
a translate of an IP set. This provided a negative answer to a question of Erd§s that
was inspired by the celebrated Szemerédi theorem on arithmetic progressions (see
[17]), which can be regarded as a density version of van der Waerden’s theorem from
[18]. Erdds then considered various weaker density versions of Hindman’s theorem.
In [5] and [6] he conjectured that if A is a subset of the natural numbers of positive
lower density, then there is an infinite subset A’ of A such that A’ + A’ is contained
in a translate of A. He also conjectured the following modified version (¢f. [15] and
(8, p. 85]).
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Conjecture (Erd6s) IfA C Nhasd(A) > 0, then there are two infinite sets B,C C N
such that B+ C C A.

We will refer to this as “Erd6s’ B + C conjecture”. Partial results on this conjecture
were obtained by Nathanson in [15], where he proved in particular that one can find
an infinite set B and an arbitrarily large finite set F such that B+ F C A.

In this paper, we make progress on the B + C conjecture by proving the following
“one-shift” version for sets of positive Banach density, where, for A C N, the (upper)
Banach density of A is defined to be

A +
BD(A) = lim sup AC LM Al

n— o0 meN n

Theorem 1.1 IfBD(A) > 0, then there are infinite B,C C N and k € N such that
B+C CAU(A+k).

Observe that d(A) < BD(A), whence the hypothesis of positive Banach density is
weaker than the hypothesis of positive lower density.
We also settle Erd6s’ conjecture for sets of large Banach density.

Theorem 1.2 IfBD(A) > %, then there are infinite B,C C N such that B+ C C A.

We derive Theorem 1.1 from Theorem 1.2 by showing that every subset of the
natural numbers of positive Banach density has finitely many translates whose union
has Banach density at least 1 and then use Ramsey’s theorem to obtain our shifts.

In the proof of Theorem 1.1, we will see that whether b; + ¢; isin A or A + k
depends only on whether or not i < j holds, where B = (b;) and C = (c;) are
increasing enumerations of B and C respectively.

We generalize both of the aforementioned results to the case of arbitrary countable
amenable groups. However, we present proofs for the two contexts separately, as
the proofs for subsets of the natural numbers are easier and/or require less technical
machinery.

In the final section, we prove the B+C conjecture for sets A that are pseudorandom
in a precise technical sense. Here we remain in the setting of sets of natural numbers
as we do not know how to generalize one of the key ingredients (Fact 5.4) to the
setting of amenable groups.

We use nonstandard analysis to derive our results and assume that the reader is fa-
miliar with elementary nonstandard analysis. For those not familiar with the subject,
the survey article [12] contains a light introduction to nonstandard methods with
combinatorial number theoretic aims in mind. The specific technical results from
nonstandard analysis that we will need are found in Section 2, where we review the
Loeb measure. In Section 2, we also recall the basic facts from the theory of amenable
groups that we need. In Sections 3 and 4, we prove Theorems 1.2 and 1.1 respectively
(as well as their amenable counterparts). In Section 5, we prove Erdds’ conjecture for
pseudorandom sets.
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Throughout the paper, we do not include 0 in the set N of natural numbers. Also,
if B, C are subsets of a group G, then BC denote the set of products

{bc: be Bandc € C}.

2 Preliminaries
2.1 Loeb Measure

Throughout this paper, we work in a countably saturated nonstandard universe.

We recall the definition of Loeb measure, which is defined relative to a fixed
hyperfinite set X. For every internal A C X, the measure of A is defined to be
1(A) := st(JA|/|X]). This defines a finitely additive measure ;4 on the algebra of inter-
nal subsets of X that canonically extends to a countably additive probability measure
(1 on the o-algebra of Loeb measurable sets of X.

2.2 Amenable Groups

Suppose that G is a group. A (left) Folner sequence for G is a sequence (F,),en of
finite subsets of G such that, for every g € G, we have
F,\FE,
lim 7|g | =0

n—00 ‘Fn|
Observe that if (F,) is a Felner sequence for G and (x,) is any sequence in G, then
(Fpx,) is also a Folner sequence for G. Observe also that, if v € *N \ N, then
|gF,AF,|/|F,| =~ O for every g € G. (In the terminology of [4], F, is a Folner
approximation for G.)

A countable group G is said to be amenable if there is a Folner sequence for G. For
example, if G = 7, then G is amenable, where one can take as (F,) any sequence of
intervals whose length approaches infinity. The class of amenable groups is very rich,
including all solvable-by-finite groups, and is closed under subgroups, quotients, and
extensions.

In an amenable group, one can define a notion of (upper) Banach density. In the
rest of this subsection, fix a countable amenable group G. For A C G, the Banach
density of A, denoted BD(A), is defined to be

ANE,
| | : (F,) a Folner sequence for G} .

BD(A) := sup{ lim sup

n—soo | Fnl

It can be shown that this supremum is actually attained in the sense that, for any

A C G, there is a Folner sequence (F,) for G such that lim, o |A N F,|/|F,| =
BD(A). It is evident from the definition that BD(A) = BD(gA) = BD(Ag) for
al g € Gand A C G. However, it is not a priori immediate that this agrees
with the usual notion of Banach density in the case that G = 7, as here one al-
lows arbitrary Felner sequences rather than just sequences of intervals. Neverthe-
less, it is shown in [1, Remark 1.1] that if G is a countable amenable group and
(F,) is any Foelner sequence for G, then there is a sequence (g,) from G such that
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BD(A) = limsup,,_, . |A N F,g,|/|F.|, whence we see immediately that the two no-
tions of Banach density agree in the case of the integers.

For finite H C G and € > 0, we say that a finite set F C G is (H, €)-invariant if,
for every h € H, we have

|hFAF|
||

One can equivalently define a countable group to be amenable if, for every finite
H C G and € > 0, there is a finite subset of G that is (H, €)-invariant. (This def-
inition has the advantage that it extends to groups of arbitrary cardinality.) In this
language, we have that BD(A) is the supremum of those 7y for which, given any finite
H C Gand any € > 0, there is a finite F C G that is (H, €)-invariant and satisfying
a0 fI/1f1 = 7.

Finally, we will need a version of the pointwise ergodic theorem for countable
amenable groups due to E. Lindenstrauss [14]. First, we say that a Felner sequence
(F,) is tempered if there is a constant C > 0 such that, for every n € N, we have

| UECE| <CIE|
<n

For example, if G = 7 and our F, are simply disjoint intervals with length and
endpoints going to infinity, a tempered subsequence can always be obtained by in-
sisting that the length of the n-th interval in the subsequence is at least as large as the
right endpoint of the (n — 1)-st interval.

Fortunately, there is an abundance of tempered Felner sequences for any count-
able abelian group.

Fact 2.1 (Lindenstrauss [14]) Suppose that G is a countable amenable group. Then
every Folner sequence for G has a tempered subsequence. In particular, for A C G, there
is a tempered Folner sequence (F,) for G such that BD(A) = lim,_,o, |A N F,|/|F,|.

Here is the pointwise ergodic theorem for countable amenable groups:

Fact 2.2 (Lindenstrauss [14]) Suppose that G is a countable amenable group acting
on a probability space (X, B, u) by measure preserving transformations and (F,) is a
tempered Folner sequence for G. If f € L' () and

AFn ) = 3 Flgx)

|Fn| gEF,

for every n €N, then the sequence (A(F,, ))nen converges almost everywhere to a
G-invariant f € L! (). Consequently, by the Lebesgue dominated convergence theorem,
A(F,, ) converges to f in L' (u) and, in particular,

/fdu:/fdu~

2.3 A Result of Bergelson

Throughout our paper, we will make use of the following result of Bergelson, which
is [2, Theorem 1.1].
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Fact 2.3  Suppose that (X, B, p) is a probability space and (A,,) is a sequence of mea-
surable sets for which there is a € R™° such that (A,) > a for each n. Then there is

infinite P C N such that, for every finite F C P, we have pu([,,cp An) > 0.

3 The High Density Case

The main result of this section is the following theorem.

Theorem 3.1 Suppose that G is a countable amenable group and A C G is such that
BD(A) > % Then there are injective sequences (by)uen and (cy)nen in G such that

e ¢, €Aforalln €N,

* bicicAfori < j,

e cbj € Afori < j.

In the first subsection, we prove the analogous fact for subsets of the natural num-
bers, as in this case we can avoid using Fact 2.2 and instead resort to more elementary
methods. We prove the case of a general amenable group in the second subsection.

3.1 The Case of the Integers

The main goal of this subsection is the following theorem.

Theorem 3.2  Suppose that A C N is such that BD(A) > % Then there are infinite
B,C C NwithC C A such that B+ C C A.

We first need a lemma.

Lemma 3.3  Suppose that A C N has BD(A) = « > 0. Suppose that (I,,) is a
sequence of intervals with |I,| — oo and for which lim,_,o |A N 1,|/|I,| = o Then
there is L C N satisfying the following:

e limsup, ,  |[LN LI/ || > o
o forevery finite F C L, we have A N (), p(A — x) is infinite.

Proof It suffices to find L C Nand x, € *A \ A for which

limsup LN L|/|I,] > «
n— 00
and xo + L C *A. Indeed, if we can find such L and x, then given any finite F C L
and any finite K C A, the statement “there exists xp € *A such that xp + F C *A
and xy ¢ K” is true in the nonstandard extension, whence we can conclude that
AN [ep(A — x) is infinite.

For each n, let b, denote the right endpoint of I,. By passing to a subsequence
of (I,) if necessary, we may assume that the sequences (b,) and (|I,|) are strictly
increasing. Fix H € *N \ N and note that [*A N Iy |/|Iy| = «.

In what follows, we let & denote the Loeb measure on Iy. Also, for any m € *N
(standard or nonstandard) and for any hyperfinite X C *N, we set 6,,,(X) := |X]|/|Ln|-
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We fix K € *N \ N for which 2bk - 0g(Ix) ~ 0 and consider M € *N \ N with
M < K. We claim that, for g-almost all x € Iy, we have Sy ("AN (x+ Iyy)) ~

«. Indeed, since BD(A) = «, we can conclude that, for all x € Iy, we have
st(Op (A N (x + Iyr))) < . We now compute
1 1 1
T > omM(AN(x+Iy) = — > = > xalx+y)
\In| <et, \Im| yei, 1ul e,
1 « 1 «
o Z 6M(AH(X+IM)) ~ Z 5H(AﬂIH) ~ .

|IH| x€ly |IM‘ y€ly

Coupled with our earlier observation, this proves the claim.
We now fix a standard positive real number € < % Inductively, assume that

we have chosen natural numbers n;, < n, < --- < mn;_; and internal subsets
X1,Xy,...,X;—1 C Iy such that, for each j = 1,2,...,i — 1 and each x € X,
we have

. 1
u(Xj) >1—¢ and 6,1].(*Aﬁ (x-i—l,,j)) >a— ;
Consider the internal set

Z::{ME*N:ni_1<M§Kand

5H<{x€IH:6M(*Aﬂ(x+IM))za—%}) >1—e’}.

Since Z is internal and contains every nonstandard element of *N below K, it follows
that there is n; € Z N N. For this n;, we set

X; = {x €ly:0,(ANx+1L,)) >a— %}
Set X = ﬂ?jl X; and observe that u(X) > 0. Fix yo € X and observe that, for all
i € N, we have
S (AN o+ 1) > o .
Set x to be the minimum element of *A N [y, by] and set
L:= (*A N (xo + N)) — Xp.

Note that x; — yo € Nand xo + L C *A. Since xo — ¥, is finite, it follows that

1152 On,(LN1,,) = llirglo On, FAN (%0 + I,,)) = llirglo On; (*A N (yo +In,.)) =a. N

Proof of Theorem 3.2  Fix a sequence (I,,) of intervals such that |I,| — oo and

ANI,
lim | |:

1n—00 |In|

Fix L as in the conclusion of Lemma 3.3. Let L = (I,,) be an increasing enumeration of
L. Recursively define an increasing sequence D := (d,;),en from A such that [; +d,, €
Afori < n. Fixv € *N\ Nsuch that st(|*L N 1,|/|I,|) > . Recalling that a > 1, it
follows that, for every n € N, we have
( LN (*A—d,) N1
1|

)22&—1>0.
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By Fact 2.3, we may, after passing to a subsequence of (d,), assume that for every
n € N we have

t( [*L N ﬂign(*A —d;)N I,,‘)

1|
In particular, this implies that, for every n € N, we have L N (.. ,(A — d;) is
infinite. Take b; € L arbitrary and take ¢; € D such that b, + ¢ € A. Fix
by € (LN(A—¢c1))\ {b1}andtakec, € Dsuchthat {b;+c, b+, } C A. Take b; €
(LN(A—c))N(A—c))\{b1, b, } and take c3 € D such that {b;+c3, by+¢3, b3+¢;3} C A.
Continue in this way to construct the desired B and C. ]

3.2 The Case of an Arbitrary Countable Amenable Group

In this section, we assume that G is a countable amenable group and prove Theo-
rem 3.1.
Before proving Theorem 3.1, we need a lemma analogous to Lemma 3.3.

Lemma 3.4 Suppose that (F,) is a tempered Folner sequence. If A C G is such that
limsup, .. |ANE,|/|F.| = a, then thereis L C G satifying the following:

e liminf,_, o |L N E,|/|Fy| > a;

o forevery finite F C L, we have AN [\, x™ A is infinite.

Proof Fix v € *N\ N such that [*A N F,|/|F,| = «. Notice that, for all g € G, we
have |gF, AF,|/|F,| = 0. Since G is countable, there is a full measure (with respect to
the Loeb measure on F, ) subset E of F,, for which the map (g,x) — gx: G x E — E
defines a measure preserving action of G on E. For £ € E, we define

! Z X+ane(g8),

B ‘Fﬂ| gEF,

fn(f) = A(Fn, X*AHE)(E)

where x4 denotes the characteristic function of *A N E. Observe that

|E, N (FANE)¢Y < |E, N*AE™Y

3.1 W) = <
(3.1) fa(©) T IE|

By Fact 2.2, there is f € L'(p) such that (f,) converges to f almost everywhere and
in L'(11), whence | fdu = a. (Here, u denotes the restriction of the Loeb measure
onF, toE.)

We next claim that f is almost everywhere bounded above by «. If this is not the
case, then there is k € N such that the set of ¢ € E for which f(¢) > a + % has
positive measure. Since f, converges to f almost everywhere, there is ¢ € E such that
lim, o f,(€) > a + L, whence, by (3.1), we have

F.£EN*A 1
liminfw >at .
n—00 |Fn| k
By transfer, for each n € N there is x, € G such that

|Fuxy NA| = |F,€ N A
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Since (F,x,) is also a Folner sequence for G, this implies

|Fuxn NA| >at l

|Fnl k
This contradicts the fact that BD(A) = «.

By our claim and the fact that [ fdu = «, we see that f is almost everywhere
equal to cv. In particular, there is £ € *A N E such that lim,_,~ f,(§) = «. Since
G N E has measure 0, whence we can further insist that £ € *A \ G. Fix such ¢ and set
L:=*A¢"'NG. By (3.1) and the choice of ¢, we have lim inf,,_, o |[L N F,|/|F,| > a.

It remains to show that AN (), x~'A is infinite for every finite subset F of L. Fix
such an F. For each x € F, we have x{ € *A. Since £ ¢ G, for any finite K C G,
the statement “there exists h € *A such that h ¢ K and, for every x € F, we have
xh € *A” holds in the nonstandard extension. Thus, by transfer, for any given finite
subset K of G, there is h € A such that h ¢ K and xh € A for each x € F. ]

BD(A) > limsup

The proof of Theorem 3.1 from Lemma 3.4 is almost the same as the proof of
Theorem 3.2 from Lemma 3.3, but we include the proof for the reader.

Proof of Theorem 3.1 Fix A C G such that o := BD(A) > % Fix a tempered

Folner sequence (F,) for G such that
. |ANE,]
lim =

n—00 |Fn‘

Fix L as in the conclusion of Lemma 3.4. Fix an injective enumeration L = (I,) of L.
Recursively define an injective sequence D = (d,)qen from A such that I;d, € A for
i < n. Fixv € *N\N. Forany g € G, we have

*ANF, *ANgF *ANF
St(Ig zl)zst(lg gu|)25t<| ”'):a;
IF.| |Fo | |Fy |

since we also have st( %) > a, it follows that for every n € N we have

( *LNd;"*ANE,]|

>2a—1>0.
IF.| )

By Fact 2.3, we may, after passing to a subsequence of (d,), assume that for every
n € N we have

¥ 14
St(|LﬂﬂiS”di AﬁF,,|) -0
|E, |
In particular, this implies that, for every n € N, we have L N (., d; 'A is infinite.
Take b, € L arbitrary and take ¢; € D such that bic; € A. Fixby € (LN ¢ 'A)\ {b1}
and take ¢; € D such that {b;c;, byc;} C A. Take bs € (LN cl_lA ) CZ_IA) \ {b1, b}
and take ¢; € D such that {bc3, byc3,b3c3} C A. Continue in this way to construct
the desired B and C. [ |

We say that (F,) is a two-sided Folner sequence for G if for all g € G we have

lim |@FuAF)| + [(Fug AF)| 0.

n—o00 ‘Fﬂ|
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Of course, if G is abelian, then every Folner sequence is two-sided. If G is amenable,
then two-sided Folner sequences for G exist. However, it is unclear, given A C G with
positive Banach density, whether or not there is a two-sided Felner sequence for G
witnessing the Banach density of A.

If we repeat the previous proof with Ad, ! instead of d, !A, we get the following
result.

Theorem 3.5  Suppose that (F,) is a two-sided Folner sequence for Gand A C G is
such that lim,_, |A N F,|/|F,] = BD(A) > % Then there are infinite B,C C G with
C C A such that BC C A.

Let us end this section by showing how to derive Theorem 3.2 from Theorem 3.1
directly. Suppose that A C N has Banach density exceeding % Then BD(A) > %
when viewed as a subset of Z. By Theorem 3.1, there are infinite sequences B,C C Z
such that C C Aand B+ C C A. Since C C A C N, this forces all but finitely many

elements of B to belong to N; replacing B with B N N yields the desired result.

4 A One-shift Result for Sets of Positive Banach Density

The main result of this section is the following theorem.

Theorem 4.1 IfA C G has positive Banach density, then there are injective sequences
(by)nen and (c,)nen in Gand hy, i € G such that

* ¢, € A foreach n,
* bicj € hAfori < j,
o cibj e WA fori < j.

The proof proceeds in two steps. First, we show that we can “fatten” A to a set
QA, where Q C G is finite, for which BD(QA) > % We then apply Theorem 3.1 to
QA and apply Ramsey’s theorem to obtain the desired result. The first step was done
in [11] in the case of the natural numbers, so we cover this case separately for those
readers who are primarily interested in the case of subsets of the natural numbers.

4.1 The Case of the Integers

Definition 4.2 For A C Nandn € N, we define A, C N by declaring k € Ay,
if and only if [kn, kn + n — 1] N A # @. In other words, if the natural numbers are
partitioned into equal sized blocks of length 7, then Ay, is the sequence of the “block
numbers” that intersect A.

The following is [11, Theorem 3.8].

Fact 4.3  For any A with BD(A) > 0 and any € > 0, there exists n € N such that
BD(A[,,]) >1—e

We are now ready to prove the one-shift result in the case of subsets of the natural
numbers.
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Theorem 4.4 IfA C Nissuch that BD(A) > 0, then there exist infinite sets B,C C N
and k € 7 such that B+ C C AU (A + k).

Proof By the previous lemma, there exists n € N such that BD(A,)) > % Applying
Theorem 3.1 to Aj,j, we obtain sets By, = (b;),Cn) = (cj) such that By, + Cpy C
Aly). In other words, every [nb; + nc;, nb; + nc; + n — 1] intersects A. Using n? colors
we may code every pair of natural numbers {7, j} with i < j based on which v €
[0, n—1] is such that nb;+nc;+v is the first element of A in [nb;+nc;, nb;+nc;+n—1],
and which { € [0,n — 1] is such that n¢; + nb; + £ is the first element of A in
[nc; + nbj, nc; + nb; + n — 1]. By Ramsey’s theorem, there exists an infinite ] C N
monochromatic for this coloring.

We now replace By, and Cj,) by infinite subsequences whose indices come from
J. In particular, there is a fixed pair v and & such that, forany i < j, nb; +nc;+v € A
while ne; + nbj +{ € A. If wenow letk = v — &, B = {nb; + v : i is odd}, and
C = {nc; : jis even}, we see that B+ C C A U (A + k), with the translate of A for
a given element of B 4+ C determined by whether i < j ori > j. It is important to
note that by taking only the odd indices from one set and the even indices from the
other set, we avoid the case in which the indices are the same, something that was not
determined by the use of Ramsey’s Theorem. ]

4.2 The Case of an Arbitrary Amenable Group

In this subsection, we once again assume that G is a countable amenable group.

In order to prove the analog of Fact 4.3 in the case of an arbitrary amenable group,
we will need the following fact, which is a particular case of [16, Theorem 4.5].
(There one assumes that the amenable group is unimodular, which is immediate in
our case, since our groups are discrete.)

Fact 4.5  Suppose that ¢ € (0, 15). Define N(¢) = |—lolgo(gl(i)5)-|' For every finite subset
H of Gand every § € (0,¢) there are (H, §)-invariant finite sets

{IG} cTycT,C---C TN(E),

a finite subset K of G containing H, and a positive real number n < § such that, for every
finite subset F of G that is (K, n)-invariant, there are finite sets C; C G and Ti(c) C T;
fori=1,2,...,N(¢g) such that

. {Ti(c)c | i < N(e),c € C;}isafamily of pairwise disjoint sets,

- U 1% cF,

o |UNY TOC| > (1 —2¢) - |F|.

Lemma 4.6 Forany A C G with BD(A) > 0 and for every p > 0, there is a finite
subset Q of G such that BD(QA) > 1 — p.

Proof Seta := BD(A) > 0. Pick e > 0 such that

a — 3¢

1—np.
a+te P
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Since @ + € > BD(A), there is finite H C G and § € (0,¢) such that for every
(H, §)-invariant set F we have
|[FNA]
|F|
Fix K C Gfinite,7 > 0,and {16} C T} C T C - -+ C Ty obtained from ¢, 4, and
H as in Fact 4.5. Define

< a+te.

N(e)
Q= U TiT;' and B=QA.

i=1

We claim that BD(B) > 1 — p. Towards this end, fix a Folner sequence (F,),en of G

such that
. |ANFy|
lim sup =
n |Fnl
We claim that
. |BN F,|
lim sup >1—p
n an|
Fix ny € N and pick n > ng such that F,, is (K, n)-invariant and
|F, NA
(4.1) > — €.
|Enl

Fix sets C; and Ti(c) C T;fori < 1,2,...,N(e) obtained from F, as in Fact 4.5.
Define
T={TY|i<N(e),ceC)
and observe that 7 is a finite family of pairwise disjoint (H, §)-invariant finite sets
such that
U7
|Eol
Define Ty = {T € T| TN A # &}. We have
(a —e)|Fy| < [ANF,| <|ANUYT| + 2¢|F,|
= |[ANU To| + 2¢|F,]|

> JANT| + 2¢|F,|
TET,

< 3 |T|(a+ €) + 2¢|Fy|
TeT,

= |UTol(a + &) + 2¢|F,|.

>1—2e.

(4.2)

In the above string of equalities and inequalities, the first line follows from (4.1); the
second line follows from (4.2); the third line follows from the definition of Ty; the
fourth line follows from the fact that the members of T are pairwise disjoint; and
the fifth line follows from the fact that the elements of Ty are (H, §)-invariant and
the choice of H and 4.

It follows that
UT| a3
|[F.l = a+e
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Observe that B D | J Ty and therefore
|BNE,| > U Tol > o — 3¢ N
|F.| |Fa ate

1—p. |

Theorem 4.1 now follows from Lemma 4.6 in the same way that Theorem 4.4
followed from Lemma 4.3.

We leave it to the reader to verify that Theorem 4.4 also follows from the special
case of Theorem 4.1 for G = Z.

5 The Pseudorandom Case

In this section, we prove that the B+C conjecture holds for A that are pseudorandom
in a sense to be described below. We start by recalling some preliminary facts and
definitions.
Suppose that H is a Hilbert space and U: H — H is a unitary operator. We say
that x € H is weakly mixing (for U) if
1 ;
lim — Y [(U'x,x)| = 0.

n—o0o 1 ;]

We will need the following result; see [13, Theorem 3.4] for a proof.

Fact 5.1 x € H is weakly mixing if and only if lim,_,oc 37 |(U'x, y)| = 0 for
every y € H.

We will also need the following easy fact.

Fact 5.2 Suppose that (r,) is a sequence of nonnegative real numbers. Then

1 n
lim =>r, =0

n—oo 1 i}

if and only if for every € > O we have d({n € N: 1, < €}) = L.

In what follows, we will need the notion of upper (asymptotic) density. For A C N,
the upper density of A, denoted d(A), is defined to be

— A 1
d(A) := lim sup M

n—o0
For N € *N\ N, we set Ay := *A N [1, N] and write uy for the Loeb measure on
[1, N]. We always consider [1, N] to be equipped with its Loeb measure p.
Suppose that A C N is such that d(A) = o > 0and N € *N \ N is such that
|AN|/N = . Notice that x4, € L*(tn). We have a measure preserving transforma-
tion T: [1,N] — [1, N] defined by

T(x):=x+1 (mod N).

The transformation T gives rise to the unitary operator Ur: L*(uy) — L*(uy) given

by Ur(f):= foT.
We are now ready to define our notion of pseudorandomness.
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Definition 5.3 Suppose that A C N is such that d(A) = a > 0. We say that
A is pseudorandom if there is N € *N \ N such that, in the notation preceding the
definition, we have that x4, — « is weakly mixing (for Ur).

Equivalently, A is pseudorandom if and only if there is N € *N '\ N as above such
that

1 n
lim — AN N (A —1i)y) —a?| = 0.
m nizzl\,uN( NN i)N) — o

It appears to be a little awkward to give a standard reformulation of the aforemen-
tioned notion of pseudorandomness. Certainly, if there is an increasing sequence
(bx) of natural numbers such that
° limk bk = 00,
o lim, A0l

. 1 n . AN(A—i)N[1,b] 2
e lim, > iy limy ||b7k"‘ —a?| =0,

then A is pseudorandom (just take N = bg for any K € *N \ N).

In order to prove that pseudorandom sets satisfy the B+C conjecture, we will need
one last fact whose proof is nearly identical to the proof of [3, Theorem 4.6] (just
replace arbitrary hyperfinite intervals by hyperfinite intervals of the form [1, N]).

= @, and

Fact 5.4 IfA C N is such that d(A) > 0, then there is L C N such that d(L) = d(A)
and

H(mm—n)>o

IeF
for every finite F C L.

We are now ready to prove the main result of this section.

Theorem 5.5 If A C Nis pseudorandom, then there are infinite B,C C N such that
B+C CA.

Proof Set a := d(A) and take N as above witnessing that A is pseudorandom. For
ease of notation, we set i := uy. By Fact 5.4, we may fix L = (I,) with d(L) = avand

such that
H(mm—n)>o
IEF

for every finite F C L. Set 3 := u(Ly) > «a. Observe that U%(XAN) = X(A—i)y- Slnce
X4y — ¢ is weak mixing, by Fact 5.1, we have

.1 .
nlggo - 1:21‘ ,u((A — )N ﬁLN) — a5| =0.
By Fact 5.2, for every € > 0, we have that

RF::{nEN:W((Afn)NﬂLN) fozﬂ’ <e}

has lower density equal to 1. In particular, for any € > 0 and any finite F C L, we
have that

H(ﬂm-nm&)>&

IeF
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Setting 7 := “72, this allows us to inductively define a sequence (d,,) such that for each
n € Nwehaved, € (,.,(A—1;)NR,. In particular, we have y((A —d,)x NLy) > 7
for each n € N. We now apply Fact 2.3 to the family ((A — d,)y N Ly) to get a
subsequence (e,) of (d,) such that

M( ﬂ(A—ei)NﬂLN) >0
i<n
for each n € N. Finally, as in the proof of Theorem 3.1, this allows us to de-
fine subsequences B = (b,) and C = (¢,) of (I,) and (e,), respectively, for which
B+C CA. [ |

We end this section with a question. First, for H a Hilbert spaceand U: H — H
a unitary operator, we say that x € H is almost periodic (for U) if {U"x : n € 7} is
relatively compact (in the norm topology). Using the notation of Definition 5.5, we
say that A is almost periodic if y,, is an almost periodic element of L*([0, N]) (for
Ur).

Question 5.6 If A is almost periodic, does A satisfy the conclusion of the B + C con-
jecture?

This distinction between weakly mixing and almost periodic subsets of N is rem-
iniscent of Furstenberg’s proof of Szemeredi’s Theorem (see [9]), where it is shown
how to prove Szemeredi’s Theorem by first establishing it for the weakly mixing and
compact cases and then showing how to derive it for the general case by “Fursten-
berg towers” that are “built from” both of these cases. It thus makes sense to ask the
following question.

Question 5.7 If question 5.6 has an affirmative answer, is there a way to decompose
an arbitrary A C N of positive lower density into a “tower” built from weakly mixing
and almost periodic parts in a way that allows one to prove the B + C conjecture?

It is unclear to us whether there are many concrete examples of pseudorandom
subsets of the natural numbers, but we believe the value of Theorem 5.5 is that it may
be a first step in proving the B + C conjecture via the route outlined in Question 5.7.
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