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Abstract

We describe a graded extension of the usual Hecke algebra: it acts in a graded fashion on the
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cohomology groups preserves H* (I, Q).
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1. Introduction

Let G be a semisimple Q-group, and let Y (K) be the associated arithmetic
manifold (see (17)). Particularly when Y (K) is not an algebraic variety, it often
happens that the same Hecke eigensystem can occur in several different
cohomological degrees (see Section 1.2). Our goal is to construct extra
endomorphisms of cohomology that partly explain this, and give evidence
that these extra endomorphisms are related to certain motivic cohomology
groups.

1.1. Derived Hecke algebra. Let v be a prime, G, = G(Q,) and K, a
maximal compact subgroup. The usual Hecke algebra at v, with coefficients in
a (say finite) ring S, can be described as Homgg, (S[G,/K,], S[G,/K,]) . If
in place of Hom we use Ext (see Section 2 for more details), we get a graded
extension, which we may call the ‘local derived Hecke algebra’:

K5 = C—BExt"SG”(S[Gv/KU], S[G./K.]). (1)

Such a construction has been considered by Schneider [28] in the context of
local representation theory in the case when S has characteristic v. In the present
paper, however, we are solely interested in the opposite case, when v is invertible
on S.

For elementary reasons, the higher exts are ‘almost’ killed by ¢, — 1, where ¢,
is the size of the residue field; thus this algebra is of most interest when ¢, = 1 in
S. In that case we have (Section 3, Theorem 3.3) a Satake isomorphism: if g, = 1
in S, then .7, g is isomorphic to the Weyl-invariants on the corresponding algebra
for a torus (and is thus graded-commutative).

Now 7, s acts on the cohomology H*(Y(K), S) in a graded fashion—
the Ext’ component shifts degree by +i. (See Section 1.4 for an explicit
version, Section 2.6 for the abstract version.) In particular, ®v H,.7)pm aCts on
H*(Y(K),Z/p") and then (by passing to the limit as n — 0, Section 2.13) we
get a ring of endomorphisms

T < End H*(Y(K), Z,),

the ‘global derived Hecke algebra.” The degree zero component of T is the usual
Hecke algebra T—that is, the subalgebra of End H* generated by all Hecke
operators. Here, and elsewhere in the introduction, we use in the Hecke algebra
only ‘good’ places v relative to K.

It seems to us likely that Tis graded-commutative but we do not know this in
general. However, this has limited impact for global applications because, firstly,
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different places commute; and secondly our analysis in Section 3 provides a
large set of ‘nice primes’ at which the local derived Hecke algebra is graded-
commutative. In particular, all of our work in this paper really analyzes the
subalgebra generated by these ‘nice primes’ (see after (36) for definition). This
subalgebra is what is important for all our applications, as will become clear
from the discussion of Section 1.2 onward. In many cases, the existence of this
subalgebra is anyway enough to force all of T to be graded-commutative (see
Theorem 5.2 part (ii) and Proposition 8.6).

As we have mentioned, if we decompose H’ (Y (K ), Z,) into eigencharacters
for T, one finds the same eigencharacters occurring in several different degrees
Jj- See [35] for an elementary introduction to this phenomenon. We want to see
that T is rich enough to account for this.

One way of formalizing ‘rich enough’ is to complete the cohomology at a
given character x : T — F, of the usual Hecke algebra, and ask that H*(Y (K ),
Z p)X be generated over T in minimal degree. In other words, we should like to
check surjectivity of the map

TT@Hq(Y(K)sZp)X — H*(Y(K),Z,), 2

where q is the minimal degree where H*(Y (K ), Z,), is nonvanishing. (Note
that, if T is not known to be graded-commutative, it is not a priori clear it
preserves the x-eigenspace. However, under very mild assumptions it does, and
this will be the situation in the cases we analyze. Alternately one can switch
to the graded-commutative subalgebra described above. For the purpose of
the introduction, then, the reader may either assume that T preserves H;" or

assume that T is replaced by the ‘strict global derived Hecke algebra’ defined in
Section 2.14.)

In Theorems 5.2 and 7.6, we prove this in two different cases (in both cases,
we require the prime p to be large enough):

Theorem 5.2, proved in Section 5, studies the case when G is (the Q-group
corresponding to) an inner form of SL, over an imaginary quadratic field, and
x is the character T — deg(7') that sends any Hecke operator 7 to its degree.
The main point is that, in this case, H*(Y (K ), Z,), can be described in terms
of algebraic K-theory.

Theorem 7.6, proved in Sections 6 and 7, treats the case of x associated
to a tempered cohomological automorphic form, assuming the existence of
Galois representations attached to cohomology classes on Y (K), satisfying
the expected properties (see Section 6.2). (Our assumptions are similar to
Calegari—Geraghty [9]; however, we do not need the assumptions on vanishing
of cohomology because we allow ourselves to discard small p. Since the first
version of this paper, remarkable progress has been made in analyzing the
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Galois representations attached to torsion classes. In particular, the paper [1,
Theorem 3.11] of Allen, Calegari, Caraiani, Gee, Helm, Le Hung, Newton,
Scholze, Taylor and Thorne establishes, among many other results, the key local—
global compatibility needed for Taylor—Wiles patching. Moreover, the paper [11]
of Caraiani, Gulotta, Hsu, Johansson, Mocz, Reinecke, and Shih eliminates the
use of nilpotent ideals in the Galois representations originally constructed by
Scholze. While these do not precisely match with the inputs needed for our setup
of the argument, they appear to address the key issues, and so to me it seems
very likely that one could produce an unconditional version of our analysis in
the near future.) In this analysis we also impose some assumptions on x for
our convenience—for example, ‘minimal level,” and excluding congruences with
other forms—we have not attempted to be general. Here, the main tool of the
proof is a very striking interaction between the derived Hecke algebra and the
Taylor—Wiles method. We discuss this interaction further in Section 1.4.

The proofs of Sections 5 and 6-7 are quite different, but they have an
interesting feature in common. In both cases, we use the derived Hecke algebra
at primes g such that restriction to Gq, kills certain classes in global Galois
cohomology. These classes live inside a certain dual Selmer group (specifically,
the right-hand side of (9) below).

That this particular dual Selmer group arises is quite striking, because it
seems to be a p-adic avatar of a certain motivic cohomology group; and this
same motivic cohomology group is suggested, in [25], to act on the rational
cohomology of Y (K). This brings us to the core motivation of this paper:
the derived Hecke algebra allows one to construct a p-adic realization of the
operations on rational cohomology proposed in [25]. Therefore, we digress to
describe the conjectures of [25]. We return to describe the remainder of the
current paper in Section 1.3.

1.2. Motivic cohomology. This section is solely motivational, and so we
freely assume various standard conjectures without giving complete references.
We shall also allow ourselves to be slightly imprecise in the interest of keeping
the exposition brief. We refer to the paper [25] for full details.

Let x : T — Q be a character of the usual Hecke algebra, now with Q values.
We suppose that x is tempered and cuspidal. By this, we mean that there is a
collection 71, ..., 7w, of cuspidal automorphic representations, each tempered at
00, such that the generalized x-eigenspace H*(Y (K ), C), is exactly equal to
the subspace of cohomology associated to the 7;s.

Consider now this generalized eigenspace with rational coefficients

H*(Y(K),Q), = H*(Y(K), Q).
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One can understand its dimension data completely. To do so we introduce some
numerical invariants: let §, q be defined such that

8 = rank G(R) — rank K. 3)
29 + 8 = dimY (K). “4)

Then we have (see [5, Theorem II1.5.1]; also [4, Corollary 5.5])
. )
diqu“(Y(K),Q)X = <_>diqu(Y(K),Q)X. 5)
i

In [25], a conjectural explanation for this numerology is proposed. Namely,
we construct a §-dimensional Q-vector space and suggest that its exterior algebra
acts on H*(Y (K ), Q),. To define the vector space requires a discussion first of
the motive associated to x, and then of its motivic cohomology.

1.2.1. The Galois representation and the motive associated to y. It is
conjectured (and in some cases proven [30]) that to such x there is, for
every prime p, a Galois representation p, : Gal(Q/Q) — “G(Q,), where
LG is the Langlands dual group. (A priori, this takes Q_p coefficients; we, for
simplicity, assume that it can actually be defined over Q,. Moreover, in general
[7, Section 3.4] one has to replace LG by a slightly different group to define p,,
but the foregoing discussion goes through with no change.)

We shall suppose that p is a good prime, not dividing the level of the original
arithmetic manifold Y (K) (for the precise meaning of ‘level,” see after (19)). In
particular, this means that p, should be crystalline upon restriction to G, .

Now we shall compose p with the coadjoint representation G — Aut(g*) of
LG on the dual of its own Lie algebra (here g is the Lie algebra of the dual group
to G, considered as a Q-group, and g* is its Q-linear dual). The result is

Ad*p, : Gal(Q/Q) — Aut(g* ® Q,).

It is also conjectured that Ad*p, should be motivic. In other words, there
should exist a weight zero motive M4 over Q, the ‘coadjoint motive for x,
whose Galois realization is isomorphic to Ad*p, :

H¥(Meowa % Q, Q,) =~ Ad*p, (in cohomological degree 0). (6)

For simplicity we shall assume that M .4 can be taken to be a Chow motive,
and will suppose that the coefficient field of M .4 is equal to Q. (Since
(6) only determines the étale realization, it is more natural to consider M q,q

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

A. Venkatesh 6

as a homological motive. Assuming standard conjectures [23, Section 7.3
Remark 3.bis], this can be promoted (noncanonically) to a Chow motive. The
independence of the constructions that follow requires a further conjecture, for
example, the existence of the Bloch—Beilinson filtration on K-theory.)

1.2.2.  Motivic cohomology groups associated to x. For such an M4, and
indeed for any Chow motive M, we can define (after Voevodsky) a bigraded
family of motivic cohomology groups H% (M, Q(q)); the indexing is chosen
so that this admits a comparison map to the corresponding absolute étale
cohomology group H3(M,Q,(q)).

We will be solely interested in the motivic cohomology group witha = g = 1;
in this case, with the coadjoint motive, the comparison with étale cohomology
gives

H (Mana Q(1)) @0 Q, — H'(Go. Ad*p, (1)). ™

Now Scholl [29, Theorem 1.1.6] has shown that one can define (again for any
Chow motive M over Q) a natural subspace H% (Mz, Q(q)) < H% (M, Q(q))
of its motivic cohomology, informally speaking ‘those classes that extend to a
good model over Z.” Conjecturally, the analog of the above map should now take
values inside the f-cohomology of Bloch and Kato [2]; in the case of interest the
analog of (7) is now

Hpol(Meona)z. Q(1)) ®o Q, = Hy(Gq. Ad*py (1)).

Moreover, this map is conjecturally ([2, 5.3(ii)]) an isomorphism.

It may be helpful to note that Beilinson’s conjecture relates this particular
motivic cohomology to the value of the L-function for Ad*p, at the edge of the
critical strip. In particular, Beilinson’s conjectures imply that

dimgH.  ((Mcoaa)z, Q(1)) = order of vanishing of L(s, Ad*p,) ats = 0.

A routine computation with I'-factors shows that the right-hand side should
indeed be equal to &.
To keep typography simple, we denote the group H.  ((Mcoaa)z, Q(1)) simply
by L:
L:= Hl((Mcoad)Z’Q(l))- (8)

so that our discussion above says that, granting standard conjectures, L is a Q-
vector space of dimension §, and it comes with a map

L®Q, — H(Gq, Ad*p,(1)) 9)

v

"

::LQP
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1.2.3. The complex regulator on L and the conjectures of [25]. There is a
complex analog to (9): a complex regulator map on L, with target in a certain
Deligne cohomology group. Since the details are not important for us, we just
call the target of this map L and let L{ be its C-linear dual.

In [25], we construct an action of LE on H*(Y(K),C), by degree 1
endomorphisms, inducing

HY(Y(K),C), ® \' Lt —> H*(Y(K),C),. (10)

The main conjecture of [25] is that this action preserves rational structures, that
is, the Q-linear dual L* of L carries H*(Y (K ), Q), to itself. In particular, this
means that

There is a natural graded action of A*L* on H*(Y(K), Q),. (11)

Therefore, if one accepts the conjecture of (11), and also believes that (9) is
an isomorphism, it should be possible to define a ‘natural” action of

N\ L*®Q, = \" H}Go, Ad*p,(1)* & H*(Y(K),Q,),.  (12)

Now there is no explicit mention of motivic cohomology, and this is where the
current paper comes into the story: in Section 8, we shall explain how the derived
Hecke algebra can be used to produce such an action.

This concludes our review of [25]; we now explain (12) a little bit more.

1.3. The derived Hecke algebra and Galois cohomology. The main result
of Section 8 is Theorem 8.5, which constructs an action of A* H }(GQ,
Ad*p,(1))* on H*(Y(K),Q,). This is characterized in terms of the action of
explicit derived Hecke operators. More precisely, we construct in Section 8.24
an isomorphism

T®Q, ~T®q, /\ H}(Go. Ad*p,(1))* (13)

(actually, we do this in a case when T = Z,, but in general the argument should
yield the above result). Informally, (13) gives an ‘indexing’ of derived Hecke
operators by Galois cohomology. We describe it concretely in a moment, see
Section 1.5. It can be viewed as a ‘reciprocity law,” because it relates the action
of the (derived) Hecke algebra to the Galois representation in a direct way.

To go further, let us assume that the map (9) is indeed an isomorphism. Denote
by L* the Q-linear dual of L, by L(’sp the Q,,-linear dual of Lq,; we get also an

isomorphism L* ® Q,, ~ Lgp.
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Thus the derived Hecke algebra gives rise to an action of /\*Lz“)p

on H*(Y(K),Q,). The fundamental conjecture, formulated precisely as
Conjecture 8.8, is then the following:

Let n*Lg act on H*(Y(K),Q,) as described above. Then
A*L* < A*LG  preserves rational cohomology H*(Y(K),

Q) = H*(Y(K),Q,).

The main point of this paper was to get to the point where we can make
this conjecture! What it says is that there is a hidden action of L* on the Q-
cohomology of Y (K ), which can be computed, after tensoring with Q > using
the derived Hecke algebra.

Here is the current status of evidence for this conjecture:

(i) The most direct evidence (as of the time of writing) will be given in the
paper [17], which is joint work with Michael Harris. There we develop an
analog of the derived Hecke algebra in the setting of coherent cohomology,
and formulate an analog of the conjecture in this setting. The advantage
of this is we are actually able to carry out a numerical test (in the case of
classical weight one modular forms) and it indeed works.

(i) As we have already mentioned, the conjecture should be seen as a p-adic
analog of the conjecture of [25] (which tells the archimedean story). In
the archimedean case, we are able to give substantive evidence for the
conjecture by other methods (periods of automorphic forms, and analytic
torsion).

(ii1) Suitably phrased, the computations of Section 5 can be seen as supporting
a modified version of the conjecture. It is also easy to verify that the
conjecture holds for tori, as we shall discuss in Section 9 of this paper.

REMARK. Note that, because of our fairly strong assumptions, (13) is even true
integrally in the setting of Section 8, that is, the global derived Hecke algebra is
an exterior algebra over Z,,. I do not expect this to be true in general; however, the
rational statement (13) should remain valid. One might imagine that the derived
deformation ring of [14] will have better integral properties than the derived
Hecke algebra.

1.4. Explication, Koszul duality, Taylor—Wiles. We now explain the action
of the derived Hecke algebra, and its relationship to Galois cohomology, as
explicitly as possible, in the case when Y (K) is an arithmetic hyperbolic 3-
manifold. Besides explicating the foregoing abstract discussion, this will also
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have the advantage that it allows us to explain the relationship between the
derived Hecke algebra and the Taylor—Wiles method.

Suppose G arises from PGL, over an imaginary quadratic field F, that is,
G = Resz/oPGL,. Let O be the ring of integers of F. Therefore the associated
manifold Y (K) (see (17)) is a finite union of hyperbolic 3-orbifolds. Let us
suppose, for simplicity, that the class number of F is odd; then, at full level,
the associated arithmetic manifold is simply the quotient of hyperbolic 3-space
H? by PGL,(O).

In what follows, we fix a prime p and will work always with cohomology with
Z/p" coefficients.

Let q be a prime ideal of O, relatively prime to p, and let Fq = O/q the
residue field. Let

. %
Ol.Fq

be a homomorphism. By means of the natural homomorphism

—Z/p"

Ioy(a) — Fy
sending (¢ %) — a/d, we may regard « as a cohomology class {«) € H'(I(q),
Z/p"). Here, I'y(q) is as usual defined by the condition that ¢ € .

Then a typical ‘derived Hecke operator’ of degree +1 is the following (see
Section 2.10 for more):

%
Tqw : H'PGLy(0) & H'Iy(q) <5 HI(q) ¥ HPPGL,(0).  (14)
Here 7, 7, are the two natural maps I (q) — PGL,(O).

In words, we pull back to level Iy(q), cup with (&), and push back (the ‘other
way’) to level 1. If we omitted the cup product, we would have the usual Hecke
operator Tq. The class « itself is rather uninteresting—it is a ‘congruence class’
in the terminology of [10], that is, it becomes trivial on a congruence subgroup—
but nonetheless this operation seems to be new even in this case.

The role of torsion coefficients is vital: If we took the coefficient ring above to
be Z, there are no homomorphisms Fj; — Z; more generally, Fa has only torsion
cohomology in positive degree. In fact, even to obtain ‘interesting’ operations
with Z/p coefficients, we need at least that p divide N(q) — 1 (that is, that
N(q) = 1 in the coefficient ring Z/ p, as we mentioned in Section 1.1).

What that means is that elements of T in characteristic zero necessarily arise
in a very indirect way: as a limit of operations from ¢ for larger and larger
primes ¢. This situation is perhaps reminiscent of the Taylor—Wiles method, and
indeed one miracle of the story is that, although the definition of Tis completely
natural, it interacts in a rich way with the Taylor—Wiles method (not merely with
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its output, for example, R = T theorems, but with the internal structure of the
method itself).

To see why this is so let us examine (14): the Taylor—Wiles method studies the
action of Fz‘l on the cohomology of I'i(q) (these are the ‘diamond operators”).
On the other hand, when we study Tg ., we are studying the action of H*(F})
on H*(I'(q)). In both settings it is vital that Ng — 1 be divisible by high powers
of p.

But these two actions just mentioned are very closely related. More generally,
if a group G acts on a space X, the action of G on homology of X and the
action of its group cohomology H*(G) on the equivariant cohomology H} (X)
are closely related: when G is a compact torus, for example, this relationship is
just Koszul duality [16]. This is just the situation we are in, with G = Fj;, and X

the classifying space of I'i(q).

1.5. Relationship to Galois cohomology: the ‘reciprocity law’. Continuing
our discussion from Section 1.4, let us describe explicitly how the operator Tq 4
is related to Galois cohomology. Said differently, we are explicating the indexing
of derived Hecke operators by Galois cohomology that is implicit in (13). The
result could be considered to be a reciprocity law, in the same sense as the usual
relationship between Hecke operators and Frobenius eigenvalues.

This discussion is (probably inevitably) a bit more technical. We must again
localize our story to a given Hecke eigenclass and also make some further
assumptions on the prime ¢. For a more precise discussion and proofs, see
Section 8.28 of the main text.

Fix now a character x : T — Z, of the usual Hecke algebra at level Y (K).
Let

p:Gal(F/F) — GL,(Z,)

be the Galois representation conjecturally associated to x, and let p,, be its
reduction modulo p™. We shall assume that p is crystalline at all primes above
p, and also that p > 2. Let S be the set of finite primes at which p is ramified
(necessarily including all primes above p).

Let Adp be the composite of p with the adjoint representation of PGL,; we
think of the underlying space of Adp as the space of 2 x 2 matrices with trace
zero and entries in Z,. Also, let Ad*p be the Z,-linear dual to Adp (this is
identified with Adp as a Galois module, so long as p # 2, but we prefer to try
to keep them conceptually separate). Finally, Ad*p(1) will be the Tate-twist of
Ad*p.
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Let q ¢ S be a prime of F" and let Fj be the completion of F at q. Embed
Z, with trivial Gal(Fg/Fq) action — Ad p|G“'(ﬁ/Fq) (15)

1 — 2p(Frobg) — tracep(Frobg).

Explicitly, p(Frobq) is a 2 x 2 matrix over Z,, and the right-hand side above is a
2 x 2 matrix over Z, with trace zero. This eccentric looking formula is a special
case of a construction that makes sense for all groups, see Section 8.28.

The map (15) gives rise to a similar embedding Z/p™ — Ad p,|c rq’ and thus

a pairing of G Fq -modules:
Z/p" x Ad* p(1) = ppm.
Thus by local reciprocity we get a pairing
H'(Fq,Z/p") x H'(Fq, Ad* p(1)) —> Z/p"Z,

and then (by restricting the second argument to Fy)
1 m
', 2/p) < 1) (0] § |- A o)) — 2102

Here H'(O[4], —) denotes the subspace of classes in H'(F, —) that are
unramified outside S, and the f subscript means that we restrict further to classes
that are crystalline at p.

Now take, as in Section 1.4, an element « : Fa — Z/p™ indexing the derived
Hecke operator Tq,, and make an arbitrary extension to a homomorphism
&: Fy/(1+4q) — Z/p™. This defines a class & € H'(Fq, Z/p™), well defined

up to unramified classes. The pairing of & with H}(O[], Ad* p(1)), as above,
is easily seen to be independent of choice; thus from a prime ideal ¢ and a

homomorphism Fa — Z/p™ we have obtained a homomorphism:

[0.a] : H) (O[H,Ad*p <1>) oz (16)

In the main text of this paper (Lemma 8.29), we prove a variant of the following
statement under some further local hypotheses on the representation p. (The
meaning of ‘variant’ is this: we only work with simply connected groups—that is,
we prove an analogous result for SL, rather than PGL,—and we impose various
local conditions on the residual representations. In the introduction, we have
stuck with PGL, because it is more familiar. For example, for SL,, we would
need to use only the squares of the usual Hecke operators.)
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Claim: There exists No(m) such that for each pair of prime ideals
q, q satisfying

(a) Norm(q) = Norm(q’) = 1 modulo p™o(™

(b) the eigenvalues of p(Frobq), mod p, are distinct elements of
Z/pZ, and the same for q';

(©) [g,a] = [q', @'] in the notation of (16)
the actions of Tq, and Ty - on H*(Y (K ), Z/p™) coincide.

This is a ‘reciprocity law,” of the same nature as the reciprocity law relating
Frobenius and Hecke eigenvalues. It is the basis for (13).

It is not as precise as one would like, because of the annoying extra conditions
on ¢, q’ but it is good enough to get (13). It is certainly natural to believe that

[9.¢] =[d",¢'] = Tqo=Tqw

(where the equality on the right is an equality of endomorphisms of Z/p™-
cohomology), without imposing condition (a) or (b) above. It would be good
to prove not only this but a version that gives information at bad places. Such a
formulation is presumably related to a derived deformation ring, as we describe
in the next Section.

1.6. Further discussion and problems. It is not really surprising in
retrospect that such cohomology operations should exist. It took me a long
time to find them because of their subtle feature of being patched together
from torsion levels. There is a relatively simple archimedean analog made via
differential forms, see [25].

Here are some metaphors and problems:

(a) In the ‘Shimura’ context a corresponding structure is provided by
‘Lefschetz operators’ (although these act nontrivially only for nontempered
representations). But the derived Hecke algebra operators do not recover
this structure. Indeed, for weight reasons, one expects that the higher
degrees of the derived Hecke algebra act trivially in the Shimura case. The
example of GL, over a field with both real and complex places shows a
mixture of features, which would be interesting to study further.

(b) The theory of completed cohomology of Calegari—-Emerton [8] already
predicts that, if we pass up a congruence tower, cohomology becomes
(under certain conditions) concentrated in a single degree. Said another way,

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

Derived Hecke algebra and cohomology of arithmetic groups 13

all the degrees of cohomology have ‘the same source,” and thus one expects
to be able to pass from one to another.

For this reason, it will be interesting to study the action of the mod p derived
Hecke algebra of a p-adic group; but we stay away from this in the current
paper. (Our results and a global-to-local argument suggest that this derived
Hecke algebra might have a nice structure theory. As mentioned this is
studied in [24, 28]; there is also recent work of Ronchetti [27].)

(c) There is also a story of ‘derived deformation rings,” developed in [14];
there is a pro-simplicial ring R that represents deformations of Galois
representations with coefficients in simplicial rings. The precise definition
of R, and—assuming similar conjectures to those assumed here—a
construction of its action on integral homology, are given in the paper
[14].

However, the relationship between T and R is not one of equality: the former
acts on cohomology, raising cohomological degree, and the latter naturally
acts on homology, raising homological degree. See the final section of [14]
for a formulation of the relationship between the two actions.

Our expectation is that R will have better integral properties than T, in
general.

(d) Numerical invariants: We can use T to shift a class from degree g to the
complementary degree dim Y(K) — ¢ and then cup the resulting classes.
This gives an analog of the ‘Petersson norm’ which makes sense for a
torsion class (or a p-adic class). What is the meaning of the resulting
numerical invariants?

1.7. Notation. We try to adhere to using £ or p for the characteristic of
coefficient rings, and using g or v for the residue field size of nonarchimedean
fields. Thus we may talk about the ‘¢-adic Hecke algebra of a v-adic group.’

G will denote a reductive algebraic group over a number field F. In the
local part of our paper—Sections 2, 3, 4—we shall work over the completion
of such an F at an arbitrary finite place. In our global applications we will
be more specific (just for ease of notation, for example, not worrying about
multiple primes above the residue characteristic): Section 5 we take F quadratic
imaginary, and in Section 6 onward we take F = Q.

It will be convenient at many points to assume that G is split, and then to fix
a maximal split torus A inside G, and also a Borel subgroup B containing A.
This endows the cocharacter lattice X, (A) = Hom(G,,, A) with a positive cone
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X«(A)" < X4(A), the dual to the cone spanned by the roots of A on B. We
denote by r = dimX, (A) the rank of G.

For v a place of F we let F, be the completion of F at v, O, C F, the integer
ring, F, the residue field and write ¢, for the cardinality of F,. We also put

Gv = G(Fv)

Attached to G and a choice of open compact subgroup K < G(Ar ;) (the finite
adele points of G) there is attached an ‘arithmetic manifold” Y (K '), which is a
finite union of locally symmetric spaces:

Y(K) = G(F)\(S% x G(Ay))/K, (17)

where Sy, is the ‘disconnected symmetric space’ for G(F ® R)—the quotient of
G(F ® R) by a maximal compact connected subgroup. Although it is a minor
point, we take Y(K ) as an orbifold, not a manifold, and always compute its
cohomology in this sense.

As before, we introduce the integer invariants g, §:

§ = rank(G(F ® R)) — rank(maximal compact of G(F ® R)), (18)

and define q so that 2q + § = dimY (K ). These have the same significance as
described in (5), at least if we suppose that the center of G is anisotropic over F.
We work only with open compact subgroups with a product structure, that is,

K = H K, (19)

where K, < G(F,) is an open compact subgroup, and K, is a hyperspecial
maximal compact of G, for all but finitely many primes v. A prime v will be
‘good’ for K when K, is hyperspecial and the ambient group G is quasisplit at v.
The ‘level of K’ will be, by definition, the (finite) set of all primes v which are
not good.

G has a dual group GV, which we regard as a split Chevalley group over Z;
in particular, its Lie algebra is defined over Z, and its points are defined over
any ring R. We regard it as equipped with a maximal torus 7'V inside a Borel
subgroup B".

In the discussion of the Taylor—Wiles method, which takes place in Sections 6
and 8, it is convenient to additionally assume:

G is simply connected and GV is adjoint.

This is a minor issue, to avoid the usual difficulties of ‘square roots.” One could
(better) replace G by some version of the c-group of [7].
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When we discuss Galois cohomology, we follow the usual convention that, for
a module M under the absolute Galois group Gal(L/L) of a field M, we denote
by H*(L, M) the continuous cohomology of the profinite group Gal(L/L) with
coefficients in M. For L a number field, with ring of integers O < L, we denote
by H'(O[3], M) © H'(L, M) the subset of classes that are unramified outside
Sand H}(O[5], M) = H'(O[5], M) the classes that are, moreover, crystalline
at p.

Warning: In the literature, the subscript f is often used to mean classes that are
crystalline at p and unramified at all other places, not merely at places outside
S. Indeed, we implicitly used this notation in Sections 1.2 and 1.3 when we
wrote H}(GQ, —). However, in the remainder of the text, we will not use this
convention. To avoid any confusion, on the one occasion (in Section 9) we wish
to refer to classes that are crystalline at p and unramified at all other places, we
use the notation H! . This notation will be reprised when it is used so the reader

four®
need not remember it now.

2. Derived Hecke algebra

We introduce the derived Hecke algebra (Definition 2.2) and then give two
equivalent descriptions in Sections 2.3 and 2.4. The model given in Section 2.3
is by far the most useful. We shall then describe the action of the derived Hecke
algebra on the cohomology of an arithmetic group in Section 2.6, and then make
it a bit more concrete in Section 2.10. Finally, Section 2.12 discusses some minor
points to do with change of coefficient ring, and Section 2.13 discusses some
other minor points about passage between Z/¢" coefficients and Z, coefficients.

Appendix A expands on various points of homological algebra that are used
in the current section.

2.1. As in Section 1.7, we fix a prime v of F, with residue field F, of
characteristic p, and size g,, and set G, = G(F,). We denote by U, an open
compact subgroup of G,. Eventually, we use only the case of U, being either
a maximal compact subgroup or an Iwahori subgroup, but there is no need to
impose this. When we are working strictly in a local setting, we abbreviate these
simply to G and U:

G=G, U=U,.

It will also be convenient to fix
V, = a pro-p,, normal, finite index subgroup of U,, (20)

which we again abbreviate to V when it will cause no confusion.

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

A. Venkatesh 16

Let S be a finite coefficient ring in which g, is invertible. In what follows, by
‘G-module’ we mean a module M under the group algebra SG with the property
that every m € M has open stabilizer in G. The category of G-modules is an
abelian category and it has enough projective objects (see Section A.2).

The usual Hecke algebra for the pair (G,U) can be defined as the
endomorphism ring Homgg (S[X], S[X]), where X = G/U and S[X] denotes
the free S-module on a set X. Motivated by this, we define:

DEFINITION 2.2. The derived Hecke algebra for (G, U) with coefficients in §
is the graded algebra

(G, U)s == Ext*(S[G/U], S[G/U). @1)
where the Ext-group is taken inside the category of G-modules.

Let us record some variants on the notation:
- We write simply 7 (G, U) when the coefficients are understood to be S.

- We write 27 (G, U) or s#)(G, U) for the component in degree j, that is,
the Ext/ summand on the right.

- In global situations where we have fixed a level structure K, < G, for all v,
or for almost all v, we often write simply .77, s for the corresponding derived
Hecke algebra 77 (G,, K,). Again we write simply .7, if the coefficients are
understood to be S.

If we choose a projective resolution P of S[G/U] as G-module, then
(G, U) is identified with the cohomology of the differential graded algebra
Homygg (P, P). It will be convenient for later use to make an explicit choice of P:
Let Q be a free resolution of the trivial module S in the category of S[U/V]-
modules. We may take P to be the compact induction (from U to G) of Q.
Observe that all the groups P; of the resulting resolution are free S-modules.

2.3. Description in terms of invariant functions. We may also describe
(G, U) as the algebra of ‘G-equivariant cohomology classes on G/U x G /U
with finite support modulo G.” We now spell out carefully what this means; an
explicit isomorphism between this description and Definition 2.2 is constructed
in Appendix A.

First some notation: for x, y € G/U, we denote by G,, the pointwise stabilizer
of (x,y) inside G; it is a profinite group. We denote by H*(G,,, S) the
continuous cohomology of G, with coefficients in § (discretely topologized).
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In this model, an element of .7#’(G, U) is an assignment % that takes as input
(x,y) € G/U x G/U and produces as output h(x, y) € H*(G,,, S), subject to
the following conditions:

* .

* h is G-invariant, that is to say, [g]*h(gx,gy) = h(x,y), where [g]
H*(Ggy4y) = H*(G,y) is pullback by Ad(g).

* h has finite support modulo G, that is, there is a finite subset T < G /U x G/U
such that i(x, y) = 0if (x, y) does not lie in the G-orbit of T

The addition and S-module structure on (G, U) is defined pointwise. The
product is given by the rule

hyshy(x,2) = > hi(x,y) Uha(y. 2) (22)
N—. ——

—
YU xon) %G
where we give the right-hand side the following meaning: The cup product on
the right makes sense in H*(G,,,, S), that is, first restrict ~; and h, to H*(G,,.,
S), and take the cup product there. Now split G/U as a disjoint union [ [ O; of
orbits under G,_; let O be one such orbit. We regard

Z hi(x,y) U hy(y, z) == Coresgi‘“ (hi(x, y0) U ha(y0.2))  (23)

yeo

where y, € O is any representative, and the ‘trace’ or corestriction is taken from
G y,z 0 G,;; note that the right-hand side of (23) is independent of choice of
Yo € O. Adding up over orbits O gives the meaning of the right-hand side of (22).

REMARK. Suppose that A is a compact subgroup of G that stabilizes every point
of G/U. In this case, we can restrict & to get a function i, : G/U x G/U —
H*(A). We also have (hh'), = hah',, where the right-hand multiplication is
the more familiar

hally(x,2) = Y halx, y) Uk, (y,2). (24)

YEG/U

2.4. Double coset description. Finally, we can describe .%°(G, U) in terms
of double cosets U\G/U. For x € G/U let

U,=UnAd(g,)U
where g, € G represents x (that is to say, x = g, U). Then U, is the stabilizer of

xinU.
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Fix a set of representatives [U\G/U| < G/U for the left U-orbits on G/U.
Then we have an isomorphism of S-modules

@ H*U.S)>#(G.U) (25)

xe[U\G/U]

given thus: Fix a class z € [U\G/U], and a representative g, € G for z—thus
z = g.U.Let o € H*(U,, S). Then the class of « € H*(U,, S), considered
as an element of the left-hand side of (25), is carried to the function 4, , on
G /U x G/U characterized by the following properties:

() h,4(x,y) = Ounless (x, y) belongs to the G-orbit of (z, eU ).

(ii) h., sends (z,eU) to @ € H*(U,, S)—note that U, is exactly the common
stabilizer of z and eU.

This gives another description of # (G, U). It is harder to directly describe
the multiplication rule in this presentation, and we use instead the isomorphism
to the previous description. Later on we describe explicitly the action of 4, , on
the cohomology of an arithmetic manifold.

Now let us examine the ‘size’ of .#(G, U); this discussion is really only
motivational, and so we will be a little informal. Suppose, for example, that G is
splitand U is hyperspecial. In this case, the quotient U\G /U is parameterized by
a dominant chamber X, (A)* inside the cocharacter group X, (A) of a maximal
split torus A. Moreover, if x € G/U is a representative for a double coset
parameterized by A € X, (A), then the group U, is, modulo a pro-p-subgroup,
the F,-points M, (F,) of the centralizer M, of A. Thus we obtain an isomorphism
of S-modules:

A (G, U):= @ H*(M(F,),S).

AEX . (A)F

For ‘generic’ A—that is, away from the walls of X, (A)"—the group M, is a
split torus; the order of its F,-points is a power of (g, — 1). Thus if (¢, — 1) is
invertible on S, all the terms of 7 (G, U) corresponding to dominant A vanish.

In this paper we will be primarily concerned with the case wheng, —1 =0
inside S. Although it is certainly interesting to study #°(G, U) in general,
the preceding discussion shows that this case (that is, g, = 1 in §) is where
(G, U) is ‘largest.

2.5. Derived invariants. If M is any complex of G-modules, we may form
the derived invariants

derived U-invariants on M := Hom;(S[G/U], M) € D(Mods)
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where Hom is now derived Hom in the derived category of G-modules, taking
values in the derived category of S-modules.

Then the derived Hecke algebra automatically acts on the cohomology of the
derived invariants:

H(G,U) & H*(derived U-invariants on M). (26)

Indeed, the derived invariants are represented by the complex Homgs (P, M),
where P is as before any projective resolution of S[G/U]. The action of
Homyg (P, P) on this complex furnishes the desired (right) action of (G, U).

Let us describe the derived invariants in more familiar terms. Let V be
as in (20), and consider the explicit projective resolution P discussed in
Section 2.2; we see that the derived U -invariants are computed by the complex
Homgy (Q, M). This coincides with U/V-homomorphisms from Q to the
termwise invariants M"; since Q is a projective resolution of S in the category
of U/V-modules, we see that

derived U-invariants on M ~ Homyg,, (S, M") € D(Mods), (27)

where the right-hand side is derived homomorphisms, in the derived category of
U / V -modules. In other words, there is an identification

H*(derived U-invariants on M) ~ H*(U/V, M"),

the group hypercohomology of the finite group U/V acting on the complex of
termwise invariants M" .

2.6. Arithmetic manifolds. In the remainder of this section, we describe how
the derived Hecke algebras act on the cohomology of arithmetic manifolds.

We follow the notation of Section 1.7. In particular, we fix K < G(A¢) an
open compact subgroup, which we are supposing to have a product structure
K =[], Ku; let us split this as

K =K" x K,

where K =[], 4, K.y 1s the structure ‘away from v.” Associated to this is an
arithmetic manifold Y (K), as in (17).

We construct an action of the derived Hecke algebra .7, = 7,(G,, K,) on the
cohomology of Y (K). To do so, we exhibit Y (K) as the derived K, -invariants
on a suitable G ,-module, and then apply (26).

For U, any open compact subgroup of G, let us abridge:

C*(U,) = cochain complex of Y (K™ x U,) with S coefficients. ~ (28)
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Now let
M = lim C*(U,).
U,
where the limit is taken over open compact subgroups U, < G,. Visibly, M is a
complex of smooth G,-modules. Choosing V, < K, as in (20), we have

M% ~ C*(V,),

since we may interchange invariants and the direct limit; and then for a finite
cover X — Y with Galois group D we have an isomorphism C*(Y) =
C*(X)P. However, the derived invariants of K,/V, on C*(V,) ‘coincide with’

the cohomology of Y (K ): the natural map
C*(Y(K)) = C*(V,)*/" — Homgy v,1(S, C*(V2))

is a quasi-isomorphism, in the derived category of S-modules. This follows from
the fact that the terms C*(V,) have no higher cohomology as K,/V,-modules,
because each C/(V,) is the module of S-valued functions on a free K,/V,-set
and is, in particular, induced from a representation of the trivial group.

We have exhibited a quasi-isomorphism

C*(Y(K)) ~ derived K ,-invariants on M

between C*(Y(K)) and a complex that represents the derived invariants of
K, acting on M. Thus (26) gives a natural right action of 7 (G,, K,) on the
cohomology of Y (K).

REMARK. Although this is strictly a right action, we often write it on the left,
which conforms more to the usual notation for Hecke operators; the reader
should therefore remember that the multiplication needs to be appropriately
switched at times, but this will cause almost no issue because the derived Hecke
algebra will prove to be graded-commutative at all the places we use.

Of course, this description is totally incomprehensible; thus we now work on
translating it to something more usable.

2.7. Digression: pullback from a congruence quotient. We first need a
brief digression to construct certain cohomology classes on Y (K). These are
called ‘congruence classes’ in [10], because they capitulate in congruence covers
of Y(K).

There is a natural map

H*(K,,S) — H*(Y(K),S), (29)
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where, on the left, H*(K,, S) is the continuous cohomology of the profinite
group K with coefficients in (discretely topologized) S. Indeed, any cohomology
class for H*(K,, S) is inflated from a quotient K,/K, ;. Let K be the preimage
of K, in K. The covering Y (K;) — Y(K) has deck group K,/K, 1, and thus
gives rise to a map, well defined up to homotopy,

Y (K) — classifying space of K,/K, ;. (30)

We may then pull back cohomology classes along this map to get (29).
These ‘congruence’ cohomology classes have a very simple behavior under
Hecke operators:

LEMMA 2.8. Let h be in the image of the map (29). For any prime w of F that
does not divide the level of K or the size of S, such that G(F,,) is split, and any
usual Hecke operator T supported at w, we have

Th = deg(T)h.

We give a direct proof, but let us note that one can also deduce the result
from the commutativity of the Hecke algebra at w (which is proved, under mild
restrictions on w, in Section 3). It is also likely that the assumption that G(F,)
is split is unnecessary (since w does not divide the level of K, it is automatically
quasisplit by our definitions, which should be enough for the argument below to
go through).

Proof. Itis easy to verify this if w # v, so we examine only the case w = v.
By the assumptions, we may suppose that K, = G(Q,), for a split reductive
G over O,. Suppose that T arises from the double coset K ,a, K, where, without
loss, a lies in a maximal split torus A(F,) that is in good position relative to
K,—that is, it extends to a maximal split torus of G.
We show that 4 has the same pullback under the two natural maps

7,7 Y(K nAd(a,)K) — Y(K),

namely, the natural map, and the map induced by multiplication by a,; this
implies the Lemma.

There is an isomorphism X, (A) ~ A,/(A, N K,); let M be the centralizer in
G of the cocharacter in X, (A) that corresponds to the class of a. Let K, be the
preimage, under K, — G(O,/w?), of M(O,/w?P); here D is a large enough
integer, and @, a uniformizer.

Then, on the one hand, the inclusion K, < K n Ad(a,)K has index equal to
a power of ¢,. In particular, it induces an injection on H*(—, §), so it is enough
to verify that ;*h = 7" h after pullback under Y (K,) — Y (K n Ad(a,)K).
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However, the pullback H*(G(F,), S) — H*(K,, S) is an isomorphism. The
class & is therefore actually pulled back from G(F,). Our assertion then follows
from the fact that the natural maps K, —> G(F,)—namely, the reduction map,
and the conjugate of the reduction map by a,— actually coincide. This proves
that w*h = 7;*h, and concludes the proof of the Lemma. O

This motivates the following definition:

DEFINITION 2.9. We say a class h € H*(Y(K), S) is Hecke-trivial if, for
all places v that do not divide the level of K and with residue characteristic
invertible on S, and all Hecke operators 7" supported at v,

(T — deg(T))"h =0,

for a sufficiently large integer n = n(T). We denote by H*(Y (K ), S)uy the
submodule of Hecke-trivial classes.

2.10. Concrete expression for the action of 7%, on H*(Y(K), S). Let us
now give a more down-to-earth description of the action of 7% s on H*(Y (K),
S), with notation as above. In particular, we show that the action of elements /.,
can be described in a fashion that is very close to the usual definition of Hecke
operators.

From z = ¢g.K, € G,/K,, and @ € H*(K, n Ad(g,)K,), we obtain a class
h.. € (G, K,), by the recipe of Section 2.4. Then:

LEMMA 2.11. Write
K.= K nAd(g.)K, K!=K nAd(g K.

Also, let {a) be the image of a under H*(K, n Ad(g.)K,) @ H*(Y(K.,), S).

Z

Then the action of h,, on H*(Y (K ), S) coincides with the following composite

H* (v (K)) S H* (v (k) S HA(Y(K.) — H*(Y(K)), (D)

Z

where all cohomology is taken with S coefficients, and the arrows are
(respectively) pullback by the map Y(K,) — Y(K) induced by the map
g — g8, cup with {a), and pushforward for the standard map Y (K,) — Y (K).

Note that this is almost exactly the same as a usual Hecke operator; we have
just inserted the operation of U{a) on the way. The fact that (e ) is Hecke-trivial,
in the sense of Definition 2.9, is the key point that makes this operation commute
with usual Hecke operators.

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

Derived Hecke algebra and cohomology of arithmetic groups 23
Proof. Routine but extremely tedious; see Appendix A. O

REMARK. Note also the following trivial case: taking g, = 1, we see that the
operation of ‘cup with « € H*(K,, S)* always belongs to the derived Hecke
algebra.

REMARK. As an example let us write out the argument that derived Hecke
operators at different places always commute with one another. Fix places
v # w, elements g, € G,, g, € G, and classes «, € H*(K, n Ad(g,)K,) and
a, € H*(K, n Ad(g,)K,). We claim that the composite of the two associated
derived Hecke operators can be described in the following way, which makes
graded commutativity clear: Push—pull along

Y(K) < Y (K, 0 Ky, ) = Y(K),

but cup in the middle with the class of «, U «,,. To verify this claim, examine
the following diagram:

Y(Kg, N Kg,) 32)
Y(Kg,) Y(Kq,)
" \ - \
Y(K) Y(K) Y(K)

When we write (for example) x g, we mean that the map is induced by right
multiplication by g,. The composite of the derived Hecke operators is, by
definition, obtained by going along the bottom two rows. However, the middle
diagram is a fiber product square, and so the two ways of going from Y (K,,)
to Y (K,, ), via ‘push—pull’ or ‘pull-push,’ coincide. To prove the desired claim,
then, it suffices to show that the two pullbacks of the class {«,) € H*(Y (K,,))
to H*(Y(K,, n K,,))—via the natural map, and via the map x g, — actually
coincide.

Equivalently, the classes obtained from «,, in the natural way on Y (K, N
gwKg,')andon Y (K, n g, 'Kg,) are in fact compatible, under the map x g,
from one space to the other. However, these cohomology classes are obtained
from a certain covering of the spaces, obtained by adding extra level at v, and
the compatibility follows from the fact that x g, lifts to these coverings.
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2.12. Change of coefficients. Let us examine what happens under a change
of rings § — §’. The description of Section 2.4 and the explicit action of
Section 2.10 means that there is a map of Hecke algebra 77,3 — 7 &
compatible with the actions on H*(Y(K),S) — H*(Y(K), S’). However,
this does not make quite clear that the change of rings map is an algebra
homomorphism. For completeness let us explain this now, since we want to
freely pass between Z/¢" coefficients for various ns.

The tensor product ®sS’ is a right exact functor from SG-modules to S'G
modules and so it can be derived to a map of derived categories. Note that this
carries projectives to projectives since Homgg, (P ®s S, —) = Homgg, (P, —).

This derived tensor product (let us write it as &) ‘carries S [G,/K,] to
S'[G,/K,]: if we choose a projective replacement P — S[G,/K,] the natural
map

PRs S — S'[G,/K,]
is a quasi-isomorphism. Indeed it is possible to choose P so that each term of P is
free as an S-module (see the explicit resolution after (21)). Then P ®g S’ has no
cohomology in higher degree (since this complex computes the Tors(S[G,/K, ],
S’) and the former is free) and thus it is a resolution of S'[G,/K,].
This yields at once a map

%.S - %,S'7

from the Hecke algebra with S coefficients, to the same with S’ coefficients.
Explicitly, the left-hand side is represented by the cohomology of the differential
graded algebra Homgg (P, P), and this dga maps to Homg/g, (P ®s S’, P ®s '),
whose cohomology computes J7; 5. This is the desired algebra map ‘change of
coefficients.’
Consider now the obvious map
c:lim C*(U,) — lim C*(U,; §'),
U, U,

where the notation is as in (28), and the right-hand side is defined the same way
but with §’ coefficients. This induces

/' : Homgg (P, li_r)nC*(UU)) . Homyo (P ®s 5, <h_r)n C*(U,; S')))
U, Uy

wherein we compose with ¢ and extend by S-linearity. There are compatible
actions of S, s and .77, s on the left and right sides. On the other hand, the map
¢’ induces on cohomology the natural map H*(Y (K), S) — H*(Y(K), §').

To summarize: the actions of .7, s on H*(Y (K ), S) and .7, s on H*(Y (K),
S’) are compatible, with respect to the natural maps %, s — J ¢ and
H*(Y(K),S) —> H*(Y(K), S").
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2.13. Passage from mod £" to £-adic; the global derived Hecke algebra.
We now write out in grotesque detail certain minor details of the passage from
mod £" to £-adic coefficients, which will be used without comment in our later
proofs. This section should probably be skipped by the reader and consulted only
as needed.

In what follows, we describe the straightforward version of the global derived
Hecke algebra using all good primes for K that do not divide £; here ‘good’ is
defined after (19). When we refer to the global derived Hecke algebra without
any further remark, we are always referring to this version. We remark, after
the construction, how to make a definition using a restricted set of primes.

The action of the derived Hecke algebra gives an algebra of endomorphisms
T, < End(H*(Y(K), Z/¢")), namely the algebra of endomorphisms generated
by all the derived Hecke algebras J7; 7/ where v varies over good primes of K
that are not above £.

Now we have

H*(Y(K),Z,) = lim H*(Y (K), Z/t")
and we define the global derived algebra to be
T < End(H*(Y(K), Z,)) (33)

to be those endomorphisms of the form lim#,, for some compatible system 7, €

T,, that is, #, ‘reduces to ¢, for n > m in the sense that the following diagram
should commute:

H*(Y(K),Z/t") —2> H*(Y(K), Z/e") (34)

| |

H*(Y(K),Z/em) —"~ H*(Y(K),Z/e™).

Let ’]T‘Z< be the systems of elements (#,,%,_1, ..., ), where f, € T, forr < n
are all compatible in the sense that the above diagram should commute for each
t,, t,r. In particular, ’TI‘;“ acts on Z/¢"-valued cohomology for each r < n. The
inverse limit lim T* acts on H*(Y (K ), Z;), and its image in EndH* (Y (K ), Z,)
is precisely the global derived Hecke algebra T.

Fix m. For n = m consider the map

T
For increasing n and fixed m, the image of this map gives a decreasing sequence
of subsets of the finite set T*. This sequence must stabilize. Call this stabilization

m
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T it is a subring of T* and thus acts by endomorphisms of H* (Y (K ), Z/€™):;
also, there exists N,, such that ’ﬁ‘oo,m coincides with the image of ’ﬁ‘j’f,m in ’]T;‘;.

The natural map ~ _

lim T — T (35)
is onto, since we are dealing with an inverse system of finite sets.

Let 77, 7,0 be the local derived Hecke algebra at v with Z /¢"-coefficients. We
show later (Section 3.4) that, if £" divides ¢, — 1, then the natural map J7; 7/» —
H, 7,/ 1s surjective. It follows that if g, — 1 is divisible by £Nn | then the image of
T% acting on H*(Y(K),Z/¢") contains the image of ./, 7. Therefore, the
image of T., , acting on H*(Y (K ), Z/€") contains the image of 7, .

In practice, we establish ‘bigness’ results of the following type:

(*) For all m < n, there exists sets of primes Q, = {q1,...,q,}
such that £" divides g; — 1 and the image of &7, 7/ acting
on H*(Y(K),Z/¢™) is ‘large:” H*(Y (K ), Z/€™) is generated over
®; 7, 7,0 by elements of some fixed degree D.

When we prove such results, it will not be for the full cohomology of ¥ (K ) but
rather for its localization at some ideal of the Hecke algebra, but we suppress
that for the current discussion.

Let us prove that, under this assumption (*), H* (Y (K), Z;) is generated over
T by elements of degree D. The assumption implies (by the previous discussion,
with n = N,,) that H*(Y(K), Z/¢™) is generated over T, by elements of
degree D; by (35), it is also generated over l&n'ﬁ‘;" by elements of degree D.
That is to say, ~

(imT¥) ® H” (Y (K). 2/¢")

surjects onto H*(Y (K ), Z/¢™) for every m. By a compactness argument the
same assertion holds with Z,-coefficients.

More generally, the same type of argument allows us to show that various
types of ‘largeness’ can be passed from Z/¢™ coefficients to Z,.

2.14. Restricting places and the strict global derived Hecke algebra. We
can restrict the primes and the powers of £ used in the above construction. It is
convenient to index these restrictions by a function

V :primes — {0, 1,2, ..., } u {00}

where primes v with V (v) = 0 will be not used at all in the definition.

In the above construction, replace T, by the algebra generated by J7; 7/
where n < V(v). Proceeding as above, then, we obtain a restricted global Hecke
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algebra T acting on cohomology with Z, coefficients. Informally, each prime
v can be used at most at torsion level Z/¢" ("),
For example, taking

V()(U) =

{0, v not good; (36)

largest power of £ dividing ¢, — 1, else,

the resulting algebra T(") has the advantage that it will be graded-commutative
by the results of Section 3, at least if £ does not divide the order of the Weyl
group.

It will be sometimes convenient to enlarge this by the usual Hecke algebra,
that is, defining the ‘strict’ global derived Hecke algebra

T’ := algebra generated by T(") and all underived

Hecke operators at good places prime to £.

However, by default, when we write T, we mean the ‘full’ version using V =
o0 for all good primes not above £, and V = 0 at all other primes. Thus we have
inclusions of algebras, each inside endomorphisms of cohomology:

usual (underived) Hecke algebra T < T’ < T.

The advantage of T is that it is clearly graded-commutative.

Thus, for example, if m is a maximal ideal of T, the strict global derived
Hecke algebra T’ induces an algebra of endomorphisms of the m-completion
H*(Y(K), Z¢)m:

H*(Y(K), Z)m QT — H*(Y(K),Zy)m.

While a priori we do not know that the full T preserves H* (Y (K ), Z;)m. this is
true under a mild additional assumption: For each good place w not equal to ¢,
let T(*) be the prime-to-w usual Hecke algebra, and m(*) the induced maximal
ideal. Suppose that the natural map

H*(Y(K), Ze)mer — H*(Y(K), Zo)m (37)

is an isomorphism. This is true, for example, if there exists Galois representations
associated to cohomology classes (by the argument of [21, Lemma 6.20]). In this
case, the local derived Hecke algebra at w clearly preserves the left-hand side,
and so also preserves the right-hand side. Since this is true for all good w not
dividing ¢, the full T also preserves the m-completion of cohomology.
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3. Torus localization and Satake isomorphism

Our main goal here is to prove a version of the Satake isomorphism that applies
to the derived Hecke algebra. Namely, take m = £" a prime power. Suppose g = 1
modulo £". We show (see (40) for the precise statement)

derived Hecke algebra for split g-adic group with Z/¢"-coefficients

=~ (derived Hecke algebra for maximal torus with Z/¢" coefﬁcients)w

where the W superscript means Weyl-fixed, and we also require that £ does not
divide the order of W.

For example, if ¢ = 1 modulo ¢, the derived Hecke algebra of PGL, (Qq) with
coefficients in Z/¢ is isomorphic to

Z/E[XO? x()_19 Vi, ZZ]Z/Z

where xg, y;, 2, have (respectively) degree 0, 1, 2, and the action of Z / 2 switches
xoil and negates y, 25.

A consequence of our results is that (under our assumptions on ¢, m) the
derived Hecke algebra is graded-commutative. We do not know if this is valid
without any assumption on ¢ and the coefficient ring S. Recall, however, that
g = 1 in S is precisely the case where the Hecke algebra is largest, by the
discussion of Section 2.4, and understanding this case will be enough for our
global analysis.

3.1. It is a curious fact that, in characteristic dividing ¢, — 1, the Iwahori—
Hecke algebra of a split F,-group is isomorphic to the group algebra of its
affine Weyl group. A related interesting phenomenon is that, under the same
assumptions, the Satake isomorphism

Hecke algebra — Hecke algebra of torus

is given simply by restriction (1)

These points can be explained by ‘torus localization,” as we now explain.
Using that method we derive our Satake isomorphism below. Of course this is a
little bit cheap, but it turns out to be exactly what we need anyway.

I am very grateful to David Treumann for conversations about this material.
In particular, I learned about localization in the context of local geometric
Langlands from his paper Smith theory and geometric Hecke algebras [34].
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3.2. In this section and the next, G will be a split group over the
nonarchimedean local field F,. The coefficient ring for all our Hecke algebras
will be taken to be S = Z/¢", for a prime £ and r > 1. We shall suppose that
¢ divides (g, — 1), where g, is the cardinality of the residue field F,. We also
assume that £ is relatively prime to the order of the Weyl group of G.

We fix other notations as follows: Let G be a split group over O, whose
generic fiber is identified with G. Let K, = G(O, ), a maximal compact subgroup
of G, = G(F,). Let A be a maximal torus in G, and B a Borel subgroup of G
containing A; we suppose them to extend to a torus A and Borel B inside G.
We write A,, B, for the F,-points of A, B. We shall use the notation A(F,)°
for the maximal compact subgroup of A(F, ), and similar notation whenever the
maximal compact subgroup is unique.

Let W be the Weyl group for A. We write X, = X, (A) for the cocharacter
group of A. We identify X, with A,/A, n K, € G,/K, by means of the map

X € X = Hom(G,,, A) — x (@), (38)

with @, a uniformizer.
We write for short 7 = A(F,). The reduction map A, N K, — T splits
uniquely, and so we obtain a ‘Teichmiiller’ lift

T —A,nNnK,. (39)

This induces a cohomology isomorphism, with Z/¢" coefficients.
We have a Cartan decomposition

G, =K, A, K,.
The A, component of this decomposition is unique up to the action of the Weyl

group W.

THEOREM 3.3. Let notations be as above; in particular, the coefficient ring is
always S = Z/Z’, where " divides q, — 1, and £ does not divide the order of the
Weyl group.
Then restriction (in the model of Section 2.3) defines an isomorphism
derived Hecke algebra for (G,, K,)
— derived Hecke algebra for (A,, A, N K,) v (40)

Let us explicate what we mean by ‘restriction.” As per Section 2.3, an element
h of the left-hand side is an association:

(x.y) € (Gu/K,)* v h(x. y) € H*(Gyy, S),
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and its image &’ on the right-hand side is obtained by restricting to A,/(A, N
K,) — G,/K, and pulling back cohomology classes under the inclusion A,, —
G,,. The element /' is clearly A,-invariant, and it is also W-invariant:

[w]*A' (wx, wy) = h(x,y)

because of the G-invariance of 4.

Because A,, = A, n K, for each x,y, and the (Teichmiiller) inclusion
(39) T — A, n K, induces a cohomology isomorphism, we can regard A’
as a function X, x X, — H*(T,S). We often regard 4’ as such without
explicit comment. The multiplication in this model is usual convolution in the X ,
variable, together with multiplication in H*(T, S). We may therefore identify
the right-hand side of (40) with

(S[X.]®@H*(T. )" 41)

just as in (25), that is, restrict to X, x {0} and identify functions on X, with the
group algebra in the obvious way.

3.4. A useful corollary to this result is the following (although even easier, as
it does not use the algebra structure): The induced map
derived Hecke algebra over Z/¢" — derived Hecke algebra over Z/¢™

is a surjection for n > m, under our assumption that £" divides ¢, — 1. (We used
this in the discussion of Section 2.13).

In fact, we are reduced to checking the same fact when C is a cyclic group of
order divisible by £”, that is,

H*(C,Z/e") — H*(C,Z/¢")

is surjective. This follows from a straightforward computation.

3.5. Some useful Lemmas.

LEMMA 3.6. Any nontrivial root o of A on G is nontrivial on the £-Sylow of
A, N K,. In particular, « induces a nontrivial character A(F,) — F .

Proof. This is just a matter of checking the residue characteristic is forced to be
big enough: if the claim is not true, the root & would be divisible by €” in X*(A);
but roots are divisible at most by 2 because <a, o V> = 2,and £ > 2 because it is
prime to the order of the Weyl group. O

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

Derived Hecke algebra and cohomology of arithmetic groups 31

LEMMA 3.7. Use notation as above; in particular, ¥, is a finite field of
cardinality q, = 1 modulo £, and the order of the Weyl group is not divisible
by L.

Then the restriction map from the cohomology H*(G(F,), Z/€") to Weyl-fixed
cohomology of the torus H* (A(F,), Z/€")V is an isomorphism.

Proof. Write for short (and just for this proof) G, A, B for the F,-points of G,
A, B.

Consider the composite of restrictions
H*(G,Z/t") - H*(B,Z/U") > H*(A,Z/{"). (42)

The second map is an isomorphism and its inverse is specified by corestriction.
Therefore we can transport the W-action on H*(A) to a W-action on
H*(B,Z/t"); explicitly the action of w is

Cores’ o [w]4 o Res¥, (43)

where [w] 4 is pullback of cohomology classes under Ad(w~') : A — A.

We now show that Res§ o Coresj = Y, _. w, where the w-action on H*(B)
is that just defined. Since Cores§Res§ = |W|, which is invertible in Z/¢", we
see that Res§ is injective and Cores§ is surjective; so Res$ is an isomorphism
onto the W-invariants on H* (B, Z/¢"), which implies the Lemma.

By the usual formula [6, Proposition 9.5], using the Weyl group W as a system
of representatives for double cosets, the composite equals

Z Cores’, 1, 5 - Ad(w™')* - Res?

Brw~1Bw*

weWw
But w™'Bw N B contains A, and [wBw ™' n B : A] = 1 modulo ¢". So we can
rewrite the w-term as

— —1
Cores’, 1, 5 - Ad(w™")* - Cores§™" #"Res = Cores’ - [w], - Res}

which is exactly the W-action on H*(B), by (43). O

LEMMA 3.8. Let G, G, be finite groups. Suppose that G, — G| X G, is the
natural inclusion, and M is a module for G| X G,, with trivial G, action, and
whose order #M is killed by the order #G, of G,. Then the corestriction map
H*(Gy, M) —> H*(G, x G,, M) is zero.

Proof. Indeed, the composite H* (G x G,) %3 H*(G,) ©5° H*(G, x G,) is
multiplication by the order of G,, and is therefore zero with M coefficients; but
the first Res is surjective because G; — G| x G, is split. O
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LEMMA 3.9. Let I' © G, be a finite £-subgroup. Let S be the double centralizer
of I', considered as an algebraic F,-subgroup of G. Then:

(a) S has component group of prime-to-£ order,

(b) the maximal compact subgroup S(F,)° of its F,-points fixes every point of
G,/K, that is fixed by I

Proof. Let x € G,/K, be fixed by I'. Conjugating I" by G, we may suppose
that x = K, the identity coset in G,/K,.

Now, the quotient of the orders of G and A over the finite field F, is congruent
to |W| modulo ¢, because of our assumption £ divides ¢ — 1. Therefore there is
an ¢-Sylow of K, contained in A, N K. Thus, further conjugating I" by K, we
can further assume that I" < A(F,) N K,. The centralizer Z(I") of I is then a
subgroup containing A. The double centralizer S is thus contained in A and, of
course, it contains 1.

Because S < A, the maximal compact subgroup of S(F,) is contained in the
maximal compact A(F,) N K, of A; the latter fixes x. This proves (b).

To verify the assertion about the component group of S, we first verify that
Z(I') is connected. Note that S is contained in Z(I") by the analysis above, so it
is in fact the center of Z(I"). Then we are reduced to the following assertion: for
any reductive group Z, the component group of the center of Z is only divisible
by primes dividing the order of the Weyl group. Replacing Z by its quotient by
the connected center, we can check the same assertion for Z semisimple; so it is
enough to check for Z simply connected semisimple. There it is obvious case by
case.

To see that Z = Z(I") is connected, we can reason as follows: A is a maximal
split torus within Z, so any element of Z/Z" has a representative in Z that belongs
to the normalizer of A. Here Z° denotes the connected component. So it is
enough to show that any F,-point n in the normalizer of A that belongs to Z
actually belongs to Z°. Let w € Aut(A) be the element of the Weyl group of A
corresponding to such an n. Fix y € I'. Since n centralizes I', we see that w
fixes y. Write N for the ¢-part of ¢ — 1. So y € A[N] ~ X, ® uy; fixing a
primitive Nth root, we can identify A[N] with X,/N. Since the order of w is
relatively prime to £, we see—by taking invariants in X, — X, — X,/N—that
y actually lies in the image of some w-fixed character G,, — A.

Applying this reasoning for each y € I, we see that w actually centralizes a
subtorus of A containing I”. But the centralizer of that torus is a connected group,
thus contained in Z°. We conclude that Z is connected, as we claimed. O
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LEMMA 3.10. Suppose z € G,/K, does not belong to the image of X, (where
the map X +—G,/K, was defined in (38)).

Let I" be an £-Sylow of A, N K,. Let I', be the stabilizer of z in I'.

Then the corestriction map H*(I',) — H*(I") is zero with Z/{" coefficients.

Proof. Note that the centralizer and so also the double centralizer of I" is simply
A. (Any root of A is nontrivial on the £-Sylow of A, n K,, by Lemma 3.6, so the
connected centralizer is A; the centralizer cannot be larger than A because any
element of the Weyl group acts nontrivially on I ~ X, (A)/¢".)

Let S be the double centralizer of I',. Since I, — I" we also have S < A.

Let S° be the identity component of S; it is a split torus. Because ((a) of
Section 3.9) the component group of S is prime-to-£, we see that I, lies inside
S°, and thus inside the maximal compact subgroup of SO(FU). Let I'* be the
¢-Sylow of S°(F,). Thus I', < I'.

Choose a complement S’ — A to S°, that is, a subtorus with the property that
§° xS’ — A is an isomorphism. Now I" = A(F,)° is an £-Sylow by computation
of orders, so therefore

r=r*xr’

z

where I’ is the ¢-Sylow of S'(F,)°.
If S’ were trivial, then S’ = A; in that case, by (b) of Section 3.9, 7 lies in the
fixed set of A(F,)°, which is none other than

X: < G,/K,,

which contradicts our assumption. (To see this, let N be the unipotent radical of
the Borel B © A. If A(F,)°xK, = xK,, we have x 'A(F,)°x — K,. By using
the Iwasawa decomposition, it is enough to check that if this inclusion holds for
some x = n € N(F,), then in fact n € K,. In that case we have n"'an € K,
for all @ € A(F,)°, and in particular, n~'(Ad(a)n) € K, for all such a. Choose
a generic positive element 1 € X, (A), giving an enumeration of the positive
roots oy, ..., o, SO that <oci, X> is increasing. For each such root we have a
root subspace u; : G, — N, and the product map u,(x,)us_1(x;_1) ... u;(x1),
from G}, — N, extends to an isomorphism of schemes over O, In this ordering,
the commutator [u;, u;] involves only u; with k > max(i, j). Let x; be the o
coordinate of n. We have (o (a) — 1)x; € O, for all a € A(F,)°, which implies
x1 € O,, cf. second paragraph of the proof of Lemma 3.10. Adjust n on the
right by u; (—x) to arrange that x; is trivial. Now proceed the same way for the
o, 03, ... coordinate.)

Therefore, S’ is nontrivial. We see at once that the order of I"’ is divisible by
the ¢-part of ¢ — 1.
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Thus, by Lemma 3.8, the corestriction from I* to I" is zero with Z/e
coefficients. The corestriction from I, to I" factors through this one, so it is
Z€ero too. L]

3.11. Proof of Theorem 3.3. Throughout the proof, as in the statement of
the theorem, we take coefficients in § = Z/¢". Accordingly, we drop explicit
mention of the coefficients from the notation.

Recall the explicit description of the Satake map, using the identification (41)
of the toral derived Hecke algebra:

Given an assignment (x, y) € G,/K, — h(x, y) € H*(G,,), we associate to
it the function X, x X, — H*(T), given by

B (x,y) € (Ay/Ay N K,)? > Resy™h(x, y) € H*(T).
We must show that the rule 4 — A’ gives an isomorphism

derived Hecke algebra for (G,, K,)
~ derived Hecke algebra for (A4,, A, N K,) v (44)

We first verify that 2 — A’ is bijective. Each element of the derived Hecke
algebra for (G,, K,) is uniquely of the form ) h,, where a € X} and « €
H*(K, N Ad(a)K,), with notation as in Section 2.4. The intersection of K ,a K,
with X, is precisely given by the W-orbit of a by uniqueness of the Cartan
decomposition. So the map h — h’ sends h, , to the function hﬁw on X, X X,
characterized by W-invariance and:

(i) h.u(x,e) =Ounlessx € Wa;
(ii) h,, sends (a, e) to the image of « € H*(K, n Ad(a)K,) — H*(T).

It is enough, then, to show that each element of derived Hecke algebra for
(A,, A, n K,)V is uniquely a sum of such elements h;,a. This comes down
to the fact that the map

H*(K, n Ad(a)K,) — H*(T)" (45)

is an isomorphism, where W, is the stabilizer of a in the Weyl group. But, if we
write M for the Levi subgroup of G that centralizes a, then K, N Ad(a)K, is,
modulo a pro-p-group, the k-points M (k), and W, is identified with the Weyl
group of M. So (45) follows from Lemma 3.7.

To show that & — h’ preserves multiplication, we compute (h;h,)"(x, z); it
equals the restriction, from G, to T, of

D1 Dl y) uhn(y.2),

0<G,/K, yeO
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the sum being grouped, as before, over orbits O of G,, on such y. Recall that
the inner sum is understood by computing the cup product /;(x, y) U ha(y, z)
for a single y € O, and then corestricting from G,,, to G,.. Therefore,

(hiha)'(x,2) = > Resf=Coresg hy(x, y) U ha(y, 2)
0 .

J

:=;IF(0)
and as usual we can express H(O) a sum over T-orbits on G,,/G,,,, that is to
say, as a sum of T orbits O’ ¢ O:

H(O) = Z Coresil Res?}j"’ (...) (46)
0/

where we have chosen a representative y’ € O’ for each T-orbit O’ upon O;
and the injection 7,y — G,y that defines the restriction map is induced by an
element of G, conjugating y’ to y.

We saw in Lemma 3.10 that the corestriction map vanishes unless y’ actually
belongs to X . (Indeed, writing I" for the unique £-Sylow of the abelian group
T, then I')/ is an £-Sylow of T), and the corestriction map induced by I'yy — T,/
is surjective on cohomology.) In the case when y’ € X, we have 7, = T in
which case O’ = {y’}. We conclude that

H(0)= D Resy™(hi(x.y) U ha(y.2)
YeEONXy
and finally adding up all O we get
(hih2)'(x,2) = > Resy™ (hi(x, y) L ha(y, 2))

YEX %

Z Resy " hy(x,y) U Resy hy(y, z) = h|h)(x, 2).

YEXx

This concludes the proof of the theorem.

4. Iwahori-Hecke algebra

In this section, we collect a few important facts about Iwahori—Hecke algebras.
In particular, we discuss the structure of the Iwahori—Hecke algebra at a Taylor—
Wiles prime (Section 4.2), the relation between modules over the (usual, that
is, nonderived) Iwahori—-Hecke algebra and modules over the (usual) spherical
Hecke algebras (Section 4.4) and finally briefly discuss a localization result for
the derived Iwahori—Hecke algebra (Section 4.6).
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These results are presumably well known to experts but they help us polish
our presentation of the Taylor—Wiles method—indeed similar ideas appear in
the paper of Khare and Thorne [21].

4.1. We continue with the notation of the prior section (Section 3.2). In
particular, G, is the F,-points of a reductive split group.

In this section, we also make use of the affine Weyl group W attached to G;
by definition this is the semidirect product X, x W where X, is the cocharacter
group of the maximal torus A, and W is the Weyl group of A.

Let S be the ring Z/¢", for a prime ¢; this will be the coefficient ring for all our
Hecke algebras and derived Hecke algebras. We suppose that ¢, = 1 modulo ¢"
and that £ does not divide the order of the Weyl group.

Let 7, be an Iwahori subgroup of G, contained inside K, and in good position
with reference to A. By this we mean that /, stabilizes a chamber of the building
that lies inside the apartment defined by A. An explicit choice of such an [, can
be obtained from an integral model B of a Borel subgroup containing A:

I, = preimage of B(F,) inside G(O,),

and the other such I,s are W-conjugate to this one.

It will be helpful to keep in mind that the index [K, : I,] = |W| modulo £",
in particular, this index is invertible in S. Take the Haar measure on G, which
assigns I, mass 1.

4.2. The structure of the Iwahori algebra. Let H; be the Hecke algebra for
I,. We understand this to be defined as

H, := Homyq, (S[G./1,], S[G./1,]).

This is identified with the set of S-valued and finitely supported functions
f on I,\G,/I,. Namely, identifying such functions with measures (multiplying
by the Haar measure on G,, thought of as valued in §), each such function f
acts by right convolution on S[G,/I,], and therefore defines an element of H;.

Therefore, in the text, we often produce elements of H; by describing the
associated bi-invariant function.

Warning: the resulting identification

H; ~ (functions on 1,\G,/I,) 47)

is an anti-isomorphism of algebras if we equip the right-hand side with the
convolution product. When we multiply elements of H;, we always understand
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the multiplication to be that of H;, not the multiplication induced from the right-
hand side of (47).
We similarly define

HK = HomSGU(S[GU/KvL S[GU/KU])a
H,;x = Homgg, (S[G,/K,], S[G./L]),
Hy, = Homge, (S[Go/L], S[G./K.]).

If V is any G-representation, the algebra Homgg, (S[G,/K,], S[G,/K,]) acts
on the right on V& = Homg, (S[G,/K,], V). Similarly, elements H, ¢ induces
endomorphisms V» — V& Indeed a useful mnemonic for the subscript ‘I K’
is that, acting as explained above, H;x goes from /-invariants to K-invariants,
and so on. Also H; g, Hg; are bimodules for Hx and H;.

As before, each of these can be identified with a space of functions. Thus, for
example,

H;x ~ functions on K,\G,/I,, (48)

and similarly for H; g, Hx. As before, these identifications arise from the right
convolution action of the functions on S[G,/K,] or S[G,/1,].

Note that, somewhat contrary to what the notation might suggest, an element
of H;x considered as a function is left K,-invariant and right I,-invariant.
Again, we use these identifications such as (48) without comment to produce
elements inside the various Hecke algebras. The same warning applies here: the
identifications do not preserve multiplication; the order must be switched, just
as (47) is an antiautomorphism. To avoid confusion here, our convention is that
products are always to be understood in the sense of the H;, Hg, and so on, and
not via convolution of functions.

It is useful later to define

Lk, 49
k= measure(K,) )
Considered as an element of H; it is idempotent. When considered as an element
of H,x, it carries the identity coset of S[G,/K,] to ZkeK/, kI, € S|G,/1,], and
when considered as an element of Hg;, carries the identity coset of S[G,/1,] to
ﬁel(u € S[G,/K,]. In particular, ex € H;x induces the corestriction map
VI — V& and ex € Hg; induces the map VX — V% which is the natural
inclusion divided by the index [K, : 1,].
Because ¢ is congruent to 1 modulo £, the structure of H; is very simple. It is
isomorphic simply to the group algebra of the affine Weyl group:

H, ~ S[W]. (50)
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An explicit anti-isomorphism sends the characteristic function of I,w/, to the
element w, for w € W; in particular, e is sent to ﬁ ZweW w, the sum over the
usual Weyl group.

This follows from the standard presentation of the Iwahori—-Hecke algebra (for
a reference with complex coefficients, see [12, Theorem 4.2]); the key point is
that the relation (7, — ¢)(7, + 1) simplifies to 77 = 1 when ¢ = 1 in the
coefficients. Actually it is also possible to verify H; is isomorphic to § [W] by
using torus localization, although we omit the details.

4.3. Central element and discriminant. Every element of S[ X, ]" is central

in S[W]. Therefore, (50) yields a natural map (indeed an isomorphism) from
Z := S[X4]" to the center of H;.

Then H;, Hx have structures of Z-algebra and H, g, Hg; have structure of Z-
module, all of which are compatible in the obvious way.

For example, the ring homomorphism Z — Hg is given by z — exzex = exz.
In fact this is a ring isomorphism, as follows easily from the explicit presentation.
Then for example, H;x has two structures of Z-module, one via Z — H; and
one via Z — Hg, and the ‘compatibility’ is that these two structures coincide.

4.4. Iwahori-Hecke algebra. The next statement asserts that the bimodules
Hg;, H;x give equivalences of categories, at least over the open subset of
Spec(Z) where the ‘W-covering’ Spec S[X,]| — Spec S[X.]" is étale. (I am
grateful to Peter Schneider for correcting an error. In an earlier version of this
paper, this Lemma was formulated over a larger open subset of Spec Z, but one
step in the proof was not correct in this greater generality.)

LEMMA 4.5. Let m be a maximal ideal of Z over which the map Z — S[X,] is
étale, and write Z' for the localization of Z at m.

Write Hyy = Hx ®z Z' and define similarly H,, H) ;,, Hy.,. Then the bimodules
H), and H}, induce inverse equivalences of categories between H), modules
and H, modules.

This is probably well known in characteristic zero at least.

Proof. (Sketch). Let us show, for example, that the natural map induced by
multiplication
H;x ®uy Hkr — H; (51)

yields an isomorphism after localization at m. In what follows, we denote such
localization with a prime: S[X.] = S[X:]| ®z Z'.
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Note that H; is free of rank w as a right module over S[X ] (clear from (50))
and, being finite étale, S[X ]’ is free as a right module over Z’ of rank w.

So H} is free of rank w? over Z’. Similarly, H,, and H);, are free of rank w
and HY; is locally free of rank 1 as a Z’-module. The obstruction to (51) being an
isomorphism then given by the vanishing of a suitable determinant; it is enough,
therefore, to show that (51) is onto after reducing modulo the maximal ideal m’
of Z'.

We can extend the natural homomorphism Z’ — Z’/m’ to a homomorphism
x : S[X4] — k, with k an algebraically closed field containing the finite field
Z'/m/. Note that k has characteristic ¢, and that x is not fixed by any element
of W.

Now a homomorphism from X, — k* is the same as an unramified k-valued
character x of the maximal torus A,; so we may identify x to a character of A,.
We form the corresponding induced representation V = V, . Its elements consist
of locally constant k-valued functions on G, that transform according to y on a
Borel subgroup containing A,. Now V' is a k-vector space of rank w, and V¥
is a k-vector space of rank 1, and Z acts on these spaces via the character x (as
follows, for example, from (53) below).

‘We now show that the natural maps

H,, ®; k — Hom(V*“, V)

are isomorphisms for a and b belonging to {/, K }; that implies the desired claim,
that is to say, that (51) is onto after reducing modulo m.

Because the two sides have the same rank it is enough to check surjectivity. In
fact, it is enough to show surjectivity in the case of H;; and to show that all the
other maps are nonzero (because then, for example, the image for H;x would
be a nonzero subspace of Hom(V’, VX+) which is stable under Hom(V ", V")).
The other maps are clearly nonzero: the element ex induces a nonzero map in
each of the cases /K, KI, K K. So we are reduced to seeing that

H; - Hom(V", v"). (52)

But there is a standard basis for V'’ indexed by the Weyl group: v,, (w € W),
whose restriction to K is the characteristic function of the Bruhat cell indexed by
w. The group algebra of W, inside H;, acts by permuting the elements v,,. Also
the element A € X, considered again inside H;, acts by

Avy, =Lwy, Av,. (53)

In other words, as a representation of W, this is the representation induced
from the generic character yx, and so clearly irreducible. The surjectivity of (52)
follows. O
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4.6. Localization for the derived Iwahori—-Hecke algebra. It will later on
be helpful to make use of localization for the derived Iwahori—Hecke algebra.

We define the derived Iwahori-Hecke algebra as per the recipe of Section 2,
that is,

J; = Extiy (S[G,/1,], S[G./LL]).

As before this is isomorphic to the algebra of functions /i that associate to
(x,y) € G,/I, x G,/1, a class h(x,y) € H*(G,,, S), with the product as
described in Section 2.3. In a similar way, we get derived versions 77k, 7%
of the bimodules Hg;, H,;x defined earlier.

Now, we can consider ‘restriction to W,’ that is,

hy € 1 —> h' € functions WxW— H*(T,S) (54)
where T is as in Section 3.2 and we identify w € W with wl € G, /1,; and
h, € #x —> h} € functions W x X, — H*(T, S) (55)

where here we identify x € X, with the associated coset x K, ; and we used the
fact that 7' stabilizes pointwise both W - I, and X, - K, to restrict cohomology
classes to 7'. Finally we have a similar map for .7%;.

Note that the right-hand side of (54) has an algebra structure, at least restricting
to functions supported on finitely many W -orbits, by means of the formula
H Hy(x,y) =Y . Hi(x,z) U Hy(z, y) (where all of x, y, z all belong to w).
This algebra acts on the right-hand side of (55), by means of the same formula,
but H, now belongs to the right-hand side of (55), and therefore y is now taken
to belong to X .

LEMMA 4.7. Under our current notation and assumptions, (see Section 3.2), the
map (54) is an algebra morphism. Similarly, the map (55) is compatible with the
map (54) and the product 767, x 71k — g, similarly for H#x;.

Proof. We want to show that (where k1, h, € 7))
ReS(I’llhz) = /’llll/llz,

where Res means to restrict all G, /I, arguments to W and restrict cohomology
classes to T; we also want similar statements for the .7#7,-action on .#%; and
Hik.

By precisely the same argument as in Section 3.11, we are reduced to the
following claim:

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

Derived Hecke algebra and cohomology of arithmetic groups 41

Claim: Let y’ belong to either G,/K, or G,/I,. Let I" be an £-Sylow
of A,NnK,.Let I, be the stabilizer of y’ in I". Then the corestriction
H*(I'y,S) — H*(I', S) vanishes, unless y’ € X, < G,/K, or
y e W c G,/

We repeat the reasoning of Lemma 3.10: let S be the algebraic double
centralizer of I'y. As before, Iy < I" gives S < A. Let S° be the identity
component of S. By Lemma 3.9, the component group of S is prime-to-£.
Therefore, I lies inside S°. Let I'¥ < S°(F,)° be an ¢-Sylow of the maximal
compact subgroup. Thus Iy, < Fy”,".

Choose a complement 8’ — A to S°, that is, a subtorus with the property that
S” x 8’ — Ais an isomorphism. Then I} < S§°(F,)° is an £-Sylow, and I" <
A(F,)° is an £-Sylow. Therefore

r=rixr’

y

where I"’ is the ¢-Sylow of S'(F,)°.

If 8’ were trivial, then 8° = A. In that case y’ lies in the fixed set of A(F,)°. In
the case where y’ € G,/K, this was proved in Section 3.9. However, the proof
of this assertion also applies word for word to establish the same assertion in the
case y' € G,/I,.

The fixed set of A(F,)° on G,/K, is X, as before, and the fixed set of A(F,)°
on G,/I, is precisely WIU c G,/I,. (Here is a proof of the latter claim: if
g1, is fixed, then gK, € X, K,, and modifying g by an element of A(F,), we
can suppose g € K,. We are reduced to computing the A(F,)°-fixed points on
K,/I,, which amount to the torus fixed points on a flag variety over F,—using
Lemma 3.6 to avoid problems with small residue field, these fixed points are
precisely the w1, with w € W, as desired.)

Otherwise, S’ is not trivial, the corestriction I " — I vanishes as before, and
so the corestriction 1y — I vanishes too. V 0

5. The trivial representation

In this section we give our first piece of global evidence that the derived Hecke
algebra can account for the ‘degree spreading’ of Hecke eigenclasses.

5.1. Let D be a division algebra of dimension d” over an imaginary quadratic
field F. Let G be the algebraic group of elements of norm 1 inside D. Let Y (K )
be the arithmetic manifold (17) associated to G and a level structure K. We shall
suppose K to be contained in the stabilizer of some maximal order Op. Observe
that dim Y (K) = d* — 1.
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In this section, we study the derived Hecke action on ‘Hecke-trivial part’ (see
Definition 2.9) of the cohomology of Y (K).

Recall that the global derived Hecke algebra T consists of all endomorphisms
of H*(Z,) that are limits (Section 2.13), under H*(Z;) =~ lim H*(Z/¢"), of
endomorphisms that lie in the algebra generated by all J7; 7.

THEOREM 5.2. For all but finitely many primes £, the action of T on H* (Y (K),
Z,) preserves the trivial summand H* (Y (K ), Z; )iy, and:

(i) The trivial part of the cohomology H*(Y(K),Z¢)uy is cyclic over T,
generated by the trivial class;

(ii) The image Ty of T in End H* (Y (K), Zy) iy is graded-commutative. Also
Tuwiv ® Q, coincides with Q,-algebra generated by H*(Y (K ), Q) acting
on itself by means of the cup product.

Note the significance of the second part of the statement: inside the Q,-derived
Hecke algebra there is a natural ‘preferred’ rational structure. Our general
conjecture (Conjecture 8.8) says that this should be true in great generality and
the preferred rational structure is related to motivic cohomology. Certainly the
situation that we discuss here is quite easy compared to the general case, but
nonetheless it has several points of interest.

We also note that the theorem is almost certainly false (in the form stated
above) if F' is not totally imaginary, for reasons related to (a) of Section 1.6.

We deduce the Theorem from the following:

LEMMA 5.3. Notation as above, so that G is the algebraic group arising from a
division algebra over the imaginary quadratic field F. For all sufficiently large
4, the following statement holds:

For each integer n there are infinitely many places v of the field F,
with q, = 1 modulo £" and where the division algebra is locally split,
such that the pullback map of (29)

H*(G(F,), Z/t) — H*(Y(K), Z/€)uiv

is surjective.

Note that the map above really does take values in the Hecke-trivial
cohomology, by Lemma 2.8.

Proof. (Summary) The proof of Lemma (5.3) occupies Sections 5.5-5.11. After
some initial setup, we give in Section 5.8 certain conditions (a), (b), (c), (d)
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which imply the Lemma; and then after Section 5.8 we check these conditions
can actually be satisfied. O

First of all, let us explain why the Lemma implies the theorem:

5.4. Lemma (5.3) implies the theorem.

Proof. First of all, T preserves H* (Y(K), Z¢)yiv- This follows by the argument
described around (37). Explicitly, fixing any prime w, we may find a prime-to-w
usual Hecke operator 7' for which the trivial part of Z,-cohomology coincides
with the generalized zero eigenspace for T — deg(T'). (This can be checked over
C, since we are supposing the prime ¢ to be large enough. See for example,
discussion after (59)).

By avoiding a finite set of £, we may clearly suppose that H*(Y (K ), Z) has
no {-torsion, and that £ > d. Similarly, we suppose that

H*(Y(K), Z)wiy ®2 Z/¢ — H*(Y(K), Z/0)usiv

is an isomorphism: see Section 5.6 for an explanation.

By Lemma 3.7, the map H*(G(F,), Z/¢") — H*(G(F,), Z/¢) is surjective
if g, = 1 modulo ¢". It follows from this that the surjectivity assertion of
Lemma 5.3 continues to hold with coefficients modulo £".

Now we can consider an element of H*(G(F,),Z/¢") as an element of the
derived Hecke algebra for G at v (see the Remark of Section 2.10). So the
assertion implies that the cup product action of each h € H*(Y(K ), Z/0" )uiy
is contained in the action of the derived Hecke algebra; by passage to the limit,
the cup product action of H* (Y (K ), Z;);y on itself is contained in the action of
the derived Hecke algebra.

Let B; be the image of cup product H*(Y(K), Z¢)wiy — End(H*(Y(K),
Z,)uiv). Let Ty, be the image of T inside End(H* (Y (K), Z; )iy ). It remains to
show that these are equal. This comes down to the fact that ']va is contained in
the commutant of B, and so cannot be larger than it. In more detail:

Let ’]Tg? ) be the subring of Ty defined by only using local derived Hecke
algebras J7; 7» with £" dividing ¢ — 1, that is, the restricted variant of the
global derived Hecke algebra defined after (36).

We have inclusions

B, TUY < Ty (56)

where the first inclusion follows from the argument just given. To conclude the
proof, we show that these are both equalities. Note, first of all, that each element

of T commutes, in the graded sense, with each element of 'ﬁ‘mv. Indeed, if

triv
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g = 1 modulo ¢", the global action of J7; 7/ is readily seen to commute with
F, 7/ for v # g, and it commutes in the case v = g because J7; 7/, is known
to be graded-commutative.

Choose now h € ”ﬁ‘mv. There is b € B, such that 4.1 = b.1 (here 1 is the trivial
class in H%). Then (h — b).1 = 0. The same is true then for both the even and
odd components of (h — b). But, as we just saw, both components commute in
the graded sense, with ']NI'[(rK‘,)), so in fact both of these components kill all of H,.
Thus h — b = 0, so h € By, as required. OJ

5.5. Recollections. Let N be an integer. (We shortly fix it to be ‘large
enough.’)

Let Uy be the standard unitary group, the stabilizer of Z;V:l |z;
natural maps

|*. There are

bi-invariant differential forms on Uy — H*(Uy, C) — H*(GLy(Oy), C)
(57
obtained by the natural identification of GLy(C)-invariant differential forms
on GLy(C)/Uy with bi-invariant differential forms on Uy (and then Hodge
theory). The notation is a little confusing: H*(Uy) above refers to the singular
cohomology of Uy as a topological space, whereas H*(GLy (OF)) refers to the
group cohomology of GLy (OF).

Moreover, the algebra of invariant differential forms on Uy is a free-exterior
algebra with primitive generators £2i, §25, ..., §2,y_1 in degree 1,3,5,...,
2N — 1; ‘primitive’ is taken with respect to the coproduct on cohomology,
induced by Uy x Uy — Uy. An explicit representative for §£2; can be taken
as

Xi,..., X, € Lie(Uy) — antisymmetrization of trace(X; - - - X ;). (58)

The same symbols £2; will also be used to denote the corresponding invariant
differential forms on GLy (C)/Uy. For later use, note that these can be restricted
to cohomology classes for SUy and also to invariant differential forms on
SLy (C)/SUy; these restrictions kill £2;.

There are natural inclusions Uy <> Uy, ; and GLy(OF) <> GLy(OF). For
fixed j and large enough N, these induce isomorphisms in H/(—, C). Moreover,
these isomorphisms are compatible with increasing N. By passage to the inverse
limit we get

H*(U,, C)—>H*(GL (Or), C).

Here (for example) GL,, means in fact ll_l’I)l GLy.
Both sides here carry compatible coproducts; for the right-hand side we can
take the coproduct induced by ‘intertwining’ map (see for example, [33, Ch. 2])
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GL,, x GL, — GL,. (To see that the coproducts are compatible amounts
to say that the group multiplication and the intertwining map both induce the
same homomorphism on the stable cohomology of Uy. This follows from the
Eckmann—Hilton argument, or more directly as follows: Embed two commuting
copies U ,E,“) x U ]E,b) — U,y by the intertwining map. The group multiplication

U,y x Uy — U,y when restricted to U ,E,“) x U ,s,b) on the source gives the

intertwining map U ,f,“) x U ,f,b) — U,y. This fact, together with stability of
homology, shows that the two coproducts are compatible, as claimed.).

The corresponding Pontryagin product on homology will be denoted by :.

In what follows, we fix N to be divisible by d? and chosen so large that

- the inclusion GLy < GL., induces an isomorphism of integral group
homology in degrees < d?, both with entries in Oy and with entries in any
residue field. (This is possible because, by a theorem of van der Kallen [20,
page 289], the range of homological stability can be taken uniformly in these
cases; indeed, van der Kallen’s bounds for stability involve only the Krull
dimension in the case of commutative rings.)

We denote the stabilization map
H;(GLy(OF)) — Hi(GLx(OF))

by a — a'®) and its inverse by b — b("). We use this notation for any choice
of coefficients, not merely Z.

- The map (57) induces an surjection in degrees < d?. (That this is possible is
a consequence of Borel’s result [3, (7.5)] asserting that cohomology classes
in sufficiently low degree are representable by invariant differential forms on
the symmetric space; Borel’s result is for a semisimple group, but we readily
deduce the claimed result by applying it to SLy.) We have written ‘surjection’
instead of isomorphism just because of the issue of working with GL rather
than SL: the differential form corresponding to £2; dies under (57)).

In a similar way to (57), we have an isomorphisms

H*(SU,, C) — SL,(C) invariant diff. forms on SL,(C)/SU,
2 HY(Y(K), C)un. (59)
For the surjectivity of the final map: if a differential form w on Y (K) satisfies
Tw = deg(T)w for even one Hecke operator T, then by an easy ‘maximum

modulus’ argument it must be invariant, that is, represented by a G(F ® R)
invariant form on the corresponding symmetric space. (This uses compactness
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of Y(K); in the general case the answer is substantially more complicated.) In
particular, the cohomology H*(Y (K ), C)y is a free-exterior algebra, generated
in degrees 3,5, ...,2d — 1.

Finally let us recall (Borel) that the K -theory of O is, modulo torsion, one-
dimensional in each odd degree, and that (Quillen) for any finite field F of size
g, the even K -groups vanish and the odd Ky, (F) ~ Z/(¢* — 1).

5.6. The constraints on £. We impose the following constraints on £:
(i) The cohomology of ¥ (K ') with coefficients in ¢ is torsion-free.

(i) ¢ does notdivide ged, ((g,—1) -+ - (¢g>*~'—1)), where the gcd is taken over
all g, = g, for large enough ¢,. (This gcd stabilizes for g, large enough.)

(ii1) £ is relatively prime to the numerator and denominator of the rational
number M € Q* defined in (62).

(iv) the cohomology H*(Y (K ), Z/{)yy is a free-exterior algebra on generators
in degree 3, ...,2d — 1.

() £>d*
(vi) The cohomology of GL,(OF) is free of ¢-torsion in degrees less than d.

All these assertions are automatically true for ¢ big enough. This is obvious
for (1), (ii), (iii), (v) and follows from the standard stability results for (vi). We
examine (iv): We saw after (59) that H*(Y (K ), Q) is a free-exterior algebra;
fix generators e3, es, . .. that belong to H*(Y (K ), Z). The products of the e, are
linearly independent over Q, so their reductions are also linearly independent
over Z/¢ for large enough ¢. It remains to show that they span H*(Y(K),
Z/0):,. But that is obvious by counting dimensions: if we fix a Hecke operator T,
then for sufficiently large ¢ the generalized zero eigenspace of T — deg(T) on
H*(Y(K), Z/¢) has the same dimension as the generalized zero eigenspace of
T —deg(T)on H*(Y(K), C).

This concludes the proof that all of (i)—(vi) above are automatically valid for
large enough £. It would be interesting to see what happens for ‘bad’ .

5.7. Let N be a large integer, as chosen in Section 5.5. Fix an embedding
t:G— SLy (60)
for some large N, by taking a sum of many copies of the representation that

arises from the division algebra acting on itself. Then (in suitable coordinates)
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we may suppose that the open compact subgroup K is carried into the standard
maximal compact [ [, SLy(O,) of SLy (Ay), and the arithmetic group G(F) N K
is consequently carried into SLy (OF).

The map ¢ gives rise to a map of symmetric spaces, that is, a map

G(C)/SU; — SLy(C)/SUy,

where we have chosen a maximal compact for G(C), which is isomorphic to
SU,, and then we have chosen a hermitian form on C" whose stabilizer SUy
contains ¢(SUy,). Thus we get an embedding of locally symmetric spaces, also
denoted by ¢:

~B(SLy(OF))

We can further compose ¢ with the inclusion of SLy(OF) to GLy (OF) to give a
map
Y(K) — B(GLy(Op)).

5.8. In this section, we formulate four claims (a)-(d) that will imply
Lemma 5.3. We verify the claims in the remainder of the section.

Let3 <i <2d —1beodd and let a; € K;(OF) be chosen so that it generates
K;(Or) modulo torsion. Let [a;] be the image of g; inside H;(GL(Op),
Z,); as per our notation above, [a;]?") is its preimage under the isomorphism

We show that (for any n) there are infinitely many places v, splitting the
division algebra and with g, = 1 modulo ¢”, and classes & € H' (GLy(F,), Z/¢)
with the property that:

(a) The image of a; in K;(F,)/¢ is nonzero. Call its image b; € K;(F,)/¢;
therefore, b, is a generator of K;(F,)/.

(b) The pairing (&, [b;]¥)) # 0 where [b;] is defined similarly to [a;]: it is
the associated homology class under K;(F,) — H;(GL.(F,),Z/¢), and
correspondingly we have [b;]™) € H;(GLy(F,), Z/¢).

(©) (&3 U+ Ukag_y, ([bs] % -+ # [bag—1])™) # 0, where * is the Pontryagin
product on the homology of GL, (F,).

(d) Let [Y(K)] € He_1(Y(K), Q) be the fundamental class of Y (K ). Then
there exists M € Q¥ such that the image (,[Y(K)] € H,(GLy(OF), Q)
satisfies:

LY (K)] = M - ([as] # [as] # - % [aaa )™ (62)
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where on the right we have the Pontryagin product for GL,, (OF), and ¢ is
asin (61).

Let us first see why (a)—(d) implies Lemma 5.3. Recall that we chose ¢ to
not divide the numerator or denominator of M, and also that the cohomology
of GLy (OF) and so also GLy(Oy) is £-torsion free in degrees < d?; therefore,
condition (d) implies an equality in Z,-homology:

LY (K)] = (unit) - ([as] - - # [azaa )™ (63)

Let 7 be the projection from GLy(OF) to GLy(F,). Write &; = 7*§ €
H*(GLy(OF),Z/t) and n; = *&; € H*(Y(K ), Z/t). We have then

(81, 1a]™) = (8, [a]™) = (6 mala] ™) = & (5] %0
since 7, [a;] = [b;]. Also, in a similar way,
(8300 B, ([ws] %+ % [a2a])™)
= unit multiple of (&3 U -+ - U &gy, ([b3] % -+ = [bZd,l])(N)> #0 (64)

because the Pontryagin products and the stabilization maps are compatible with
7. From this and (63) we get

U U1, [Y(K)]) = (B30 -+ U Eryr, [ Y(K)]) # 0.
But the Hecke-trivial cohomology of ¥ (K ) modulo ¢ is a free-exterior algebra
on generators in degrees 3, .. ., (2d — 1). Fix such generators—call them vs, vs,

.... Each n; is also an element of this Hecke-trivial cohomology by Lemma 2.8.
It follows that

n; = unit - v; + (product of v;s with j < i)

because otherwise the cup product n; U - - - U1y, would be trivial. We conclude
that, in fact, the map

H*(G(F,),Z/t) — H*(Y(K), Z/)ui (65)

is onto as required. Therefore, to prove Lemma 5.3 it is sufficient to prove (a)—(d)
above.
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5.9. Verification of (d) from Section 5.8. Since we are supposing (57) to be
a surjection in degrees up to d?, it is enough to verify that there is a nonzero
M € C such that

Y (K)] )y = M{([as] -+ # [aza])™ L @) (66)

whenever w is an invariant differential form on GLy (C). We compute in the case
(see (58) for the definition):

w=802;,=8Q2; N N2
where J = {ji,..., j}, and show that both sides are nonzero if and only if
J ={3,5,...,2d — 1}. That is enough to prove (66).

The right-hand side of (66) equals

{az] # -+ # [azg—1], ™) = {a5] ® - - - @ [@2q4_1], coproduct(w'™)), (67)

where we allow ourselves to write »(®) € H*(GL,(Of),C) for the
stabilization of the cohomology class corresponding to . Now coprod (™)) is
the product of various terms of the shape

(2, 1R1Q-- 14102, 1@ - Q1 +---)*

and from this we see (just for degree reasons) that the term on the right of (67)
vanishes if there is even one j; larger than 2d — 1 or one j; equal to 1. So J < {3,
..., 2d—1}. Again, for degree reasons, equality must hold. That shows the right-
hand side is zero unless J = {3,5,...,2d — 1}. When J = {3,5,...,2d — 1},
the right-hand side becomes

{as, §25) - {as, §2s) ... {ara—1, §$220—1)

and each factor {(a;, £2;) is nonzero: this is the nontriviality of the Borel
regulator.

Now let us examine the left-hand side of (66), which equals {[Y(K)],
82, A - AURR2;,). Tt is easy to see that «* 2, vanishes. We also claim that
*§2; must vanish for j > 2d — 1. Indeed we claim that (*£2;, which defines an
invariant form on Y (K ) and thus corresponds by (59) to an invariant differential
form in the cohomology of SU,, is primitive as such. For that consider this
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diagram:

invariant forms on SLy (C)/SUy —— invariant forms on G(C)/SU,  (68)

| |

SUy-invariant forms on isuy —— SUy-invariant forms on isu,

| l

H*(SUy) H*(SU,)

where the various maps of groups arise from the map ¢ of (60), and the top
vertical maps arise by restriction to the tangent space of the identity coset. In
other words, the element of H*(SU,) corresponding to ¢*£2; is just the pullback
of the element of H*(Uy ) corresponding to §2; under the group homomorphism

o:SU; — Uy

induced by ¢. In particular, ¢*£2; is also primitive.

This shows that the left-hand side of (66) vanishes unless J = {3,5,...,
2d — 1}. We must still check that it is actually nonvanishing in this case. For this,
we must show that (*(§2; A -+ A £254_1) is nonvanishing, equivalently that

(P*-Qs ANMIAN <P*-de—1

is a nonvanishing element of the cohomology of SU,. Since each ¢*£2; is
primitive it is enough to see that they are all nonzero. The N-dimensional
representation of SU, defined by ¢ is isomorphic to the sum of many copies
of the standard representation of SU,. Now one can just compute explicitly
with (58).

5.10. Verification of (b) and (c) from Section 5.8. In words, what we have
to do is produce elements 6, € H'(GL.,(F,), Z/¢) foreach odd 3 < i < 2d — 1;
these 6; should detect (pair nontrivially with) a generator of K;(F,), and the
cup product 65 U --- U 6, should detect the Pontryagin product of the
homology classes associated to those generators. Then we may take & = Gi(N) €
H'(GLy(F,),Z/¢).

Quillen shows a natural choice for 6;: an equivariant Chern class derived from
the standard representation of GLy. In other words, write G = GLy(F,) and
write I for the Galois group of F,. The standard representation of GLy can be
considered a G-equivariant vector bundle on Spec(F,), and thus we get a Chern
class

cx € H (SpecF,, Z/(i)) — H,(SpecF,, Z/t(i)) @ H* (G, Z/¢)
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where on the left we have equivariant etale cohomology, and on the right we have
usual etale cohomology; the arrow is explicated in [32, I1.1.2, Lemma 1]. We may
identify the étale cohomology of F, with the (continuous) group cohomology of
I, and here I is acting trivially on p,, and so H'(Spec F,,Z/¢(i)) = H'(T,
Z/¢(i)) is identified with simply . Fix a generator « for y;. Thus the image
of ¢y; is of the form o’ ® 6y, for some 6, € H*~'(G,Z/¢). Similarly we
can map cy; into H(I", Z/¢(i)) ® H* (G, Z/¢); in that way we get a class 6;, €
H?* (G, Z/¢) so that the image of ¢y; is o’ ® 605,. The class ¢y; gives a morphism
( the ‘Soulé Chern class’)

s Hy (G, Z/t) — H'(I',Z/e(i)) (69)

which sends A € Hy;_; to {0y _1, A ya®'.

These constructions are ‘stable’ under increasing N—see [32, page 257]—
and so we can consider 6,; 1, 65, as classes in H*(GL (F,), Z/¢), and the Soulé
map as a map Hy;_(GL(F,),Z/¢) — H'(I",Z/¢(i)).

Now Soulé Chern class is known to be surjective when precomposed with
Kyi—1 — H,—; ([32, Proposition 5, page 284]) (so long as i < {—true by
assumption on £). This immediately verifies property (b), that is to say if we
fix a generator by _; for K _;(F,) with associated homology class [by;_;]| we
have

0 # s([bai—1]) = (Bri—1, [bri—1])a®

$0 {0y _1, [bai—1]) # 0 as desired.
To compute, for example,(6; U 65 U 67, [bs] = [bs] * [b7]) we rewrite it as

= (coprod(6;)coprod (s )coprod(6;), b3 ® bs ® b7). (70)

Let us note that each [b;] is primitive in homology—that is, {[b;], U B) = 0 if
a, B are cohomology classes both in positive degree. This is because [b; ] comes
from the image of the Hurewicz map m; — H;, so we can just pull back to the
sphere ' and compute.

Quillen has shown [26, Proposition 2] (see also [26, Remark 2, p.569]) that
the coproduct of (for example) 6, equals

coprod(6;) = 6, ®6; + 60, Q0605 + 6, ® 6; + 6, ® 6; + symmetric terms.
——
1

Thus, when we take the product coprod(6;)coprod(6s)coprod(6;), we get a sum
of several terms; because of the primitivity of [bi] just noted, the only terms that
contribute to (70) will be those coming from

(1106 +1Q61+6,01®1)
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(1IRIR+1R1+6R1®1)
(I®1Q6,+106,91+6,01®1)

and the only term of these with degree 3, 5, 7 in the first, second and third factors
is 63 ® 05 ® 6,. Therefore,

000 U6, [l [bs] e [b]) = (0@ 65 @65, [13] @ [bs] @ [b1])
=[]0 1165, 5] 6n. [b3]) # 0

which gives (c) in the case d = 4; the general case is the same.

5.11. Verification of (a) from Section 5.8. Write O’ = O¢[1/¢]. The Soulé
maps from (69) fit in a commutative diagram

K2i—l(0/) ®Z, K2i—l(Fv) RZ, (71)

| l

H' (I, Z,(i)) — H'(Gal(F,/F,), Z,(i))

where I" is now the Galois group of the maximal unramified extension of (’;
note that Or — (O’ induces an isomorphism on K,;_; for i > 1 (see [36,
Theorem 4.6]). The right-hand vertical arrow is an isomorphism for i < £ (Soulé,
loc. cit.), and the left-hand vertical arrow is a surjection (see [19]).

The map H'(I", Z,(i))/¢ — H'(I", F,(i)) is an injection. Choose an element
a1 € Ky 1(O') whose image in H'(I", Fy(i)) is nonzero (note that H' (T,
Z,(i))/¢ is nonzero, by computing Euler characteristic). A nontrivial class in
H'(I",F,(i)) is represented by a nontrivial extension

in other words, by a homomorphism I" — GL;,(Z/¢) of the form

(57)

Note that the image of this homomorphism must have size divisible by £; for
otherwise the extension (72) splits. By Chebotarev density, we may find infinitely
many Frobenius elements Frob, which map to

(1)
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which implies that the restriction of the extension class to H'(F,, F,(i)) is
nontrivial.

In other words, the image of ay; _; in H'(Gal(F,/F,), F¢(i)), and so also in
K51/, is nontrivial for finitely many v. This proves our assertion.

6. Setup for patching

We continue in a global setting, but now turn to the study of tempered
cohomology. This study will occupy most of the remainder of the paper
(Sections 6-8).

In the current section (Section 6), we set up the various assumptions needed,
and in the next section (Section 7) we use the relationship between the Taylor—
Wiles method and the derived Hecke algebra (outlined in Section 1.4) to prove
our target theorem, Theorem 7.6: it says the global derived Hecke algebra
actually is big enough to be able to account for the degree spread of cohomology.

In Section 8, we explain how to index elements of the global derived Hecke
algebra by a Selmer group, and use this to formulate our main Conjecture 8.8.

A few apologies are in order:

* We switch notation slightly, working with mod p" coefficients rather than
mod ¢", to better make contact with the standard presentations of Galois
representations and the Taylor—Wiles method.

* We have made no attempt to optimize the method for small primes, And, in
particular, make rather strong assumptions; in particular, we assume both that
we are in the ‘minimal case’ of formally smooth local deformation rings, and
that the Hecke ring at base level is isomorphic to Z, (no congruences).

6.1. Assumptions.

(1) Our general notations are as in Section 1.7, but we now specialize to the case
that the number field F is Q, and that G is a simply connected, semisimple
Q-group. We assume that G is split, and we fix a Borel subgroup B and a
maximal torus A contained inside B.

(2) We fix a level structure Ky < G(Ay), the ‘base level.” We write
Y(1) = Y(Ko)

for the arithmetic manifold (17) of level K,. We sometimes refer to this as
the ‘level 1’ arithmetic manifold even though it is not literally so.
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(3) Let IT be a tempered cohomological automorphic cuspidal representation
for G, factorizing as IT = I1,, @ I1; over archimedean and finite places. We
suppose that ITX0 0, so that IT actually contributes to the cohomology of
v(1).

(4) We write Tk, for the Hecke algebra at level K. It will be convenient to
follow the definition of [21] and define this in a derived sense: Consider the
chain complex of Y (Kj), with Z, coefficients, as an object in the derived
category of Z,-modules; each (prime to the level, and to p) Hecke operator
gives an endomorphism of this object. Define Tk, to be the Z,-algebra
generated by such endomorphisms. This has the advantage that Tk, acts
on cohomology with coefficients in any Z ,-module.

We may similarly form the Hecke algebra Ty at a deeper level K < Kj;
unless specified, it will be generated only by Hecke operators at good primes
for K.

(5) We shall suppose that the coefficient field of IT is Q, for simplicity—by
this, we mean that the eigenvalues of Hecke correspondences at all good
places for K lie in Q, or equivalently the underlying representation I7, has
a Q-rational structure for all such v. Under this assumption, [T gives rise to
a ring homomorphism

Tk, — Z,. (73)
(6) Let T be the set of ramified places for I1, together with any places at which

K is not hyperspecial.

(7) Write
k=17/pZ

and fix an algebraic closure k for k where p > 5 is a prime such that:

(a) H*(Y(Ky), Z) is p-torsion free.

(b) p does not divide the order of the Weyl group of G, and also p ¢ T,
that is, p is not a bad place for I or K.

(c) ‘No congruences between [T and other forms at level Ky:’
Consider the composite homomorphism

x:Tgx, —>Z, —k, (74)
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where the first map is the action on 7, and the second map the obvious
one. Let m = ker(x ) be its kernel. We shall require that the induced
map of completions is an isomorphism:

Tkom — Z, (75)

and moreover we shall assume the vanishing of homology after
completion at the maximal ideal m:

Hi(Y(1),Z,)m =0, ¢ [9,.9 +3]. (76)

Observe that in favorable situations (75) implies (76), and both
should be true for all large enough p— see the Remark below for a
further discussion. Informally, (75) and (76) enforce that there are no
congruences, modulo p, between IT and other cohomological forms
at level K.

Note that the definitions of x, m make sense at any level. Thus we use
the notation yx, m sometimes for the corresponding notions for other
level structures Y (K ), where K < K.

(8) We put
S=Tu{p}

the collection of all primes that we have to worry about.

REMARK. We expect that 7(c) should be automatically valid for p sufficiently
large; in practice, for the purposes of this paper, it is not an onerous assumption
(the minimal level conditions, enforced in (e¢) of Section 6.2, is more restrictive).

We give a proof that 7(c) is valid for all large enough p, for G an inner
form of SL, such that Y (K) is compact. It is likely this can be generalized
to other settings, with more work. In what follows, denote by T, the Hecke
algebra defined as above, but with Z coefficients; this is easily seen to be finitely
generated over Z. Firstly, the algebra Tx, ® C is semisimple, because it acts
faithfully on H*(Y (Kj), C) and this action is semisimple (there is an invariant
metric on harmonic forms). Thus, for all large enough primes p, Tk, is étale
over Z and thus (75) must be valid. If the homology in (76) is nonvanishing,
then there exists an eigenclass for Tk, on H; whose associated character factors
through T, m; by (75), this character must coincide with the action of Tg, on
I1. In other words, the Hecke eigensystem associated to /7T occurs in degree ;.
This eigensystem corresponds to an automorphic representation 7’ such that
IT) = II, for almost all v. By the strong multiplicity one theorem for GL,,
this implies that 1/, is tempered cuspidal, and then it has nonvanishing (g, K)
cohomology only in degrees [, g + §].

That is the basic setup; now for Galois representations.
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6.2. Assumptions about Galois representations; the deformation ring R;.
We make assumptions very close to [14, Conjecture 6.1]. We briefly summarize
them and refer the reader to [14] for full details:

Let K < K, be a deeper level structure, Tk be as above, and let Ty — & be a
character. We require that there exist a Galois representation

Gal(Q/Q) — G (k)

satisfying the usual unramified compatibility, see (a) below.

Moreover, for the specific character Ty — k as in (74), that is, the map
associated to the fixed automorphic representation 77, reduced modulo p, we
require more precise statements: Let m be the kernel of Ty — &, and Tg 1y the
completion of T at m. We require there to exist a Galois representation

f: Gal(Q/Q) — G (Tx.m)
with the following properties:

(a) (Unramified compatibility): Fix a representation t of G". For all primes
g not dividing the level of K, the representation p is unramified at ¢, and
the action of trace(t o p)(Frob,) € Tk m coincides with the image of the
(Satake)-associated Hecke operator T, ;.

(b) Let p be the reduction modulo p of p, so that
7 Gal(Q/Q) — G (k).

Then % has big image: when restricted to the Galois group of Q(¢,= ), the
image of p contains the image of the k-points of the simply connected cover
of GV.

(c) (Vague version: see [14, Conjecture 6.1] for precise formulation): There is
a reasonable notion of ‘crystalline at p’ representation into GV, and the
representation p is ‘crystalline at p.’

(d) (Vague version: see [14, Conjecture 6.1] and references therein for precise
version): The representation o satisfies the expected local constraints
(‘local-global compatibility’) when restricted to Q,; here g is a Taylor-
Wiles prime (Section 6.3) that divides the level of K. We also assume
a natural version of local-global compatibility at Iwahori level Y,(g),
formulated before Lemma 6.6.

(e) °‘All local deformation rings are all formally smooth:” we suppose that

H°(Q,,Adp) = H*(Q,,Adp) =0 forallge S =T u {p}.
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This means that the local deformation ring of p at primes ¢ € T is
isomorphic to Z,, and the local deformation ring of p at ¢ = p is formally
smooth. This keeps our notation as light as possible. (We also use the
formal smoothness to squeeze the most out of the Taylor—Wiles method,
but probably one can get something without it.)

(Note that the assumption that there is a T-valued Galois representation, rather
than a weaker notion such as a determinant, is not reasonable unless one has
a condition like ‘residual irreducibility.” In our case, however, we are assuming
that the residual representation p has very large image anyway—see (b) above.)

In particular, the natural map Tx, m — Z, of (75) gives rise to a Galois
representation valued in G (Z,), which we shall just call p:

p:Gal(Q/Q) — GY(Z,), (77)

which of course lifts the residual representation:
7 : Gal(Q/Q) — G (k).

Let R; be the universal crystalline deformation ring of p, allowing ramification
only at the set S. Good references for deformation rings are [13] or [15].
Let us now set up notations for Taylor—Wiles primes.

6.3. Taylor-Wiles primes and auxiliary level structures. A Taylor-Wiles
prime of level n is a prime g (we also occasionally use the letter £), not dividing
the level of K, such that:

- p" divides ¢ — 1, and
- p(Frob,) is conjugate to a strongly regular element of 7'V (k).

Here an element 1 € TV (k) is strongly regular if its centralizer inside GV is
equalto TV.

We are really interested in systems of such primes, and it is useful to keep
track of the strongly regular element as part of the data. Fix once and for
all a sufficiently large integer s. We work with collections of such primes of
cardinality s, which we call Taylor—Wiles data:

- A Taylor-Wiles datum of level n is a set of primes Q, = (g, - . ., ¢, ) together
with strongly regular elements (Frob, , ..., Frob, ) € T (k) such that

- p" divides ¢; — 1, and
- p(Frob,, ) is conjugate to Frob, .
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We usually use ¢ to denote a typical element of a Taylor—Wiles set of primes,
but occasionally we also use the letter £. Note that the set of possible choices
for each Frob; has size

- Let r be the rank of the maximal torus A. Set
R=rs, TV =(T"), W,=W* (78)
thus 7." is a torus and R is the rank of 7., and W, actson 7,".

- Level structures: If ¢ ¢ S is prime, we denote by

Yo(q) — Y (1) (79)

the covering obtained by adding Iwahori level structure at ¢, that is, we replace
K by the preimage of a Borel subgroup under Ky — G(F,). Similarly, we get
Y1 (g) by taking the preimage of a unipotent radical of a Borel subgroup under
the same mapping. The covering Y;(g) — Yo(g) is ‘Galois,” with Galois group
A(F,) ~ ()"

Suppose that p" divides ¢ — 1. In that case, define Y;(gq, n) to be the unique
subcovering of Y;(g) — Y,(q) such that the covering Y;(g,n) — Yo(g) has
covering group (Z/p")". In summary:

A(Fg)=(F)"

Yi(g) = Yi(q,n) = Yo(q). (80)
—_—
A(F,)/p"=(Z/p")"
- For a Taylor-Wiles datum Q, of level n, we let Y,*(Q,) be the fiber product,
over Y (1), of all the coverings Y;(g;, n) — Y (1). Similarly we define Yo(Q,,).
Therefore, Y*(Q,) — Yo(Q,) is Galois; we write

= (Galois group of ¥Y,*(Q,) — Y (1 H A(F,)/p", (1)

qE€Qn

thus we have (noncanonically)
T, ~ (Z/p")*. (82)
As a shorthand we write

Hy(Qy, S) := He(Y(Qn), S)

where S is a ring of coefficients.
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6.4. Rings of diamond operators. We now set up the rings that are generated
by ‘diamond operators,” that is, the deck transformation groups of our various
coverings Y;*(Q,) — Yo(Q,). Continuing with the notation of the prior section,
put

S, =Z/p"[T,], S,=1,[T,]. (83)

so these act on the Z/p" and Z ,-valued chain complex of Y;*(Q,). Fixing, as in
(82) , an isomorphism of T, with (Z/p")®, we can identify this ring as follows.

S, ~Z/p"[x1,....xg]/((1 +x)”" — 1), (84)

where x; = [¢;] — 1, e; being a generator of the ith factor Z/p" under the
isomorphism (82). Recall R = rs as in (78).
Finally we form a ‘limit ring’

S:= Zp[[xl,...,xR]]. (85)

The presentation (84) gives rise to obvious maps S — S, and (compatible)
augmentations of S and S, to Z, and Z/p" respectively, carrying all the x;
variables to zero; we denote by | and I, the corresponding kernels, so that
S/l ~Z,and S,/I, ~ Z/p". We need the following easy Lemma:

LEMMA. Let notations be as above. The natural map
Ext§ (Z/p",Z/p") — Extg,,.(Z/p", Z/p") (86)
(change of rings) is surjective. Also, the natural map
Exts» (Z/p" 2/ p") — Bxt§(Zy, Z/p") (87)

(change of ring, and functoriality of Ext in the first argument) is an isomorphism.

Recall that the change of ring map Extpy — Ext, induced by aring map A — B
can be realized by thinking of Extg in terms of extensions of B-modules, and
then just regarding it as an extension of A-modules.

Proof. For (86), it is sufficient to check surjectivity on Ext' because the right-
hand side is generated by Ext’, Ext': it can be computed to be an exterior
algebra using a Koszul resolution, see Lemma B.1. Now ‘morally speaking’ this
is because it is the pullback on group H'(—, Z/p") induced by Z} — (Z/p")*,
but this is not a real proof (at least without discussing the relation between
cohomology of profinite groups, and Exts over the corresponding ‘completed’
group algebra).
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So we just compute both sides by using the compatible (under S/p" — S,,)
sequences I, — S, — Z/p" and |/p" — S/p" — Z/p"; taking homomorphisms
into Z/p", we get

Exty (Z/p",Z/p") ~ Homy, (1,,Z/p")(~ Hom(1,/1, Z/p")) (88)

and similar. (Note that the image of Homg, (S,, Z/p") in Homg, (1,,Z/p") is
Zero.)
So we need to check that the map

\/p" — 1, (89)

induces an isomorphism when we take Homg(—, Z/p").

The homomorphisms Homg(1,,, Z/p") are precisely given by homomorphisms
@ : T, > Z/p", namely, we send x; = [¢;] — 1 € I, to ¢(e;), using the notation
after (84). Since I/(p", |z) is a free Z/p" module on xi, ..., xg, it follows at
once that (89) induces an isomorphism as desired.

Now we discuss (87), which is not hard but we spell it out, mainly to be
clear because I find change of rings confusing. Let w : P — Z, be the Koszul
resolution of Z, as an S-module, and P=P /p" its reduction mod p”, so that
7 : P — Z/p" is the Koszul resolution of Z/p" as an S/p”"-module. There is
an identification Extg, ,(Z/p", Z/p") with the cohomology of Hom(P,Z/p");

it sends a closed element C € Hom(P, Z/p"[m]) to the class o € Extg o (Z/ ",

Z/p") represented by the diagram Z/p" <— P -5 Z/p"[m] in the derived
category of S/p"-modules (one can invert quasi-isomorphisms in the derived
category).

Consider now the diagram

Z/p"<=—P —5127/p"[m] (90)

|
ZP<Z—P

where ~ means quasi-isomorphism; A, B are the natural projections.

Now, the image o’ € Exts(Z,, Z/p") of «, under the map (87), is represented
by the map C o 7' o A inside the derived category of S-modules, equivalently,
by the composition C o B o 7 ~!. In other words, the image o’ of « is represented

by the class C' € Hom(P, Z/p"[m]) obtained by pulling back C € Hom(P,
Z/p"[m]) via P — P. That pullback induces an isomorphism of complexes

Homs,,» (P, Z/p") ~ Homs(P,Z/p"),

and thus, passing to cohomology, the desired isomorphism of Ext-groups. O
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6.5. Adding level g structure: The relationship between homology at level
Y (1) and level Yy(q). Fix a prime g that does not divide the level of K,
satisfying ¢ = 1 modulo p”. This section and the next two Sections 6.5, 6.8, 6.11
all gather some ‘standard’ properties of passing between level 1 and level g,
working with Z/p"-cohomology. We remind the reader that ‘level 1° does not
literally mean level 1, but just the base level K, at which we work.

In the current section, we discuss the relationship between the homology of
Y(1) and Yy(q); recall that Yy(g) was obtained by adding Iwahori level at g
(see (79)).

We can use the discussion of Section 4.4: For § = Z/p", let H;, Hk and so
on be the (usual, that is, no ‘derived’!) Hecke algebras for (Gq, Kq), with S-
coefficients and let H; g, Hx; be the bimodules previously defined in Section 4.2.
There are natural maps

H*(Y(1), S) Qu, Hxr — H*(Yo(q), S), oD

H*(Yo(q), S) ®u, Hix — H*(Y(1),S).

These maps are defined by the ‘usual double coset formulas.” More formally,
we may identify Hg with Homgg, (S[G,/K,]. S[G,/K,]), Hk; with
Homgg, (S[G,/K,]. S[G,/1,]) and so forth; one may then proceed as in
the discussion of Section 2.6 to define the maps of (91).

Before we go further, let us formulate a natural notion of ‘local-global
compatibility” at level Y,(q): the center of the Iwahori—Hecke algebra H; at level
q, which is identified (Section 4.3) with the Hecke algebra Hx. We shall suppose:

(Local-global compatibility at level Y,(q):) Hg, identified with the
center of H; as just explained, acts on Hy(Yy(g), k)m by means of

the same (generalized) eigencharacter Hy — k by which Hg acts
on I1.

It is feasible that this assumption could be avoided entirely but since it is
very likely to be proven along with the other, more essential, local-global
compatibility at Taylor—Wiles primes it seems harmless to assume it.

LEMMA 6.6. Let notation be as above, and assume the local-global
compatibility just mentioned. Suppose that the prime q is such that p(Frob,)
is conjugate to a strongly regular element of T" (k). Then the maps (91) are
isomorphisms when we localize at a maximal ideal of Hx induced by m. In
particular, if q is part of a Taylor—Wiles datum of level n, then (91) induces

H*(Yo(q), Z/p")m «— H*(Y(1), Z/p")m O, Hx1. 92)
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Proof. The assertion that (92) is an isomorphism follows from the assertion that
(91) is an isomorphism by °‘localization at m’ (taking a little care because the
Hecke algebra for Y(g) and Y (1) are not quite identically defined, the former
omitting the prime above ¢g. For a more detailed treatment of this point, please
see [21, Lemma 6.20]).

So it is enough to prove the first assertion. Everything will be with Z/p"
coefficients. First note that the two natural ways of making a map

H*(Y (1)) ®uy Hgs ®u, Hix —> H*(Y(1)).

(that is, first contracting the first two coordinates, or first contracting the second
two coordinates) both coincide; similarly the other way around. We make the
rest of the argument in a more abstract setting.

Suppose R, R, are two rings, and we are given an (R;, R,)-bimodule M,
and an (R,, R;)-bimodule M,;, giving associated functors

F(=)=—®g Mn, G(—)=—®&g M

from (right) R;-modules to (right) R,-modules and vice versa, respectively.

We assume that F, G define an equivalence of categories, that is, there are
natural equivalences from FG to the identity functor and from GF to the
identity functor. (In our setting above R, = H}, R, = H,—the primes denote
localization at the ideal of Hg induced by m — and the bimodules are H),, H)
the assumptions are satisfied by Lemma 4.5.)

Next let X be an R;-module, let Y be an R,-module. (In our setting these are
given by the localized homology of Y (1) and Y,(g), respectively.) Suppose also
we are givenmaps « : F(X) — Y, B: G(Y) — X in such a way that the induced
maps

G(F(x)) 2 6(r) 5 x 93)

o

FG(Y) "B F(x) v (94)

arise from the specified maps GF — id and FG — id.

Then the maps F(X) — Y and G(Y) — X must be surjections (by inspection
of (93) and (94)); then in the diagram G(F (X)) — G(Y) — X we have a
composite of surjections giving an isomorphism, so both are isomorphisms; in
particular, G(Y) — X and F(X) — Y must be isomorphisms.

Applied to our original context, this concludes the proof of the first assertion
of the Lemma. O

Note also that inside H; we have a copy of the monoid algebra k[ X |, namely,
the action of ‘U,-operators’ I, x I, for x € X} (see (38) for identification of
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X, with a coset space; X is the positive cone corresponding to the Borel
subgroup B). Each element ¢ € TV (k) defines a character x, : k[X}]| — k of
this monoid algebra: ¢ corresponds (by ‘Local Langlands’, easy in this split case)
to an unramified character A(Qq) — k*, that is, to a homomorphism X, — k*
and then we just take the linear extension

X k[X]— k. (95)

Using the previous Lemma, it is easy to compute the action of this monoid
algebra:

COROLLARY 6.7. Suppose that q is part of a Taylor—Wiles datum. Then the
generalized eigenvalues of k[ X[ | acting on H*(Yy(q), k)m are all of the form
Xrwob?» Where Frob” € TV (k) is conjugate to the Frobenius at q, and the notation
is defined in (95).

The corollary asserts just the usual relationship between ‘T, eigenvalues at
level 1 and U, eigenvalues at level g We omit the proof; it follows from the
prior Lemma and a straightforward computation.

REMARK. Let H*(Y(q),Z/p")m.y,,, be the summand of H*(Y,(q),
Z/p")m corresponding to the xg.,r-eigenspace of k[X]. For later use, we
note that there is an isomorphism:

H*(Yo(q), Z/p" )y, .r = H*(Y(1),Z/p")m (96)

where the map from left to right is the pushforward =, and an inverse in the
other direction is given by the pullback 7 * together with projection to the xp,q,r
eigenspace.

To see these are inverses we compute in H;: with reference to the actions of
(91), the forward (pushforward) map corresponds to ex € H;g, and the reverse
map corresponds to |W|exq € Hg; where g € S[X | < H; is chosen to realize
to the projection on the xp.,r eigenspace, and exg means the product of ex €
Hg; with ¢ € H;. (See remarks after (49)).

When we compose them we get |Wlexkg € H; or |W|egqex € Hg; to see,
for example, that the former acts as the identity endomorphism on H*(Y,(q),
Z/p")m.y,, - Observe that it can be written as >, _, e,q with e,, = [wl, and
then we just use the fact that ¢ annihilates all the k[ X |-eigenspaces except the
one indexed by Frobr, whereas the ¢, permutes the various eigenspaces.

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

A. Venkatesh 64

6.8. Adding level g structure continued: The homology at level
Yi(q,n). This section together with the previous and subsequent ones—
Sections 6.5, 6.8, 6.11—all gather some ‘standard’ properties of passing
between level 1 and level g. So continue with g as in the prior Section, that is,
part of a Taylor—Wiles datum of level n.

We now consider the homology of Y(g, n)—as defined in (80)—and the
action of its Hecke algebra at level Y,(q, n). Now this homology is basically
glued from the homology of Yy(g): if we let F be the pushforward of the constant
sheaf k from Y; (g, n) to Yy(q), then F is a successive extension of copies of the
constant sheaf k, in a Hecke equivariant way.

We state some consequences of this more formally:

LEMMA 6.9. Assume that q is part of a Taylor-Wiles datum of level n. Assume
local-global compatibility for Yo(q), in the sense described after (91); let other
assumptions be as in Section 6.1. Let Q, 6 be as in (18). Then the homology

H;(Y(q,n), Z,)m vanishes for j ¢ [q,q + §].

Proof. Clearly we can replace the role of Z, by F, = k, and then by the remark
before the proof, it is enough to prove the same for ¥,(q). By (92), it suffices to
prove the same vanishing statement for ¥ (1) with F, = k coefficients. But this
is part of our assumption (7(a) from Section 6.1). L]

Now we want to say that this relationship between the homology of Y;(q,
n) and Y,(q) is equivariant for Hecke operators at g. The full Hecke algebra
is somewhat complicated and we just deal with its ‘positive, commutative
subalgebra.’ Set X, to be the quotient of A(Q,) by the subgroup p"A(Z,).
Denote by A, the quotient of Q_ by the subgroup of Z of index p". Therefore
A, and Z depend on n but we suppress that from the notation for simplicity.
We may identify

~

X* = X*(A) ® Aq’

and we think of XN* as a thickened version of the character lattice X, (A). From
the valuation A, — Z we get

~

Xy — Xy 97)

and we can define the ‘positive cone’ /E‘Jr c z as the preimage of X .

Let 7 be an Iwahori subgroup of G(Q,), and I’ < I the subgroup
corresponding to the covering Y;(q, n), thatis, I/I’ ~ (Z/p")". Then there is
a natural map from Z, [Z‘*] to the Iwahori-Hecke algebra at level I’ sending
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X € 2; to the coset I’xI’. In particular, we get an action of Z, [;‘E/ +] on the

*
homology of Y;(q, n).

LEMMA 6.10. Any generalized eigenvalue of k[zj] acting on H,(Y,(q,n),
k)m is also a generalized eigenvalue of k[ X | acting on H,(Yo(q), k)m via the
map k[X}] — k[X]] induced by (97).

Thus, by Corollary 6.7, we get a splitting

H(h(gn) = @  (HO@n). D, O

FrobT eT v (k)
Frob! ~p(Frob, )
into the sum of generalized eigenspaces associated to the characters xppr :
k[?**] — k. (In the subscript, ~ means ‘is conjugate to.”) Again, this is nothing
but a fancy way of talking about the decomposition into ‘U,-eigenspaces.” The
only point to note is that the decomposition is canonically indexed by elements
of TV (k) conjugate to the Frobenius.

Proof. Write for short G = G(Qq); let I be an Iwahori subgroup of G, and I’ <
I the subgroup corresponding to the covering Y,(g, n), thatis, 1/I' ~ (Z/p")".
We prove the same statement in cohomology and without the m; the desired
statement follows by dualizing and localizing.

By the discussion of Section 2.6 we can identify

H*(Yi(q,n), k) ~ Exti (k[G/1'], M)
H*(Yo(q), k) ~ Exti (k[G/I], M)

where M is the direct limit of cochain complexes of a family of coverings,
obtained by adding more and more level structure at q.

Claim: We may filter k[G/I’] by G-submodules F° < F' ¢ F? — --- such
that:

(i) each successive quotient F'™!/F' is isomorphic as G-module to a sum of
copies of k|G /1],
(ii) For every x € :‘(\f the action of I’ x I’ preserves the filtration, and the action

on the quotients coincides with the action of 7 x I.

Assuming the existence of this filtration, the result follows easily: we get long
exact sequences of the form

Ext/(F'~', M) — Ext/;(F', M) — Ext/ (k[G/I], M)®*¢ —
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and these are equivariant for the action of I’ x I’, which acts by via I x I on the
right-hand summand. The result follows immediately by a descending induction.

To construct the desired filtration regard k[G/I’] as the compact induction
from I to G of the /-representation k[ /1'], that is,

k[G] @i k[1/T']
In particular, A = I/I’ acts by G-endomorphisms on k[G/I'], which is the
action ‘by right multiplication.” This action of § € A coincides with the action of
I’81’ and, in particular, commutes with the action of k[ X ].

Now we filter k[G/I’] by the kernels k[G/1']{m/) of successive powers m/
of the maximal ideal m in k[A]. This filtration is stable for k[ X" ] because the
actions of A, k[X;] commute. Also the jth term of the resulting filtration is
thus ' '

F/ = k[G] @ k[AKmw)
and the jth graded is just k[G] @y %, that is, a direct sum of copies of
k[G/I], as claimed.

It remains to check assertion (ii) in the Claim. For any y € m/~!, multiplication

by y gives a map

F//Fi=' - F'=F'/F°
and a suitable sum of such maps is an isomorphism (as we see by checking
the corresponding assertion for k[ A]). Since these multiplication maps commute

with the action of k[??;*] we are reduced to computing the action of I’ 1" on F';
now F' is identified with k[G/I] is a natural way and the assertion is clear. [J

6.11. Adding level g structure continued: Galois representations for level
Y:(q,n). This section and the prior two Sections 6.5, 6.8, 6.11 all gather some
‘standard’ properties of passing between level 1 and level g. We now consider
more closely the action of the Iwahori—-Hecke algebras at level Y;(g,n) and
formulate local-global compatibility. First let us look at the Galois side.

LEMMA 6.12. Let q be a Taylor—Wiles prime of level n and assume
that the unramified representation ﬁ\GQq has image inside T". Then
any deformation of ﬁ|GQq can be conjugated to one taking values in

TY. In particular, any such deformation of ﬁ|GQq actually factors through

Gy, = profinite completion of Q.
q

Proof. We may present the tame quotient of Go_ as (F,t : FtF~' = t7), where
t is a generator of tame inertia.
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Suppose that A is an Artin local ring with maximal ideal m, and m? = 0.
We are given F,t in G (A) that satisfy FtF~' = 14, where t reduces to the
identity in GV (k) and F reduces to (after conjugating) a strongly regular element
of TV (k). Conjugating, we may suppose that F belongs to the maximal torus
T (A). We prove by induction on d that this forces r € TV (A) too. By the
inductive hypothesis (obvious for d = 1) the image of # in GV (A/m?~") belongs
to TV (A/m?~"). Write thus ¢ = £,8, where ty € TV (A) and §, € GV (A) lies in
the kernel of reduction modulo m?~!.

Now in fact ¢, lies in the kernel of reduction modulo m, and so ¢y and &, actually
commute; indeed, 7, commutes with anything in the kernel of reduction modulo
md1. Also 8/~' = e. (To check these statements, just compute in the formal
group of GV at the identity.) Now, FtF~! = t7 so that

F(to8, ) F ' (108,) 7" = (to8,) ' € TV (A).
But the left-hand side equals #, (Ad(F)8, - 8;7') ¢, ', and so
Ad(F)3, -8 e TV (A)
and since F is strongly regular this means that §, € TV (A) as desired. 0

We now want to connect the Galois deformation ring relevant to Y; (g, n) with
the Iwahori—Hecke algebra.

Let ¢ be a Taylor—Wiles prime of level n. Suppose fixed an element Frob” €
T (k) conjugate to the Frobenius at g. Consider a deformation o : Go —
G (R) of p, where one allows now ramification at g, and R is an Artin local
ring with residue field k. Then we can uniquely conjugate ¢ so its restriction to
Gq, factors as

Gy~ Q) — T (R).

and the image of a uniformizer in Q. reduces to Frob” . This map factors through
(the profinite completion of) Q. /(1 + ¢Z,). Restricting to F* we get

FY — T"(R)

and pairing with characters of 7" we get F* x X*(T") — R*; by the duality
of TV and A, this is the same thing as

A(F,) — R*. (99)

We emphasize that the map (99) depended on the choice of a toral element
Frob” conjugate to Frobenius; changing this element changes the map through
the action of the Weyl group.
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Let Rg‘j"{q} be Mazur’s universal deformation ring for p, allowing ramification
at g. By our assumptions (Section 6.2) on the existence of Galois representations,

there is a map ‘
ROty = Tkign).m.

where K (g, n) is the level structure for ¥, (g, n). By means of this map, Ry ,

acts on H*(Y,(q,n),Z,)m, And, in particular, on the summand H*(Y;(q, n),
Z p)m,Fmqu under (98). Thus, by (99), we get an action of A(F, ) this cohomology
group.

Now the assumption of local-global compatibility alluded to in Section 6.2 is
a strengthened version of the following:

Local-global compatibility: The action A(F,) C H*(Y,(q,n),
V/ p)m_ypmb; just defined coincides with the ‘geometric’ action, that is,
wherein A (F, ) acts by deck transformations on Y;(q, n) (see (80)).

By ‘strengthened version,” we mean that we require a similar assertion at a
derived category level, not just at the level of cohomology, and we also require
the assertion for several auxiliary primes ¢ rather than a single one. For details,
see [14, Section 13.5].

We say a deformation of |G, is of ‘inertial level < n

>

if, when considered
as a representation of qu by Lemma 6.12, and restricted to F qx , it factors through

Runiv,én univ
Su{q} Suiq}

deformations of p such that ﬁ|GQq has inertial level < n. Explicitly,
the quotient of

the quotient qu /p". We denote by the quotient of R that classifies

Runiv.Sn

sofq) 18

R;“iv{q}/<t — 1 : 1 is in the image of p"A(F,) under (99)). (100)

v

univ
Su{q}
according to our previous

Then local-global compatibility implies that the action of R on the

univ,<n

homology of Y;(g,n) factors through Ryl

discussion.

7. Patching and the derived Hecke algebra

We continue with the notation and assumptions of the previous section
Section 6; see in particular Sections 6.1 and 6.2. That section was primarily
setup, and now we get down to proving that the global derived Hecke algebra
is ‘big enough,’ in the sense discussed around (2). The main result is Theorem
7.6.

We use the patching of the Taylor—Wiles method; more specifically, we use
the version of that method that was discovered [9] by Calegari and Geraghty,
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which applies to situations where the same Hecke eigensystem occurs in multiple
degrees. We also use heavily the presentation of the Calegari—Geraghty method
given by Khare and Thorne [21].

7.1. Deformation rings and chain complexes at level Q,. Fix now a
Taylor—Wiles datum Q, of level n. (We abusively use Q, both to denote the
Taylor—Wiles datum and simply the set of primes associated to that datum.)
Recall the definition of ¥;*(Q,) from Section 6.3: it is the fiber product of
coverings Y (g, n) — Y (1) over g € Q,. We now collect together various results
about the homology of Y;*(Q,), which are essentially the same results as those
already discussed for Y; (g, n), but using all the primes in Q,, instead of just {g}.

LEMMA 7.2. The homology H;(Y{*(Q,), Z,)m vanishes for j ¢ [q, q + §].

Proof. As in Lemma 6.9. O

Just as in (98), this homology group is split (by ‘U -operators’) into summands
indexed by collections Frob, € T (k) (g € Q,), where each Frob; is conjugate
to the Frobenius at ¢. In particular, since the Taylor—Wiles datum is equipped
(Section 6.3) with a specific choice of such a Frobg for each ¢ € Q,, we can
consider the summand

H*(Y]*(Q")’ Z]’)m,Frob(TZn - H*(Yl*(Qn)v Zp)m (101)

indexed by these prescribed lifts.
Recall from (81) that Y*(Q,) — Yo(Q,) is Galois, with Galois group 7,,. Let
us introduce notation for the deformation rings of interest to us: let

Ry, = universal deformation ring at level S| [ Q,,,
R,

quotient of Ry, classifying deformations of inertial level
< n at primes in Q,,. (102)
For example, in the case when Q, = {q} this was the ring R;KSV;}” discussed
around (100).
By the discussion of (99) and after, we get a morphism A(F,,)/p" — R, and

therefore we get (see (81)):
T, — RnX .

What we know (local-global compatibility, assumed in Section 6.11) is that
the natural action of 7, (deck transformations) on homology of Y*(Q,) is
compatible with its action via 7, — R . To say differently, we get a map

S, :=Z/p"[T,] = R./p". (103)
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and the natural action of S, on the Z/p" homology of Y;*(Q,) is compatible
with that via the map to R,/p".
Now consider the complex of singular chains

C, = Chains(Y*(Q,); Z/p")

with Z/p" coefficients. We think of it as a complex of S, modules, because of
the action of 7, by deck transformations on Y;*(Q,). It is quasi-isomorphic
to a bounded complex of finite free S,-modules and we have canonical

identifications:
H.C, ~ H,(Y{(Q.), Z/p") (104)
H*Homs, (C,, Z/p") ~ H*(Yo(Q.), Z/p") (105)
H,(C, ®s, Z/p") ~ Hy(Yo(Q.). Z/p"). (106)

Note that (an is a free S,-module, with basis given by the characteristic
functions of an arbitrarily chosen set of representatives for 7,-orbits on
singular simplices. Therefore, the homology of Homg, (C,,Z/p") computes
the homomorphisms from 6’” to Z/p" in the derived category of S,-modules. By
composition of homomorphisms in this derived category, we get a map

H* (Homsn(al, Z/p")) < Ext? (Z/p", Z/p") — H* (Homsn(aﬂ Z/p")) .

~—

:H*(ynzg”)’z/pn) ~H*(T,,Z/p") ~H*(Yo(Qn).Z/p")

(107)
With respect to the identifications noted underneath the respective terms, this
is precisely the ‘natural’ action of H*(T,,Z/p") on H*(Yo(Q,), Z/p"). This
natural action arises thus: the covering Y;*(Q,) — Yo(Q,) has covering group
T,, that is, can be regarded as a map

Yy(Q,) — BT, (108)

from Y,(Q,) to the classifying space of T,; this allows one to pull back
cohomology classes from 7, and take cup product. The coincidence of (107)
and this ‘natural action’ is a general fact; for lack of a reference we sketch a
proof in Section B.4.

It is possible to ‘cut down’ Gn in a fashion that corresponds to the summand
(101), as is explained in [21] (see Lemma 2.12 thereof, and surrounding
discussion). This can be done compatibly for ¥,(Q,) and ¥;*(Q,) and thus one
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gets a perfect complex C, of S,-modules, equipped with identifications that are
analogous to (104) and (105):

Hy(Cy; Z/p") ~ H*(Yl*(Q,,), Z/pn)m,FrobT’ (109)
H*(Homy, (C,, Z/p")) ~ H*(Yo(Q,), Z/P")m frobr (110)

and again the action of Ext’s"n (Z/p",Z/p") on the latter group corresponds to
the natural action by pulling back cohomology classes via (108). (As a sanity
check on this, note that the action of H*(T,,Z/p") on H*(Yo(Q,),Z/p")
indeed does preserve the splitting into summands of the type (101); one can
see this directly by seeing that H*(7T,,Z/p"), considered inside the derived
Iwahori—Hecke algebra, commutes with the ‘positive subalgebra’ used to define
the splitting (101).)

7.3. Extracting the limit. Now we ‘pass to the limit’ as per Taylor—
Wiles and Calegari—Geraghty. The idea is roughly speaking to extract, by
a compactness argument, a subsequence of n along which the C,, S,, R,
are compatible, and then get limits C, S, R by an inverse limit. Usually in
modularity lifting one is only concerned with the limit of the process; but in
our case we also want to remember some facts about how this relates to the
C,, S,, R,. A discussion of this process which emphasizes exactly what we need
is given in [14, Section 13], see in particular Theorem 13.1 therein.

We choose a sequence of Taylor—-Wiles data Q,, with n — c0. After replacing
the O, by a suitable subsequence and then reindexing—that is to say, replacing
Q; by Q,, for some n; > i, and then regarding Q,, as a set of Taylor—Wiles
primes of level i—we can arrange that we can ‘pass to the limit.” After having
done this, we obtain at last the following data:

(a) A sequence of Taylor—Wiles data Q, of level n.

Recall to this we have associated coverings Y;*(Q,) — Y,(0,) — Y(1),
as in Section 6.3, and the Galois group of the former map is called 7,,; also
(103) we set S, = Z/p"[T,], the group algebra of T,,.

(b) With S = Z,[[x1, ..., xz]] as in Section 6.4, a complex C of finite free
S-modules, equipped with a quasi-isomorphism

C®s S, ~C,, (111)

where C, is as described in Section 7.1: a version of the chain complex of
Y*(Q,) with Z/p" coefficients, but localized at m and Frob”.
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(c) A quotient R, of R,, defined as follows:

Recall from (102) the definition of R,; a quotient of the crystalline
deformation ring at level S| [ Q,. We set

R, = R,/(p", m*") (112)

for a certain explicit function K (n), chosen so that, for example, action of
R, on H,(C,) automatically factors through R,. We can and will assume
K (n) = 2n. (The main function of K (n) is to make R, Artinian, while still
retaining enough information about all of R, for our purposes.)

(d) A ‘limit deformation ring’ R =~ Z,[[x,, ..., xzs]] equipped with maps
S — Rand maps R — R,, R — R5 which are compatible, in the sense that
this diagram commutes:

S R R, (113)

b

8, —=R, —=Ry/(p", m ™)

(Recall here that R is the deformation ring of p, with crystalline conditions
imposed, without adding any level, cf. Section 6.2.)

Moreover, the composite S — R — R, factors through the augmentation
S — Z,; and also the left-hand square induces an isomorphism
R®s S, ~R,. (114)

(e) An action of R on H,(C), compatible with the S action, and with the maps
H.(C) — H,(C,), where R acts on H,(C,) viaR — R,.

(f) An identification of
H*(Homs(C,Z,)) — H*(Y(1),Z,)m. (115)

compatible under (111) with the identification H*(Homg, (C,,Z/p")) ~
H*(Y(1),Z/p")m that is the composition of (110) with the pushforward.
(This is described in dual form in [14, Theorem 13.1(d)] but one gets
similarly this result, and the statement about compatibility is just a matter
of looking at the definition of the map (115).

(g) (These last results use heavily the formal smoothness, assumption (e) from
Section 6.2): C has homology only in degree ¢, and its homology there

H,(C) is free as R-module. Moreover, one has an ‘R = T result’

R®s Z, ~ R; ~ image of Tk, in End H,(Y(1),Z,)m. (116)
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7.4. The structure of S — R. The limit process has given a map of rings
S — R, where S and R are formal power series rings that represent, roughly
speaking, ‘limits’ of the rings S,,, R, as n — 0.

As in (77), the representation [T gives a lift p to Z, of the residual
representation p; this corresponds to an augmentation R; — Z,. Thus we also
get an augmentation

f:R—1Z,

and the pullback of this to S is the natural augmentation of S — Z, ((d) of
Section 7.3). In particular, the kernel of f on S is precisely the ideal |.

Our assumptions imply that the map S — R is surjective. Indeed, because S
is complete for the l-adic topology it is enough to verify that S/I — R/IR is
surjective. But R/l is a Hecke ring by (116) and so isomorphic to Z, by (75).
Note, in particular, that this also means that IR is precisely the kernel of f.

The following easy lemma is now useful for explicit computations.

LEMMA 7.5. We can choose generators x;, y; for S, R, that is,

S=2Z,[[x1,....x], R=Z,[[yi,..., yrs]]

such that the x;, y;s lie in the kernel of the compatible augmentations
S-R—-1Z,

and the map S — R is given by x; — y; fori < R—§8 and x; — 0 fori > R — 6.

Proof. Write f : R — Z, for the augmentation. Abstractly, R ~ Z,[[u, ...,
ug_s|] where all the u; lie in the maximal ideal. Set y; = u; — f(u;) € ker(R —
Z,). Then still R ~ Z,[[y1, ..., yr—s]]- We have noted above that J := IR is
precisely the kernel of the augmentation R — Z,; thus, the y; freely span as
Z,-module the quotient J/J°.

Lift the y; to xy, ..., x, € ker(S — Z,). Necessarily the x; span a saturated
Z,-submodule of rank s inside |/ I ~ Z; they are Z - independent because any
linear relation ) a;x; € I* (witha,; € Z ») would give rise to a corresponding linear
relation in R, a contradiction. (Here we say that a submodule Q of a free Z,-
module Q' is saturated if the quotient Q’/Q is torsion-free.) Similarly, they are
saturated because given x” and (q; ..., a,) with gcd(ay, ...,a,) = 1 and px’ =
Daix; + I, we would get a corresponding relation in R, again a contradiction.

Now extend the x; to a full Z,-basis x,,, ..., x, for |/|2. Each x; for j > r
is sent under S — R an element of J < R, which means that it can be written
as a formal polynomial P; (yl, R y,) in yy, ..., ¥, with no constant term; so
replacing x; by x; — P;(xi, ..., x,) we may suppose that x; — 0 in R. O
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Now we come to the main theorem of the section.

THEOREM 7.6. Let assumptions be as in Sections 6.1 and 6.2. The cohomology
H*(Y(1),Z,)m is generated, as a module over the strict global derived Hecke
algebra (see Sections 2.13 and 2.14 for definition with Z, coefficients), by its
minimal degree component HY(Y (1), Z,)m.

Proof. We use the setup of the Taylor—Wiles limit process (Section 7.3),
beginning with the fact that the natural map

H%Homs(C,Z,)) ® Ext4(Z,, Z,) — HY"/ (Homg(C, Z,)) (117)

is a surjection for all j: by (g) of Section 7.3 and Lemma 7.5, we can
choose coordinates so that S ~ Z,[[xy, ..., xx]], and the complex C is quasi-
isomorphic to a sum of copies of S/(xg,...,xr_s+1) concentrated in a
single degree. So the surjectivity of (117) follows from the ‘Koszul algebra’
computations in Appendix B.

Examine now the diagram, where all the maps are the obvious ones;

H%(Homs(C, Z,)) x Exti(Zp, Z,) ————— H"(Homs(C, Z}))
— \4
H9(Homs (C, Zy)) x Ext(Zy, Z/p") ——— H(Homs(C, Z/p™))
|4 U =
H%(Homs(C, Z/p")) x  (BExts(Z/p", Z/p")) ——— H"""(Homs(C, Z/p"))
fi~ g ~

H%Homs,, (C®s Sn,Z/p")) x (Extisn (Z/p", Z/p")) 2, H“'*"‘(Homs,1 (C®s Sn, Z/p")).

(118)
Here, the middle square ‘commutes’ in the sense that the image of (x, Uy) is
the same as the image of (Vx, y), that is, U, V are adjoint for the pairing. The
top and bottom squares commute. All this is obvious, except for perhaps the
bottom square which involves change of rings, so let us talk through it: The map
S — S, induces a forgetful map T from the derived category of S,-modules to
the derived category of S-modules. Take

a € HY(Homg, (C®s S, Z/p")), B €Exts (Z/p".Z/p").

We can regard o as a map C ®s S, — Z/p"[¢q] and B as a map Z/p"[q] —
Z/p"[q + i], both in the derived category of S,-modules. Applying the functor
T,weseethat TB-Ta = T(Ba). On the other hand, T« is simply the morphism
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C®s S, — Z/p"[q] considered as a map of S-modules. If we precompose with
y : C — C ®s S, considered as a map of S-modules, we get f (). Similarly,
T(Ba)y = f(Ba) - y.SoTB.f(a) = f(Ba): that is the commutativity of the
bottom square.

It follows from the Lemma of Section 6.4 that the composite U o U’ is
surjective. Also the map V is surjective (because the cohomology of Homsg(C,
Z,) is torsion-free, by (115) and assumption 7(a) of Section 6.1). Tracing
through the above diagram, this is enough to show that the image of Q generates
the codomain of Q.

Now, recall from (111) the quasi-isomorphism C ®s S, ~ C,; we have
therefore shown that H*(Homg, (C,,Z/p")) is generated by H9(Homg, (C,,
Z/p")) as a module over Ext§ (Z/p",Z/p"). As in the discussion after (107),
this is equivalent to saying that H*(Y(Q.), Z/p")m.rop is generated by its
degree g component as a H*(7T,,, Z/p")-module, that is,

Hq(YO(Qn)’ Z/p”)m,FrobT ® H*(Tﬂ’ Z/p") - H*(YO(QH)’ Z/p”)m,FrobT’ 9
(119)

In what follows, let us write 777, 7% for the tensor product of (derived)
Iwahori-Hecke algebras .77, and derived Hecke algebra JZ, over ¢ € Q,;
and write Hg, Hg;, Hyx, H; for the (nonderived) algebras and bimodules of
Section 6.5, but tensoring over all ¢ € Q,,. All of these will be taken with Z/p"
coefficients.

Note that the action of H*(T,, Z/p") on H*(Yo(Q,), Z/p") factors through
the action of .7 (for example, see the Remark in Section 2.10). So H*(Y,(Q,,),
Z/p")m ron' s generated in degree q over .77. Taking the sum over all possible
lifts Frob”, as in (98), we see that H*(Y*(Q,), Z/p")m is also generated in
degree g over the derived .777.

Now, each of the following maps are surjective:

HYY(1),Z/p")m @ Hxk; — HY(Y(Q,), Z/P" )m,
HY(Yo(0,). Z/p")m ® A, — HY (Yo(Q,), Z/p")m.
HY (Yo(Q.), Z/p")m @ Hyx — HY(Y (1), Z/p")m,

where the second statement is what we just proved, whereas the first and third
statement come from Lemma 6.6. Also there is a map (Hg; ®.74 ®H,x ) — ¢
compatible with the respective actions, just arising from composition of Exts. We
get . .

H(Y (1), 2/p")m ® A — HY (Y(1),Z/p")m.

Passing to the limit (as in the discussion of Section 2.13) concludes the proof.
O
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8. The reciprocity law

In Section 7, we proved, conditional under assumptions (Sections 6.1, 6.2)
on the existence of Galois representations attached to modular forms and other
assumptions that simplify the integral situation (Section 6.1), that the global
derived Hecke algebra is ‘big enough,” in the sense discussed around (2).

We now turn to the question mentioned in Section 1.3: we index elements of
this global derived Hecke algebra by means of a certain dual Selmer group. This
is achieved in Theorem 8.5. This Theorem is not an end in itself; rather, it just
gives the correct language for us to formulate the central conjecture of the paper,
Conjecture 8.8.

8.1. The coadjoint representations. We are interested in the coadjoint
representation, that is, the dual of the representation of G on its Lie algebra
g" . Denoting by g the Z-dual to this Lie algebra, we obtain

Ad*: G¥ — GL()

which we regard as a morphism of algebraic groups over Z. (Why the coadjoint
representation rather than the adjoint? They are isomorphic for G semisimple, at
least away from small characteristic. However, canonically what comes up for
us is the coadjoint; for example, when one works with tori, as in Section 9.1, the
difference is important.)

In particular, given a representation o : Go — G (R) we denote by Ad*o :
Gq — GL(R®zg) the composition of o with the coadjoint representation. When
o is valued in Z,, we write Ad*o, for the reduction of Ad*o modulo p".

8.2. Galois cohomology. We freely use the theory of Fontaine and Laffaille
which (in good circumstances) parameterizes crystalline representations of
Gal (Q_p/ Q,). even with torsion coefficients. For a summary, see Section 4 of [2].

Fix once and for all the interval [—252, 22] < N of Hodge weights. We
say that a representation of Gal(Q_p/ Q,) on a finitely generated Z,-module is
‘crystalline’ if it is isomorphic to a subquotient of a crystalline representation
with Hodge weights in [—252, 22]. This indexing of Hodge weights is useful
for adjoint representations which have weights symmetric around 0.

Recall that for any p-torsion crystalline M we can define

H}(Qp’M) c Hl(Qp’ M)

which classifies those extensions M —? — 1 which are crystalline; it is in
fact a submodule and it is identified (by Fontaine—Laffaille theory) with a
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corresponding Ext-group in the category of filtered Dieudonné modules. In
particular, this allows one to check that H } is isomorphic to the cokernel of
the map

1—Frob
—

F'D(M) D(M), (120)

where D(M) is the associated filtered Dieudonné module. Also, the kernel of
1 — Frob in (120) is isomorphic to H°(Q,, M). In particular, for M finite we
have
|D(M))]
#H}(Q, M) = ———— - #H°(Q,, M), 121
which can be effectively used to compute the size of H } (note: the size of D(M)
and M coincide).

We need to know that the subspaces H}(Q,, M) and H;(Q,, M*) (with
M* := Hom(M, j,~) are each other’s annihilators under the local duality
pairing H'(Q,, M) x H'(Q,, M*) ~ Q/Z. This follows from the fact they
annihilate each other (their product would come from an Ext” in the category of
Fontaine—Laffaille modules, but the relevant Ext? vanishes by [2, Lemma 4.4])
and a size computation using (121).

8.3. Selmer groups. Let Qg be the largest extension of Q unramified outside
S, and let M be a module for the Galois group of Qg/Q; thus M defines an étale
sheaf on Z[+]. We write

(f30) (e 4

for (respectively) the étale cohomology of M (equivalently the group
cohomology of Gal(Qg/Q) with coefficients in M), and the subset of this
group consisting of classes that are crystalline at p, that is, classes whose image
in H'(Q,,, M) lies in the subgroup H;(Q,,, M) defined above.

Note that we impose no local condition on classes in H }(Z[+], M) except for
the crystalline condition at p.

We write H }(Q, M) for the usual Bloch-Kato Selmer group: this is the

subgroup of classes in H'(Gal(Q/Q), M) which are unramified away from p,
and crystalline at p. In general, we have an inclusion H } (Q,M) c H}(Z[é]
M); the former is more restrictive, requiring that the cohomology class be
unramified at places of S — {p}. However, in our applications, M will be
a module such that H'(Q,, M) vanishes for v € § — {p}, and so H}(Q,

M) = H}(Z[5], M).
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8.4. We follow the notation of the previous section, described in Section 6.1;
in particular, we have an arithmetic manifold Y (1) = Y(K,), an automorphic
representation I7, corresponding to a maximal ideal m of the Hecke algebra; and
an associated Galois representation p : Go — G (Z,). We let S be the set of
ramified primes for p or K, together with p.

Put |

V= H}(z{g],Ad*p(l))V, (122)

where we wrote —¥ for Hom(—, Z,). We prove in Lemma 8.9 that both the H }
above and V are (under our assumptions) free Z,-modules of rank §.

We produce an action of Von H*(Y (K ), Z,)m. To explain it, fix A a maximal
torus of G and let g be a Taylor—Wiles prime of level n, equipped with an element
of T¥ (k) conjugate to Frobenius at ¢. Let

T, = A(F,)/p".
From this data we construct:

- A natural embedding (Section 8.17) of

T ().
into the degree 1 component 7 () of the local, full level, derived Hecke
algebra J7; z,,». (More precisely, we use its completion at the maximal ideal
m.)

- A map
Jow s H(T, Z/p") = N/ p". (124)

We have already explained, in a special case, the construction of f, , in (16).
We briefly outline the general case: Given o € H'(T,, Z/p"), we obtain, by
(139), an element o’ in the quotient of H'(Q,, Adp,) by unramified classes;
now, we associate to o the functional sending 8 € H}(Z[5], Ad*p(1)) to the
local pairing {&’, B,), € Z/p", where B, is the restriction of 8 to H'(Q,,
Ad*p(1)).

Finally recall that under our assumptions (7(a) of Section 6.1) , H*(Y (1),
Z,)m is torsion-free; its reduction modulo p”" coincides with H*(Y (1),

Z/p")m.

THEOREM 8.5. Let notation and assumptions be as established in Section 6 (in
particular, Sections 6.1, 6.2). Let \ be as in (122).
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There exists a function a : L=, — Z=, and an action of V on H*(Y (1), Z,)m
by endomorphisms of degree +1 with the following property:

(%) For any n = 1 and any prime q = 1 modulo p*" equipped with a
strongly regular element of T" (k) conjugate to p(Frob,), the two actions of
HY(T,,Z/p") on H*(Y (1), Z/p")m coincide: one via f,, and one via i, .

The property (*) uniquely characterizes the \I action (this is true for any
function a).

In particular, the strict global derived Hecke algebra contains V, and so
also the exterior algebra freely generated by N (the induced map from A*V to
endomorphisms of H*(Y (1), Z,)m is injective).

Note that the uniqueness part of the statement is straightforward, because the
condition pins down the action of V/p" for arbitrarily large r: by Chebotarev,
the images f,,(H'(T,,Z/p")) generate V/p" even when restricted to primes
g = 1 modulo p®™; this basically follows from the existence of Taylor-Wiles
data (see in particular, (142)).

Finally, under a further ‘multiplicity one’ assumption, this result is sufficient
to force the whole derived Hecke algebra to be graded-commutative. We separate
this result from the main analysis because it is inessential to our main goals and
it requires this additional multiplicity one assumption.

Before we state the proposition, we note that, by the argument of (37) together
with [21, Lemma 6.20], the action of global Hecke algebra T on cohomology
induces an action of T on H*(Y (1), Z,)m.

PROPOSITION 8.6. If HY(Y(1),Z,)m = Z,, then the image of the full global
derived Hecke algebra T inside End H*(Y (1), Z,)w in fact precisely coincides
with the exterior algebra generated by V, and, in particular, the global derived
Hecke algebra (acting on m-part of cohomology) is graded-commutative.

This same conclusion of graded commutativity holds, more generally, when
there exists a semisimple Q ,-algebra S of (degree-preserving) endomorphisms
of H*(Y(1),Q,) commuting with T and such that H3(Y (1), Z,)m ® Q, has
multiplicity one as a S-module.

REMARK.

- A natural choice for the commuting subalgebra S in Proposition 8.6 is the
Q,-algebra generated by the local underived Hecke algebras at all primes that
are not good. However, the multiplicity one condition is only realistic when
there is a unique tempered representation 7, of G(R) with nontrivial (g, K)-
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cohomology. If this uniqueness condition is satisfied, then we would likely
expect the multiplicity one condition to be valid in the great majority of cases.

Under the assumptions we are currently working (simply connected group, and
working over Q) only SL,,.; has this property. However, this unicity of m,
in fact applies whenever we work over a CM base field, or for PGL, over Q.
(Note that, for PGL, with n even, one should enlarge S using the action of
the component group of the archimedean maximal compact.) The analysis of
Sections 6—8 would extend to those cases with only some notational changes.

- That we get an integral isomorphism of T and A*V, in the first statement of
the Proposition, is an artifact of our simplifying hypotheses. We do not expect
T to be an integral exterior algebra in general, but corresponding statements
should remain valid ®Q.

In general, we would expect the Ttobe T ® A*V, where T is the usual Hecke
algebra, after tensoring with Q. But here our assumptions mean that T is just
Z,, and moreover that the conclusion is true integrally.

8.7. Formulation of the conjecture. We are now ready to state the
conjecture, the formulation of which is the main point of this paper. (Although
the trip was fun too.)

The formulation of the conjecture itself rests on the conjecture of Langlands
that associates to /1 a motive, or more precisely a system of motives indexed
by representations of the dual group. Unfortunately it is difficult to find a
comprehensive account of this conjecture in print; the reader may consult the
brief remarks in [22] or the appendix of [25].

Continue with notation as in Theorem 8.5. As in the discussion of Sections 1.2
and 1.3, let M_.,,q be the motive with Q coefficients associated to /T and the
coadjoint representation of G Y, if it exists. A priori, one may not always be able
to descend the coefficients of M4 to Q, although we expect this is possible in
most if not all cases. (See discussion in [25, Appendix, A.3]). In what follows
we assume that M_.,q can indeed be descended to Q coefficients; if not one can
simply reformulate the conjecture by replacing Q by a field extension.

Thus there is an identification of Galois modules

étale realization of Moa ~ Ad*p ® Q,

and there is a regulator map from the motivic cohomology

(@ M) — 13 (2] |- a0 01,
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As in Section 1.2.2, the motivic cohomology group on the left-hand side has
been restricted to classes that extend to an integral model. We assume that this
regulator map is an isomorphism. (In general, the appropriate conjecture is that
the regulator, taken to the group of classes that are crystalline at p and unramified
at all primes in S, is an isomorphism. However, by virtue of our assumptions in
Section 6.2, part (e), it is not necessary to explicitly impose ‘unramified at primes
in$.7) Let Vo, = V®Q,,, and let Vq be those classes in V¢, whose pairing with
motivic cohomology lies in Q.

Write H*(Y (1), —)p for the Hecke eigenspace for the character Tx, — Z
associated with IT (see (73)). Our assumptions imply that H*(Y(1),Z,)z =
H*(Y(1),Z,)m.

CONIJECTURE 8.8. Notation as above. With reference to the action
* *
AN*Vq, CH (Y(1),Q,)n
furnished by Theorem 8.5, the action of Vg preserves H*(Y (1), Q).
Some rather scant evidence is discussed in the next section (Section 9). As we
have mentioned in the introduction, much more compelling is that we have been
able to obtain numerical evidence for a coherent analog of the conjecture, in a

joint work with Michael Harris.
Recall (Section 6.2) we assume that

H’(Q,. Adp) = H*(Q,, Adp) = 0 (125)

which implies the same conclusions for Ad*p(1). In particular, H'(Q,,
Ad*p(1)) is torsion-free and surjects onto H'(Q,, Ad*p(1)). Finally, H/(Q,,
Ad*p(1)) is a saturated submodule of H'(Q,, Ad*p(1)) and we have an
equality of ranks

rankz, H;(Q,, Ad*p(1)) = rankg, H;(Q,, Ad*p(1)),

as follows from explicit computation. In particular, H}(Q,,, Ad*p(1)) surjects
onto H(Q,, Ad*p(1)). Also observe that, because of the assumed ‘big image’
(Section 6.2 assumption (b)) of p, we have

1
H° (Z[E},Ad*m)) —0, (126)
and so H'(Z[1], Ad*p(1)) is torsion-free.

LEMMA 8.9. Both H}(Z[], Ad*p(1)) and V are free Z,-modules of rank é.
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Proof. First of all, because the Taylor—Wiles method in this case implies an
R = T theorem (see (116)) and we are assuming that the Hecke algebra is
isomorphic to Z, (see (75)) we get from a tangent space computation that
H}(Z[5]. Adp) = 0. We now apply Tate global duality to this statement. It
implies both the surjectivity of

o] ) H'(Q, AB(1)
o (o5 aen) - @R 07

and the injectivity of

H2<Z{;] Ad*p > []#*(Q.. Ad*p(1)) (128)

veS

~~
=0 by Section 6.2

so in fact H*(Z[1], Ad*p(1)) = 0.

The surjectivity (127) holds also for Ad*p(1), not just the mod p reduction.
This follows because H'(Z[+], Ad*p(1)) surjects onto H'(Z[1], Ad*5(1)), by
(128); and the induced map

H'(Q,, Ad*p(1))
H(Q,. Ad (1)
is an isomorphism.

The Euler characteristic formula, taken together with (126), (127), and (128),
allows one to compute

. 1 1 k—
dimH} <Z{§],Ad 2 (1)> = 5. (129)

Now examine the short exact sequences

/p

H'(Z[5]. Ad*p(1)) —— H'(Z[5]. Ad*p(1)) — H'(Z[5]. Ad*p(1))

. | l

H'(Q,.Ad*p(1)) p H'(Qy Ad¥p(1)) H'(Q,.Ad¥p(1))
H(Qp Ad¥p(1)) H(Qp.Ad¥p(1)) H'(Q,.Ad*p(1))
(130)
Since we have seen that j is onto, it follows that the induced maps of vertical
kernels is a short exact sequence; that and (129) imply that

H| (Z[H,Ad%(l)) ~ 17,
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as claimed. O

8.10. Cohomological vanishing in the Taylor—Wiles method. In the
Taylor—Wiles method we choose a set of primes Q such that, with SQ = S U Q,
we have the following properties:

(a) Q is a Taylor—Wiles datum of some level, and
! — H'(Q,.Adp) . I
(b) The map Hl(Z[E], Adp) — m is surjective, and the map
H*(Z[ 5], Adp) — [,co H*(Q,, Adp) is injective.

(Recall that our local assumptions at S mean there is no local cohomology there:
Section 6.2, assumption (e)).

Observe also that if Q is such a set of primes, and Q’ is a further set
satisfying (a) and (b), then certainly Q U Q' satisfies (a) and (b) too. Indeed,
the cohomological criteria of (b) are equivalent to asking that

Hl

(7] 5] ap ) — [[#'Q.acp)  aa

is injective, and this is stable under enlarging Q (it is equivalent to the same
injectivity on H}(Z[], —), since anything in the kernel would be unramified

at Q). ’

Now, if we choose a system of such data Q, of level n, we can (by passing to
a subsequence and reindexing, for example, as in [14, Section 13.10]) achieve a
new sequence (, which satisfy the ‘limit properties’ of Section 7.3.

DEFINITION 8.11. A sequence of Taylor—Wiles data Q, of level n is called
convergent if:

- 0, have the cohomological properties stated in (b) above and,

- One can pass to the limit in the sense of Section 7.3, that is, there exists data R,
S, C, f., gi, and so on, satisfying all the properties enumerated in Section 7.3.

In particular, any sequence of Taylor—Wiles data has a convergent
subsequence, after reindexing the subsequence.

8.12. The tangent spaces to R and S. As in Section 7.4 both R and S are
augmented to Z,:
S—-R—-1Z,
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and the composite S — Z, is the standard augmentation of S. The kernel of
these augmentations are denoted by J € Rand | — S.
First of all, we set let tg be the ‘tangent space’ to R over Z,, that is to say

tr ~ Hom, (R, Z,[¢]/¢?),

where the subscript * means that the homomorphism lifts the natural
augmentation R — Z,. Equivalently, R is the derivations of R/Z, into Z,,
or the Z ,-linear dual of J/J°.

We can make exactly the same definition for S. The surjection S — R induces
asurjection |/I* — J/J* and thus a natural injection tg — tg with saturated image
(that is, split). We write W for the cokernel of the map on tangent spaces, so we
have an exact sequence

tg < tg — W. (132)

Then W is a free Z,-module of rank §.

8.13. Tangent spaces to R, and S,. We suppose now that Q, are a
convergent sequence (Section 8.10) of Taylor—Wiles data.

Recall that S, R are defined as ‘limits,” roughly speaking, of rings S, — R,
that occur at level Q, in the Taylor—Wiles process. We recall that R, is not the full
(crystalline at p) deformation ring R, at level Q,, butis a ‘very deep’ Artinian
quotient of it.

These rings are also compatibly augmented over Z/p", that is,

S, — R, — Z/p"

(see the bottom row of (113), and compose with the reduction of the map R; —
Z,, which arises from our fixed automorphic representation /7).

LEMMA 8.14. The map Ry, — R, induces an isomorphism upon applying
Hom, (—, Z/p"[¢]/e*), where Hom, means that the map lifts the natural
augmentations to Z/p".

Proof. Write A := Z/p"[¢]/e*. A map Ry, — A gives rise to a deformation
pn: Gg — GY(Z/p") that lifts the modulo p” reduction of p.

We want to show that R,, — A must factor through R,. To do so we must
show (see (112)) that the map dies on the K (n)th power of the maximal ideal
mg,, » and also that p, automatically has inertial level < n at primes in Q,
(see page 68 for definition).

Note that the maximal ideal (p,¢) of Z/p"[e]/e? satisfies (p, )"t = 0.
Since K (n) = n + 1 by assumption, we only need verify that p, has inertial
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level < n at all Taylor—Wiles primes. After suitably conjugating, we can suppose
On |Qq to have image in TV (see Lemma 6.12). Restricted to inertia it takes image
inside the kernel of T (Z/p"[¢]/e*) — T Y (Z/p"); this group has exponent p",
and so p, has inertial conductor < n. [

We also define
tr, = Hom,(Ro,. Z/p"[¢]/¢”).
It does not matter whether we use R, or R, in this definition, as we just showed.
Similarly we define
ts, = Hom, (S,, Z/p"[¢]/e?).
There is a natural map tg, — ts, induced by S, — R,.
Finally define
W, = cokernel (tg, — ts, ) - (133)
The maps R — R, and S — S, give rise to an isomorphism of short exact
sequences as below:

0 tg, ts, W, 0 (134)
T
0 ——tr/p" —ts/p" W/p" 0

This requires some explanation.

First of all, we explain the maps. Note first of all that there is a natural map
ts/p" ~ Hom, (S, Z/p"[¢]/e?), which is an isomorphism. Similarly for R. This
means that there are maps

oty —ts/p", Bitg, — /P (135)

that are induced by the projections S — S, and R — R,,. This explains «, 8; and
the map y is the induced map on cokernels.

Next we see that «, 8, y are isomorphisms.

For S this is the assertion that homomorphism S — Z/p"[¢]/e* factors
through §,,. Indeed, referring to the coordinate presentation (84) and (85), each
element x; must go to ae for some a € Z/p", and then (1 + x;)”" is carried to
(14+ae)?" = 1. For R, we use the fact (114) that we can identify R, with R®s S,,.
As above, any homomorphism S — Z/p"[¢]/e* (lifting the augmentation)
factors through S,,, and in particular any homomorphism R — Z/p", lifting the
natural one, factors through R,,.

Now, the bottom row is exact, by definition and the freeness of W. The top row
is exact at the left because the vertical maps «, B are isomorphisms, and exact at
the right by definition. Then it follows that y is an isomorphism too.

This concludes the explanation of diagram (134).
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8.15. Tangent spaces to S, reinterpreted. Let us reinterpret the tangent
space to S, in a few different (canonical) ways.
By (88) we have an isomorphism
ts, ~ Extg (Z/p", Z/p"). (136)
Now S, was, by definition (Section 6.4) , the Z/ p"- group algebra of the group
T,; thus, from the above equation, we get a canonical isomorphism
ts, ~ H'(T,,Z/p"). (137)

Next we connect ts, to Galois cohomology. Recall from Lemma 6.12 that,
for any ¢ € Q,, a deformation of p|G, can be conjugated to lie in the torus,
and in particular factors through the profinite completion of Q.. Now we can
identify H'(G,, Ad p,) with the set of lifts of p, to G¥(Z/p"[e]/e*), modulo
conjugacy. This lift sends tame inertia to the kernel of reduction modulo ¢. In
particular, having fixed an element of 7 (k) conjugate to p(Frob, ), we get a
canonical isomorphism

H'(Q,. Adp,)
H.(Q,. Adp,)
Identifying the Lie algebra with X, (T"), we get
H'(Q,, Adp,)
H(Q,, Adp,)

~ Hom (F), Lie(T") ® Z/p") . (138)

~ Hom(F}' /p", Z/p") ® X+(T")

~ Hom(X.(A) ® F/p", Z/p") (139)
| —

A(Fy)/p"

(here the subscript ‘ur’ means unramified) and thus, from (81) and (137)

D H'(Q,, Adp,)
& HL(Q,. Adp,)

where we emphasize that the isomorphism depends on the choice of an element
of TV (k) conjugate to Frobenius at g, for each g € Q,.

There is an isomorphism similar to (136) for ts; in particular, tg ~ ExtlS (z,,
Z,) and more usefully

tsﬁ

n

(140)

ts/p" ~ Bxts(Z,. Z/p").
The composite
Extg (Z/p". Z/p")—Exts(Z/p". Z/p") — Extg(Z,. Z/p").  (141)

Gives the natural identification—map B from (134)—of Extg (Z/p", Z/p") =
ts, with Ext§(Z,, Z/p") = ts/p".
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8.16. V, and Galois cohomology. We exhibit now a canonical surjection
ts, > V/p". (142)

In fact, this surjection uses no more than the fact that Q,, is a Taylor—Wiles datum.
If we suppose that Q,, are a convergent sequence (Section 8.10) of Taylor—Wiles
data, we see that this actually descends to an isomorphism

W, ~V/p", (143)

that is, W, (defined in (133)) is isomorphic to Hom(H ;(Z[5], Ad*p(1)), Z/p").
As before, let SQ,, be the union of the set S with the set Q,. Examine:

Hom, (Ro, . Z/p"[¢]/6%) — Hom,(5,. Z/p"[¢]/s?) — W, (144

1 14 H'(Q,.Adp,)
H}(Z] 55,1, Adp,) [Lico, Hy0-adm Wa

The first vertical map is just the computation of tangent spaces to deformation
rings (working over Z/p" rather than a field), the second vertical map is (140),
and g is restriction in Galois cohomology.

There is now a natural pairing:

Hj (Z[é] Ad*p, (1)) x W, — Z/p" (145)

which, we emphasize again, depends on the choice of toral elements conjugate
to Frobenius at each prime in Q,,. To be explicit, an element of W, is represented
by a collection
H'(Q,, Adp,)
B e ] rraag
Hur(Qv’ AdIO”)

modulo image(¢); to pair @ € H}(Z[], Ad*p,(1)) with (8,)ueo, We take the
sum of local pairings

vEQ,

(o, (Bu)oce,) = D (e, B (146)

where the local pairing is defined by restricting o to Q, and using local
reciprocity. This pairing (146) is well defined because each «,, that is, the
restriction of « to Q,, is actually unramified. Moreover, if the collection (,BL,)
come from a class in H}(Z[55-], Adp,), the value of (146) is zero by global
reciprocity: our local assumptions means that the local pairings for v € S
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vanishes. Thus the pairing (146) descends to the quotient of || H! by
image(¢). This concludes our discussion of (145).

We have also seen (Section 8.13, and similar arguments to Lemma 8.9) that
both W, and H}(Z[], Ad*p, (1)) are free Z/p"-modules of dimension §. Let
us check that (145) is a perfect pairing of Z/p" modules, that is, the map

ey i)

is an isomorphism, where v means homomorphisms to Z/p". Since both sides
have the same size, it is enough to check that the map is surjective, and thus
enough to show that the induced map

vEQ,

ts, — H} <Z{é],Ad*ﬁ (1)> (147)

is surjective, where v now means homomorphisms to Z/ p.

Now the Taylor—Wiles set Q,, is chosen (131) so that H}(Z[ ], Ad*p (1)) —
[l.co, H'(Q,, Ad*p(1)). The image of this map consists of classes unramified
at Q,,, so we also have

i (2] ] aem ) = TT '@ acva0)-

vEQy

When we dualize this, and apply local duality at primes in Q,, we get the
surjectivity of (147).

8.17. The injection H'(T,) — %’i,(l). In this section, we suppose that Q,, is
a Taylor—Wiles datum of level n, but do not assume that it is part of a convergent
sequence (Section 8.10) of Taylor—Wiles data. Let ¢ € Q,, thus equipped with
Frob; € TV (k). We work exclusively with § = Z/p" coefficients. As before,

, denotes the local derived Hecke algebra at ¢, and %}“ denotes its degree 1
component. Let T, = A(F,)/p".

We are going to describe the map (123), which is necessary for the formulation
of the Theorem. More precisely, we are going to describe a map

0:H (T, — (%{I(”)m, (148)

where the subscript means that we complete at the ideal of the Hecke algebra
(that is, the degree zero component of .7;) corresponding to m.
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The easiest way to think about 6 is probably through the following property:
for each & € H'(T,), the action of 6 () on H*(Y (1), Z/p" )m is thus:

Pullback to Yy (g), project to Frobg-eigenspace, cup with a, pushdown to Y (1),
(149)
where the projection is done with reference to the splitting of Corollary 6.7.
The formal definition of the map 6 is given in (154), and the validity of (149)
will follow from the Lemma below.
The Satake isomorphism of Section 3 gives

Ay = (S[X:] ® H*(A(F,)))"

and, in particular, with Z/p" coefficients the map H'(T,) — H'(A(F,)) is an
isomorphism, so
~ w
A = (S[X,]@H(T,))" .
Now Frob, € T (k) gives a map X, (A) = X*(T") — k*, that is, it gives
rise to a character Xy : S[Xx] — k. The pullback of this to S[X,]" defines

the maximal ideal m (using the Satake isomorphism). Let us denote by m the
extension of the ideal m back to S[X *]; we caution that it is no longer maximal,
and rather it cuts out Frobg together with all its W-conjugates. We have an
identification of completions

wew

where we have denoted by S[X.],, the completion of S[X,] at the maximal
ideal that is the kernel of w .
Next the natural inclusion

(S[X:]1®@ H*(T,)" — S[X.]® H*(T,) (151)
induces the first map of

(S[X.] ® H*(T,) = S[Xo]y ® H*(T,) ) S[X.], ® HA(T,). (152)

The composite map of (152) is an isomorphism, and thus by composing with the
Satake isomorphism we get an isomorphism

(ji’;(‘))m = S[X.], ® H'(T,). (153)
We then define the map 0 : H'(T,) — (") by the rule

0:he H(T,) — 1Q@he S[X.], ® H'(T,) (L) (AV)y (154
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where the superscript 1 refers to cohomological degree, and the final map is the
inverse of (153). Note that this embedding depends on the choice of Froqu; if
we replace Frobg by wFroqu then the embedding is modified by means of the
natural action of w on 7.

This concludes the description of the map H'(T,) — ). We now want to
justify (149). For this we describe an explicit preimage of 6 («) under the map

(HKI ®e%ﬂ1 ®H1K) _)%( (155)

in the case of the group G(Qq), where notation is as before (see, for example, the
proof of Theorem 7.6); note that .7#% coincides with what was previously called
;. Observe that everything here is a compatibly a module under the center of
H;;, which is identified (Section 4.3) with S[X,]". In particular, it makes sense
to complete at m.

Now let e, € H,; correspond to the characteristic function of /,A1,, where
X € X,. Then A — ¢, defines an embedding S[X .| — H;;, and, completing, an
embedding

S[X«lim — (Hir)m. (156)

As before (Section 4.2) we let ex be the characteristic function of K, divided
by its measure; if we write e,, for the characteristic function of I,wl,, we have
ex = ﬁ Zwew e,,. It can be considered, as in Section 4.2, as an element of Hg;
or Hyx. Also |W|eke; € Hg; (that is, the product of |W |ex € Hg; with e, € H;;)
corresponds to the characteristic function of I,AK,.

LEMMA 8.18. Let @ € S[X | be chosen so that it projects under (150) to the
identity in S| X ], and to zero in all S[X 4wy, for w € W not the identity. We
use the same letter for its image © € (H;;)m under (156).

For h € H'(T,) let {h) be the associated element of AW, that is, (h) is
supported on the identity double coset of 1, and the associated cohomology class

is obtained from h by means of the restriction isomorphism H'(1) — H'(T,).
Then the m-completion of (155) sends |W|ex® ® (h) ® ex 10 6(h).

As above, the product ex ® is understood as the product of ex € Hg; with
©® € Hy,. In words, this amounts precisely to the description (149) for 6, taking
into account that @ realizes precisely the projection onto the Frob; component
for the splitting (98).

Proof. Consider the map (no completions, at the moment)

(Ho ® 4" @Hix) —» A" — (SIX]@H'(T))" . asD)
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We show it sends A := exe;, ® (h) ® e, for A dominant, to the ‘W-average’ of
A®h, thatis, [W|™'> L w-(A®h).

The claimed result will follow easily from this: Consider an element &’ =
> cih € S[X,] with the property that ¢, is nonzero only for A dominant, and
also ® = @’ modulo some high power of m. Our claim implies that |W |ex ©’ ®
(h) ® ek is sent to the sum of Weyl translates of >_ ¢, (A ® h). The image of
Ya(A®@h)in @,y S[Xs]wy @ H'(T,) is very close to 1 @ h in the w = 1
factor, and very close to zero in the other factors; after summing over W, its
projection to the w = 1 factor remains very close to 1 ® h. Here ‘very close’ is
taken in the topology of the complete local rings S[X ], . In other words, 6 (%)
and the image of |[W|ex®' ® (h) ® ex under (155) and (153) are very close; in
the limit, this shows the desired result.

We now consider everything in the ‘function model’ of Section 2.3. Let
a; € Hgy,a, € Hjx be the images of exe;, ex in the function model. Then
a, corresponds to the function sending (xK, yI) to |W|~" precisely when
Iy~'xK = IAK, equivalently Kx~'yl = KAI, where we write A € X, for the
negative of A. Also a, corresponds to the function (x/, yK) which is 1 exactly
when xK = yK . Moreover, the function (%) is supported on the diagonal in G /I
and sends (1, 1) toh € H'(T,) ~ H'(I).

The second map of (157) is given by restricting arguments to the torus, and
restricting cohomology classes to 7,. We can compute this restriction using the
‘localization’ results of Section 4.6; these results assert that restriction to the torus
actually preserves multiplication.

We restrict to the torus. Suppose that u € X, is dominant, with negative 1t €
X ... We compute:

A(K, TK) = Y ai(K, yI)hy(yI, yT)ax(y1, iK ).

yew

The first term is nonzero only for those y satisfying Kyl = K A, that is, y €
W n KAI. This implies that y = wA, with w € W. So this equals

= |W[™" Dy (wil, wAl)ay(whl, BK).

weWw

The final term is nonzero (and equals 1) exactly when 7K = wAK . Recall that
both A and u are dominant. Thus this only happens if A = p and w € W,,:

A(K, TK) = [W[ '8, " (hy(widl, wil). (158)

weW,

On the right, (h)y(wAl, wil) € H'(T,) equals w - h € H'(T,).
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Now, the image of A under the derived Satake map is the W-invariant element
of the derived Hecke algebra of the torus defined by

w — restriction to T, of A(uK, K).

As we have just computed, for n dominant, A(uK,K) = A(K,nK) is
nonvanishing only when p = 1, where its value is [W|~' 3, _,, wh. Therefore
the image of A under (157) is the W-average of A ® & as claimed. (|

8.19. Producing an action of V/p" on the cohomology at level 1. Let O,
be a convergent sequence of Taylor—Wiles data (Section 8.10). For each integer n
we produce an action of V/p" on automorphic cohomology H*(Y (1), Z/p" )m.
A priori these actions will not be guaranteed to be compatible with one another;
later we see at least that they ‘converge as n — o0’ to give an action of V on
H*(Y(1).Z,)m.

More exactly, we begin by constructing an action of tg,, then prove (the
Lemma below) that it factors through W,, and finally we have identified W, ~
V/p™ in (143). This gives the desired action, and we discuss the ‘convergence as
n — o0’ in the next section.

Thus, let O, be a convergent sequence of Taylor—Wiles data.

We have

(137)

ts, =~ H' (T, Z/p") S degree 1 component of ®,cq, (H;)m . (159)

where the Hecke algebras are taken with Z/p" coefficients. The composite
embedding will be denoted

LQH : tsn - ®qun (%)m ° (160)

This gives rise to an action of t;, by degree +1 endomorphisms of
automorphic cohomology H*(Y(1),Z/p")m, whose explicit description is
essentially that already given in (149), just replacing the role of one prime by
many.

The embedding (137) and so also this action depends on the choice of elements
Frobg € TV (k) for each prime ¢ € Q,. Should we modify Frob; by an element
w, € W, the Weyl group, the action of tg, is also modified (see comments after
(154)) by the action of w, in the obvious way.

LEMMA 8.20. Let Q, be a convergent sequence of Taylor—Wiles data, as in

Definition 8.11. Then, for each n, the action of ts, on H*(Y(1),Z/p")m
(via vy, ) is trivial on the image of tg,, and thus factors through the map ts, — W,.
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Proof. Consider the diagrams (118) of our previous story, now with
identifications with tg and tg, included:

ts
H*(Homs(C,Z,)) x  Exti(Zp,Zp) 3 0 ———— H*(Homs(C,Z,))

Z € H*(Homs(C,Z))) x  Exty(Zy,Z/p") 3 v ———— H*(Homs(C, Z/p"))
|4 U =
x € H*(Homs(C,Z/p™))  x (Exté(Z/p"7 Z/p")) ——— H*(Homs(C, Z/p"))

H*(Homg, (C®s Sy, Z/p™)) x (Ext}gn(Z/p”7 Z/p")) — H*(Homs, (C®s Sy, Z/p"™)).

ts,
(161)

In particular, let x € H*(Homs (C ®s S,,Z/p")) be liftable to
X € H*(Homg(C,Z,)); let v € t5, ~ tg,» be lifted to ? € ts. Then the
image of (x, v) in the bottom row is obtained from projecting the image of
(%, 0) at the top row.

Let us recall from Section 7.3 part (g) that C is quasi-isomorphic to R as
an S-module in a single degree. Thus we can explicitly compute what goes
on in the top row. This explicit computation (see Lemma B.l in Appendix
Section Appendix B) shows that any element v € tg that lies in the image of
tg acts trivially on H* (Homg(C, Z,,)).

For later use, note that these explicit computations also show that

H*(Homsg(C, Z,)) is free over A*tg/tg. (162)
From (134) it then follows that image(tz, — ts, ) acts trivially on

H*(Homs, (C®s S, Z/p")) =~ H*(Yo(Qn), Z/P" ) frov »

where the action of t;, = H'(T,,,Z/p") is by cup product, as in (119).
By (149) this means that the action of ¢, (ts,) on H*(Y (1), Z/p" )m is trivial
on image(tg, — ts,). Thus, this action of t5, on H*(Y(1),Z/p")m factors
through W, as claimed. O

8.21. Summary. Letussummarize more carefully what we have said to date:
For any Taylor-Wiles datum Q, we have an action of t;, = Hom(7,, Z/p")
on H*(Y (1), Z/p")m constructed via an embedding

Lo, : Hom(T,,Z/p") — derived Hecke algebra
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(see (159)). On the other hand, we have a surjective morphism (see Section 8.16)

fo, : Hom(T,,,Z/p") — V/p".

These constructions, for a given n, depend only on Q,; they do not involve the
Taylor—Wiles limit process.

DEFINITION 8.22. We say that a Taylor—Wiles datum Q,, of level n is strict of
level n (or just strict) if the map

ts, —> End H*(Y(1),Z/p")m

factors through fy,. Thus, a strict Taylor—Wiles datum of level n gives rise to an
action of V/p" on H*(Y (1), Z/p" )m.

What we have proved, then, amounts to the following:

LEMMA 8.23. If the Q, are a convergent sequence of Taylor—Wiles data
(Definition 8.11), then each Q, is strict, in the sense of Definition 8.22.

Note we do not know that the resulting actions of V/p" are compatible for
different n, in any sense.

8.24. Dependence of our construction on choices. We now study
dependence on choices. Using the results of this Section, we conclude the
proof of Theorem 8.5 in Section 8.26.

First we discuss a minor point, the choice of Frobgs: Suppose we choose two
different such choices for a given set Q,, differing by the action of w € W,.
(Recall from Section 6.3 that W; is just a product of copies of the Weyl group,
one copy for each prime in Q,,). Then the actions of t5, on cohomology differ by
the action of w € W, (comment after (154)). Also, w : tg, — ts, is compatible
with the pairings previously constructed, that is, this diagram commutes

Frob!’
ts, X H}(Z[{]. Ad*p, (1)) ——=1Z/p" (163)
l ! 1 L % wFrob;
ts, X Hi(Z[5], Ad*p, (1)) —=Z/p"

This shows that the action of V/p" on H*(Y (1), Z/p")m did not depend on the
choice of Frosz forqg € Q,.
We now discuss the more serious issue of choice of Taylor—Wiles data.
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LEMMA 8.25. Given two sequences Q,, Q! of strict Taylor—Wiles data, there is
a subsequence J of the integers with following property:

For each k = 1, there is jo such that, for each j € [J, j = jo, the two actions
Von H*(Y (1), Z/ p*)m—arising from reducing modulo p* the ‘Q ;-action’ and
the ‘Q’.-action’—coincide with one another. (Recall that we are supposing that
H*(Y(1),Z,) is free over Z,,.)

Proof. It will be convenient to relabel the sequences of strict Taylor—Wiles data
as Q,(,l), ,(,2). It will be harmless to suppose that the sets of primes underlying

,(,1) and Q,(Iz) are disjoint (otherwise, we can, for example, just compare both of
them with a third set, disjoint from both of them).

We compare them both to Q, := ,(,l) ]_[ Q,(Zz) (with the obvious choice of
Frobg for g € Q,). Of course Q, is bigger than either Q,(,l) or Q,(f). However it
still a sequence of Taylor—Wiles data. Let 7,,, T,,(l), Tn(z) be the analogs of 7, for
0,, ,(,1), Q,(,z) respectively; then 7, = Tn(l) X Tn(z), and correspondingly ts, =
tgl) &) t(sf), where ts, = Hom(7,,Z/p"), and so on.

We have a diagram

t5) ts, g (164)

M
o
o)

H}(Z[5]. Ad*p, (1))

where all the o-maps are as in Section 8.16.

The upper maps are compatible for the actions on cohomology previously
defined (Section 8.19), and everything maps compatibly to the bottom group
H}(Z[5]. Ad*p,(1))". Moreover the action of tS’) and tgi) on mod p"
cohomology factors through the bottom row by the assumed strictness. However,
we do not know that the action of ts, factors through «.

What is missing is control of the deformation ring after adding level Q,,.
To obtain this, we must run now the Taylor—Wiles limit process for Q,. That
involves passing to a subsequence. In other words, all we are guaranteed is that
there is a subsequence n; such that (an, j) form a convergent sequence of
Taylor—Wiles data of level j. It is possible that n; is very much larger than j.
Our prior analysis of convergent data (Lemma 8.23) implies that the action of
Hom(T,,,Z/p’) on mod p’/ cohomology of ¥ (1) factors through V/p/, or to
say it explicitly:

(*) The action of t5, on H*(Y(1),Z/p’)m, via its embedding

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

A. Venkatesh 96

Lo, into the derived Hecke algebra, followed by reduction to Z/p’
coefficients, factors through the map

1 v
fQ”j :tSn/. — Hfl (Z[§:|,Ad*,0](l)> .

The proof of the Lemma easily follows. We take [J to be the subsequence of
n;s. Let k be as in the Lemma. Take n = n;, for any j > k, and take w® e
téi) that have the same image in H}(Z[], Ad*p,(1))". The images of w() in
ts, have the same image in H/(Z[], Ad*p;(1))¥, (we are using the fact that
the map H'(Z[+], Adp,(1)) — H'(Z[+], Adp;(1)) is surjective, by discussion
before (126)) and therefore they act the same way on mod p* cohomology by (*)
above. O

8.26. Conclusion of the proof of Theorem 8.5. Let us call a sequence of
Taylor—Wiles data Q,, of level n (where we do not require n to vary through all
the integers, but possibly some subsequence thereof) V-convergent if:

* Each Q, is strict (Definition 8.22) thus giving an action of V on H*(Y (1),
Z/p")m.

* The actions converge to an action of V on H*(Y (1), Z,)m. In other words,
if we fix k, the action of V on H*(Y (1), Z/p*)m arising from reducing the
Q,-action is eventually constant.

By Lemma 8.23 and passing to a further subsequence, we see that V-
convergent sequences exist. By Lemma 8.25, if Q, Q" are two V-convergent
sequences, the resulting actions of V on cohomology coincide. Thus at this point
we have defined an action of V on cohomology that is independent of choices,
namely, the action arising from any V-convergent sequence. This action has the
following property:

(f): For any sequence Q, of Taylor—Wiles data, there is a
subsequence @, such that (for every r) the following two actions
of t5, on H*(Y(1),Z/p")m coincide:

* The actionvia: : t, — derived Hecke algebra with Z/p" coefficients
(see (160)).

* The action obtained from the V-action, via f : t5, — V/p" (see
(142)).
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To see this, we first pass from Q, to a convergent subsequence (Q,,, , r ), where
we regard Q,, as having level r; by Lemma 8.23 this means that Q,, is a
strict datum of level ». We then pass to a further subsequence m/ to extract
a V-convergent sequence; this gives the assertions above, but with Z/p" and
V/p" replaced by Z/p*"), V/p*(") where k(r) — oo with r. Passing to a further
subsequence gives the desired result.

Proof. (of Theorem 8.5, using ()). We have already constructed an action of V;
let us prove, by contradiction, that it has property (*) from the theorem. Suppose
that there is an integer A and an infinite sequence of primes ¢, = 1 modulo
p" such that the pullback of the action via f,, 4 : H'(T,, Z/p*) — V/p* fails
to coincide with the action of H'(7,,Z/p") via the embedding ¢,, » into the
derived Hecke algebra with Z/p* coefficients. We can choose a Taylor-Wiles
system Q, containing ¢, and then get a contradiction to () as soon as r > A.
This proves (*).

Now let us show that the image of A*V in endomorphisms of cohomology
coincides with the global derived Hecke algebra.

Refer to the diagram (161), constructed with a convergent sequence of Taylor—
Wiles data Q,,. We only use a subsequence of ns which is V-convergent. Consider
for n = k the map

W = tg/tr U8 ¢ /te, 3 V/pt, (165)

By (134) and the discussion after (142), the composite actually gives an
isomorphism

W/p* ~ V/pt. (166)

For fixed k and large n, the map (165) is independent of n: Choose v € ts. Let v,,

v, be its image in tg,, ts,. As we saw in the diagram (161), the actions of v,, v,,

on mod p* cohomology must coincide, because both can be computed by means

of the lift v. For this we are implicitly using (115) to see that the composite map

H*(Homg(C,Z,)) — H*(Homg, (C®s S., Z/p"))
= H*(Y(1),Z/p")m — H*(Y (1), Z/p")m (167)

is independent of n, forn = k.

So the images of v,, v,, in V/p* have the same actions on mod p* cohomology.
The V/p* action on mod p* cohomology is faithful (by (166) and (162)) so this
forces the image of v,, v,, in V/p* to coincide as claimed.

Therefore, passing to the limit over n, we get a map W/p* — V/p*, which
is easily seen to be compatible as we increase k; thus the inverse limit over k
defines an isomorphism

WS V. (168)
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Next, referring to (161) the action of Ext§(S/I, S/I) >~ A*ts on H* (Homg(C,
Z,)) certainly factors through A*W; this action of A*W on H*(Homg(C, Z,))
is compatible under the identifications (115) and (168) with the action of A*V
on H*(Y(1), Z,)m.

Therefore, by (162), V freely generates an exterior algebra inside End(H*),
and H* is freely generated over A*V by H%(Y (1), Z,)m, its minimal degree
component. On the other hand, the image of A*V in End(H*) is contained in
the global derived Hecke algebra—the action of an element V is, by definition,
a limit of actions of elements in the derived Hecke algebra. Indeed, V lies inside
the strict global derived Hecke algebra. O

8.27. Proof of Proposition 8.6. In our current situation, we have an inclusion

A*V T (169)

and we have seen that H*(Y (1), Z,)m is generated by its lowest nonvanishing
degree H9 as a A*V-module. If we know that H*(Y (1), Z,)m = Z,, we argue
that (169) is an equality just as in the corresponding argument after (56).

If we are given S as in the statement of the Proposition, let M = H%(Y (1),
Z,)m ®z, Q, as a S-module. It is semisimple by assumption; let S’ be the
commutant of S inside Q ,-linear endomorphisms of M. The natural map

M® /\*VQp - H*(Y(1),Z,) m® Q,
is now an isomorphism of S ® A *VQP modules. However,
(graded) commutant of S ® A *VQP onM® A *VQp =S ®A *VQP,

as can be verified by computing in steps: the commutant of S alone equals
S’ ® End(A*Vq, ). and then inside here the (graded) commutant of A*Vq, is
SI ® AF VQp .

Since this commutant contains the image of T acting on Q ,-cohomology, the
latter is also graded-commutative, since S’ is commutative by the multiplicity
one hypothesis. Note that the action on Q, cohomology is faithful because of
our torsion freeness assumption, see 7(a) of Section 6.1. ]

8.28. The action of Hecke operators. To conclude, let us translate what we
have proved into a more concrete assertion about the action of a derived Hecke
operator.
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Let ¢ be a unramified prime for p, with ¢ = 1 modulo p”, and such that
P (Frob, ) is conjugate to a strongly regular element of 7V (k). Let v € X, (A)*
be strictly dominant and let

o € H'(A(E,). Z/p").

To this we can associate in a natural way (see below) a derived Hecke operator
T, .. as well as an element [g, v, o] € V/p"; we prove that the actions of these
are compatible (see Lemma below), justifying the assertions made in Section 1.5.

First of all, a small piece of linear algebra. Let k be a field. Suppose given
a fixed character ¢ € X*(T"). Let g € G (k) be regular semisimple, with
centralizer Z,; this data allows us to construct a homomorphism of k-vector
spaces

ey Lie(T"V) — Lie(Z,),

et Dy V.¢7(g)) do

$TY >Z,

where the sum is taken over all conjugations of 7' to Z, over k; the morphism
is nonetheless defined over k.

Example: if G¥ = SL,, take TV, B" in the standard way to be the diagonal
subgroup and upper triangular matrices, and take v : (3 2 ) > x. Then ey,
sends (§ %) € Lie(T") to the element 2g — trace(g) € M,(k): it is enough to
check this for g € T, where the result is clear.

Let g, v, o be as described at the start of this subsection. We can then construct
aclass

[q,v,a] € V/p"
in the following way: regarding v as a character of TV, and use the linear algebra
construction mentioned with k = Q,, to make the first map of

Lie(T ") "™ Lie(Z,(fon,)) < Lie(G") (170)

(at first we get this ®Q, but then it preserves the integral structures, with
reference to the natural Z,-models of the three groups above). The resulting
embedding Lie(7") — Adp is a morphism of Gal(Q,/Q,)-modules, where
Lie(T ") is taken to have the trivial action.

As before, we may identify

H'(A(F,),Z/p") = H'(X+(A) ®F,, Z/p") = Hom(F,, X,(T")/p")
and so from o we obtain a class

o H(Q Lie(T)/p")
HY(Q,  Lie(T) /)
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Here Lie(7) is taken as a trivial Galois module. We can then form

H'(Q,. Adp,)

pushforward of 'via (170) € ,
HL(Q,, Adp,)

and, as usual, this can be paired with H}(Z[], Ad*p(
[5

reciprocity. In this way we obtain a functlonal (
which we denote as

) by means of local
Ad*

1
I, Ad*p(1)) — Z/p",

[q,v,a] €V/p".

LEMMA 8.29. Let q, v, o be as above. Let [q, v, ] € V/p" be as defined above.
Let T, . be the derived Hecke operator with Z/p" coefficients which is
supported on the G -orbit of (vVK,, K,) and whose value at (vK,, K,) which
corresponds to o under the cohomology isomorphism H*(K, n vK,v™!,
Z/p") = H*(A(F,). Z/p").
Then T, , corresponds to [q, v, ] € V/p", in the following asymptotic sense:
There is No(m) such that for q, v, a as above with ¢ = 1 modulo p™™, the
actions of T, o and [q, v, o] on H*(Y (1), Z/p™ )m coincide.

Proof. Under the derived Satake isomorphism, 7, , , is sent to
Muv@ue e (S[X,]@H'(AF,)))" .

With notation as in Section 8.17, let ©, € S[X,]y; be defined so that its image
under S[X. ]}, < S[X«]m — S[X«], is equal to v. Here, we regard v € X, <
S[X ]

Then, after completing at m, we have an equality

Satake(7}.,.4) Z O, - Satake(0 (wa)) € (S[X+] ® H'(A(F,)))m

weWw

where 6 is as in (154). (We can check this using the isomorphism (152): it gives
an isomorphism of the target group with S[X |, ® H'(T,), under which 6 (wa)
is, by its very definition, sent to 1 ® wa; under the same isomorphism @, is
sent to wv &® 1, and the result follows.)

As before we have fixed Frob, € T (F,) an element conjugate to o (Frob, );
fix alift7, € TV (Z,) that is conjugate to p(Frob, ). Then ©,,, (more exactly, its
preimage under Satake) acts on H*(Y (1), Z,,)m by {wv, ,) (this makes sense:
wv € X*(TV) and t, € TV(Z,), so they can be paired to get an element of
Z7). Using Theorem 8.5, we see that the action of T, ,, on H*(Y(1),Z,)m
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corresponds (in the sense of the lemma statement) to the element

D wvit) - fua(wa) = Y vow™ty) fra(wa) € V/p".

wew wew

Winding through the definitions, this element of V/p" is exactly [¢, v, «]. [

9. Some very poor evidence for the main conjecture: Tori and the trivial
representation

We verify that the main conjecture (Conjecture 8.8) holds in the case when G
is an anisotropic torus. This is straightforward, but still slightly comforting.

One may also verify that a certain analogous statement to Conjecture 8.8 holds
in the situation studied in Section 5, but there we do not understand the situation
clearly at present—hopefully it will eventually prove to be a specialization of the
general conjecture to the nontempered case.

9.1. Setup. Let T be an anisotropic F-torus; let O be the ring of integers of
F. Let us fix a finite set of places S such that T admits a smooth model over
O[5]. We assume it contains all places g above the rational prime p.

The associated symmetric space

S = T(F ® R)/maximal compact
has ¢, § invariants (see (18)):
g =0, §=dim(S).

The arithmetic manifold ¥ (K) associated to a level structure K is a disjoint
union of copies of S/A, where A is a congruence subgroup of T(QO). Moreover
the quotient S / A is a union of compact tori, and thus the rank of A, that is,
dimg(A ® Q), equals §. We suppose that K is chosen so small that A is free of
p-torsion.

9.2. Galois cohomology. Let M be the motive associated to the first
homology group H,(T) of T.

Let X, (T) be the cocharacter group of T. It carries an action of Gal(F/F).
Coming from X, ®z G,, = T, we get an isomorphism of Gal(F /F )-modules

M, := p-adic realization of M = X (T) ®z Z,(1) ~ limT[p"],
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the p-adic Tate module of T. Computing with the Kummer sequence,

(i) or(eli)en o

Inside the left-hand side, we can consider those classes that are crystalline at p
and unramified at all primes away from p, including primes in S. We denote this
subgroup by H lﬁur(F , M,). (For a precise definition we refer to [2]: the group
we have called H/,, is the group denoted by H; , in [2, Definition 5.1] with U
taken to be all finite places. This group is often simply written H ;(F, —) in the
literature.)

The subgroup on the right-hand side corresponding to H} .(F, M), call it

ser(o]!]) o

is commensurable to the image of A ® Z, in the right-hand side of (171).
Indeed, the constraint that a point # € T(O[{]) have cohomology class in H/ .
is equivalent to forcing ¢ to belong to a suitable open compact subgroup of
T(F,) for each v € S; see [18, Theorem 2.3.1] for this statement in the trickier
case when v is above p. We suppose (shrinking A a little if necessary) that
AQRZ,c A.

Also, the motivic cohomology H! (M, Q(1)) is identified with the T(Q) ®
Q, as we may see by first passing to an extension that trivializes the torus T.
Presumably the following is valid, but I did not try to check it:

Assumption: The subgroup of ‘integral classes’ H! (Mz, Q(1)) (see
discussion after (7)) is identified with the image of A ® Q inside

T(Q) ® Q.

Now a cohomological automorphic form /7 for T is trivial on the connected
component of T(F ®R), that is, they are the finite order idele class characters of
T. However, the associated coadjoint motive (see Section 1.2) does not depend
on which idele class character: we have simply

(coadjoint motive for IT) (1) ~ M,
the motive M described above. (Indeed, the Z ,-linear dual of T is identified with
Lie(T")" ~ (Lie(G,) @ X4(T"))" ~ X*(TV)RZ, ~ X,(T)RZ,

where we have fixed an isomorphism Z ~ Lie(G,,).)
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Now let us examine Conjecture 8.8 in this case. Put

V=H!

f,ur(F’ MP) V,

where M, is the p-adic etale realization, and v denotes Z,-linear dual; thus
V = Hom(4A', Z,). The notation Hy , was defined after (171).
There is a natural action of V on H*(Y, Z p), obtained from the maps

V=H'(AZ,) - H(A,Z,). (172)

Moreover, motivic cohomology gives a lattice in V® Q = H'(A’,Q [,) (the
classes which are Q-valued on A < A’) and obviously this lattice indeed
preserves H*(Y, Q), in the Q-linear extension of the action of V.

The only point to be discussed is that the action (172) is indeed that resulting
from the same formalism as Section 8. We describe this only briefly. Let v be a
finite place not belonging to S, so that T extends to a smooth torus over O,. As
usual we have an injection,

Hom(T(O,),Z/p") — derived Hecke algebra at v,

and thus an action of the left-hand group on the cohomology of H*(Y,Z/p");
explicitly, this action is obtained by pulling back cohomology classes via A —
T(O,), and cup product. By just the same procedure as that described in (124),
we can construct a map

Hom(T(O,),Z/p") — V/p"

~Hom(A’,Z/p")

and one verifies this is the map induced by A" — T(O,) ® Z,. Then the
action of V/p" on H*(Y,Z/p") is compatible with the ‘derived Hecke’ action
of Hom(T(O,),Z/p") for all v; and in fact this compatibility determines the
action of V/p".

Acknowledgements

Gunnar Carlsson pointed out to me that my original definition (which was
the one presented below in Section 2.3) should be equivalent to the much more
familiar definition with Ext-groups given in the introduction. The definition with
Ext-groups, or rather a differential graded version thereof, was already defined
by Schneider around 2008 and published in [28]; I was unaware of Schneider’s
work at the time. In any case there is little overlap between our paper and [28].
(See also [24]).

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

A. Venkatesh 104

Frank Calegari explained many ideas related to his paper [9] with Geraghty,
and, more generally, taught me (over several years!) about Galois representations
and their deformations. He also pointed out several typos and mistakes in
the manuscript. The joint paper [10] influenced the ideas here, for example,
Section 2.7.

I thank David Treumann who explained Koszul duality to me many years ago,
and more recently explained to me Smith theory and torus localization, which
were helpful in the proof of the Satake isomorphism.

I had a very helpful discussion with Soren Galatius and Craig Westerland.

I am grateful to Toby Gee for writing extremely clear lecture notes on
modularity lifting, without which I am not sure I would have achieved even my
current modest understanding of the Taylor—Wiles method, and to both Shekhar
Khare and Michael Harris for taking an interest and for many helpful discussions.
I thank Richard Hill for pointing out an error.

The referee read the paper very thoroughly and made many very helpful
suggestions about exposition and clarity. I thank him or her for the substantial
effort they made.

The author was supported by NSF grants DMS-1401622 and DMS-1931087,
as well as a Simons investigator grant.

Appendix A. Remedial algebra

In this section, we fill in some ‘intuitively obvious’ claims in the text in
grotesque detail, in particular, the identifications between various different
models of the derived Hecke algebra. (The word ‘remedial’ in the title of this
section refers to my own lack of fluency with homological algebra.)

An action of a topological group will be called smooth if the stabilizer of
every point is an open subgroup. We fix a finite ring S of cardinality prime
to p. A ‘smooth representation of G, in this section, will be a smooth action
of G on an S-module. We write SG (or occasionally S[G]| when typography
requires) for the group algebra of G with coefficients in S. We write Homgs for
homomorphisms of SG-modules; in Section A.11 we abbreviate this to Homg
because other notation becomes very dense.

Note that the usage of U and K in this section do not precisely match their
usage in the main text.

A.1.  Let K be a profinite group, which admits a pro-p open normal compact
subgroup U. Then the category C of smooth representations of K is an abelian
category with enough projectives. In fact, if Q is a projective K /U module, then
considering Q as a smooth K-module Q it remains projective: HomSK(Q, V)=
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Homyx/v)(Q, VY) and V — VY is exact by the hypothesis on U. (One can lift
U -invariants under a surjection V; — V, by averaging.)

In this situation, restriction to a finite index subgroup K’ < K preserves
projectivity. Indeed Homgg (ResX, A, B) = Homgk (A, IndX, B) and the
induction functor is exact.

A.2. Now let G = G, be the points of a reductive group over a p-adic field,
or any open subgroup thereof. Then the category of smooth representations of
G, is an abelian category and it has enough projectives.

Indeed, consider W = S[G /U] for an open pro-p compact U  G. Then

Homgs (W, V) ~ VY,

which is obviously exact in V. So W is projective, and now given any other
V we choose generators v; for V, open pro-p compact subgroups U; fixing v;,
corresponding projectives W;, and then get (P W; — V.

Throughout the remainder of this section, we suppose that G is as above, that
K is an open compact subgroup of G (in particular, K is profinite), and that
U < K is a pro-p open normal compact subgroup of K.

A.3. Fix a resolution of the trivial K-representation by projective smooth K-
modules:

Qi > 0= >0 —8. (173)

(Here, and in what follows, we use boldface letters to denote complexes.) To be
explicit, let us take Q to be the standard ‘bar’ resolution of S by free S[K /U]-
modules, considered as a complex of smooth K -representations.

Then Hom(Q, Q) computes H*(K, S), the continuous cohomology of the
profinite group K with S coefficients: indeed, the cohomology of Hom(Q, Q) is
identified with H*(K /U, S), which is identified by pullback with the continuous
cohomology H*(K, S).

The complex Hom(Q, Q) has the structure of differential graded algebra
arising from composition, and the resulting multiplication on H*(K, S)
coincides with the cup product (this reduces to a corresponding statement
for a finite group; for that see [37]).

If K" < K is a finite index subgroup, then Homgg/(Q, Q) still computes
H*(K', S) (see remarks above). Moreover, the averaging operator ) | /i — that
is to say, the map sending

f € Homgx (Q, Q) — Z]Kf/c*1 € Homgg (...)

K
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realizes the corestriction map H*(K', S) — H*(K, S), where the x sum is
taken over a set of coset representatives for K /K’ in K.

A.4. Induction and Frobenius reciprocity. We use the word ‘induction’ for
the functor from K-modules to G modules

M o SG Qs M. (174)
This is isomorphic to the usual ‘compact’ induction, namely space of functions

ind$ (M) :={f:G—> M: f(gk) =k""f(g), (175)
f is supported on finitely many left translates of K }

where the action of & € G is by left translation, that is, [, f (x) = f(h~'x). We
drop the word ‘compact’ and simply refer to (175) or (174) as ‘induction’; we
refer to the model (175) for induction as the ‘function model.’

We can define inverse isomorphisms between (175) and (174) as follows:
define ind§ (M) — SG ®sx M via

f= ) &®f(g)
x€(G/K)

where g, € G is a representative for x € G/K; in the other direction, we send
g @ m to the function supported on g K whose value on g equals m.

A.5. Frobenius reciprocity. We have Frobenius reciprocity
Homgg (ind§ M, N) ~ Homgg (M, N)

and therefore induction carries projective K-modules to projective G-modules.
Explicitly an S K-homomorphism f : M — N is sent to its obvious G-linear
extension SG Qsx M — N.

If G © K has finite index, we also have the reverse adjointness (since ‘compact
induction’ and ‘induction’ coincide): to give a K-map f : M — M’ is the same
as giving amap Fy : M — indi M'. Explicitly, in the function model for the
induced representation, F; is characterized by the property F;(m)(e) = f(m),
and so

Fy(m)(8) = L= Fr(m)(e) = Fr(g~'m)(e) = f(g"'m)

and thus in the tensor product model

Frim)= > g.®f(g;'m). (176)
)

xe(G/K
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A.6. Restriction of induced representations. Let (O be a smooth
representation of K. The restriction of ind§ Q to K is isomorphic to

P S[Kg.K]®sx Q ~ @S | s, Qx:@de 0. (7

xeK\G/K

where x = g, K runs through a set of representatives for K-orbits on G/K, and
we write K, = K n g, Kg_'; moreover for a K-module Q, we denote by Q, the
K .-module whose underlying space is Q, but for which the action * of K, on Q
is defined thus:

kg = (Ad(g; " )x) q. (178)
The first map of (177) is given explicitly by

kigika ® g = kigx @ kag — ki @ kag 179)
and the inverse map sends
k®q — kg ®q. (180)

In the function model of the induced representations, the composite map of
(177) sends F : Kg, K — Q to the function F’ : k — F(kg,). In the reverse
direction, given a function F’ in the function model of indﬁx 0., the inverse of
(177) sends it to

> kg ® f(k) € S[KgK] Qsk Q. (181)

k€K /Ky

A.7. Derived Hecke algebra. The derived Hecke algebra for the pair (G, K )
with coefficients in S is defined as

@EXtSG [G/K], S[G/K])

where the Ext-groups are taken in the category of smooth S-representations.

We can construct an explicit model as follows. Let Q be as in (173). Then P =
indQ is a projective resolution of S[G/K]. In particular, Homgg (P, P) has the
structure of a differential graded algebra and its cohomology gives the derived
Hecke algebra.

A.8. We now explicitly describe the isomorphism (25) between the derived
Hecke algebra and its ‘double coset model.’
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Let P, Q be as in Section A.7.
We have

177

Homgg (P, P) = Homgk (Q, ind§Q @ Homg(Q,indf Q,), (182)

xeK\G/K
.

J

=Homsk, (Q.Q,)

where x varies now through K\G/K, again g, K is a representative for x and
K, = K n Ad(g,)K, and the twist operation Q, is as described in (178).

Note that the last map induces a cohomology isomorphism. We must see
that H*(Homgg (Q, —)) commutes with the infinite direct sum P, ind§ Q,.
However, Q, is cohomologically concentrated in degree 0, and so the same is
true for indgx Q,; it is enough to show, then, for any K-modules M;, the obvious
map

6—) Homgg (Q, M;) —> Homgg <Q, @ Mi)

is a quasi-isomorphism. But this follows from the fact that taking U-invariants
commutes with infinite direct sum, as does the functor H*(K /U, —).

Note that the cohomology of Homgg (Q, Q,) is identified with H*(K,, S),
because Q and Q, are resolutions of S, and moreover Q is a complex of
projective K,-modules. Thus, (182) gives rise to an isomorphism:

H* (Hom (P, P)) @H (K., S). (183)

For later use, we explicate the map of (182), going from right to left: An
element f € Homgg, (Q, Q,) must satisfy f(xq) = (g;'kg.) f(q) for k € K,;
the associated element of Homgk (Q, ind§Q) is given in the tensor product
model of the induced representation by the formula of (176):

geQ—> > kg, ® f(k'q)

k€K /Ky

which is well defined.

A.9. Action of derived Hecke algebra on derived invariants. Now suppose
that M is a complex of smooth G-representations. There is a natural action
of Endss(P) on Homgg (P, M). Moreover, the latter complex computes the
hypercohomology H* (K, M) of K with coefficients in the complex M.

Thus, because of (183), we get an action of H*(K, ) on H*(K, M). Let us
describe the action of h, € H*(K,, S) on H* (K, M) as explicitly as possible, in
particular, justifying the claims of Section 2.10:
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LEMMA A.10. With notation as above, the action of h, is given by the following
composite:

Ad(g: )

H* (K, M) H* (K., M,) "=5" H*(K,, M)

s HE (K, M) S HE (K, M).

Here the first map is the pullback induced by Ad(g-") : K, < K, which pulls
back M to M,.

Proof. Choose h’. € Homgg (Q, indﬁx Q,) representing h,. For f € Homg (P,

M) we denote by f, € Homg (ind§ Q,, M) the restriction. We denote by [h’] €
Homyk, (Q, Q,) and [ f.] € Homgg, (Q,, M) the elements obtained from 7’, f,
using Frobenius reciprocity (but using the two different versions of Frobenius
reciprocity).

We want to compare the composition f, o’ and [ f,] o [h’] that is,

R, € Homsk (Q,indf, Qs) %  fo € Homsk (indf, Qz, M) — Homsk (Q, M)
[hz] € Homsk, (Q,Qz)  x  [fu] € Homsk, (Qu, M) ——— Homsr, (Q, M)

(184)
We compute

foon'(q) L <Zk® > Zkfx 'q)

ki€K /K

that is, this is what we get by averaging [ f,] o [’] over the action of K/K,.
The cohomology class of the composition [f,] o [A.] simply amounts (at
the level of cohomology) to the cup product of the class [ f,] € H*(K,, M)
(hypercohomology) with the class [h’] € H*(K,, S). So to prove the lemma it

remains to show:

Subclaim: The class [ f,| € H*(K,, M) is obtained from [ f] € H*(K, M) via

mb—»g,(m

HA (K, M) "0 B (K, ML) "8 HE (K, M).
At the chain level this map is given by the composite
HOITISK (Q, M) — HOInSKX (Qx’ Mx) — HOITISKX (Qx’ M)

where the first map is the trivial map, just considering maps of K modules as
K,-modules via Ad(g ') : K, — K; and the second map M, — M is given
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by m +— g.m. To check the subclaim, note that | f,] € Homgg (Q,, M) sends
q € Q, to the value of f, on the element 1 ® ¢ € indK 'Q, which is carried by the

isomorphism inverse to (177) to g, ® g € ind¢ + Qs thus

[fe] g — g f(q)

where here, on the right-hand side, we regard f as a map Q — M by Frobenius
reciprocity (that is, we pull it back via the obvious embedding Q — P, g —
1 ® g). This concludes the justification of the subclaim. O

A.11. Multiplication in the derived Hecke algebra. We finally analyze
composition (that is, multiplication) in the derived Hecke algebra, explicating it
with respect to the isomorphism (183), and thus justifying the description given
in Section 2.3.

Let o, B,y € G/K with representatives g,, gs, g, € G. Suppose given
he € H*(K,,) and similarly for 8. We compute the product hgh, considered
as elements of the derived Hecke algebra—or more precisely the H*(K,)
component of their product.

As in (182) we represent &, by an element 4/, € Homg (Q, ind%Q), and denote
by [h,] the corresponding element of Homy,, (Q Q,, ) and similarly for h4. By
(176) we have the explicit formula

hyiqge Qe Y kg ®[R](k'q) € S[Kg.K] ®sk O,

keK /K,

where we make a modest abuse of notation by identifying K/K, to a set of
representatives for it in K. Now apply h:s to the right-hand side, regarding
h}; € Homgg (P, P). The result is:

DD kgak'gs @ [Rylk T [AL]kT! € Homg (Q, SG ®sk Q). (185)

keK/Kq k'eK /Kp

The desired H*(K gy) component of the product 4 - h, is given by considering
all k, k' for which kg,k'gs € Kg, K, that is, it is represented by

Z kgok'gs @ [h]k'~' [, ]k~ € Homg (Q, S[K g, K] ®sk Q). (186)

kguk'gg€EK gy K

By ‘dual’ Frobenius reciprocity (see before (176)) the right-hand side can
be identified with Homg(Q, indny},) ~ Homg, (Q,Q,). If we write
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kguk'gs = kig,k,, an explicit formula for the corresponding element of
Homy (Q, indg Q,) is given (179) by

D YL TS A A )

kgak'gp=k18y k2 ~
ESK®sky, Qy

where the right-hand sum is over the same k, k' as before, and we consider
only those k, kK’ such that kg,k’gs € Kg,K. Then the corresponding element
of Homg, (Q, Qy) is given (see (176)) by picking out those terms for which
ki € K, ; in that case we can rewrite k1 g, k> = g, (Ad(g, ) 'k )k, and so we may
as well suppose that k; = 1. Thus, the desired result is

Z K" AL [A]k™ € Homg, (Q,Q,).

k.k":kgok'gp =g, k" N
HomKAd(kga)Kk/gﬂ (nga ‘nguk/gﬂ ) HDkagu (Q~nga)

(187)
Here we observed that

[hg] o k=" € Hom,, (Q, Qy, ) [5] 0 k!
€ Hoka’gﬂ (Qs Qk’g,g) HomAd g)Kk/ (Qg7 ng’g,g)

(the last isomorphism is the obvious one and we apply it to g = kg,). (For
example, to check the first, note that for z € Ky,, and g € Q we have

[h,] o k™" (zq) = [h,] ((k'2k)(k7'q)) = (8 'k~ 'zkga)[he] 0 k™' (q).

Indeed, [A]] represents the class in H* (K}, ), obtained by applying Ad(k) to
the class h, € H*(K,,).) Returning to (187), set

x =kg,k'gsK = g, K, y=kg,K, z=eK, U = stabilizer(x,y,z).

Then x, y are in relative position 8, and y, z are in relative position «, and x, z
are in relative position y.
Note also that

U = Ky, N Ad(kga)Kpg, = K N Ad(kgy)K N Ad(kgak'gs) K
Therefore, the composite occurring in (187)

HomKAd(kgu)Kk/gﬂ (Qrgy ’ng“k/gﬁ )
——

/_/ /:? / —1
F = AL o [n]k

Homy,, (Q.Qug,)
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actually belongs to Homy (Q, ngak’g;;)? as such F defines a cohomology class
for U. This cohomology class is given by taking the classes A, hg, transporting
them to classes in H*(Ky,) and H*(Ad(kg.)K,,,), by means of Ad(k) :
Ky, ~ Kig, and Ad(kgok') © K ~ Ad(kga)K,,,, restricting to U, and taking
the cup product.

Said differently, let us think of 4, as a G-invariant association H, from pairs
(u,v) € G/K x G/K to cohomology classes in H*(G,,) — the one whose value
at (g, K, e) is given by the original cohomology class in H*(K,, ). Similarly for
hg. Then,

cohomology class of F = Hg(x,y) U Hy(y,z) € H*(G,).).

Now K, = G,; acts on the set of (k,k’, k") as above, that is, satisfying
kgok'gs = g k", via

i (kK k") — (k. k', Ad(g,, " )ik”).

For fixed (k, k', k") the stabilizer of this K, -action is just U. The contribution of
a single K, -orbit is given by

Z Ad(g, ko Fok™
k€K, /U

which is to say that it averages F, considered as an element of Hom(Q, Q, ),
over the cosets of K, /U. (The Adgy_ ! accounts for the twisted action on Q,)
This precisely realizes the corestriction from U to K, .

In summary, we have recovered the description of multiplication in the derived
Hecke algebra given in Section 2.3.

Appendix B. Koszul algebra; other odds and ends
Let B be a commutative ring with 1. Let
B[[x1,....x]] =S —> R = B[[yi,.... y—s]]

where ¢ sends x; to y; fori < r — §, and x; to zero fori > r — 6.

Let pg be the kernel of the natural augmentation S — B, and similarly for R.
Write tg for the B-linear dual of for py /p§ and similarly for tg. Just as in (88) we
have a canonical identification

Exty(B, B) ~ ts.

We prove:
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LEMMA B.1. Exti(B, B) is afree-exterior algebra over its degree 1 component;
thus we have Exty (B, B) ~ A*tg as graded B-algebra. Moreover, there is an
identification of Exti (R, B) with A*(ts/tr) in such a way that the natural action
of Exti (B, B) ~ A*ty is the natural one obtained from the algebra map n*ts —

A* (ts/tr).

This will follow from the computations of Section B.2 (more precisely, with
the precisely analogous computations wherein one replaces the role of symmetric
algebras by power series algebras).

B.2. Koszul algebra. Let W be a free module of rank e over a base ring B
and consider the ring R = Sym, (W), that is, ‘the ring of functions on W"." In
what follows we omit the B subscript on Symy,.

We have a resolution

- — Sym(W) ® A*W — Sym(W) ® W — Sym(W) — B,

K

[

where the differential sends

rw; A Aw, € Sym(W)RA'W HZ(—I)i*Irwi(@wl A Wi AL Wy

There is a corresponding resolution where we replace Sym(W ) by its completion
with respect to the augmentation Sym(W) — B, that is, when we replace a
symmetric algebra by a formal power series algebra.

In particular, we get

Homg (K, B) ~ (A'W) " with zero differentials

and thus an identification of Ext, (B, B) with (A'W)".

In fact, Ext;(B, B) is a free-exterior algebra, where the algebra structure
on the Ext-groups arising from their identification with the cohomology of the
differential graded algebra

Homg (K, K).

To see this, one verifies that each element of w € WV, considered as acting on K
by contractions, actually defines a degree —1 endomorphism of K; the resulting
inclusion
%
/\ (W) = Homg (K. K)

gives a quasi-isomorphism of differential graded algebras.
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Suppose now that U is a free submodule of W such that W/U is also free. In
this situation we have a quotient map

R = Sym(W) — Sym(W/U) := R.

We have a resolution of R-modules (where the differential is given by the same
formula as before):

- — Sym(W) ® A*U — Sym(W)® U — Sym(W) — R,

<

and from this we identify Ext% (R, B) with (A*U)".

LEMMA B.3. The action of Exty(B, B) ~ (A*W)Y on this is the natural one
that arises from the map W>¥ — U".

Proof. Tt is enough to check this for the action of Exty(B, B). We have
identifications:

Extf(R, B) ~ H* (Homg(Q, B)) = H* (Homg(Q, K)).

Explicitly, a class in w; € (A/U)¥ ~ Extj(R, B) is represented by a map of
complexes Q — K as follows:

i ——= RN ——=RQANU—=RRQIATU (188)

lf Lw,E/\jUV

o— > K, =RQ®W——K;=R 0
(since this lifts the map Q — B[] associated to w;).

Fix a basis e, ..., e, for U and extend it to a basis ey, ..., e, for W. For
I < {1,..., e} with cardinality r, we define e; € A" W thus: write [ = {i\, ...,

i} withi; <---<i, andpute; = e;, A e, A+ A e,. We may choose f to be
given, explicitly, as

e; € ANMNTU — Z(—l)[k]—le(e,,k) ®e € RQW,
keJ

where [k] means the position of k in J (that is, if J is ordered in increasing order,
then 1 for the smallest element, two for the second smallest, and so forth).

To compute, now, the action of B € WV = Ext;(B, B) on the class w i, We
just regard B as an R-module map K; = R@ W — R, and then compose

Bo feHomp(AT'U®R,R) = (AT'U)".
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Explicitly,
Bofies= D (=) Bleos(ess) = (B nwjen)

keJ

thatis, 8 A @ ;» where B is the image of B in U " . This concludes the proof. [J

B.4. A result in topology. Suppose that 7w : X — Y is a covering of pointed
Hausdorff topological spaces, with Galois group A. This covering is classified
by amap ¥ — BA from Y to the classifying space of A.

There are two natural actions of H*(A, E) (with E a coefficient ring) on
H*(Y,E):

(a) The first arises from pullback of cohomology classes under ¥ — BA
together with cup product.

(b) The second arises from the identification of the cochain complex of Y, with
E coefficients, with

C*(Y; E) ~ Homgs(C«(X, E); E)

where C,(X; E) is the chain complex of X (or for example, the complex
of a A-equivariant cell structure), thought of as a complex of E A-modules.
Then one composes with self-maps of E in the derived category of EA-
modules.

For lack of a reference, we prove the coincidence of these actions. For this we
use the following standard Lemma concerning the coincidence of singular and
sheaf cohomology (see [31] for a careful discussion; however this reference does
not discuss the product structures):

LEMMA B.5. For any locally contractible Hausdorff space M, and any E-
module A, let A be the constant sheaf on M with constant value A, considered
as an object of the category of sheaves S of E-modules on M.

Then the complex of local chains U — C*(U, A) defines a presheaf on M;
let C¥ be its sheafification. Then A — C} is a flasque resolution of A. Moreover,
the natural maps

C*(M,A) - I'(M,C}) = Homs(A, C¥)
induces, at the level of cohomology, an isomorphism
H*(M,A) ~ Exti(A, A) (189)

which carries the cup product on the left to the Ext-product to the right.

https://doi.org/10.1017/fmp.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2019.6

A. Venkatesh 116

Proof. (that (a) and (b) coincide). Observe, first of all, that every E A-module
M gives a locally constant sheaf M on Y, namely, the one represented by
the covering (X x M)/A — Y. The cochains C*(Y, M) are then given by
Homp(Cy (X, E), M).

Fix s € H"(A, E). It gives rise to a homomorphism « : E — E[m] in
the derived category of EA-modules, which can be represented by a diagram
E < P — E[m] where P is a complex of projective E A-modules. Thus we get
a diagram of locally constant sheaves on Y:

a:E < P — E[m].

This gives a map in the derived category of sheaves on Y, and thus an element
of Ext'g (E, E); this element represents the pullback oy of e, to Y. or rather its
image under (189).

By the final sentence of the Lemma, the cup product with «y is given, at the
level of cohomology, by the Ext-product, which is explicitly the composite:

H*(Y, E) < H*(Y, P) — H*(Y, E[m]).

By the lemma, these groups are naturally identified with the cohomology of the
corresponding cochain groups; so the above composite coincides with

HomEA(C*(X, E), E) <: HomEA(C*(X, E), P) —> HomEA(C*(X, E), E)

where the middle term is now the Hom-complex between two complexes.

But this composite is also given by the Ext-product, in the category of E A-
modules, with the class of «. This concludes the proof of the coincidence of (a)
and (b). L]
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Index of symbols and important notation

Ay, 29

BV, dual Borel, 14

By, 29

F,13

Gy, 14,29

H}, 76

Ko, 53

Ky, 14

M*, dual of a Galois module, 77
R, 54

RQn’ 69

S (set of ramified places), 55
Sn, 59

T,29

T (set of places), 54
TV, dual torus, 14
Ty, 58

T,,78

Wi, 85

Wy, 58

X4, 13,29
Y(1),53

Y(K), 14
YO(Qn)a 58
Yo(q). 58

Yi(q), 58

Y1(g,n), 58

Y(On), 58

Ad*, 76

g, minimal degree of tempered cohomology, 3
Frob] , 57

11, 54

S, 59

V, 78

V-convergent, 96

Xt 63

XFrob? » 63

R5, 57

T, 25

V), 27

T(V), 27

tg.n, 18

H (hypercohomology), 108
A(Fy)°, 29
G, 13

A, 29

B, 29

G, 29

m, 55

{Rn’ 85

ts,» 85

tR, 84

Hg, 36

Hyy, 36
H;g, 36
Hgy, 36
H(G,U), 16
A, 16
2#U) 16
7,75

Hx, 15

I, 16

p, 57

0,57

W, 36

Ry, 72

Xy, 64

fans 78

s (size of Taylor—Wiles datum), 57

convergent (Taylor—Wiles data), 83
derived Hecke algebra, 16

global derived Hecke algebra, 25
inertial level, 68

level of K, 14

strict global Hecke, 27
strict Taylor—Wiles datum, 94
strongly regular element, 57

Taylor—Wiles prime, 57
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