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CORES OF POTENTIAL OPERATORS FOR
PROCESSES WITH STATIONARY
INDEPENDENT INCREMENTS

KEN-ITI SATO

1. Introduction.

Let X,(w) be a stochastic process with stationary independent in-
crements on the N-dimensional Euclidean space RY, right continuous in
t = 0 and starting at the origin. Let Cy,(RY) be the Banach space of
real-valued continuous functions on R? vanishing at infinity with norm
Ifll = sup|f(x)]. The process induces a transition semigroup of oper-

ators Tf on Cy(R%Y):
T.f(x) = Ef(x + X,) .

The semigroup is strongly continuous. Let A be the infinitesimal gener-
ator of the semigroup, and J,, 2 > 0, be the resolvent. The potential
operator V in Yosida’s sense [7] is defined by Vf = hm J.f (limit in the

strong topology) if and only if the set of f for Whlch the limit exists
is dense. If V is defined, then A is one-to-one, V = —A~!, and hence
V is a closed operator (see [7] or [4]). It is proved in [4] that the semi-
group 7T, admits a potential operator except if X, = 0 with probability
one. A subset M of D(V) is called a core of V, if for each fe D(V)
there is a sequence {f,} in M such that f, — f and Vf, — VS strongly.
The purpose of this paper is to describe cores of the potential operator V.
An importance of finding cores of V lies in the fact that the operator V
considered only on a core is enough to determine the semigroup. That
is, if two strongly continuous semigroups 7® and T® have potential
operators V® and V®, respectively, and if V® and V® coincide on a
common core, then T® and T® are identical.

Let X be the collection of points x such that for each open neigh-
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borhood B of « there is a t > 0 satisfying P(X,; e B) > 0. Let & be the
smallest closed subgroup which includes 2. Let M be the collection of
measures u on the Borel sets in R such that x is finite for compact sets
and is invariant under translation by every xe®. Let Cp = Cr(RY)
denote the set of continuous functions on RY with compact supports.
We will prove the following (Theorem 4.1): If the process is transient,
then the set of functions fe Cx such that

1.1 LN F@pdz) =0 for every pe M

is a core of the potential operator V. Under the conditions & = RY and
E|X,|* < oo, we will make refinement of the above result (Theorem 5.1).
Namely, we will prove that certain smaller sets are cores of V. We will
further obtain similar results in recurrent non-singular case (Theorems
6.1 and 6.2), using results of Port and Stone [2]. If a moment of higher
order exists, we can choose a smaller set as a core. This is not un-
natural considering the following fact obtained from Port and Stone [2]:
Suppose N =1 and & = RY. Then ©(V) N Cx is related with the ex-
istence of the first or second order moment. More precisely, let I, be

the set of functions fe Cx(R") such that Jf(x)dx = 0, and I, be the set
of feCx(RY) such that j f@)dx = f f@xdx = 0. In transient case,

N, if B1X,| <o,

D(V) N Cx =
()N Cx Cx if E|X,| = oo}

and in recurrent non-singular case,

@(V)nc—m‘ if X} < oo,
T,  if EX?= 0.

The following notations are used throughout this paper: d is the dimen-
sion of ®&; m is a Haar measure of &; v is the Lévy measure (see Theo-
rem 2.1); Cy = C2(RY) is the set of C~ functions on RY with compact
supports; & = (&, ---,2y) and (2| = @2+ -+ + 23D B, ={y:|y| <a},
the open ball in RY with radius o and center at the origin; especially
B, is the open unit ball; B¢ is the complement of B,; yz is the indicator
function of a set B; B+ x istheset {y + x:yeB}; B—x =B + (—x);
B+ C={y+ 2:yeB and zeC}; and B\C is the intersection of B and
the complement of C.
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2. Infinitesimal generators.

An explicit expression of Au for nice functions # has been known
essentially from 1930s. We need the following result.

THEOREM 2.1. Let A be the infinitesimal generator in Cy(RY) of the
transition semigroup of a right continuous process with stationary inde-
pendent increments. Then, Cy C D(A) and C% is a core of A. For each
ue Cy, Au is of the form

y ou X ou
Au(x) = Yla; x b, x
(x) z;h jaxiaxj( ) + ;::1 axi( )

Y, ou
* j R¥\(0) [u(w +9) — u@) — 15,®) ;1 Y oz (x)] wdy) ,

2.1

where a;; and b; are constants, (a,;) is o symmetric nonnegative definite
matriz, and v is a measure on RY\{0} satisfying

JRM\B) < oo, f IR

The constants a;;, b, and the measure v are uniquely determined by A.
Conversely, for every choice of such a;;, b, and v, we can find o corre-
sponding A.

The measure v is called Lévy measure. A proof of the above theo-
rem is given in [3]. Another proof is as follows: Let C; be the set of
C= functions whose derivatives of all orders belong to Cy(R"). By Theo-
rems 1 and 2 of Courrége [1], C7 is included in ©(A) and, for each
ueCy, Au(x) is of the form (2.1). Since Cg is dense and mapped by T,
into itself, Cy is a core of A by Lemma 2.2 of Shinzo Watanabe [6].
For each ueCy, it is easy to find a sequence u, € Cy such that «, — «,
U, [0x; — ou/dx; and 8u,/dxx; — o'u/ox0x; strongly for all 7 and 7. It
follows from (2.1) that Awu, — Au strongly. Hence Cj is a core of A.
The converse part is obtained from Theorem 4 of [1].

As we pointed out in Introduction, a potential operator V is associ-
ated with A, unless X, = 0 with probability one, that is, unless A is the
zero operator. Since V = —A~!, the following result is immediate.

COROLLARY 2.1. The set {Au:ueCg} is a core of V.
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3. General lemmas.

In this section X,(w) is the process described in Introduction and no
further conditions are imposed. We will give lemmas which we need in
the following sections.

LEmMMA 3.1. If peM, feCy(RY), and f is p-integrable, then J,f is
p-integrable and

3.1) A7 r@pde) = j F@)pda) .

Hence every pe M is an invariont measure for the process.

Proof. It suffices to prove (38.1) for f = 0. Let £, be a probability
measure defined by

r(B) = 2 f "e-#P(X, ¢ B)dt .
0
Then &, is supported in X, and

(@) = f F @+ Prdy) -

It follows from ue M that

(3.2 ff (@ + Ypdr) = ff (@pdx)  for ye .

Hence we have (3.1) by Fubini’s theorem.

LEMMA 3.2. Let pe Mand ueDA). If uand Au are p-integrable,
then Au has p-integral null.

Proof. We have
j Au(x)(dz) = 2 f T Au(@)u(dz) = XZJ'Jlu(x);z(dx) — 2fu@) @z =0

by Lemma 3.1.
LEMMA 3.8. The Lévy measure v is supported in 2.

Proof. The set X obviously contains the origin. Suppose that x° is
a point £0 in the support of v. Given ¢ such that 0 < < |2, let v
be the restriction of v to 2° 4+ B,, and let

https://doi.org/10.1017/50027763000015129 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000015129

CORES OF POTENTIAL OPERATORS 133

APy(x) = f(u(x + ) — u@)®(dy) , APu(x) = Aux) — APu(x)

for ue Cz. We can assume X, = X + X®, where X® and X are in-
dependent processes generated by A® and A®, respectively. Let § be
the total mass of v®: 8 =u(a’ + B,) > 0. The process X{ is a compound
Poisson with jumping measure g~»®, that is, X{® = > r¢, Z,, where {Z,}
are independent identically distributed random variables, each Z, has
distribution g~»®, and Y, is a Poisson process with mean EY, = ¢, in-
dependent of {Z,}. We have

P(X, — 2] < 2) = P(X® — 2| < 9P(XP| < o) ,
P(X® — a0 < &) = P(Y, = DP(Z, — 2" <& >0,

and also P(X®| <e) >0 for small £t > 0. Hence 2°¢ 3 and the lemma
is proved.

LEMMA 3.4. If u is in Cx(RY) with support in B,, then

3.3) Au(x) =0 for e ® + B,
3.4) [Au(x)| £ ||ul|v(B, — ) for x¢ B, ,
and

J. mgb!x + yI*|Au(x + y)|x(dy)
(8.5) o

< uunj (@ + |2)°u(d2) sup u(B, + y — @)
Bf_a I O)
for an arbitrary measure p on RY, xeRY, b > a, and a = 0.
Proof. The assertion (3.3) follows from (3.4) by Lemma 3.3. We
have from Theorem 2.1

(3.6) Au(z) = Iu(x + yw(dy)  for xeB,,

which implies (8.4). Let us prove (3.5). We may assume z = 0, because
for a general  we need only consider p, defined by u,(B) = (B — x)
instead of x. We have

[ juriAuw ) < i JyisBe — vy
3.7 5 >

= |l wd2) |yPrs v + Dutay)
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by using (3.4), Lemma 3.3 and Fubini’s theorem. If y + ze B, and y € Bg,
then [2| > b — e and |y| < |2| + a. Hence the last member in (3.7) is
not larger than

el (21 + ayuBa — am(da),

from which follows (8.5) for x = 0. The proof is complete.

LEMMA 3.5. If ueCy and pe M, then Au is p-integrable and has
u-integral null.

Proof. Suppose that # has support in B,. We use the estimate (3.5)
with £ = 0 and « = 0. Since

sup (Ba, + y) = H(Ba,) < oo ’

YEG®
the right-hand side of (3.5) is finite. Hence Awu is p-integrable. The
p-integral vanishes by Lemma 3.2.

LEMMA 3.6. Let fe Cx(RY). Then, (1.1) holds if and only if
(3.8) I fl@x + yym(dy) =0 for every x e RY .
(6}

Proof. Since for every ze RY a measure m, defined by m. (B) =
m((B — x) N &) is a member of M, (1.1) implies (3.8). Let us prove the
converse. We can find a Borel set H such that every ze RY is uniquely
represented as z =x +y, v€®, ye H. Let pe M. Fix a Borel set B°
in & such that 0 < m(B") < o and define a measure p/ on H by

Y(C) = m(BY)'wB® + C) for CCc H.
For Borel sets BC & and C C H, we have
B + C) = m(B)(C) .

In fact, since (B + y + C) = p(B + C) for ye®, we have pu(B + C) =
const m(B) for a fixed C. The constant is no other than x'(C). There-
fore, we have

f W7 PHdR) = u@g(x + yymda) (dy)

for every nonnegative measurable g. Hence, if (3.8) holds, then f has
p-integral null by Fubini’s theorem. The proof is complete.
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Let h(§) be a continuous function on [0, o) such that (&) is 1 for
0=¢<1, 0 for £=4, and 0 < &) <1 for 1 < &< 4. Let h,(x) =
h(zf/n?) for n = 1.

LEMMA 38.7. Given ue Cy(RY) and f = Au, define
3.9 9.(x) = —f J@ + Ph,(x + y)m(dy) / f ho(x 4+ Ym(dy) ,
® ®

(3.10) Fa(@) = (f(@) + ga(@)h(2) ,

where we understand ¢,(x) = 0 when the denominator in (3.9) vanishes.
Then, f,e Cg(RY), f, has p-integral null for every pe M, and

(3.11) sug]gn(xﬂ = o(n~%) as n— co ,
(3.12) |fo—Fll—0 as N — oo .

Proof. The function g,.(x)k,(x) vanishes if |x| > 2n. If |z] = 2n and
&’ — x, then h,(x) = 0 and g,(2)h,(z) — 0 since |g,(@)| Z || fIl. If || < 2n,
then the denominator in (3.9) is positive and g,(x) is continuous at z.
Hence f,cCx. We have

I@f (% 4+ y)m(dy) = J@ f@ + Wh(x + yIm(dy)
®

for ze RY, since g.(z + ¥) = ¢g.(x) for ye®. It follows that f, has
p-integral null for e M by Lemma 3.6. Suppose that » has support in
B, LetD,=®& 4+ B,. IfxeD, thenx + yeD,forye® and g,(x) =0
by (8.3) in Lemma 3.4. Let xe D, and let us give estimation of g¢,(x).
We have ¢ = 2° + ' with 2" ® and |2'| < a, and hence

j@hn(x + mldy) = mly € ©: |z + y| < n}
=m{ye®:|z' +y=n}zm{yeS:|y| = n— a} = cn — a)?

with a positive constant ¢. Noting that f satisfies (3.8) by Lemma 3.5,
we observe that

U@f(x + P + Y@y | =| [ J@+ 9 = e + Pim(dy)

= J e @ ) midy) < [[ul|o(B-)m(Ba — @)
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by using Lemma 38.4. The last member tends to zero as # — oo uniformly
in xe D,. Thus we get (3.11). The assertion (3.12) follows from (3.11)
and feC,, since

Wfo— FIl = sup | f(2)] +fg£lgn(m)l .

LEMMA 3.8. If ue CyRY), then Au is a C* function.

Proof. Using the expression (2.1) of Au in Theorem 2.1, we can
see that Au is continuously differentiable and

axi 8xi

Hence Au is a C= function by induction.
LEMMA 38.9. Let « > 0. If
(3.13) EIX," <o
holds for some t > 0, then it holds for every t > 0 and

3.14) IRN]xI”[Au(x)ldx < oo

for every uweCg. If

(3.15) E|X,| < oo,

then

(3.16) f zAu(z)ds = —(EXg”)f u(@)de

for every we Cg, where X is the i-th component of X,.

Proof. Let ¢,(6) be the characteristic function of the distribution
of X,:

46 = Bexp(v=1 16X for £ = (o, e R
Then, it is known that
N - N
$:(§) = exp [t<“‘;élaijfi$j + /=1 ; b:&:

3.17) N
+ f @ — 1 — g (W =1 sy)u(dw)] ,
RN\{0}
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where §y = 3°Y,&y;. Hence E|X,|* is finite if and only if
(3.18) [ jyestay) < oo
ly1>1

by the result of [5]. Therefore, if (8.13) holds for some t > 0, then it
holds for every t and (38.14) holds by Lemma 3.4. If (3.15) holds, then
we get on the one hand

JRinAu(x)dx = — <bi + J.wglyi”(dy)) JRnu(x)dx

by elementary calculation from (2.1), and

EXP = —y/=1.%0) = b, + f yldy)
0%, lylzl
from (3.17) on the other hand. Hence (3.16).

4. Transient case.

We assume that X, is transient. Let U be a measure defined by
UB) = rP(X; ¢ B)dt .
0

This measure is finite for compact sets and concentrated on 2. We need
the following analogue of the Blackwell-Feller-Orey renewal theorem.

PROPOSITION 4.1. (Port-Stone [2]) (i) Suppose that d = 2 or suppose
that d =1 and E|X,| = co. Then,

4.1 lim UB+2)=0

2SI GREAEE
for every bounded Borel set B. (ii) Suppose that d =1 and E|X,| < oo.
Assume N =1 for simplicity of statement. If +EX, > 0, then

4.2) lim UB+ 2)=cem(B), lim UB+x2)=0

LEF,T— oo TEQ,T~=TFoo

with a finite positive constant ¢ for every bounded Borel subset B of
® such that the boundary of B in the relative topology of & has zero
m-measure.

As a consequence, we have

4.3 sup UB + ) < oo

ZERN
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for every bounded Borel set B, if only transient. Note that if d =1,
E|X,] < oo and EX, = 0, then it is recurrent.
We will prove the following result.

THEOREM 4.1. If X, is tranmsient, then the set M of functions in
Cx(RY) which have p-integral null for every pe M is a core of the poten-
tial operator V.

LEMMA 4.1. If feM, then feDV) and
4.4) Vi) = jf(x + U@y .

Proof. Suppose that f has support in B,. Let g(x) be the right-
hand side of (4.4). This is a uniformly continuous function. In fact,
for a given ¢ < 0, let § be such that 0 <6 <1 and |f(x) — f(x)| < ¢ if
| — 2’| <. Then we have

l9(x) — 9(2)| £ eU(Bqg,, — @) < const ¢
by (4.3). Suppose that

(4.5) limg(x) =0

@] ~o0

is proven. Since we have
[J.f (@) £ flf(x + U@y = I f|UB, — @),

which is bounded by (4.3), J,f(x) tends to g(x) boundedly and point-
wise as 1 — 0; in other words J,f tends weakly to g, and hence fe D(V)
and Vf = g by Theorem 2.4 of [4]. Let us prove (4.5). First, it follows
from Proposition 4.1 and fe I that

(4.6) lim g+ y) =0

€@, lx]—o

for each fixed ye RY. Let D, =& + B,, the a-neighborhood of &. We
can find a Borel set H such that every z e RY is uniquely represented as
z2=x+Yy, v€®, yeH, and that H N D, Cc B, for some b > 0. We
claim that the convergence in (4.6) is uniform in ye H. If y ¢ D,, then
gx + y) = 0 for xe®. For a given ¢ > 0, we can find by the uniform con-
tinuity a 6 > 0 such that |g(z) — 9(#)| < e if |z — 2| <5. Lety’e H N D,.
If xe® and |z| is large enough, then
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gz + 9| < |9 + ¥)| + e < 2

for all y such that |y — 9°| < 4. Since H N D, is a bounded set, it fol-
lows that (4.6) holds uniformly in y ¢ H. Given ¢ > 0, let p > 0 be such
that if x ¢ ® and |z| > p, then |g(x + ¥)| <e for all ye H. If |2|>p + 0,
then z =2 + vy, ze®, ye H, where ye D, or |y| < b. In either case we
have |g(z)] < e¢. Hence (4.5) is proved.

Proof of Theorem 4.1. We have It C ©(V) by the above lemma.
Hence, by virtue of Corollary 2.1, it is enough to prove that for each
u# e Cy there are a sequence {f,} in M and a g in C, such that f, — Au
and Vf, — g strongly as n — co. Let f = Au and let f, be the one de-
fined by (8.10). Then, by Lemmas 3.7 and 4.1, we have f,e Ik, f,— f,

and
4.7 V@) = [fula + U@ -
Let
4.8) 0@ = 1@ + U .

The integral exists by (4.8) and Lemma 3.4. We claim

“4.9) lim Vf,(x) = g(x) uniformly in x e RY .

n—co

It follows from (3.10) and (4.7) that

(V7@ — g@)] = fmm 7@ + 9| UAY) + sup|g,(2) f T + DUEY) .

The first term of the right-hand side tends to zero as n — co uniformly
in z by (3.5) and (4.3), while the second term also tends to zero uniformly
in z by (3.11), since we have

sup | h.(x + YU(dy) < sup U(x + B,,) = sup U(x + By,)
(410) xE€ RN, xERN €@
< cenisup Ul + B) < ¢'n?
z€@
by (4.3), where &, is the d-dimensional Euclidean subspace including &,
and ¢ and ¢’ are constants. Hence we get (4.9), which proves that g e C,

and |Vf, — ¢g|l— 0. The proof is complete.
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5. Refinement in transient case.

We assume transience and ®& = R" in this section. We say that a
function ¢(x) is a order homogeneous outside a compact set, if there is
a b > 0 such that

#(Az) = 2°¢(x) for || = b, 221.

For such a function ¢ we define the homogeneous modification

s - (5[}

Note that ¢(x) = $(x) for |z| = b.

THEOREM b5.1. Suppose E|X,|* < oo for a real number a > 0. Let
é:(x), 1 <1<, be an arbitrary number of continuous functions on RY
such that ¢; is «; order homogeneous outside a compact set, 0 < a; £ a,
and the set of the homogeneous modifications {¢,(x):1 < i < 1} is linearly
independent. Given real numbers a;, 1 <1 <1, let I be the set of func-
tions fe CyRY) such that

6.1 LN f@de = 0, j J@g@dz=a, for 1Si=l.

Then, I is a core of the potential operator V.

Proof. The set M is included in D(V), since M consists only of
multiples of the Lebesgue measure of RBY in the present case. Using a C~
function (&), let h,(x) be the function given in Section 3. Let ucCg
and f = Au. By Lemma 3.8, f is a C> function. Let ,(x) = 1 and let
v, (x), 1 <1 <1, be C° functions on RY, «; order homogeneous outside a
compact set for each 4. Let

(5.2) Fu@) = (7@ + 2 0,b@) @)

Surely f, is in C3. We want to determine constants b;, so that f,e I
and prove

(5.8) | fo — SfII—0,

(5.9 |VSfw—9gll—0

for g defined by (4.8). Let ay = oy = 0. We have f,eIN if and only if
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65 [r@a@h@dz + 2o [p@r@h@d =0,  0Sisl,
where ¢, = 1. We have
(6@ @@ = 2 (s 000, @ae
= nNLm;wnSgi(nx)%(m)hl(x)dx

+ an y dsma)r;(na)h,(x) dx ,

lz|<

hence

(5.6) n= V=) Go(@)r (2 Ry (2)dw — fﬁi(x)%(ﬂﬂ)kl(x)dx

as n— oco. It follows that
R-¥ D=2 ot (Igbi(x)«]rj(x)hn(x)dx)
§,5=0,000,1

¢ = det (qu,.(x)&j(x)hl(x)dx) ‘

i,]=0,"',l

5.7

where B = >l ;. Using Weierstrass’ theorem, we choose the functions
¥, in such a manner that max |¢;(x) — ¥4(x)] (1 < 7 < 1) are so small that
lz|=b

¢ is positive. This is possible because we have

det (Jqﬂx)@(x)h(x)dx) >0

T, f=0,000,1

since it is the Gramian of {$,(¥)h,(x)?*} and the functions @,(x) restricted
to |x| < 2n are still linearly independent. Thus, for sufficiently large =,
{b;n: 0 =< 7 £ 1} which satisfies (5.5) uniquely exists. We have

(5.8) j F@ha(@)dz = o(1) and f 1@ @ ha(@)dz = O(1)
as n — oo by Lemma 3.5 and by
(5.9) J]x]«]f(x)]dx < oo,

which follows from the assumption E|X,|[* < oo by Lemma 3.9. Hence we
can easily check that

(5.10) bjw=o0n") for 071,
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solving the linear equations (5.5) and using (5.6) and (5.7). It follows
that

Ifa = Sl = sup | F@)] + J_Zijolbml(Zn)“f = sup | f@)] + o) .
Further we have
V@ —g@| <[ i@+ 9)|Uaw
+ const ]_‘;lbmln“’ ha(x + »)U(dy)

using (4.7) and (4.8), and see that the right-hand side tends to zero uni-
formly in « using (8.5) and (4.8) for the first term, and using (4.10) and
(5.10) for the second term. Hence we get (5.3) and (5.4), completing
the proof.

6. Recurrent case.

Let X, be recurrent. In addition we assume that X, is non-singular
in the sense that for some ¢ the distribution of X, has non-trivial abso-
lutely continuous part. We have necessarily & = RY and N =1 or 2.
Port and Stone give the following result.

PROPOSITION 6.1. (Port-Stone [2], Section 17) If f is bounded, meas-
urable, vanishes outside a compact set, and has null integral, then

re‘“ Ef(x + X,)dt is bounded uniformly in 2 > 0 and tends to a func-

0

tion g(x) as A — 0. The convergence is uniform on every compact set.
There are a continuous function a(x) and o finite measure p, such that
the following hold: (i) The function g is represented by

©.1) 0@) = — [ 7@ + Y@y — (16 + Y@ .

() If N=2orif N=1 and E|X,}f = o, then

(6.2) .E.Ifi (e + 9) — a(@) =0

uniformly in y on every compact set. (iii) If N=1and E|X,} = ¢* < oo,
then

(6.3) lim (a(x + ¥) — a(x)) = ty/d

F s
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uniformly in y on every compact set

The following is a direct consequence of the above result. Noting
that (6.1) is written as

69 9@ = —[r@ew - ©) - o(—e)dy — [ + Pu@v
and recalling Theorem 2.4 of [4], we see that if fe Cx(R¥) and
(6.5) j fx)de = j f@eds =0 for1<i<N,

then ge C(RY), feD(V) and Vf =g. Also, (6.2) as well as (6.3) imply
(6.6) se%)][a(x + ) — a(x)| < const (Jy| + D).

THEOREM 6.1. If E|X,| < oo, then the set of functions fe Cy satis-
fying (6.5) is a core of the potential operator V.

The proof is obtained by a simplification of the proof of the follow-
ing theorem with trivial changes.

THEOREM 6.2. Suppose that E|X,|* < co for an a > 1. Let ¢,(z),
N+ 1511 be an arbitrary number of continuous functions such that
é; 18 a; order homogeneous outside a compact set for some «; satisfying
1 < a; < a and the set of the homogeneous modifications {¢;: N + 1 <1 < 1}
18 linearly independent. Given real numbers a;, N +1 <1 <1, let I be
the set of functions fc Cx(RY) which satisfy (6.5) and

6.7 j F@¢@)de =a; for N+1<i<l.

Then, M is a core of V.

Proof. Let g(x) =1, oy =0, ¢(x) =, o, =1 for 1 <4< N, and
a; =0 for 0L1< N. Given ueCy, f = Au, define f, by (5.2). By the
same argument as in the proof of Theorem 5.1, we can determine for
large n the constants b;, in (5.2) in such a way that f,eI. We have
also (5.8). This time we need a stronger result:

Uf(x)hn(x)dxl = .[ >n!f(oc)]oloc < n“'flxbn[x[“[f(x)ldx = o(n") .

x|

Noting that X, has mean 0 by the recurrence and K|X,| < o and using
- Lemma 3.9, we have similarly
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f @)k @)z = o) .
Therefore we obtain
(6.8) by, = oVt | for 0<j<1

from (5.5) in the same way as we get (5.10). Thus (5.8) is obvious.
Define g(x) by (6.4). Existence of the first integral in (6.4) follows from
(5.9) and (6.6). Expressing Vf, in the form of (6.4), we have

Hmm—mmgumjwm%w%memw\
+3

D] oy O = 2) — =20y + 1 — T B

In the right side, the first term tends to zero uniformly in z by (5.9)
and (6.6), and so does the second term by (6.8) and by

JWKM‘[H(?/)(G(?/ - x) - a(—x))dy P O(nN'“"’”j) ,

which follows from (6.6). Hence we get (5.4), and the proof is complete.

Even if X, is recurrent and non-singular, we do not know a core
which can be explicitly described of the potential operator in the case
E|X,| = co. In order to find such, it is desirable to get information on
the relation between behavior of |a(y + x) — a(x)| for large |x| and mass
distribution of the Lévy measure v in neighborhoods of infinity. An ex-
ample is the Cauchy process on R' with or without drift, for which we
have

la(y + @) — a(x)| < const (log|(1 + /|| +1)

and v(dy) = const y~?dy, and the set of functions in Cg with integral null
is a core of the potential operator (Example 5.4 of [4]).
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