A METRICAL RESULT ON THE DISCREPANCY OF (nw)
by J. SCHOISSENGEIER'

(Received 14 January, 1997)

In the following let Q be the set of irrational numbers in the interval [0,1] and let 1 be
Lebesgue measure restricted to Q. For any real number x, let {x} = x — [x] be the fractional
part of x. Let N be a natural number and let o € Q. Then

N
Dy(a) := sup 1 | 2_ cxp({na}) = Ny — x) |
1

O=x=yzl

is known as the discrepancy of the sequence (na),,; modulo 1; here | ;) denotes the char-
acteristic function of the interval [x, y).
In this paper we shall prove that

supl([a € Q|| Dn(e) —% log Nloglog N |> K log N]) = 0(K™'73).
N>1

The convergence of Dy(a)/( log N log log N) in measure to 7% was first proved in [5]. At that
time no remainder term was available: neither the theory of Dy(e) nor the metrical theory of
continued fractions were developed far enough. Nevertheless we can follow the idea of the
proof there. By the way we shall prove some consequences of the metrical theory of con-

tinued fractions that may be of some interest for themselves, aithough even weaker estimates
would be sufficient to prove our theorem.

1. Foundations. Any o€ has a unique continued fraction expansion
a =[0; ai(a), ...]. We denote the n-th convergent of @ by pa(@)/g.(e).

Let ® : R — [0, 1] be defined by ®(z) = ﬁ [ e7*/*dy. Denoting the constant '21%2 by
-0

7 and correcting some misprints in [6], we have the following result.

PROPOSITION 1.1. There are positive constants o and K such that for all integers n > 2 we

have
1zZ—n log n
- <K .
sup | A({a € Q1 log gu(@) < z}) (azﬁ) |< N

The value of 7, which is not stated in the paper above follows from the well known relation

2

! b4
ngngo; log gu() = 12 log 2

almost everywhere. In the following let o be the constant stated in this theorem.
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Let N> 1 be an integer. For any o € Q there exists a unique nonnegative integer
m = my(a), such that ¢,(a) < N < gp41(er). We shall use this notation throyghout the paper.

In the followmg we shall use the inequalities 1 — &(z) = 0(%e‘22/2) for z> 0 and
®(z) = ( Lo /2) for z < 0.

PROPOSITION 1.2. For any x < 1 and any integer N > 3 we have

Mo e my@) < (1 —x)log N})=1- q)(x\/al\c;% N) N 0( log log N).

The O-constant is absolute.
Proof. Let y:=1(1 —x)log N and A(x):= {a € Q| my(a) < t(1 — x) log N}. Then
A(x) = {a € Q| q+i(a) > N} and therefore if x < 1/2

AAG) =1 — @(Elo_gﬁ/;‘_—[ﬂ> . 0<_19M)_

ot/T+Ty] V log N
If flw) := "gfj’r;“’, then for w > w' > £ log N we have
ﬂw) f( ) ( log N (ﬁ _ N) w—w
B «/ww Jlog N/

Since | ®(z) — ®(Z')| < |z — /| (for all z, 2/ € R) we get

AHAX) =1 — q>(f log N — y) N 0( log log N)

=1-¢ x\/m 10 log log N
o/t T—x \/m .
Let us prove the assertion first of all for 1/2 < x < 1. Then
HAW) < MA(12) = o 0818 N
JToe N

_¢X_<J()J%]_V=0ﬁ+g_N'
| Jlog N

Assume now that x < —1/2. Then

AMAX)) = (A(=1/2)) =1+ 0( JTog

og log N)

N e log N\ 1
1 “’(—*ﬁﬁ )_1+0( logN)
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Next we assume that 1/2 > |x} > \[%G«/_ loglog N ppep I “ logN > ./ log log N and therefore

log N

_® xy/ log N _l—sgnx+0 1
o/tl—x)) 2 JIogN)

Analogously

| — xy/ log N _1—sgnx+0 1
ot 2 Jiog N/

From this the assertion follows in this case, too.

Finally let |x| < \/%oﬁ‘/ﬁﬁfgﬂ)vﬂ. This results in

|x[v/ logN 1 ) log log N
-1l =0{x"y/1og N O| ——
0T \/1 —x | (x o8 >+ Jlog N

and therefore

o/t ot/ —x V log N

COROLLARY 1.1. For any integer N > 3 and any x > 0 we have

o) o2 o)

(e € QI | my@) — T log N |> xtlog N}) = 2(1 - q><x_V1°gN)) + o(__

oVt

The O-constant is absolute.

Proof. This follows immediately from Proposition 1.2.

NOTATION. Let y 1= 572 2|0g2 Let G : R — [0, 1] be that distribution function which satisfies

e—p.ll[(l+isgm72—r log |l|) — Jeile/(x)dx (l € R)
R

We note that
G’(x) - LJ e—ir.\'—ultl(l+isgm%r log m)dt (x € R).
2n
R

Furthermore for g € {—1, 1} and x € R we put

L
4
R

and we note that G'(x) = p(X — 2 log s, —1). Correcting four misprints in [4] we get the

next result.
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o
PROPOSITION 1.3. Forn € Z let b, := 3 [ e~'"(i — L log t)"dt, c,() the coefficient of y" in
0

R X AW o0
the power series expansion of f(y) := €’ (e o)1~ iy and a, = R [ e=92¢,(p)dp. Then
for any positive integer N and x — 0o we have 0

JESN S A
plx p g X, _”x,,=0 —
p(2 logx,1) = e 21 4 Ei(f)"a x4+ 0(xN) @)
n ’ 2./e mi=\2 " .

LEMMA 1.1. For x = oo we have

) 2 S8logx -3
M) plx,-1) = W+W+ O(X ),

(2)1)<% log x, 1) = 2‘—323-2-*2/(”)(1 +0(x2).

every yeR there is exactly one x(y)>0 with x(y) +;12- log x(y) =y. We have
lim,_, x(y) =00 and therefore, if y is large enough, 2x(y) >y > x(y). This implies
log x(y) = log y+ O(1). and therefore x(y) +,—2r logy=y+0(1); from this we get
%=1~ 2 log y+O(}). This implies that

y Ty
__2 sy 2 (1 oey o1 -3
”””‘m@f+0@)‘mﬂo+ m}+0@)>+ﬂy}

Proof. (1) We have by = 0 and b; = 1. Therefore p(x + 2 log x, —1) = 2+ O(x7*). For

(2) Let g(y) = —y—2(efw(1 —igy) - 1 —ﬁzﬁ) +igy. Then g(y) = igy(1 — ¢/3) + O(?) for
y = 0. Therefore fy) = ef®) =1 +ipy(1 = ¢*/3) + O()?) and c(p) = ip(l — ¢?/3). This
implies a; = 0.

PRrOPOSITION 1.4. For x = o0 we have

1 log x
xlog2 x2log?2

— _ _2_x/2 —x
(2)0(—x)_ﬁ(1 @(/elogzz ))(1+0(2 ).

(1) G(x) =1 +0(x7?),
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oo
Proof. (1) [ 182 dx = Lg% 4 L implies
u

T LT 2
G =1- jG’(y)dy —1 __J,,<z__ log —1)dy
wl\p w

=

This implies the assertion.
(2) For y — oo we have p(y, 1) = %’:e‘ﬁ‘”ﬂ(l + O(e™™/?)) and therefore

J POy =27 | (1 0
b ef:y/-‘
1 o<
= | eravopa
73’_”;)!.(/4
e
== | a0y
ﬁ;mcﬂ
l 7%8’“/4
nbv 1 N2 B (RYICul)
ﬁ -0

O !

For all x € R we have p(—x, —1) = p(x, 1) and therefore

G(—x)= J G’(y)dy:i J p(i——% log u,—l)dy

-0 —00
17 2
=— JP<Z+— log , l>dy
w T 4
X
o0
= p(y, Ddy.
f{—f{log2
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In the following we denote. Euler’s constant by y.
ProrosITION 1.5. [1]. There is a constant K > 0 such that for all integers N > 2 and all

N x logN-y
'l(la € Ql;ak(a) < x]) —G(N_—Tg?__> <K

log 2N

Proof. This result was proved in [1] only for the case to which 4 is replaced by the
Gaussian measure P(4) = ﬁifx% L. Heinrich kindly pointed out to me that the same
4

result is valid for any measure u that is absolutely continuous with respect to P and whose
density function is strictly positiveron [0, 1] and continuous in the sense of Lipschitz. We give
a sketch of the proof (suggested by L. Heinrich). From Theorem 2 in [2, p.8] it results that
there exist constants C > 0 and ¢ € (0, 1) such that, for all m, g € N,

[P({er € Qlam(e) = g}) — u({e € Qlam(e) = g})| < Cr"P({a € Q| am(@) = g}).

Denoting by E,, the expectation value with respect of u we get easily from the formula above
N . . .
| Y Eu(e"™ — 1) = NEp(e" — 1)] < Ci|Ep(e" — 1)1,

It follows that [2, Lemma 4] remains valid if we replace in it Ep by E,, and T by —2— This
last statement follows from (3, Satz 4]; this theorem is again stated only in the case w=P,
but following the lines in [2] immediately after Corollary 2 one can prove that it is valid even
in the general case.

PROPOSITION 1.6. There is a constant K > 0 such that for all x > 0 and all integers N > 3

Al o € Q|"§)ak(a) <x41- G( x  log(rlogN)— y) < K( log log N)*2
i - tlog N log 2 - JIog N

Proof. For N> 3,x > 0 and 0 < ¢ < 1/2 we define

x log (z(1 +¢) log N) — 14
(1 + ¢) log N log 2

S(x, €) = fulx, 0) = 0(8( - 1))

This implies that there is n such that

Inlx, €) =

Then

Gt 29 = G, 0) = O gy + 1) G i)

and0<np<e.
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Now fn(x, €) = 1 implies fy(x, n) > 1 and therfore by Proposition 1.3 a simple calcula-
tion yields

X

1
G(fn(x, &) — G(fy(x,0)) = O(a( og N+ l>ﬁv(x, s)) = O(e log log N).

If fu(x, ) < 1 we get To';_N + 1 = O(log log N) and therefore again
G(fn(x, €)) — G(fn(x, 0)) = O(e log log N).

Assume now that ¢ > 0. Proposition 1.2 and Proposition 1.5 imply

l(’aeﬂl%)ak(a)sx])zl({ate > ak(a)le)

k=1 k<t(l4€) log N

— M{a € QImpy(a) = (1 + &) log N})

log? log _® —&y/ log N 40 loglog N
log N o/T J log N

1 2 2, loglogN
= G(fn(x,0 +O(elo log N + ———— ¢~ logN/Qo?D) . )
(fw(x, 0)) glog N+ oo =
Now we put ¢ = 0. /2r 818N Then we get
log N

my(a) 3/2
(loglog N)
A E > ,0 o| ———1.
{(ate 2 ak(a)sx]) > G(fn(x, 0)) + ( oz N )

= G(fn(x, &) + 0(

Analogously the converse inequality can be proved.
From these results we conclude some Lemmas which will be used later.

LEMMA 1.2. There exists a constant ¢ > 0 with the following property: if 0 < p <3, N>2is an
integer, M :=[(5— ) log N],v: Q > Z,, v(e) = max{mp(e) — M,0} and 1 <w < log N,
then

l({a € Q| the denominator of [0; ayay1(@), - . ., Amy)(@)] is = \/ﬂ)

< c( ! e~ log N/(320°7) log log N)‘
n

J log N J log N

Proof. The assertion is trivial if //,5213130'%;‘#. Otherwise wlog N —tloglog N

> 5 log N. Let 4 be the set mentioned in the Lemma and let

B:= [aeQ||mN(a)—rlogN| z% logN].
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Then Corollary 1.1 implies

AB)=0 (; e g N/(3207) 4 "’g‘_"gN) ,

uy/log N Vlog N
For o € A\B we have
ma(a) < (r + %) log N
() > (r—%) log N — (%— ,u,) log N
and

T
2

my(a) — v(e) < log N.

Proposition 1.1 implies

t log X Ik Jog N
/I(A\B)=0(l—d> 2 %8 w3 08 >+l°gl°gN)

ot,/5E log N Jlog N

pwlog N—rtlogw loglog N
o1\/2(t — p) log N J log N

wlog N —tloglog N) log log N)

ot/2(t — u) log N J log N

wy/ log N log log N
+
20t,/2(t — ) J log N

=0|1-2

=0 ;e—uz log N/(302,3) n ]og log N)'

wy/ log N V log N

LEMMA 1.3. There exists a constant ¢ > 0 with the following property: if 0 <y <3, N >2
is an integer, M := [(5 — p) log N],

v:Q—> Z,, u() = max{my(a) — M, 0}

and T > 0 then

my(a)—1
l({a €Q| Z ay1(@) < T})

k=v(er)
<¢ G<2_T_ log %_ }’) 1 o1 1og N/(12802) + loglog N ‘
M log 2 my/ log N Jlog N
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Proof. Tt is similar to the proof of Lemma 1.2 (and even simpler).

The following Lemma should be well known.

LEMMA 1.4. There is a constant ¢ > 0 such that for all k € Z,,x > 0 and N € N we have
N 2 N
> < C—=.
A({a e Q| JE=1 a; (o) > x]) < cﬁ

LEMMA 1.5. There is a constant ¢ > 0 with the following property: if 0 < . <%, N is an
integer > 2, M := [(% — u) log N}, R > 0 and

v:Q — Z,,v(e) = max{my(a) — M, 0},

then

my(a)~1
log N 1 —12 log N/(802 0> log log N
Milae Q] ai,(@>Ri|<c + e~ log N/(80*7) 4 06 PE VY
([ k;@ ! YR " p/log N JlogN

Proof. It follows the same idea as the proof of Lemma 1.2 (and is even simpler).

2. An application of the inequality of Tschebyscheff. Leta € Q2 and let & be a nonnegative
integer. It is well known that there is exactly one sequence (c(k, @)),,o0f integers, such that

o0
k=73 clk, a)ga), where O0<cik, a)<au(@),cok,0) <a(@) and s> 1,c0k, )
5s=0
= as41 (@) implies ¢, (k, @) = 0 (the Ostrowski-expansion of & with respect to «). This can be
formulated in a simpler way: there is exactly one sequence (cs(k, @));,q0f integers, such that

forallt>0,0< k- Z ¢s(k, @)gs < ¢,. This variant can be generalized as follows.

LEMMA 2.1. Let (a,),>l be a sequence of positive integers and let (qi);»_, be a sequence of
real numbers such that q_y =0 < qo and for i >0, qir1 = ai19;i +gi—1. Let z> 0 be a real
number. Then there exists exactly one sequence (c;);»q of integers such that, forallt>0,0<z

o0
— 3" ckqr < qi. This sequence has the following properties.

k=t
(1) For all k > 0 we have 0 < ¢ < ag41,
(2) co < ay; also k > 1 and ¢ = agy) imply ¢t = 0.

Proof. This was already used in [5, p. 195].

We denote the “digits” ¢ of z by cx(z). If the g; are the denominators of the convergents of
a € 2, we denote them by ¢x(z, @). The following lemma is well known.

LEMMA 2.2. Let «a € Q. For i>0, let (#) 6 be the sequence of convergents of
a1 =0, aiy1, .. ] If n> i, then =

(1) pu-ii = (= 1) (gu(@)pi@) — pu(@®)gi(@)),

) gn-i.i = (1) (gn(@)pi-1(@) — pu(@)gi-1(a)).
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Let (a;);», be a fixed sequence of positive integers. Subsequently ¢, d, i and j are non-
negative integers with the following properties.

@i=0=c=1,
bi=l=c<a,
©iz1=0<c=<a,
(d) 0 =<d<ajy,
i<y

Under these conditions we put

Lij(c, d) = {(xk)i5k<j€ Zj+_1 | (i=jnd=ay1)=c=0,
(l'<j/\x,'=a[+|)=>c:03i§k<j$xl\'Sak+ls
i<k <JAXg=ars) = Xr_) =0}.

We note that if ¢ > 0 then L, q,,) =@, while in the case d = a;y; = ¢ =0 we have

Liic, d) = {8}

LEMMA 2.3, Let a =[0; ay,...] € Q be the continued fraction expansion of a with con-
vergents f;—". Assume that (a)-(e) above are satisfied.

(1) If ¢ > 0 and d < ajy, we have |Lij(c, d)| = (=1)(gpic1 = pjgi-1)-
(2) If d < ajy( we have

1Li 0, d)l = (=1 (g/pi — pi=1) — Pi(qi — gi-1))-
(3) i < j implies |L; J-(c, a,+'1)| = |Lij-1(c, O).

Proof. We repeat that any nonnegative integer m < ¢, has a unique expansion
-1

m = ) Xxpqk, where 0 < xp < ap41, Xo < ay and, for k > 1, x; = a4 implies x;_) = 0.
k=0
j-1
(1) 1Loy(1, )l = 11D xequlxk € Z,0 < xk < aggn, Xo < a1, Xk = Gyt = Xkt =01 |
k=0

=|[0,...,qj—1}|=qj.

Applying this result to o) = [0; @41, . . . ,) instead of to o and using Lemma 2.2(2) we get the
assertion.
(2) The result is valid if i = j. Assume that i < j. Then

Lijf0,d)= Lij(1, ) U ({ais1} x L1 (1, @)

and therefore |L; (0, d)| = |L;;(1, d)| + | Li+1,Q1, D).
(3) follows from LiJ(c, aj+1) = L;j_1(c, 0) x {0}.

Let I={i,...,ii} {0,...,m—1}, where j; <iy, for 1 <j<t Let ip=-1 and
m—1

irr1 = m. Assume that, for any i € 1,0 < ¢; < a;y is given. For 0 < k < g, let k= Y ¢i(k)g;

be the Ostrowski-expansion of k. We put ¢;, = I and ¢;,,, = 0. Then =0
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{
{x € Zilk < gmiel= clk)=c}l= H Ly, (ei ).
=0

For the rest of this paper we define B(x) = {x}*—{x} +%; B, is the second Bernoulli-
polynomial.

LEMMA 2.4, Let a =[0; ay,...] € Q be the continued fraction expansion of o with con-
vergents q& andletme Z,. ForO0 <s<t<mlet

an=] | )
o () () - S ()

qm k=0 s+ t+1 qm k=0

(1) Ve = faser + 40l = 1) (e~ 224,).

teat 2
(@) Fors < t, Us, = VsV = S5 2 (p - &q,) (@ — 1) (@ — 1).

s+1
(3) Uss — s gi“‘]s(l’s —;L’;qs)(agﬂ _aTl:,) _%%( s qs) ( s+1 1)2'

Proof. We carry out the proofs, which are tedious but trivial in principle, up to those
points from which subsequently it is clear how one has to proceed.

q-1
(1) Note that for any g € N,}lk; Bz(’;‘) =3 (l -

q
4m=1 As41
S n(eD) =2 m(;

g1 —0

1). This and Lemma 2.3 imply

)|L05<1 O Lys1m(c, O)

1
= gqs(_ 1’ (gm(ps+1 — ps) — Pr(@s+1 — 45))

gy —1
+ Z Bz(

1
)qs(_ 1)s+l (gmps — Pmqs) + I gs—1(— 1)”1 (gmPs — Pm4s)-

(2) First of all we prove that

st a1 .
ZBZ( )'L"S“ O Lss1le, a)l = ) Bz(c’s(_)).

=0 k=0 Asyl

If s < t—1 this formula follows from Lemma 2.3(3). If s = — 1, then the left hand side
equals 6|L0 s(1,0)] =% Because of 0 <k < g,—1 = ¢s(k) =0, the right hand side is again
equal to .
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From this it follows that

q2 541 Ary)
—dm__y,, = ZZBZ< I)BZ(
as+

)lLO s(1, )| Lsgr,1(c, .| Liy1,m(d, 0)|

As-14141 =0 =0
( )I+l (2
(Gmp: — Pmq:) ZBz( l)lLo,s(lg )| Lss1,:(c, arg1)l
=0 Asy
A5t A=l
D o= g S Y B ( )m(—)wo,s(l,c)|.|Ls+l.,(c, 0)
=0 d=1
+ 4 = p) = ot - Qz))ZBz( cl)wo,x(l,c)|.|Ls+1,,(c,0>|
c=0
lqm 1 C(k) [ C(k)
e o () E () ()
(=1 (gmp: = p q,)( I Xl: -~

s(k
+ i = ) = Pl — q,)>232(2(+1))

(3) If g € N we have

qX: 1 1
q 180 18q 3043

Therefore
gm—1
k
q2m U, = Z Bz(cs( ))
1 =0 s+l
as41 c 2
= ZBz( ) ILo.s(1, Ol Lyt 1.m(c, O]
=0 a3+l

_= 1) 95 (Pt = Ps) — Pul@sr — 45))

(gmps — Pm4s)-

as. 1 2 i
+ (=1 q(gmps — Pmds) i Bz( c ) +(—l)s+ gs-1
=1 sy 1 36

PRroPOSITION 2.1. Let o =[0; ay,...] be the continued fraction expansion of a € Q wth
convergents ? Let m > v be nonnegative integers and let i > 0. Then

m—1 172
M |[k €Zilk < qn |y as+132(,,vg’?)| >mory u(g a§+.) ]| < {a,

v—1
@1k € Zutk < g T by < 0,11V, = g < 400200
5s=0
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Proof. (1) Let A4 be the set occuring in the Proposition. For 0 <s <t < mlet

k=0 ast1
qm”l
ci(k c(k
Zas+lat+lB2< ( )) < ( )>
qm k=0 (Z738]
and for 0 <k < g, "
Cs
20 = an8s(20) = ¥,
s+1
Using Z ?— (an inequality which is used repeatedly in the following text) we get with

k__v+l
the help of Lemma 2.4(2)

m—1 m-1 m—1 2
1> > (Ui - VV,|536Zas+1qu ,+1(p ’qifq,)

S=V (=541 1=s+1

m—1

—= 36Zas+lqs Z H_l

t=s+1 t+ 1

m—

—36qu+l Z Zl_

2 —
t=s+1 ql s_

1

P — and there-

For v <5 < m let B, := [a,; doy1, . . ., an). Then for s < m, |p; —82q | =
fore, by Lemma 2.4(1), we have

m—

1m—l p'n
'ZVl << Zm.( as+.qs|ps—§ﬂqxl)+52|ps—q—qs|qs
m =v m

m— as1q m-—
s s
a e ——
6 Z s+ ( qsﬂs+l + qs—l) qH-l

1 o as1(qs + gs—1) +m -V

=6 = gsBsy1 + qs5-1 6
I"—
as—Hq.r m-=v
< .
B 3 Z qs+1 -2
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At the end, if 0 < s < m we get, by Lemma 2.4(3),

1 q2 Pm 2
U, — V? — — -1 . L
(U, o= | qsips %'( o1 as+1) 36( am q (

1

2 Pm v T 1 2 Pm
= - —_— - 1 -
(a5, = 1)gslps . —4s l( 040, 36 (3.1 — 1)gslps . qsl>

< <
=30g,11 — 30
Now let
m—1 m—1 172
B:=3keZ lk <qm| Zzs(k) z ﬂ(za§+l)
s=v s=v
Then
qm‘l
|B| Zam <y (ZZ (k))
qm k=0
m— m—1 m—1
Z ss—Vz +2ZZ st VVI
=V s=v t=s+1

m—1
= Z IUs,s - V?
2 1 m—1
= (§+ﬁ> Zafﬂ

S=v

lm——]
=5 Z a§+l;
2 =V

this implies that | B| < .
It is therefore enough to prove 4 C B. Let k € A. Then we get

Zz ®) > IZasHB (Cx(k)) Z v
m-—-1 12

m-—vy
(Z: af‘-}-l) - 2

m—1 1/2
§ : 2

= /’L( as+1) '
S=v
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Therefore k € B.

(2) Let 4 := [k € Zk < gm, v_zl cs(k)gs € 10, u]].

$=0
Then
A] = Z ILv,m(Cv—l(t)s 0)[
Ozi<p
= Y (=1 gmlps = Pr-1) = Pm(ay = G1-1))
-
+ ) (1) (Gmpet — Pmdv1)
c,0_$|l(sl)">0
= Z (_l)v(qmpv—l —'quv—l) + Z ("I)VH(quv _Pva)
O<i<pu 0<tsu
ey (=0
< 2([p] + Dgm '
qv
Let

v—1
Bi={keZik<qm)_ ck)gs €lgn—p qv)]-

5s=0

Then we get similarly

1Bl=" Y ILymlcor1(2), 0)|

Gv—pSi<qy

2 DUt = pme-) + D (=D Gmpy — Pmats)
qy—rEt<qy llv—ufll)«(])v
Cy—1 =

< Andan
9v

Besides Proposition 2.1 we need the following (apparent) generalization.

COROLLARY 2.1. Let a ={0; a;,...] € Q be the continued fraction expansion of «. Let
(9)i=_1 be a sequence of vreal numbers such that q_y=0<gqo and, for
i>0,q41 = qinqgi+qic1. Let ZC[0,qm).d:=inf{|x—yllx,ye Z,x £y} >0,m>v be
nonnegative integers and let i be any positive real number. Then

m—1 . z) m—1 ) l/2
M 1yzeZj Zas+|Bz(;’£7)lz%+u<Z am) |< 5% (1+9),
=V §=v

m—1
@ Ilz € 2= ¥ e €0,1Ulg - 1, qv)}l <a@+1)([2]+2) .
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Proof. Let k(z) := [ﬁ]qo (forz € Z),
12
i)

D ¢(2)
A:= lzeleZaHle( +1)
m—1
A= [Z €Z|z—- ZCS(Z)% € [0, ulU[g, — u, qv)l,
1/2
(Zas+l) I’

m—1
B,(ﬂ') L= [k €qoly | k < qm k- ch(k)% € [0, u]U{g, — u, qv)]‘

s=v

m— : k
{k € qol+lk < qm, | ZamBz(c ( ))

s—vp 541

2u‘qo

Then, by Proposition 2.1 applied to %L(;’-, we get |B] < 5% and |B'(n)| < 4([ ] + l)

m-—1

Let us prove that for 0 < 5 < m, ¢;(z) = ¢,(k(z)). From the inequalities Z c;s(k(2))gs <

k(z) < z we get, for t > 0, - =V
0<z-— Z es(k(2))gs
s=t
m—1
<k(z) = Y eik()gs + 9o
s=t

<qr—qo+q0 =4

This implies the assertion. Therefore if z € A4, then k(z) € B. We get

14 =%"1< 1< (q°+1) +1) m_

Assume now that z € 4’. Then

Z es(k))gs = k(z) - Z es(z)ds

s=0

m—1

= k(Z) —z+z— Z Cs(z)qs

S=v
€0, u}Ulgy — 1 — g0, 9v)
and therefore k(z) € B'(u + qo). We get

W=Fis ¥ Y

e keB utqo) k<fit,+ll
<z 0

()%
R
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3. The Main Lemma. We use the following property, which is an immediate con-
sequence of the mixing property of the random variables a;(«).
Let B € Q be measurable; for a € Q let o, = [0; ap41(a), ...] and b € N", Then

AleeQla, € B,1 <i<n= afe)=b}) <24B)A({a € Q|1 <i<n= ala)=b}).

LEMMA 3.1. There is a positive real number ¢ > 0 with the following property: if N is a
positive and m a nonnegative integer, (b)), <;<,, is a sequence of natural numbers, g, is the
denominator of [0; by, . .., by,

A:={aeQ|1_<_i§m:>a,~(a)=b,-}

and
Bi={aeAd|0<i<m= c(N,a)=0},

then A(B) < c(gﬁ + q-';)A(A).
Proof. For 0 < n < m, let % be the convergent of [0; by, ..., b,,). Let

K:={(k,)10 <k <1, lgm+ kg1 = N}.

We prove that, for some constant ¢, (k%:x% < (% + ql,..)
J)Ee

Because of ged(g-1, ¢m) = 1, there are integers ko, lo with g, + kogm—1 = N. For any
(k,]) € K, there is a j € Z with [ = Iy + jgm—1. Now 0 < k < [implies lg,, < N < (g + Gm—1)

and therefore q,..am_. <o+ jgm sqﬂm. The number of these integers j is at most

1 + —~_ Therefore we get

I @m+Gm-1)’
Z_I.S Z 154m+q,n—1(1+ N )5%-{-—1—
(k.Dek [ e ! N Gm(Gm + Gm—1) Im

For 0 < k </we put By, := [ € A||k — a,,l| < 4}. We prove that B C U(ky,)E,(Bk',.
Let @ € Band ¢ > m. Lemma 2.2 implies that

ql(a) = qm-lpl—m,m(a) + qmqt—m,m(a)-

Therefore

N= Z a(N, a)qi(e)

t=m

o o0
= gm-1 Y, &N, Qi@ + G Y (N, 0)1-m(@).
=m t=m
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o0 o0
If we put k== Y ¢/(N, &)pr—mm(@) and I = Y ¢/(N, @)q—mm(a), we get 0 < k < [ and there-

{=m =m

fore (k, ) € K. Furthermore

)
|k —apl] < Z CI(N7 01)|P:—m,m(a) - amqt-m,m(a)l

=m

= Zarﬂ(a)

=m Gt—m+1 m(a)
el 1 i 1
< _— _<
- ,Z,,:,ql—m,m(a) =0 Grm(e) ~
Therefore @ € By,;. We get
8 m 1
MB) = Z A(Bk‘l) < 2i(A) Z 7 lﬁcll(A)(iv )
(k.DeK (k.Dek qm

PROPOSITION 3.1. There is a positive real number ¢ with the following property: if N is a
positive integer, 0 < p <X, M =[(3—pu)log N| = 2,6 > 0 and

M-1
4= [0[ € Q|| Z as+l(a)B2( &V, a)) £ Z ar—H(a)}

s=0 s=0

then

1 2 2.3 1
HA) < ¢ e H logN/(4ar)+ .
“= (,,L log N (& log M)™?

Proof. Let a:= ,/@25—2. The assertion is trivial if elog M <2log?2 or if log N—
y < 4log (alog M). We may assume the opposite and we put v := (¢ log M)"/>. Then

slogM> L
2log2 ~

%gz(logM—y—zlog(alogM))z

Therefore there exists an R > 0 such that

1 vw/R £
§+7_ﬁ(logM—y—2log(alogM)).

. , . . £ log
This R satisfies the inequality =~ /R > 4fog2

https://doi.org/10.1017/50017089500032742 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032742

THE DISCREPANCY OF (na) 411

We put
@€ Q| qu@ 2 VN}

s=0

=
[a €| Zaﬁ,(a) > R]
o fres

3 @ <—+£]

s=0

vJ_
=[b€NM|qM<\/_ st+l<R st+1> e }

s=0 s=0

(where ¢ denotes the denominator of [0; by, ..., by]). For b € B let

={eeQ|l<s<M= ale)= by,

E[, = [a € E” st_,.le(cs(Ai a)>| > & Z bs+|]

5=0 s=0

By Proposition 1.1 we have

1 afilogN— (logM)
MB) = 1 q>( — +0 Vi

wy/ log N (log
<l—-d|———|+0
- («/501'3/2> M

1 2 2.3 log M
— o ontlogN/(a0?) | 108 M
0< e + 7 )

log N

Lemma 1.2 implies

v
| 2/3
AC) = 0(\/}> O(s og M) O((e log M)™*°).
By Proposition 1.5 and Proposition 1.4(2) we get

_ 1 uvR logM—y log?
AD) = G(Z + eM log 2 +0 M

G(—
2 2
= 0(1 —®(log M)+ lo}gw/\/f) = 0(3%4%)

log?
5 log (a log M)) + 0< i
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Assume now that b € B and « € E;. Then

| Z bs11By (CS(N a)>| > =+ vwR

s=0 J'H

1/2
(zbm) .
s=0

Ml .\ M, [ 72
k€Z+|k<qM»les+lB2(s : ) 7 (st+|)

Denoting by

s=0 bs+1 5=0

we get, with the help of Proposition 2.1(1), || = O(%). Since

my(cr) M—1
N= Z cs(N, a)qs(a) + Z ¢s(V, a)qs
s=M s=0

M-I
we have k:= ) c¢i(N,a)g; € V and ¢(N—k,a)=0 for 0 <s < M. Now gy < VN and

s=0
MEs) = O A(E, + i)
v ke V - k CiM

Lemma 3.1 imply
1
am

= 0(1(E,,)|V| q%) = 0(%”—)).

From this it follows that i(U Eb) = 0(%) = O((e log M)™?). Finally we have
beB
A C BUCU DU | E; and this proves the assertion of the proposition.

beB
We need an estimation for

my(a) my(@)
([Ol € Q|| Z as+|(a)32(cx(]\1[(a))> >¢ Z as+1(a)|)

5s=0 s=0

from above. To get such a result we have to estimate

my(@) my{a)
x([a <oy an@r(25)i> >3 as+|(01)l)

s=M

from above. To manage this task is more difficult (although similar in principle) because of
the fact that the upper summation limit depends now on ¢.
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Let k& and / be nonnegative integers. Then

RSN

Zi({a € Q| g(@) =k, ql)=1}) <
t=0

See {5, p. 207]

LeEMMA 3.2. There is a positive real number c with the following property: if N is a positive
and m a nonnegative integer, b € N, g denotes the denominator of [0; by, ..., by, v:Q —> Z,
is measurable,

B={(X€Q| 1 sifmﬁa,-(a)zb,-}
and
={ae Q|1 <i<m= aynsi®) = bi, Gmavey(@) = N},
2
then A(4) < c(;‘& + }V) A(B).
Proof. For0 <k <1, let
Ay ={a e Q|1 <i<m= ayui(®) = bi, quay-1(@) = k, guey(@) = 1}.
Let p be the numerator of [0; b, ..., b,]. Now a € 4 implies N = gquq)(@) + Pu@)-1(e) and
therefore we get A € |J Ax,.

O<ksl
kp+ig=N

Now

A ClaeQ|3(teZ Al <i<m= agla) =biAk=qgi(e) Al = q(a)}.

Therefore o
A< D Y MleeQlli<sm= ani@) =bi Ak =g1(0) Al = g()})
woney =0
<2B) Y Y Mlec k= gu@.l=g@]) <85 Y. & 77
winen =0 o

Let (k,) be a solution of kp+1q N with the side condition 0 <k </ Then
lg<N<Ilp+gq) and therefore q <l< 2’ The number of the solutrons of this equation

with this side condition is therefore at most 1 + 1 (N Ae) < 1+3 %. This implies that

(p+4q)° g9 N\ 44 4
S g (145) <4 (143) - TE+ 3

0<ksl
kptig=N

LEMMA 3.3. Let N > w, M, by, ..., by and K < M be natural numbers. Let v : Q@ — Z.,. be

measurable. For O0<i<M let @f be the i-th convergent to [0;by,....by). We put

91 =0.90 =17, N and, for 0 < i < M, Gy = binrqi_y. Let 33 < 755,

. N N
A= {Ol €EQ|1 i< M= ay+i@) = bi, N < garyuey+1(@), i Grv)(a) < ;]
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and
B:={aeQ|l<i<M= ala)=>}

. N _ N - .
For m <jsioletz= @(N — wyj). Then there exists, for every a € A, exactly one sequence

(c,-(a))OSkMe ZM such thar, for all velZ, which satisfy 0<v <M, 0<zqyiux(c)—

M=1
Y cd(a)g, < g, is valid. Furthermore there is a positive and absolute constant ¢ such that
S=v
/ MB)
Ale e 41 u(K <u < M A ) # iV, 0))}) < c=—.

Proof. For 0 < i< M we have §; = - and therefore ¢} = In partlcular gy =12

= q{, w4

Now a € A implies N < (w4 1)gasvuey(@) and therefore N wauene(@)

. This results in
qm+v(a)(a)

Zgusma(@) < 9y~ The first assertion therefore follows from Lemma 2.1.

If gx < 5, the result follows from the assertion preceding Lemma 2. We may therefore
assume that gg > 5. The case A = @ is trivial. Otherwise we have, for a € 4,

N N N
Wam ~ w(@mauew (@) + Prdue)-1(@)  Wamruay(@)

gy =

Let

C:= {qM+v(a)(a) |a € A, Elu(Ks u<MAzg,,,. . (@)

—Zc(a)qs [0, qz] [qi,—sqi“,qu))}

We prove that for every o € 4, for which there is a u, with K<u < M and with
c, (@) # Curua)(N, @), we have guryue)(@) € C. As long as this assertion is not proved we write
gs instead of ¢,(«) and v for v(e).

Let o € 4 and assume that v < j < M +v. Then ¢; = gj-,q, + pj_,q,—1. This gives us

| qu ; I _ E éj—qu +ﬁj—qu—] _ ql'—v
W quMqu+PmGu-1  Gm
N door |Pj—vqm — Pmgj-o|

w T Gu(qmqy + PMGo—1)

qu—l = pM—
= |pj—v — = @qj—vl
Wame . Gu
qu—l

B qu+véj—v+l
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From “ﬁl < qpmev < Yit follows that cpry (N, @) = w. Assume now that u is chosen maximal

- W

such that ¢| (&) # cu4.0(N, @). Then

M—1 N M+v
Zqmo — ) (@), — (N - D e, a)qs) =

— Wqpv s=u+v
Ncywo(N, a v '
_ v 4 Neurs @ ut _ G@g,+ Y. o, a)( - qﬁ—v)
Wqr+y s=u4v+1 Mo

+ NearoN, a)garen
Wamee

This implies

N M+v M-1 q
(N— 3 e, a>qs) - (ZqM+v— Zc;<a>q;) = (clf0t) = Cur(N, @) = |

"qu1+\1 s=u+v S=u qM+l)

N, N M+v-1 N,
=|c (@)q, _M— Z ¢s(N, a)( 4 _ qls—v)

WaM+v s=u-+v+1 WM+

Nqu+v ) |
WG M4y

, Nq+ M+iv—1 Nq
e e D M (A

s=u+v+1 WqM-+v

- (CL(O‘ — cur(N, @)

Miv—1
< b ! _ Nq-Y
-_— s—v+1 lqj—u W I
s=utv qdM+v

< qu—l M-lbs+l qu— = 1

T WaM qs+| WM+ = qs

< 4Ng,- 4qu-1q,, 4q,,.
WqM+vqu qvqu qu

First of all we get
4qu—l

WqM+véu

N
(@) = Cun( N, @) —=== Nz max[ q“*“,q;]+
dM+v WM+

< Nq::—w + 5]qu—l

- WadM+v WQM+vqu
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and therefore 5¢u_1 5
i (@) — cupp(N, @)l < 1 + ——— <1+ =<2

Gu+vqu qu

This results in ¢ (@) — cuv(N, @) = £1. Assume first that ¢ (@) — ¢,4.o(N, @) = 1. Then

M-1
Nqu+ _ 44, Nquso
_ / oy 1Y o fw, 1WAV
ZqM+v SZI; C’s(a)qs + WMy = é% + WG M1 Wq M4y
M—1
and therefore zgpyy — Y. Ci(@)g, < = If ¢ (o) — curu(N, @) = —1, we get
S=u
M-1 ,
Nqu+v 4q
! ! Hu
ZdM+v — (g, > -
" ; S wapen G2

,_ No 44, Sd,

WamivGu G2 g2

Hence g1, € C is proved. Next observe that 1 < j < ¥ implies z; — zj11 = 5% > 1. Now
gy = 1 and Corollary 2.1(2) imply

M=1 M1

5 N 12N 5 1 36N4q, 144N
ICIS§:4(2q{,+1)( q“+2) Ny (__+2)_/5_$= N
u=K q qO wq, w u=K \du q, W gy wgk

For g € C we get ¢3, < +1 < ¢. Let ¢ be chosen as in Lemma 3.2. Then this implies

bl

l({(x €A Hu(K <Su<MACo) # Cupna)(N, a))})

< Z/l({a €Q|1 <i<M= anuw(@) = bi, guiue)(@) = g})
qeC

< ci(B)Z( —) <2 A(B)Z < 2c A(B)|C| < 2.144c¢ W H(B) < 4.144¢ A(B).
qeC gecd gk qk

LEMMA 3.4. There is a ¢ > 0 with the following property: if w < N, K < M are positive
integers, €, k, R are positive reals,

v:Q— Z,, ve) = max{my() — M, 0},

B=1{beN"|gubi’<

M-I M-
M—-K «kJ/R
.Zb§+1§R,Zbi+l> + ,
i=K

w1 pys 2¢ £

(where gy denotes the denominator of [0; by, ..., by)), for b € B,
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Ey = {ate 1 5i§M=>ai+v(a)(a):bl

my(a)—1 my(a)—1
ci(v, @) N N
Y an@B(S0 )iz Y ane T < one@ <)

i=Kt(er) aiv1(@) i=K+u(e) w1
-K
then Y MEp) < c(('iz@) +;l§>
beBB
Proof. Let us define for b € B,

={a€Q|l§i§M=>ai(a)=b,},

. N N
By, = [Ol €Q|l i M= apuw(e) =b;, m < qu(a)(Ol) = ;},
N
1(6Y =0, go(b)Y = —~+
41(6)=0,qu(b)= s
and, for 0 <i < M, let ¢} ,(b) = bir14/(b) + ¢/_,(b). Note that ¢),(b) =% and that (even in
the case my(er) < M)N < gprivmy1(@). For 2o < j <& Nletz; = N.(N — wj). From Lemma 3.3
it follows that for any « € B; there is exactly one sequence (c:-(a))0<i< uE ZM, such that

0 <v < Mimplies 0 < zgmym(@) — D ci(a)q.(b) < g,(b). Let

S=v

1/2
N
Vp = lq,,w(a)(a)e <w+ 1,%] | @ € By, | ZbH_lBZ(C (a)> (Z bl+l) ]
=2

Corollary 2.1(1) implies | V3| < ﬁg@ =2

Leta e E,, Then

M-
| Z bisy Ba <C:+v(a)(N U))I > ¢ Z bt >

If for every i with 1 <i < M, we have ¢, w)(N, @) = cj(@), then gpmyw)(@) € V.
Therefore Lemma 3.2 and Lemma 3.3 imply

K+K\/ﬁ2

12
+ K(Z b,+l) .

=K

MEp) < A{er € BylAi(K < i < M A Cipu)(N, @) # (@) }) + A({e € Bylgmyer(@) € V3})

i Ab)( XORPD (B2 ))
= O(A(Ab)(<l +2ﬁ)_K+ueZm,%>)
- o(xw)((1 +2\/5_)_K+ 5 ]%))
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This implies the assertion of the Lemma.

LemMma 3.5. There is a positive number ¢ with the following property: if N > 2 is an integer,
£>00<pu<i,M=[(—-—un)logN],K=[nlogN] and v:Q=7Z,, is given by
W) = max{my(a)— M, 0}, then

my(a)—1 my(a)—1
A({aeszn > am@a(20) > S am(a)])

s=u(a)+K s=v(a)+K

1+v5\ . 5
56( 2 ) +( log log M)+~ 1og Ny™4e= 08 N/(64a?) |

. [elog2
Proof. Let a := /<55~ If

1 M-K 1 2
— - 1 1 M —
210g2<Iog 2 y)§e+log2 08 (@ log ( K.

then £ log log N = O(1) and the assertion is trivial. Therefore we may assume the contrary.
Let A4 be the set occurring in the Lemma and let « = (¢ log M)/, There is an R > 0 such
that

1 %R 1 (log M-K_ y) - log (a log (M — K)).

2
st -1 Tog2 2 " TJog2

We have (2—1’(/;10 Tz log #5* and therefore ’ff‘+ O(m) which results in

%‘—— O(HOgM) Let w be an integer with 2<w< loglogN and let

A, = [a €A| m < Guy@)@) < 7, the denominator of [0; avay+1(@), ..., a,,,N(a)(a)] is
N my(a)—1 my(a)—1 M—_K K«/E
less than |/ ——, afﬂ(a) < R, Z asq1 () > + ).
wtl mv(Za):+K s=v(a)+K 2e €
For b € N* let §p(b) be the denominator of [0; by, .. ., by]. We put
N = M—-K «J/R
M
B_[beN | 33,(b) < —— T ;(bm Rst+1> Tt }

Then

' . N
A", - Ula EQ|lI<i=sM= av(a)+i(a) =b;, < qu(a)(a) = ;

N
beB w

my(a)—1 my(a)—1
' }: agyi(a)By (C;S(j\l]’(g)))| =& Z as+l(a)]

s=v(a)+K s=v(a)+K

and therefore Lemma 3.4 implies A(4],) = 0((—‘/-) +—)

P
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Let A, :={a € 4| < gmye(®) <&} From Lemma 1.2, Lemma 1.5 and Lemma
1.3 we get, replacing in the last two Lemmas u by 2u, A(d4,)<i{4,)+

1 —u? log N/(320%73 loglog N |, log N 1, /R _ logzk_y )
0<u [iog v © ¥ (32°7) 4 Foe N +-7% +G(S+E(M_K) ons ) . The last sum
mand is equal to G(—2 log (a log (M — K»ﬁ) = 0(1 — &(log (M - K)) = O(IOg}M)'
Therefore .

1+ ﬁ)‘ 1 1 . s
MAw)=0 ( + + o~ log N/(320%7°) |
( ) ( 2 (8 log M)2/3 M /log_N

Forany k e N,

o0 .
. . J 1 2
E l({a € Qlgnla) = k]) < i({a eI, 0<j<k, l|a _El < p}> SE

n=0

and therefore

A(Ia € Qgmy@(@) < ?]) < Z Zl({a € Qlgn(@) = k, gns1(@) > N})

1<k<N/w n=0

< > Zi([ozeQ|q,,(a)=k,an+l(a)zg_1])

1<k<N/w n=0
3 N
= 21 kX: Y M{a e gu@) =k})l({a €Qla@z 7~ 1])
<k<N/w n=0
<4 _k 1__4
sk N —kk T w1

We get, for all wy which satisfy 2 < wy < log log N,

s Y M)+ ——

I<w<wy Wo — 1

-K
1
= O(WO(I +2ﬁ> +wo(e log log N)™+ WO -nlog N/(32077) _)

uy/ log N wo

Putting

K/2
W:hﬂczﬁ>wwm%Wme%W%waw”

we get the desired result.
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LEMMA 3.6. There is a constant ¢ > 0 with the following property: if € > 0,0 < u <&,
w<% N>16 is an integer, M=[(3—u)logN],K=[unlogN] and v:Q— Z,,
wa) = max{my(a) — M, 0},then

Wa)+K—1 ¢s(N, @) my(@)
R({a € Q|| Z aﬁl(a)Bz(a*_ ((x)) > € Z as+l(01)l) e logclog N’

s=M s=0

Proof. The assertion is trivial if ¢ log log N < 1. We denote by A the set occurring in the

Lemma. Put eyt K1 (@)
B:= Ia € Q|g Z agri(@) > ¢ Z asy1(a)
s=M s=0

= {a € Q|Imy(a) — T log N |> ¢ log N},

mpy(e)
D:= [a €| Z aspi(@) < ng log N log (1 log N)l
s=0

Corollary 1.1 implies A(C) = 0((1+ log log N) —-L ): O(:i=357)- Proposition 1.4
implies ’ Vs N (Fwsar)

T—¢ log (tlog N) — y (log log N)*?
= 1 1 -
AD) G(r log 2 og (tlog N) og 2 +0 os N

—& y (log log N)*/?
0 i |
(G<r log2 °° (vlog M+ log 2) * log N

ol1 -o 2 ¢™V/2¢t log (rlog N)/21) (log log Ny
¢ log 2 \/m

32
_ O(e—e log (¢ log M/(20) __ (log log N)Y/ )

JlogN
1
- 0(8 log log N)'

For N large enough we get

log (¢ log N) — log (3(z + ) log N) + 7 = - ”M log (z log N) — log (< log N)

e+
4t
4— log (r log N) — log (z log N)

> log (z log N).
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Assume now that @ € B\(C U D). Then on the one hand
v(a)+K-1
as1(0) > 68

log Nlog (rlog N) > log N log (tr log N)

s=M 2

and on the other hand

Vo) + K—M=<(t+e)logN+K—2M < (s+3u)log N+2 < 3(e+ ) log N.

Proposition 1.3 implies that

A(B\(CU D)) = o(z({a cel Y a@:= 11&;2 log N log (z log N)]))

1<s<3(e+p) log N
(log (e + 1) log N) — 7)) + 108 1o
g w) log N) — y o N

eT 1
=0(1-G(———— -
0( G((s + 1) log 2 log (z log N) log 2

log (r log N)\  log? log 1
= 1 — = .
0( G( log 2 + clog N 0 ¢ log logN

A C B implies the assertion.
We are now able to prove the main Lemma.

MAIN LEMMA. There is a constant ¢ > O such that for all € > 0 and all integers N > 2

my(or) CX(N a) my(a)
A([a el Y. as+n(a)Bz< -~ ) Z “S+‘(“)]> W

5=0

Proof. Let u::\/f‘jﬁloglogN,M:z[é—,u) log N], K:=[ulogN], v:Q— Z,,

wa) = max{my(a) — M, 0} and let A be the set occurring in the Lemma. Furthermore let

(V@) e
= Q s B - 5
A= jae II;GH(G) 2<as+l(a)) _4§0+1(a)
v(a)+K— cS( (X)
Ay =10 e Q| as+1(01)32< - ) _4Z(a)as+1(a)
s=0
mN(a) 1 mN(ot)
mi=facal Y an@h(2CN=2Y au@],
s_u(a)+K as+1(a) s—0
my(e)
Cmy(a)(N, a)) £
Aq = {a € Qlay, a)| By —= As1(0) .
. [ oo @18 1223 )
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First of all we estimate A(A44) from above. Let

B: = {a € Q|lmy(a) — Tlog N| > p log N},
£
C:= {a € Q| a,,,N(a)+|(a) > ZmN(a)}

Note that 44 € C and that
1 1
MB)=0|——— ) = 0| ——}.
B (M log N) <e log log N)

Now a € C\B implies aya)+1(a) > i’;—“z log N. Therefore

- ]
wen=of | B Heemmoz G2 erl)) o) -o( 225

|k~t log Nl<p log N

This results in /1‘$A4) =0 (W)-

Since A C | 4;, we get from Proposition 3.1, Lemma 3.6 and Lemma 3.5

1 1 1+J§)"“" 1 I
AA) =0 + +0 + + .
@ = rogrorw (¢ log log N)”) (( 2 loglog M ' (¢ log logh) "

Hence § > ¢/ log Nloglog N—1 > %,/ log N immediately implies the assertion.

4. The proof of the main theorem. Let o € Q with continued fraction expansion
[0; a1, a3, ...] and convergents ?. Let us put

N
wifa) = sup (Z ¢p,v({na}) — NX),

0<x<l n=1

N
wy(a) = sup (Nx - Z c[ovx)({na})).

0<x<1 =1

Denoting by m the integer my(a), we obtain the following result.

ProrosiTiON 4.1. (See [7].)

@)= Y (ar{gNa}(l - {g:Ne}) + {g;Na}({ginaN} = {g-1Na})) + O),

2lj<m

6@ = Y (g {aNa)(1 = {giNa]) + {g-Na} (lguniaN)} ~ {gr-1Nal)) + OQ),
2j<m

The O-constant is absolute.
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Proof. This is essentially Corollary 2 in §1 of [7].
COROLLARY 4.1. Dy(@) = Y a1 {qiNa}(1 — {g;Na}) + O(1). The O-constant is absolute.
Jj=0

Proof. This follows from Dy(e) = wia) + wy(e).

my(a)
COROLLARY 4.2. Dy(a) = Y ¢i(N, a)( Z(N(ZD + O( log N). The O-constant is absolute.
=0 o

Proof. We put, for i,j > 0,

Sij = qminGy) (aqmax(iJ) - Pmax(id)),
m

Aj =3 c¢(N,a)s;jand P:= {j| 0 <j <m, 4; > 0}. Then {g;Na} = 4;+ 1 — cP()). (Use the

=0
proof of Corollary 3 of §1 in [7] and note the slightly different notion of 4; there.) Further-
more it is easily seen that

= ot aggy+ 07) = CUAND o(L)
ajy1 aj+1

i

and that 2¢p(j) — 1 # (—1Y implies ¢ji(N, a) = 0. Using my(ar) = O( log N) we get the asser-
tion.

COROLLARY 4.3. There is a constant ¢ > 0 such that, for all integers N > 2 and all ¢ > 0,

lmN(a) my(e)
([a € Q|Dy(a) — = Z apr1(a) |> ¢ Z ak+1(a)]) W

Proof. Let A be the set occurring in the Corollary. Corollary 4.2 implies the existence of
a constant K > 0 such that, forall N> 2 and all o € §,

my(a) my(@)
Ck(N, a) 1
IDn(@)+ ) a 1(a)Bz( )—— > " agp1(@)] < Klog N.
Y =0 ¥ aei@)) 64

Let

my(a) '"N(Dl)
B:= [a € Q|| Z ak+1(a)32(%> = Z ak+l(01)]

k=0

my(@)
C:.= [aeQI— log N > Z ak+1(a)]

=0

We have 4 C BUC. If %’f > %]\—0:1, the assertion is trivial. Otherwise

2K log(tlogN)—y< log (rlog N) — y
ET log 2 - 2log?2
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and therefore 32
1 - log 1
2O = O(G<2K og (z log N) y>+(og og N) )

eT log 2 Jlog N
_ 3/2
_0 G(_ log (7 log N) y) . Uoglog N)
2log 2 Jlog N
1
- 0( log/log N)'

From the Main Lemma in §3 we get the result.

THEOREM. There is a constant ¢ > 0 such that, for all K > 0 and every integer N > 2,

c

A(la € Qj|Dy(a) —i log Nloglog N |=> Klog N}) X3

Proof. Let ¢ be positive,

2
A:= [aeQ|DN(a)z (F-}_e) logNloglogN},

my(e)
elog2 11
e = D @, 1= e ;)

B:= [a € Q||Dn(e) — égN(a)l > 'IgN(a)]-

Corollary 4.3 implies
1 |
B=0—=)=0{ ——= .
) ((n log log N)‘”) ((s log log N)'”)

Furthermore « € A\B implies that Dy(x) > (6 ogz T s) log Nloglog N and we have
gn(a) = 6Dn(a) — 6ngn(e). This results in

(@) > 6 D(a)>l°-g2—+6—10 Nloglog N = ——(1 +¢ log 2) log N log log N
an(@) 2 e Dy(e) = = = log Nlog log N = - (1 + ¢ log 2) log N log log N.

Now Proposition 1.6 implies

MA\B) =1 — G((l +¢)loglog N log (rlog N) — y> 0((10g log N)3/2)

log 2 log 2 /log N
_ logt—-y (log log N)*/2
_l—G(alog]ogN Tog 2 )+0(——

Jlog N
—0 1 (log log N)*/?
eloglog N /logN |
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Choosing & = we get ((4) = O(K™'3).

K
log log N?

Similarly 5
A([a € Q| Dy(a) < (P - s) log N log log ND =0(k™ 7).
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