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1. I n t r o d u c t i o n . Suppose tha t Gi and G2 are two locally compact Haus -
dorff groups with identi ty elements e and e' and with respective left H a a r 
measures dx and dy. Let 1 ^ p ^ oo, and Lp(Gi) be the usual Lebesgue 
space over d formed relative to left H a a r measure on Gf. W e denote by 
M(Gi) the space of Radon measures, and by Mbû(Gi) the space of bounded 
Radon measures on Gt. If a £ Gu we write ea for the Dirac measure a t the 
point a. Cc(Gi) will denote the space of continuous, complex-valued func­
tions on Gt with compact supports , whilst Cc

+(Gt) will denote t h a t subset 
of Cc(Gi) consisting of those functions which are real-valued and non-negative. 

Several interesting "isomorphism theorems" have already been proved for 
various convolution algebras over groups Gt. First, Kawada (6) proved t h a t 
if there exists a bipositive isomorphism of Ll{Gi) onto Ll(G2), then Gi and 
G2 are isomorphic (as topological groups) . If T is an injection of an algebra 
A(G\) into an algebra B(G2), we say t h a t T is bipositive if, w h e n / £ A(Gi), 
Tf ^ 0 in B(G2) if and only if / ^ 0 in A(G{). Wendel (11) established iso-
morphy of the groups from the hypothesis t h a t there exists a norm non-
increasing isomorphism of Ll(G\) onto Ll(G2). A later result established by 
Johnson (5) and independently by Str ichartz (10) applies to the case where 
the algebras Mha(Gi) (i = 1, 2) are isometrically isomorphic. We shall need 
this result later, thus we s ta te it as Theorem A. 

T H E O R E M A. Let G\ and G2 be two locally compact Hausdorff groups. The 
algebras Mha(Gi) are isometrically isomorphic if and only if G\ and G2 are 
isomorphic topological groups. 

Edwards (2) considered the si tuation where the groups Gt are compact 
and there exists a bipositive isomorphism of Lp(Gi) onto LV{G2) (1 ^ p < °° ), 
and showed t h a t under these conditions, the groups are isomorphic. (He also 
considered in the same paper the cases of bipositive and of isometric iso­
morphisms of CC(G\) onto CC(G2) (with the sup-norm topology) in the case 
where the groups are locally compact . ) In (2), Edwards asked whether the 
compact groups Gi and G2 are necessarily isomorphic if there exists a norm-
preserving isomorphism of Lp(Gi) onto LP(G2) (1 ^ p < oo). Recently, an 
affirmative answrer to this question was given by Str ichar tz (9), and inde-
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pendently by Parrott (8), in the case where p ^ 2. The answer is easily seen 
to be in the negative when p = 2. The crucial step in solving the problem 
consists in giving the * 'appropriate" characterization of the norm-preserving 
right multipliers. (Cf. the corresponding step in Wendel (11).) By a right 
multiplier m of LV(G) we mean a continuous endomorphism of LV(G) which 
commutes with the operations of right translation: 

(1.1) m(paf) = pam(J) (a Ç G), 

where 

(1.2) Paf(x) = f(xarl). 

The characterization theorem runs as follows. 

THEOREM B (Parrott (8, Theorem 1) and Strichartz (9, Theorem 1)). If 
1 ^ p < oo y p ^ 2, the norm-preserving right multipliers of LV(G) are precisely 
those operators m of the form 

(1.3) mf = \raf ( / G l p ( G ) ) , 

where X is a scalar, |X| = 1, and ra is the operator of left translation by amount 
a (raf(x) = f(a~1x)). 

Denoting the set of all right multipliers of LP(G) by mv{G) (1 ^ p < oo), 
we observe that mv(G) is a Banach algebra under the operator norm and the 
usual operations of addition, multiplication by scalars, and (composition) 
multiplication of operators. (In the case where G is Abelian, multiplication 
of multipliers may be regarded as convolution of the corresponding pseudo-
measures. (Cf. Gaudry (3, Theorem 5.1).) In this paper, ŵ e consider the 
situation where there exists an isomorphism of the algebras mv{Gt) (i — 1, 2) 
which is either (i) isometric, or (ii) bipositive, and show that in the first 
case, we are able to deduce that the groups Gt are isomorphic if p ^ 2, and 
that in the second case, the same conclusion is reached without any restriction 
on p in the range 1 ^ p < °°.2 

2. The isometric case. 

THEOREM 1. Suppose that G\ and G2 are locally compact Hausdorff groups, 
that l^p<co,p9z£2, and that there exists an isometric isomorphism T of 
mp(Gi) onto mv{G<f). Then G\ and G2 are isomorphic topological groups. 

Proof. Case 1: p = 1. In this case, mi(Gt) is isometrically isomorphic to 
Mhû(Gi) (see Wendel (11)); therefore the result follows immediately from 
Theorem A. 

2I am indebted to Robert Strichartz for first posing part (i) of the problem, and for some 
later discussions on it, and for bringing to my attention the paper of Kunze and Stein. 
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Case 2: l<p<co}p^2. For each a £ d, consider the right multiplier 
Ta defined as the operator of translation on the left by amoun t a: 

(2.1) raf(x) = / (a-V) . 

This multiplier is norm-preserving and has norm-preserving inverse ra_ t . T h u s 
Tra has norm one, and so does its inverse. I t follows t h a t Tra is in fact norm-
preserving. I t follows from Theorem B t h a t 7Ya has the form 

(2.2) Tra = A(a) iv , 

where |X(a)| = 1 and a' Ç G2. I t is easy to see from the defining relation 
(2.1) and the fact t h a t T is an isomorphism t h a t a! is uniquely determined 
by a and t h a t the mapping </>: a-^>a' is an algebraic isomorphism of Gi onto C72. 
All t h a t remains to prove is t h a t the mapping <j> is continuous. (A repetit ion 
of the a rgument in the case where T~l replaces T and <t>~1 replaces $ will 
then yield the result t h a t 0 _ 1 is continuous.) T o show t h a t (j> is continuous, 
it will suffice to show t h a t if (a*) is a ne t in G\ and if at —> e, then </>(a*) —» e' 
in Gi. 

Suppose the contrary, t h a t <j>(a^) does not tend to e' in G2. Then there 
exists an open neighbourhood V of e' and a subnet of (</>(a^)) whose elements 
remain outside of V for all sufficiently large indices. We shall suppose, wi thout 
loss of generality, t h a t 4>{at) (E CV (the complement of V) for all i. Con­
sider then the ne t {Trai) of continuous endomorphisms of LP(G2): this ne t is 
bounded in norm, and therefore, since 1 < p < «5, and the bounded subsets 
of Lp are weakly relatively compact when 1 < p < œ, the ne t {Trai) has a 
limiting point for the weak operator topology; suppose t h a t m is any such 
weak operator topology limiting point and suppose, wi thout loss of generality, 
t h a t Trai —> m in the weak operator topology. I t is easy to see t h a t m G mp(G2). 
Then for any / G ^ ( G 2 ) , g G Z^ (G 2 ) , 

(2.3) fTTai(f)gdy->j?n(f)gdy. 

Suppose now t h a t h G CC{G\) and t h a t we consider the element mh of 
mp(Gi) defined by convolution on the left by h. I t is evident t h a t raih —» h 
in ili"M(Gi); since the topology of M M is stronger than t h a t induced by mpy 

it follows t h a t mTain -^ mn in mv(Gi). Since T is continuous, T(mTaih) —> T(mh) 
in W P ( L 7 2 ) . B u t mTa.^ = Tai-mh; thus, since T is an isomorphism, 

(Trai)' (Tmh) —> Tm» 

in w p (G 2 ) , a fortiori in the weak operator topology. Hence, if / , g G CC(C72), 

(2.4) / ( r r f l i . ) - ( r m » ) ( f ) g d y - > / ( r m * ) ( / ) g d y 

B u t (Tmh)(j) e LP(G2); therefore it follows from (2.3) t h a t 

J (Trai) • (Tmh) (J)g dy->jm,' (Tmh) (J) g dy. 
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It follows, on using (2.4), that 

(2.5) m-(Tmh) = Tmh (h e Ce{Gx)). 

Applying T~l to (2.5), we deduce that 

(2.6) (T~lrn)-mh = mh 

for all h e Cc(Gi). Therefore {T~lm - I)(h*k) = 0 for all h, k £ C c ( d ) , 
where / is the identity endomorphism of Lp(Gi). But the set of elements 
h * k, where h and k range over Cc(Gi), is dense in Lp(Gi), since p < oo. 
Hence T~lm = I, and therefore m = V, the identity endomorphism of LV(G2). 
Thus we have proved that 

(2.7) Trai = \(at)Tai> ^> re> = / ' 

in the weak operator topology. We now show that this implies that the net 
(a / ) has at least one limiting point in G2. 

For any compact non-negligible subset K of G2, denote by XK the charac­
teristic function of K. Then XK £ LP(G2) H LP'(G2) and by (2.7), 

/ ( M ^ K i ' X x - X^Xxdy-^O. 

I t follows that there exists an index i0 and a compact subset i£0 of G2 such 
that a / 6 Ko for all i = i0. The net (a / ) (̂  = i0) therefore has a limiting 
point in K0, say a'. Since a / G CF, and V is open, it follows that a' ^ e'. 
To save renaming, suppose, without loss of generality, that a/ —+ a' in G2. 
Since ar ^ e', we may choose a relatively compact neighbourhood £7 of #' 
such that a' U C\ £7 = 0. Now choose a symmetric neighbourhood W of e' 
such that PF2 C U. Then, since a/ —> a', it follows that for all sufficiently 
large indices i, a(W C\ W = 0. Denote by xw the characteristic function 
of W. By (2.7), 

$(^(ai)Tai>Xw — Xw)xwdy —> 0. 

But for all sufficiently large i, 

J(^(^i)rai'Xw — Xw)xwdy = —jxwdy 

since for such indices, a/W P\ W = 0. Since PF is a neighbourhood of <?', 
JXTF ^ ^ 0- Thus, we have reached a contradiction. The mapping a —-> a' is 
therefore continuous, and the proof is complete. 

Remarks, (i) I t is easy to see that the result is, in general, false when p = 2. 
As a counterexample, take G\ = T, the circle group, and G2 = T X T, the 
two-dimensional torus. Then m2(Gi) ~ lœ{Z), where Z is the additive group 
of the integers, and m2{G2) ~lœ(Z X Z), the algebras Z°° being taken here 
with pointwise operations and the usual sup-norm. Each of Z and Z X Z 
is countable: let <p be any one-to-one correspondence between Z X Z and 
Z. Then the mapping T^ of f°(Z) onto f°(Z X Z) defined by 

T4>\p{m, n) = \l/{<t>{m, n)) 
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is an isometric isomorphism of F°(Z) onto lœ(Z X Z). It is clear, however, 
that Z and Z X Z are not algebraically isomorphic ; therefore the groups G± 
and G2 are certainly not isomorphic. 

(ii) We do not know whether the assumption that T is isometric can be 
replaced by the assumption that it is norm non-increasing. 

3. Bipositive isomorphisms. The principal result needed in order to 
establish our results is a special case of a theorem due to Brainerd and Edwards 
(1, Theorem 3.5). 

THEOREM C. Let G be a locally compact Hausdorff group, let 1 ^ p < œ, 
and suppose that m is a positive right [left] multiplier of LP(G) (i.e., mf ^ 0 
if f ^ 0). Then there exists a positive measure n £ M (G) such that 

(3.1) mf = n * f [/* M] 

for all f e CC(G). 

Remarks, (i) In the case where G is Abelian, it is known that a positive 
multiplier of LV(G) is defined by convolution with a positive bounded measure. 
This follows, for example, from the fact that when G is Abelian, a multiplier 
is defined by convolution with a pseudomeasure, and that a positive pseudo-
measure is a bounded measure (Gaudry (4, Theorem 1.4.9)). 

When G is non-compact and non-Abelian, and 1 < p < °o, it is not, in 
general, true that a positive left multiplier of LP(G) is defined by convo­
lution on the right by a bounded measure. A counterexample is provided 
by a result contained in a paper by Kunze and Stein (7). They considered, 
in detail, harmonic analysis on the real 2 X 2 unimodular group G; one of 
their results is the following very interesting theorem. 

THEOREM D (Theorem 9 of (7)). If f £ L2{G) and g £ LP(G), 1 ^ p < 2, 
and if h = f * g, then h £ L2 (G), and 

(3.2) 11*11*^1, |[/l|2||g||„ 

where Av does not depend on f or g. Hence the operator of convolution by a func­
tion g G LV{G), 1 ^ p < 2, is a bounded operator on L2(G). 

We need only consider the operator m:f-+f*g on L2(G), where g ^ 0, 
g G LP(G), 1 < p < 2, and g (? Ll(G). Then m is a positive left multiplier 
of L2(G) which is not defined by convolution on the right with a positive 
bounded measure. 

(ii) I t should also be noted that, in general, the positive multipliers of 
LV(G) (1 < p < °° ) do not generate all the multipliers. For example, if G 
is an Abelian group, the positive multipliers "are" the bounded measures; 
and there are, for most Abelian groups, multipliers of Lv which are not bounded 
measures. 
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T H E O R E M 2. Let Gi and G2be locally compact Hausdorff groups and 1 ^ p < <» . 
Suppose that there exists a bipositive isomorphism T of mv{G\) onto mv{G2). 
Then G\ and G2 are isomorphic topological groups. 

Proof. Case 1: p — 1. When p = 1, mv{Gt) is isomorphic to Mb d(G^), the 
isomorphism being biposit ive; therefore T m a y be regarded as a bipositive 
isomorphism of Mha(Gi) onto Afbd(G2). 

If a £ Gi, ea is a positive measure with inverse ea-i. Tea and Tea-i are 
positive measures, say /x and *>, respectively. We show now t h a t each of /x 
and v has one-point suppor t . 

No te first t h a t \x * v = Te^ = e6', and t h a t each of y. and i> is non-zero. 
Suppose, for example, t h a t b\ and b2 are two dist inct points of the suppor t 
of fi and t h a t c is a point of the suppor t of v. Choose a relatively compac t 
neighbourhood U of e' such t h a t biUcU P\ b2UcU = 0 and a function 
<A € CC(G2) with 0 g ^ 1, ^(g ' ) = 1 and suppor t ^ C Z7. Define 
Mi = (TD\4')V + (T&2^)M a n d ^i = (Tc*l')v- Then jm and ?i are positive, non-zero 
measures with compact suppor ts , and MI = M> "I = -̂ Therefore 

Mi * ^i = M * ^ = e e ' . 

B u t /xi * ï/i is a positive measure with a t least two dis t inct points in its sup­
port , while ee> has one-point suppor t . We have a contradict ion. Hence, each 
of Tea and Tea-i has one-point support , so t h a t Tea = \(a)ea> and 
Tea-i = A(a_ 1)e6 ' , say, where a', &' £ G2 and X(a) > 0, À ( a - 1 ) > 0. I t is easy 
to see t h a t V — (a')~l and t h a t X defines a homomorphism of Gi into the 
positive real numbers . We now note t h a t A (a) = 1 for all a Ç G±. For, if 
A (a) > 1 for some a, then, since A is a homomorphism, we can find a sequence 
(an) of points of G\ such t h a t X(an) > nz. Then m = ]Ci°°(l/w2)ean is a 
positive bounded measure with m ^ (l/n2)ean for each n\ therefore 

Tm ^ ( l / ^ 2 ) r e a n ^ W€flB/, 

a contradict ion if w is large enough. 
T h e mapping <j>\ a —» a' is an algebraic isomorphism of Gi onto G2. I t 

remains to show t h a t it is continuous. First , we note the following simple 
fact: there exists a cons tan t c ^ 0 such t h a t 

(3.3) I M ^ c l M I 

for all fjt Ç ikfM(Gi) with M = 0. T h e proof of this is trivial, and uses much 
the same ideas as the proof given above t h a t A= 1. 

Now examine the pa r t of the proof of Theorem 1 applying to the con­
t inu i ty of the m a p <j>. This can be adap ted immediate ly to the present s i tua­
tion once the following comments are made . 

(i) Since Tea = ea> for a £ Gi, the measures Tea {a £ G\) are clearly 
bounded in norm. 
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(ii) The norm-bounded subsets of Mha(Gi) are weakly relatively compact 
(for the weak topology a(MhûJ Co)) so that when at—^e, the set of measures 
(Teai) has a weak limiting point in AfM(G2), say 0. 

(iii) If A G Cc
+(Gi) and at —> e in Gly then (eai * h) —> h in M"bd(Gi) and 

(eai * fc) ^ 0. Therefore by (3.3), r(e«t- * h) -> Th in M"bd(C2). 
(iv) In place of (2.6) we shall have 

(3.4) (r-1/?) *h = h 

for all h e Cc+(Gi). (3.4) then implies that T"1^ = ee so that 0 = e^. 
Thus the proof of the continuity of 0 is virtually the same as it was before. 

Case 2: 1 < p < œ. In this case we begin with the multipliers ra and ra-i, 
where a £ Gi and observe that 7>a and 7Ya-i are both positive multipliers. 
Appeal to Theorem C now yields the existence of positive measures \x and 
v such that 

(Tra)(f) =n*f 

and 

(TT„-i)(f) = V*f 

for / G CC(G2). Then it is not difficult to establish, along the lines of the 
argument used in the proof of Case 1, that /* and v are both Dirac measures 
and that Tra = ra>, Tra-\ = rh>, say, where b' = (a')"1. 

In order to complete the proof by showing that the mapping <j>: a —> a' is 
continuous, we note that we may mimic the argument used in Case 1 once 
we observe that we can establish, in place of (3.3), that 

(3.5) \\Tm\\mv ^ c\\m\\mp 

for all m G mp{G\) with m ^ 0. 
The proof of the theorem is therefore complete. 

Note {added in proof). R. Rigelhof has recently proved that when p = 1, 
the conclusion of Theorem 1 remains valid if T is assumed to be norm non-
increasing. 
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