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ON ORTHOGONAL POLYNOMIALS
WITH RESPECT TO A POSITIVE DEFINITE MATRIX
OF MEASURES

ANTONIO J. DURAN

ABSTRACT.  In this paper, we prove that any sequence of polynomials (p,), for
which dgr(p,) = n which satisfies a (2N + 1)-term recurrence relation is orthogonal
with respect to a positive definite N X N matrix of measures. We use that result to prove
asymptotic properties of the kernel polynomials associated to a positive measure or a
positive definite matrix of measures. Finally, some examples are given.

1. Introduction. Inthis paper we introduce an extension to the theory of orthogonal
polynomials with respect to a positive measure, by considering orthogonal polynomials
with respect to a positive definite matrix of measures. A N X N matrix of measures
U= (ﬂfxf){\,//‘:l (ui; being complex Borel measures) will be called positive definite if for
any Borel set A the numerical matrix (u,»‘,(A))Z,
these numerical matrices are hermitian).

We associate with every positive definite matrix of measures an inner product (possi-
bly degenerate) defined on the linear space of complex polynomials P as follows: given
a natural number m, 0 < m < N — 1, we define the operators Ry ,,: P — P by

(nN+m)(0)
(L RN.m(P)ZZ%NTnm '

_, is positive semidefinite (in particular

i.e. for every m, the operator Ry, takes from the polynomial p just those powers #, for
which k = m (mod N) and then changes "V*" to 1*.
Using these operators, we define the inner product B, associated with y by

N —— e — e e
(]2) Bu(p» q) = z ‘/RN,m—l(p)RN,m’vl(q) d,ufm,m’ forp,q eP.

mm'=1
We say that the polynomials (p,), are orthogonal (resp. orthonormal) with respect to the
matrix of measures p if they are orthogonal (resp. orthonormal) with respect to the inner
product B,,.

An important result in the classical theory of orthogonal polynomials is the so-called
Favard Theorem [F] (although the result seems to be known already to Stieltjes, Cheby-
shev, and others) which establishes a close relationship between orthogonality with re-
spect to a positive measure and three term recurrence relations:
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THEOREM (FAVARD).  Let (py)n be a sequence of polynomials for which dgr(p,) = n
and which satisfies the following three term recurrence relation:

tpn(t) = An+1Pn+1 ®+ bnpn(’) +appn—1 ),

where (an), and (b,), are real sequences and p_,(t) = 0. Then, there exists a positive
measure with respect to which the polynomials (p,,), are orthonormal.

As the main result in this paper, we extend Favard’s Theorem establishing a close
relationship between orthogonality with respect to a positive definite N X N matrix of
measures and (2N + 1)-term recurrence relations: we say that a sequence of polynomials
(pn)n for which dgr(p,) = n satisfies a (symmetric) (2N + 1)-term recurrence relation if
the following formula

N
(1.3) pu(®) = cnopn(t) + D (CnsPn—i(D) + CstiPrei(0))
=1

holds, where (c,), are real sequences for/ = 0,...,Nand p;(r) = 0if / <O0.

THEOREM 1.  Let (p,), be a sequence of polynomials for which dgr(p,) = n and
which satisfies a (2N + 1)-term recurrence relation. Then there exists a positive definite
N X N matrix of measures with respect to which the polynomials (p,), are orthonormal.

Here, we should compare this theorem with the results in [D]. There, we proved that
the operator of multiplication by " is symmetric for an inner product B if and only if B
is the inner product defined by a N X N matrix of measures. Let us note that the operator
of multiplication by £V is symmetric for B if and only if the sequence of orthonormal
polynomials for B satisfies a (2N + 1)-term recurrence relation. However, in [D], we did
not give any positivity conditions on the matrix of measures y, as Theorem 1 gives. These
positivity conditions on the matrix of measures are essential to extend the inner product
from the space of polynomials to a Hilbert space of functions. Thus, for a positive definite
N x N matrix of measures yu = (uiJ)Q’/-:, , we consider the Hilbert space (which is denoted
also by L2(y)) of vector valued functions f: R — CV for which there exists a sequence of
simple functions (¢,)n, ¢n = ($n,1, ..., Pnn) Which tends p;jae. tof fori,j=1,...,N
and which is a Cauchy sequence with respect to y, i.e.,

N _

Y [ (80i0) = Dm0 (0s0 = @) dpij(0 — 0, n,m — 0.

ij=1
The space of scalar polynomials P is included in this Hilbert space of vector valued
functions by using the operators Ry, :

Ry:P — L2(u)
N—1
p— (RN‘"'(p)>/n:()'

Hence, we have that the operator Ry is an isometry between the linear space of scalar
polynolmials P (with the inner product defined by the positive definite matrix of measures
) and the subspace of vector valued polynomials PV of L2(y).
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To complete this paper, we apply Theorem 1 to prove new asymptotic properties of the
kernel polynomials associated with a positive measure. Indeed, let (p,), be the sequence
of orthonormal polynomials with respect to a positive measure p. The kernel polynomials
are defined by k,(z, w) = ¥}_ pk(z)m. The following asymptotic property for these
kernel polynomials is very well-known: for every x € R

I

m = SUP{V({X}) : v is a positive measure with respect to which the
n=0 1/n

polynomials (p,), are orthonormal}.

But similar formulas for x € C \ R or for the derivatives of the polynomials do not seem
to be known. Here we shall show such formulas: for a positive measure p, let us put

A, = {v : vis apositive measure which defines the same inner producton P as p }.

Let us put B, for this inner product, i.e., B,(p, q) = I p(t)g(t)dp. Forv € Ay,and N € N,
we define the measures v;; as follows: if N is odd thenv;; = v, and if N is even, then v;;
is the measure with supportin [0, +00) defined by v; j(A) = v(A)+(—1)*v(—A). Now, we
set ,;; the measure with density % with respect to the image measure v}, = vigh™!

where Y(t) = t%. Then it is not hard to see that the matrix of measures Wy, = (,u,/,,-‘,-)f\&:,
is positive definite and that its associated inner product B, (see (1.2)) is just the same
as B,. This means that orthogonal polynomials with respect to a positive measure are a
particular case of orthogonal polynomials with respect to a positive definite matrix of
measures. It should be noticed that it could be possible that the inner product B, was
obtained from another positive definite N X N matrix of measures o different from those
tv, v € A, defined above. Actually, such a matrix of measures plays a fundamental role
in understanding the behaviour of Z!rl']—N‘(Ui forx € R, or ZTI(W)I for w satisfying

w" = —1 and x € R. To illustrate this, we mention the following results:

= sup{,uzz({()}) — J%[(—{(Oﬁ}? u= (Nij)in:l is a positive defi-

nite 2 X 2 matrix of measures with respect to which the
polynomials (p,), are orthonormal}

|
o P (0)[?

1
S |pa(xi)|?

Tp =

= sup{min{yn(— b, S S

(u’,j)’_ZJ:l is a positive definite 2 X 2 matrix of measures with
respect to which the polynomials (p,), are orthonormal}.

Thus, this theory of orthogonal polynomials with respect to a positive definite matrix
of measures is going to be interesting not only for its own sake, but also because of their
applications to the classical theory. Here, we should say that in a subsequent paper, a very
close relationship between polynomials satisfying a (2N+1)-term recurrence relation and
N X N matrix orthogonal polynomials will be established.

In Section 2, we have put together some basic definitions about recurrence relations
and inner products. Section 3 contains an extension of Theorem 1, its proof and some
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remarks about density of polynomials in the Hilbert space L?(u) for a positive definite
matrix of measures p. Section 4 contains some results about positive semidefinite ma-
trices. Section 5 contains the results about kernel polynomials mentioned above and the
extensions of these results for orthonormal polynomials with respect to a positive def-
inite matrix of measures. Finally, Section 6 contains some examples. Thus, we show a
new family of Brenke type polynomials which are orthogonal with respect to a positive
definite 2x2 matrix of measures. They show that the class of Brenke type polynomials
which are orthogonal with respect to a positive definite 2 X 2 matrix of measures is wider
than that of Brenke type polynomials orthogonal with respect to a positive measure (see
[Ch, p. 167]).

2. Preliminaries. As usual, P will denote the linear space of complex polynomials.
It is well-known that there is a bijection between inner products B defined on P and posi-
tive definite Hermitian matrices (a;);; which are characterized by A, = det((af J)f;zo) >
0 for all n € N. In fact, this bijection is given by a;; = B(#', ¥).

We can obtain an expression for the sequence of orthonormal polynomials (p,), with
respect to an inner product B:

ap,o T ao,n

1 : . :
Py = e | 1
! An-18y An-10 - Adn—1n

The inner product B can be defined from its sequence of orthonormal polynomials (p,), as
follows. If p(¢) = 3=, oupu(t) and g(t) = X, Bupa(t), then B(p,q) = ¥, oc,,Bn. Conversely,
every sequence of polynomials (p,), for which dgr p,, = n defines a unique inner product
B by putting B(p,q) = ¥, ufn, if p(t) = ¥, onpn(t) and q(t) = ¥, Bupu(t), so that (p,),
are orthonormal with respect to B.

Let h be a real polynomial of degree N. We say that the sequence of polynomials (p,,),
with dgr p, = n, satisfies a (symmetric) (2N + 1) term recurrence relation defined by A if
the following formula holds:

N

Q.1 h(OP(t) = Caopalt) + [Zl(cn,,p,,‘,m + CratPust(1))

where (c,,;), are real sequences for [ = 0, ..., N (of course, if < O then ¢,; = p; = 0).
Because of the condition on the degree of the polynomial p,, we have ¢,y # 0 for
all n € N. Let us notice that for N = 1 and k() = ¢, we get the classical three term
recurrence relation which characterizes the orthonormal polynomials with respect to a
positive measure.

It is not hard to see that the inner products whose sequence of orthonormal polynomi-
als satisfies a (2N + 1)-term recurrence relation defined by a polynomial 4 are the same as
those for which the operator of multiplication by /4 is symmetric, i.e., B(hp, q) = B(p, hq)
for all p, ¢ € P. We shall use this fact often.
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For a real number x, we consider the basis of P given by
{(t—xy'n"(®) : k=0,1,...,N—1,n > 0}.

For a non-negative integer m, for which 0 < m < N — 1, we define the operators Ry,

by
Ryxm:P—P
2.2) Rixn(p) = L analt =" ip() = 32 anlt =0k
- neN
Let us notice that for h(t) = (t — x)V
Ry xm(p) = Xn: %);—), .

For x = 0 and h(t) = ¢ these operators coincide with the operators Ry, defined in the
Introduction of this paper.

From [D] we get, after a straightforward reformulation, the following orthogonality
conditions for a sequence of polynomials satisfying a (2N + 1)-term recurrence relation
defined by the polynomial A:

THEOREM A. Let (pn)n be a sequence of polynomials for which dgr(p,) = n and
which satisfies a (2N + 1)-term recurrence relation like (2.1). For every real number x,
there exists a N X N matrix of measures such that the bilinear form defined by

N
(2 3) Bp(l’, q) = Z /Rh,x,m~l(p)Rh,x,m’—l(q) d/J'm.m’ fO”P,q eP
mm’'=1
is an inner product on P and (py), is the sequence of orthonormal polynomials with
respect to B.

According to this theorem, we define

DEFINITION 2.1.  An inner product B is said to be (h, x)-defined by the matrix of mea-
sures pu = (uix/)f“’j:,if it is defined from this matrix of measures by the expression (2.3).
For h(t) = (t—x)", we will say x-defined by p, and for A(t) = ¥ and x = 0 we simply say
that B is defined by the matrix of measures p. Analogously, the orthogonal (orthonormal)
polynomials with respect to this inner product B are said to be (h, x)-orthogonal ((h, x)-
orthonormal), x-orthogonal (x-orthonormal) if A(f) = (t — )V or simply orthogonal
(orthonormal) if 4(f) = V¥ and x = 0, with respect to the matrix of measures p.

With every (2N +1)-term recurrence relation like (2.1), we associate a (2N +1)-banded
infinite symmetric matrix by putting the sequences (¢, ), which appear in the recurrence
relation on the diagonals of the matrix, i.e., we define the matrix J = (jum)nmen by

Jnm = Cmax{n,m},|n—m| if |n - ml <N
o 0 if |n —m| > N.
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This matrix will be called the N-Jacobi matrix for the recurrence relation (the classical
case corresponds to N = 1). It should be noticed that this N-Jacobi matrix J does not
depend on the polynomial 4 which appears in the recurrence relation. We say that J is the
(h, N)-Jacobi matrix associated with a sequence of polynomials (p,), which satisfies the
(2N + 1)-term recurrence relation defined by the polynomial £ if J is the N-Jacobi matrix
for that recurrence relation.

It should be noticed that given a (2N + 1)-banded infinite symmetric matrix, J for
which j, ..v # 0, n € N, a real polynomial % of degree N and a set of N polynomials
(Dn ),’,V;O' with dgrp, < n,one candefine a sequence of polynomials (p, ),y Which satisfies
a (2N + 1)-term recurrence relation defined by / and for which the N-Jacobi matrix is
J. Only when dgrp, = nforn = 0,1,...,N — 1 (and since dgri = N, that implies
dgrp, = nfor all n € N), this sequence of polynomials is the sequence of orthonormal
polynomials (4, 0)-defined by a matrix of measures y.

3. Orthogonal polynomials with respect to a positive definite matrix of measures.
As we wrote in the introduction, since the matrix of measures which appears in Theo-
rem A (see Section 2 of this paper) have no positivity conditions, one does not expect to
be able to extend the inner product from the space of polynomials P to a space of func-
tions which should be complete for the topology generated by this inner product. So, first
of all, we improve Theorem A by giving a positivity condition on the matrix of measures
which will show to be sufficient in order to extend the inner product to a natural Hilbert
space of functions.

THEOREM 3.1.  Let h be a real polynomial of degree N, x a real number and (p,), a
sequence of polynomials for which dgr(p,) = n and which satisfies a 2N+ 1)-term recur-
rence relation defined by the polynomial h (see (2.1)). Then there exists a positive definite
N X N matrix of measures y such that the polynomials (p,), are (h, x)-orthonormal with
respect to .

PROOE. Let us consider the Hilbert space of complex square summable sequences
¢2, and the N-Jacobi matrix J for the recurrence relation of the sequence of polynomials
(Pn)n- We also put J for the operator defined by this matrix on £2 with domain the subspace
of finite sequences, i.e.,

Jitt— 0

J((@nn) = (ao.ar,.. ).

Because the matrix J is symmetric, J is a symmetric operator with dense domain. As
usual, (e,), will denote the canonical basis of £2.

In the space of polynomials P, we consider the inner product B defined by the sequence
of polynomials (p,),, i.e., B(p,q) = ¥, 03 if p(2) = 3, appn(®) and q(1) = 3, Bupa(?).
Then the operator T:P — £? defined by T(p) = ¥, ane, if p(t) = X, appn(t) is an
isometry from the linear space of polynomials P endowed with the inner product B to the
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domain of J (i.e., the linear subspace of finite sequences), and from the (2N + 1)-term
recurrence relation defined by the polynomial 4, it follows that

3. 1) T 'oJoT=h

onP.

We define the operator X = J + x1d (Id is the identity operator) in ¢> with domain
the subspace of finite sequences. Clearly, X is symmetric with dense domain, and since
the (2N + 1)-term recurrence relation has real coefficients, the deficiency indices of &K
are equal ([DS], p. 1231), so X has a selfadjoint extension, which we denote by X as
well. Let us put E for the resolution of the identity of the operator K. Finally, we put
Xm = T((t — x)""') form = 1,..., N, and define the matrix of measures y = (uu)x-zl,
by pij = Eyx fori,j=1,...,N.

Firstly, we are going to prove that p is a positive definite matrix of measures. Let A
be a Borel set. For «, ..., ay complex numbers, we put u = Z"NZI a,x,. Then we have

N N
> ai@jpij(A) = Y oidGEy, 1 (A) = E,u(A) > 0.
=1 =

The last inequality follows because E is a resolution of the identity, and so the measures
E,, are positive for all u € £>. Hence, the matrix of measures y is positive definite.

Finally, we prove that B is the inner product (h, x)-defined by p. Let us put p(r) =
(t—x)*h(t)" and g(t) = (t—x) h(t)" for0 < k,k’ < N—1and n,n’ € N. Then, from the
definition (2.2) of the operators R, ., (3.1) and the definition of the matrix of measures
1, we have

N —_—
Z /Rh,x,mf 1 (p)Rh,x,m’—‘l (CI) d“mm’

mm'=1

= [ R (6 = 0 0" VR (6 = 08 B ) i o
= /(t — ™" dptgr oo
= [t =" dEy, .,
= <J"+"/Xk+1,xk'+|> = <J"+nIT((t - X)k), T((l‘ - X)k')>
= (T((t = Y hey™, T((t = 0))
= B((t — 0} h()™™ (1 — ") = B((t — x)h(0)", (t — ) h(t)")
= B(p(1), q(1)).
Since (r — x)*h()", k =0, 1,...,N — 1, n € N is a basis of P, the theorem is proved. =

The positive definiteness condition on the matrix of measures allows to us to extend
the inner product for simple functions:
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LEMMA 3.2,  Let pu = (i J)x':l be a positive definite matrix of measures. Then

N -
(3.2) > [F@F@ duije) >0

ij=1
for all simple functions fi, ..., fy.

PROOF. We can write fi(t) = Zj’.';‘;' ajxa (), fori = 1,2,...,Nand 0 = n <
ny < --- < nyy. Let us denote A4 the set of all subsets of {0, 1,2,..., \ne } For every
B € A, we put Cg = MypepAp \ (UpgpAn). It should be noticed that for B # B', Cy and
Cp are disjoint. So, it is clear that A; = Uypc 2.epyCp,j = 0, 1,...,nys and the sets
which appear in these unions are disjoint. Hence, we can write fi(f) = Y gcq aipXc,(t)

for certain numbers q; g. From this decomposition, we get

N L N -
» /ﬁ(t)fj(t)du,-J(t) =2 2 /a,-,B(t)aj,B(t)ch(t)d/iu'(’)
Py ij=1Becq"
N
= > Y aipappij(Cp).
BeAij=1

Since the matrix p is positive definite, we get forevery B € A that Z%:, a; pdjppij(Cp) >
0, and so (3.2) holds. n
Now, we can define the space L*(ut) of vector valued functions

DEFINITION 3.3. Let p = (u; J)ﬁ;:, be a positive definite N X N matrix of measures.
We say that a function f: R — C" belongs to the space L?(u) if there exists a sequence of
simple functions (¢,)n, ¢u = (Pp,1, ..., ¢nn) Which tends p;jae. tof fori,j=1,...,N
and which is a Cauchy sequence with respect to p, i.e.

N —
Jim 5% (600 = i) (G0 = 6 D) dyis) = 0
o =

Forf,g € Lz(p) and (¢,)n, (¥n)n two Cauchy sequences with respect to p which tends
to f, g i a.e. as n tends to infinity respectively, we put

N
(f.8) =1im 3" [ Gy dsis0)
=1
From Lemma 3.2, it follows that -, -} is an inner product on () possibly degenerate,
ie., {f.f) > 0forall f € L*(p), although (f,f) = 0 does not imply f = 0.

REMARK 3.4. In the literature we can find other definitions for the space L*(p) (see
[R]) which we recall here. If 4 = (u,»,,)ﬁ’/.:] is a positive definite matrix of measures, then
the measures on the diagonal y;;, i = 1,..., N are positive; moreover, all the measures
uij are absolutely continuous with respect to the positive trace measure T(p) = YN Hiie
We put 0 < ¢;; < 1 for the Radon-Nikodym derivative of the measure p;; with respect
to the trace measure 7(u), then, a vector valued function f = (ﬁ)f.\':] belongs to Lz(u) if

https://doi.org/10.4153/CJM-1995-005-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-005-8

96 ANTONIO J. DURAN

and only if the functions fif;¢;; are integrable with respect to the trace measure 7(u). Put
(f.f) =N S F(O)f ()¢ ;(t) dr(w)(t), then this inner product defined on L?(u) coincides
with the one defined above.

Of course, in L2(p), we identify f and g if {f — g,f — g) = 0 which is equivalent
(via the Cauchy-Schwarz inequality) to Zf’:] (ﬁ(z) — g;(t))qﬁiJ(t) = 0 7(p)-a.e. for all
Jj = 1,...,N. The functions for which (f,f) = 0 can be characterized in a simple way.
Lett € supp('r(u)); if det(qbu(t))?;:l = 0, we put ¥(2),...,Yu(t) € CN for a basis of
the subspace of eigenvectors of the matrix (q&i J(t))z; . corresponding to the eigenvalue
A =0,and (1) = -+ = Yy(®) = O, 0). If det(¢j(0) " _ > 0 or t & supp(r(s),
we put ¥y () = - -+ = Yn() = (0,...,0). Then it is not hard to see that {f,f) = 0 if and
only if f = Z?’:l a;(t);(r) for certain measurable functions a;: R — C.

For x € R and 4 a real polynomial of degree N, it follows from the previous remark
that the following conditions are equivalent:

1) The inner product (A, x)-defined by a positive definite N X N matrix of measures u
on the space of complex polynomials P by the expression (2.3) is a nondegenerate
inner product, i.e., B,(p,p) = 0if and only if p = 0.

ii) Given any measurable functions ¢;:R — C, i = 1,...,N, if the restriction of
the components of the function Zf\':l a;(HY;(r) to sup('r(u)) coincides with the
restriction of certain polynomials rj, j = 1,...,Nthenr; = 0,j = 1,...,N

(where v; are the functions associated with p defined above).

REMARK 3.5. (i) The degenerate inner product of discrete Sobolev type B(p, q) =
Mp™ (x)g"™(x) can be represented by a positive definite matrix of measures. Let N be a
non-negative integer greater than m and # a real polynomial of degree N for which x is a
root of multiplicity m + 1. For a polynomial p € P, we can write

pit)= 3 ap.t — )@

0<k<N—1
neN

and since x is a root of multiplicity m + 1 for &, and m < N, we get p™(x) = m!a,.
Then, if we put
|0 if1 <i,j<N,jiorj#m+1
Hid =\ Mm12s, ifij=m+1
from (2.2) and (2.3), it follows that the inner product (h, x)-defined by u is B(p,q) =
Mp™(x)g™ (x).

(i1) The case m = 0 i.e., the Dirac delta §, can be represented using another different
positive definite matrix of measures. Given N € N,y € R and 4 a real polynomial of
degree N, then the degenerate inner product B(p,q) = p(x)q(x) is (h, y)-defined by the
positive definite matrix of measures u = (y; J)f.\;:] where p;; = (x — y)’>+j’25;,(x>+'V for
Lj=1,...,N.

REMARK 3.6. Theorem 3.1 gives a positive definite N X N matrix of measures p
for which a sequence of polynomials (p,), satisfying a (2N + 1)-term recurrence relation
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defined by a real polynomial of degree N, is (h, x)-orthonormal. Now we prove that the
space of polynomials PV is dense in the Hilbert space L(u) for this matrix of measures
which Theorem 3.1 provides. Indeed, let E be a resolution of the identity for the operator
defined by J + x1d, J being the N-Jacobi matrix. Since for every Borel set A the operator
E(A) is a projection, we have that the measure with density x4 with respect to E,,, is just
E, £y for any u,w € £2. For k € N and by using the equality (3.1), we get that

N
(33) e = ZRhJ‘i-]pk(J‘f—XId)Xj,
j=1
where x; = T((t — x)’”) (as in the proof of Theorem 3.1). If A, ..., Ay are Borel sets
on R, we put f(t) = (XA.(I), el XAN(t)) € L*(w). The density of polynomials in L?(i)
would follow if we prove the Parseval identity for the function f. Now, in £? we have for

iLj=1,...,N
(E(Ai NA)xi, x;) = (E(ADxi, EA))x;) = > (E(A)x;, ex){ex, E(Aj)x;)
kEN
fori,j = 1,...,N. But from the definition of the matrix of measures y, we have

(E(Ai N Apxi, xj) ://; dEy. x, = /XA,-XAj dpij.

i

Hence

N N
G4 BEN= X [xaxadu =3 3 (E@w, e)(ex EA)x,).
k

ij=1 ij=1

But from (3.3) and previous considerations, we have

N
(E(ADxi, ex) = (E(ADxi, Y Ryxy—1px(J +x1d)x;)
=1

N —_—
= ; //;' Rh,x,lvlpk(t) dEx,,x,

N ——
=3 / XA Rnx1—10x(0) dpsig.
=

Hence (3.4) gives

i ( Nl / XA Rnx1-1Pk(1) dMi.l)

ij=1 =

N
X (Z / Ry - 1P1(0) X4, dltz,,‘)
=1

B(f,f)=2k:

2

N —_—
> /XA,Rh,x,lflpk(t)dHi,j

= Z p;
k lij=1

=3 |B(.pol
k
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that is, the Parseval identity for the function f. ]

The converse of this result is also true, i.e., every positive definite N X N matrix
of measures p for which the polynomials are dense in the Hilbert space L(u), can be
reached from a resolution of the identity E for the operator defined by J+x1d (J being the
N-Jacobi matrix) in the space £>. That means that the operators E(A) are projections for
any Borel set A if and only if the polynomials are dense in the Hilbert space L(j1) where y
is the positive definite N X N matrix of measures defined from £ as in Theorem 3.1. Hence,
we have that if the inner product defined by a positive definite N X N matrix of measures
i on the space P determines this matrix of measures (for N = 1 this means that the
moment problem defined by the positive measure is determinate) then the polynomials
are dense in the Hilbert space L2(y).

Indeed, given the positive definite N X N matrix of measures j1 = (,u,-J-)Z-:,, for any
Borel set A we define the operator E(A) by
N P —
(EQTp.Tq) = 3 [ Riimt (PR (@)
ij=1"
for all polynomials p, g € P, thatis, if we put f, (1) = (R/,_XV,-A](p)(t))(,g(r))i:I N E Lz(u)

for p € P, we have (E(A)Tp, Tq) = B(f,a.f,.4). Thus, we have defined the operator E(A)
on the subspace of finite sequences belonging to £2. Since

< BUoa Lo F [BUyns fu)|?
< (Bp.p)Bg. )" = ITpll/ITy ]2,

we can extend the operator E(A) to the whole space ¢°.
To prove that E(A) is a projection, it will be enough to show that

(E(AE(A)e;, ¢)) = (E(A)e;, e))
forall i,j € N. But
(E(A)E(A)e;, ¢;) = (E(A)e;, E(A)e;)
= ;(E(A)ef, ex)(ew E(A)er)
- ;(E(A)Tp,-, Tp){Tpx, E(A)Tp;)

= 3" B(fy, 4. POBD. fr, 0).
k

But the polynomials are dense in L?(1), so using the Parseval equality, we get

(EEA)ei, ¢;) = B(fy, asfy0)
= B(f, 4.1)
= (E(A)Tp,-, ij> = <E(A)e,-,€j>.
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4. On positive semidefinite matrices. In this section, we prove some results on
positive semidefinite matrices, which we shall need to establish the behaviour of the
kernel polynomials in the next section. They are interesting in their own right, although
the reader in a first reading may skip over and return to them after Section 5.

We start with the following lemma concerning the determinant of certain matrices

LEMMA 4.1.  Let A, B, C be the finite matrices A = (a,-x,-)f;:,,

0 x; -+ xn
Vi
“.1) B=1 .

N

and C = (a;j — Mxiyj)z-:,, where a;j, x;, y; and M are complex numbers.

a) The following identity for the determinants of A, B, C holds
detA = —M det B + det C.

b) Ifyi=x,i=1,...,N, v, # 0 for certain iy and the matrix A is positive definite
then det B < 0.

PROOF. Part a) of this lemma is straightforward.
Now, we prove part b). Since the matrix A is obtained from B by deleting the first row
and first column, the inclusion principle ([HJ, p. 189]) gives that

Bi12a >pr>a > 2> 0y > ay > B

where the o’s and §3’s are the eigenvalues of A and B respectively. Since the matrix A is
positive definite, we get that the matrix B has at most one eigenvalue less than or equal
to zero. If all the eigenvalues of B are non-negative, the matrix B would be positive
semidefinite and since this is not the case (y;, # 0 for certain i), B has one eigenvalue
negative and the other ones are positive, hence det B < 0. ]

The following lemma establishes a criterion for positive semidefiniteness. Since we
have not found this in the literature, we are including a proof

LEMMA 4.2. LetA = (a,-ﬁﬁ',—zl be a Hermitian matrix and A,, (1 < m < N)
the matrix obtained from the first m rows and the first m columns of A. Let ryp(\) =
det(A,, — M) be the characteristic polynomial of A,,, and let n,, be the smallest natural
number for which r"(0) # 0. Then A is positive semidefinite if and only if
(= 1y ) 0) > 0 for everym = 1,...,N.

PROOF. If A is positive semidefinite then every A,, also is. Write

) = (=2 Tl = \)

where a; > 0, then we get (— 1) r)(0) = n,, ! IT; o; > 0.
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To prove the converse, we shall prove by induction that every A,, (1 < m < N)is
positive semidefinite and so A = Ay also is. For m = 1 it is clear. Now, let us assume A,,
to be positive semidefinite. Since A,, is obtained from A,,,; by deleting the last row and
the last column, the inclusion principle gives thatif 3; > -+ > B, Y1 = -+ = Yy are
the eigenvalues for A,,, An+1 respectively, then

M1 Zﬂ12722ﬁ222ﬁiﬂ71 Z’YmZﬁmz’YnHL

Since A,, is positive semidefinite, it follows that 8,, > 0, and so v, > ---7,, > 0. If
Yme1 < 0, we could write 1y (A) = (=AY T2 " (Y; = M)(Yme1 — A), then

M—Rppy

(=1 ) = npr ! IL ¥V <0.

i=1
But from the hypothesis (—1)"! rﬁ;'jj[')(O) > 0, 50 Vet > 0 and A,y s positive semi-
definite. u

Finally, the next two lemmas establish two criteria to preserve positive semidefinite-
ness under certain perturbations on positive semidefinite matrices.

LEMMA 4.3. LetA = (aiJ)f'le be a positive semidefinite matrix, and A,, (1 <m <
n), the matrix formed by deleting row m and column m from A, and let r(X\), r(X\) be the
characteristic polynomials of the matrices A, A, respectively. For a real number M, we
define the matrix B = (bi;);;, by

by = | % ifiorj#m
Y amm —M ifi=j=m.

Then the matrix B is positive semidefinite if and only if

. r(A)
M < lim .
A—0 rm()\)

PROOF. Letusseta; > --- > o, for the eigenvalues of A,, and 3y > --- > 3,
for the eigenvalues of A. The inclusion principle gives

ﬁl Zal ZﬁZZQZZ"'Zﬁn—I zan—l Zﬂ"’

andsince a;, 3; >0 (= 1,...,n—1landj = 1,...,n) (because both A, A,, are positive
semidefinite), we get that if rf,’,)(O) = 0 then r(0) = 0. Hence, if we put & for the smallest
natural number for which r(0) # 0, we obtain

) o)
A—0 rm()\) B Vﬁ,]:)(())

Let us puty, > --- > v, for the eigenvalues of B, s()\) for its characteristic polyno-
mial and / for the smallest natural number for which s(0) # 0. Since A,, is also the
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matrix obtained by deleting row m and column m from B, again by applying the inclu-
sion principle we get that | — k| < 1. And from the formula s(\) = r(X) — Mr,()\), we
conclude that ! = k or [ = k + 1. From Lemma 4.2, we get that B is positive semidefi-
nite if and only if (—1)/s’(0) > 0. Let us assume M < lim,_ ,’(& thatis M < ’;t;ig;
If | = k + 1, automatically, ¥, = 0 and so B is positive semidefinite. If [ = &, ”fhen
(—1DsP0) = (= DHARO) — (—1*MrP(0). Since A, is positive semidefinite we have
(—=DkA%0) > 0, hence (—1)sP(0) > (—1*rP0) — (=1 *%(©0) = 0, and so, B is
positive semidefinite.

Conversely, assume B to be positive semidefinite. If / = k + 1, then s¥(0) = 0 =
r®(0) — Mr(0), and so

A0 )
T 00) A0 ()

If I = k, (=1 s*®(0) > 0 since B is positive semidefinite i.e.,
(=D 00) — (=1 Mr(©0) > 0,
and again using that (—1)*r0(0) > 0, we get

MO N

M =
< 00y 0 Fm(X)

and the lemma is proved. =

LEMMA 4.4. LetA = (aiJ)ﬁ\’i:, be a positive semidefinite matrix. For xy,...,xy € C,
x1 # 0, we consider the matrix
0 X - Xn
X1

B =
A

XN
Form, 1 < m < N, we set r,,()\) for the characteristic polynomial of the matrix A,, =
(a; J)Zl,':l and s, (\) for the polynomial

Sm(/\) - A A

Xm

Then, for a real number M, the matrix C = (a;; — Mxij'j)le is positive semidefinite if
and only if

M < —min{— lim

Tm= l,...,N}.
A—0 Sp(A)

PROOF. We prove that the conditions

(4.2) su(0) =5 (0)=---=sP0)=0 imply r,(0)=r,(0)=---=r0)=0.

m m m
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We proceed by induction on /. Let us set B,, for the matrix obtained from the first m
rows and the first m columns of B, and let p,, be the characteristic polynomial of this
matrix. We have that s,,(A) = p;y(A) + Ar,,(X). Since the matrix A,, is obtained from B,,
by deleting the first row and first column, the inclusion principle gives

(43) ,BlzalZﬁZZ(XZZ"'Z,BmZamzﬁmHy

where the o’s and 3’s are the eigenvalues of A,, and B,, respectively. Since A,, is positive
semidefinite and B,, is not positive semidefinite (x; # 0), we get that 8,,.; < 0. Hence,
if r,,(0) > 0, (4.3) gives p,,(0) < 0 and so s,,(0) < 0. This proves the case / = 0.

Let us assume s,,(0) = s/(0) = --- = s(0) = 0. The induction hypothesis gives
rm(0) = r0) = -+ = A=D(0) = 0. Hence, since 5,,(A) = pu(A) + Arn(N), we get
p20)=0,j=0,...,land so from (4.2) (because B < 0), we get rD(0) = 0.

Now, if we put /, for the smallest natural number for which s{)(0) # 0, we get

rI)I(A) _ r([",)(o)

m

050 T S0)

4.4)

Let us put k,,,(A) for the characteristic polynomial of the matrix (a;; — Mxi)?,);:]l:, , and n,,

for the smallest natural number for which £ (0) # 0. From Lemma 4.1a), we get that
kn(A) = (X)) + Ms,,,(N). So from (4.2), it follows that

4.5) by < .

Applying Lemma 4.1b) several times, we have that if A < 0 then (—1)s{’(\) < 0 for
0<!/<m-—1.Hence

(4.6) —DsDoy<o ifo<i<m—1.

From Lemma 4.2, the matrix C is positive semidefinite if and only if (—1)" kf,’,’"”(O) >0
form = 1,...,N. Let us assume C to be positive semidefinite. From (4.5), we have

0 < (="K (0) = (=D rl0) + M(—1)" s (0).
So from (4.6) and (4.4), we have

) I rm(A)

g

sy =Wy

Conversely, from the continuous dependence of eigenvalues on matrices, it will be

enough to assume M < — limy_ ,T%; form=1,...,N. Since

(= D"k (0) = (= 1) r(0) + M(=1)"5,(0),

Ym

from (4.4) and (4.6), we get (—1)"k!")(0) > 0. So, (4.4) gives ,, = n,, and the lemma

m
is proved. [
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5. The behaviour of kernel polynomials and their derivatives. Given an inner
product B defined on the linear space of polynomials P, and its sequence of orthonormal
polynomials (p,),, the kernel polynomials are defined by

n
kn(z,w) = 3~ pi(2)pe(w)  for z,w € C.
k=0

If we put a;; = B(',#), and A, = det((a,',,‘);'x,-:(,) we obtain the following expression for
these kernel polynomials:

0 1 z e
| I apo aoyr -+ aoa
5. 1) ky(zyw)=——| W 410 dig 0 dia|,
AH
-n
w dp0 dp1 - dpp

In this section we are going to study asymptotic properties for the kernel polynomials
associated to an inner product defined by a positive definite matrix of measures y.

For an inner product defined by a positive measure p, these kernel polynomials have
an interesting asymptotic property: the number m for x € R, is just the maximum
mass that can be concentrated at the point x in a distribution of mass on the axis for which
the polynomials (p,), are orthonormal (see [A], p. 63).

It is also well-known that if there exists more than one measure for which (p,), are

orthonormal, then

W]n(x”—z >0 forallx €C.
But, a precise interpretation for this series when x ¢ R does not seem to be known.
Similar properties for the derivatives m are also not known.
Here, we shall show such formulas. For N a non-negative integer the value of the
series ) /)',1,N'(X>!2’ and 5 IMI, L where w satisfies w" = —1, will depend on the positive

definite N X N matrices of measures for which the polynomials (p,), are orthonormal.
We extend these results for the kernel polynomials associated to an inner product defined
by a positive definite matrix of measures p.

Our starting point is the following lemma:

LEMMA 5.1.  Let B be an inner product defined on P. For m a non-negative integer
and z a complex number, we consider the set ‘B, . of real numbers M for which the bilinear
form By defined by By(p,q) = B(p,q) — Mp"™(2)§"™(2) is an inner product (possibly
degenerate) on P, i.e., By(p,p) > 0 forp € P. Then
L
= P @)

where (p,), are the orthonormal polynomials with respect to B.

(5.2) = sup B,

PROOF. Let M be areal numberin B, ., for whichM < sup B,, .. Then the expression
Bu(p,q) = B(p,q) — Mp"™(2)G"™(z) defines a nondegenerate inner product on the space
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of polynomials P. So, the matrix (By(#, tf) 1s ositive definite, i.e.,
poly p

det(By (', t’)) >0
for all n € N. But
By, ¢y =B, ) —Mii—1)---(i—m+1)jG—1)---G—m+DZmg™

Putting A, = det(B(ti,tf)):'J:l) forn > N, we get from Lemma 4.1 that M < — ﬁ for
all n > N, where the matrices Y, are defined by (4.1), for a;; = B(f',#) and x; = y; =
i(i—1)--- (i—m+1)Z™™. Now, from the definition of the kernel polynomials, it follows

that

m 1

a" 0
} : (m) 2 _
P @I = oW’ owy! (kn(WI ’ Wz))IWFWzZS'

Then, from (5.1) we get

det Y

Z lp(m)( )|2

n

So,
1 1
sup B < i moz 2
" =0 |P/< @) Y20 P @)

To prove the converse, let My = be. From Lemma 4.1, it follows that

Zzn |f"km’(3)|2
det(Bu, (¢, )} _| = Ay + Mo det ¥,

Since 5= > T [p{"(@)* = =952, we get that

det(By, (¢, zrf))”,:l >0 forn>N

and so By, defines an inner product, i.e., My € B, ;. Then, the proof follows. [ ]
Now we are ready to state an asymptotic property for the derivatives of the kernel
polynomials associated with a positive definite matrix of measures:

THEOREM 5.2.  Let h be a real polynomial of degree N, (p,), a sequence of polyno-
mials for which dgr(p,) = n which satisfies a (2N+1)-term recurrence relation defined by
the polynomial h. For x € R andm € N, let g be the polynomial g(t) = (h(t)— h(x))"”'.
Define the class A, by

A = {1 pis apositive definite (m+1)N X (m+1)N matrix of measures with
respect to which the polynomials (py,), are (g, x)-orthonormal}.

For every matrix of measures |1 = (N,J)(’f’j')N € Anx, let rey(N), repum(X) be the char-

ij=1
N DN
acteristic polynomials of the numerical matrices (u,‘,({ }))(m+ ) and (u,‘,({ }))(mf, )1 ,
m+1

respectively. Then

: :sup{ L jim Len) ‘ueﬂm,x}

> PP I 300 )
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PROOF. Let B be the inner product with respect to which the polynomials (p,), are
orthonormal. For m € N and x € R, let us consider the set of real numbers B, as in the
Lemma 5.1, then (5.2) shows that

|

———— =supB,...
T P )2

For M € B,.., let us consider the inner product By(p,q) = B(p,q) — Mp"™q™ (x).
Since the polynomials (p,), satisfy a (2N + 1)-term recurrence relation defined by the
polynomial A, the operator of multiplication by 4 is symmetric for B, and so the operator
of multiplication by g also is. Since gX(x) = 0, k = 0,...,m, we get that the operator
of multiplication by g is symmetric for By. But that is equivalent to the fact that the
sequence of orthonormal polynomials with respect to By satisfies a [2(m + 1)N + 1]-term
recurrence relation defined by g. Hence, by Theorem 3.1, there exists a positive definite
(m + 1)N x (m + 1)N matrix of measures v such that By is (g, x)-defined by v. Since
B(,q) = Bu(p,q) + Mp('")q(""(x), and from Remark 3.5(i), it follows that there exists
i € Ay, such that

Vi ifiorj;ém+l,
Hid =\ o + Mm128, ifi=j=m+1.

Since the matrix of measures v is positive definite, it follows that the numerical matrix
(bij){7* " defined by
b — pij({x}) ifiorj#m+l,
Y e ({X}) — Mm? ifi=j=m+]1,

must be positive semidefinite.
If we apply the Lemma 4.3 to the matrix (b;,)\"* 'Y

i1 we get

M < L fim L)
m!2 2=0 1y m(N)

and hence
1

Feu(N)
AL e #E Ay

= < — :
sup B, < suP{ A T am V)

Conversely, for p € A,,,, letus put M = # limy_, r’—*ﬂ-‘% We shall prove that M €

Bynx- It will be enough to prove that the matrix of measures defined by

P Y ifiorj#m+1,
Y /l'm,m'_Mm!Z(SX 1fl=j:m+ 1,

is positive definite. That is, the numerical matrix (V[J({X})) is positive semidefinite.
For this, it is enough to apply Lemma 4.3 again. [
For orthonormal polynomials with respect to a positive measure, we then have:

(m+1)
ij=1
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COROLLARY 5.3.  Let p be a positive measure and (py), its sequence of orthonormal
polynomials. For m € N and x € R, we put 4, . for the class

A = {1 wis apositive definite (m+ 1) X (m+ 1) matrix of measures with
respect to which the polynomials (p,), are x-orthonormal}.

(m+1)

For every matrix of measures 1 = (lu; J)iJ‘:I

€ A, we put I’,\‘“(/\), rx./t.m(>\)f0r the

(m+1)

- and (uiJ({,r}))

m

characteristic polynomials of the numerical matrices ( i J({x}))
respectively. Then

i ij=1"

1 1 . () }
[ ENT R — 1 - THE Ay
>n |]7£1m)(z\’)|2 gup{ m!? ’\IL‘I}) r.r./t.m(>\) H A . "

For m = 0, and (p,), a sequence of orthonormal polynomials with respect to a matrix

of measures, another expression for # can be given.
n n

]2

THEOREM 5.4.  Let h be a real polynomial of degree N, and let (p,), be a sequence

of polynomials for which dgr(p,) = n and which satisfies a (2N + 1)-term recurrence
relation defined by h. Let A be for the class:

A = {p : pis a positive definite N X N matrix of measures with respect to
which the polynomials (py), are (h, 0)-orthonormal}.
For every matrix of measures p € A and m with 1 < m < N, we put r¢; ,(\) for the
m
characteristic polynomials of the matrix (;L,- J({h(x)})> and sy, m(N) for the polyno-
ij=1
0 1 X cee oyl
1

S.x’,u,m(/\) = X

mials

N (1 _,-({h(x)})):_:l Y

Then we have

1 . . rx,u.m(>\) B
=7 —p =sup{ min —lim ————-—":
>on |pn(x)| I<Sm<N  A—0 sx.u.m()\)

nweAay.

PROOF. Let B be the inner product for which the polynomials (p,), are orthonormal.
For x € R, let us put By, for the set of real numbers which appears in Lemma 5.1, then
(5.2) shows that

1

o [pa(0)|?

For M € By, we consider the inner product By(p,q) = B(p,q) — Mp(x)m. Since
the operator of multiplication by /4 is symmetric for the inner product B, it follows that

= sup 8()..\‘
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this operator also is symmetric for the inner product By. Hence there exists a positive
definite N X N matrix of measures v such that By is (h, 0)-defined by v. Since B(p, q) =
By (p, q)+Mp(x)ﬁ, from Remark 3.5(ii), it follows that there exists a matrix of measures
i € A4 such that

Wij = Vij +Mx" 28, forij=1,...,N.
Since the matrix of measures v is positive definite, it follows that the numerical matrix

(uiJ({h(x)}) — Mxi*"z)j\;zl must be positive semidefinite. Hence, the Lemma 4.4 gives

. . Ix m()\)
M < — lim =2 ,
- SUP{ 1oy A Sxpm(N) He ﬂ}
and so \
1 . . rX " "‘1( )
— Q < g _ Koy . .
> |Pn(X)|2 Sup CBOJ - SUP{ ‘2’32/\' /l\l‘r*(n) Sx.p,m()‘) s -q}
Fopm(N)

Conversely, for p € 4, let us put M = min|<,<y — limy_ s We shall prove that
M € By, It will be enough to prove that the matrix of measures defined by

I/i‘j:,u,,"j—MX”jﬁz&h(x) fOfi,j: l,...,N

is positive definite. That is, the numerical matrix (H{J({h(x)} — M)c’”’f‘z))ij:l y 18 POs-
itive semidefinite. For this, it is enough to apply Lemma 4.4 again. ’ n
Finally, we consider W where w satisfies w" = —1 and (p,), are the orthonor-

mal polynomials with respect to a positive measure.

COROLLARY 4.8.  Let p be a positive measure and (p,), the sequence of orthonormal
polynomials with respect to p. Let w be satisfying w = —1. We set
A = {u : wis a positive definite N X N matrix of measures with respect to

which the polynomials (p,), are orthonormal}.

For every matrix of measures i € A and m with 1 < m < N, we put ry () for the

characteristic polynomials of the matrix (,u,- S{=xY }))Z‘:l and Sy ymw(X) for the poly-
nomials
0 1 x ceexd
1
S.\’.u,m.w(A) - X
: (WHW"Il‘iJ({—xN}))iJ:I —M
'mel
Then | N
. T P m( .
Zn IPn(XW)|2 B sup{ 121"’[2[\/ i‘]_n'}) S.x,;:,m,w(/\) S < /q} '
PROOF. For w satisfying w¥ = —1, we define the polynomials g,(t) = p,(tw) for
n € N. Since (p,), satisfies a three term recurrence relation, they also satisfy a (2k + 1)-
term recurrence relation for all k > 1. Since w" = —1, we get that the polynomials (Gnn
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also satisfy a (2N + 1)-term recurrence relation. Hence, from the previous theorem, it

follows that
1 l . . rX m()\)
= =sup{ min — lim 2222, € Av((gn), }
>n 1[),,(XW)|2 >n l%(x)lz P IsmsN 2—0 SX,MJ"»W(A) l ( b 1)
where

An((gn)n) = {u : p is a positive definite N X N matrix of measures with respect
to which the polynomials (g, ), are orthonormal}.

But we have the following expression for the polynomials g,

= k 1 m p(,'1N+k)(0)tnN+k
¥ 1) = - " £}
)= 2w @( N ) )
and so the mapping
Tn: A (Pdn) — An((@n)n)
defined by (TN(M),‘J)i,VJ:l = (w'! w)’“"ﬂiJ)fszl (where ji is the measure defined by ji(A) =
1(—A)) is a bijection from ﬂN((p,,),,) to ﬂN((q,,),,). Since

det® [(”u({_xN}))

for all k € N, the proof follows. [

N
ij=1

— M| = det®[(ww T i ({— N})xv,:l - M|

|A=0 [A=0

6. Examples. In this section, we shall give some examples of orthogonal polyno-
mials with respect to a positive definite matrix of measures. All these examples are close
relatives of orthogonal polynomials with respect to a positive measure. Indeed, let p be a
positive measure, its sequence of orthonormal polynomials (p,), will satisfy a three term
recurrence relation (p_; () = 0):

an(l) = Ap+1Pn+1 (t) + bnpn(t) + anpnfl(t)'

We set J for its Jacobi matrix
b() a) 0 0 0
aj b| a 0 0
J = 0 ar b2 as 0

A) DEFINITION. Let N be a non-negative integer, and consider the matrix JV =
N times
——
J---J whichis a (2N + 1)-banded matrix

JN = (jn.m),c'j,o‘zl Wherejn,m = Jmn andjn,m =0if li’l - ml > N.
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Given a finite sequence (g,)Y-4 of polynomials for which dgr(g,) < n, we define the
sequence of polynomials (g,);2, by using the (2N + 1)-term recurrence relation defined
by the matrix JV:

N
6.1) N gu®) = 3 junriGuu(®),
I=—N

with the initial conditions (¢,)=4 and j, ., = 0, gu(t) = 0 if m < 0.
It is clear that for g, (¢) = pn(t),n = 0,...,N—1, we get the orthonormal polynomials
(pn)n'
Now, we give an expression for the polynomials (g,), in terms of the polynomials
(pn)n- Indeed, if w is a primitive N-th root of the unity, it is clear that the sequence of
polynomials (p,,(rw))n satisfies the (2N+1)-term recurrence relation. Hence, the sequence

of polynomials (g m ). defined by
| R - I
Gma(®) = 1 2 35 0 pa(w'),
™ 1=

wherem =k,...,N—landk =0,...,N — 1 also satisfies the recurrence relation. It is
not hard to see that

Qemn(t) = E RN m(p)(E),

where Ry, is the operator defined in (1. 1). Since the vector valued polynomials

(FRum ), R (P () )

form=k .. ,N—1landk =0,...,N— 1 are a basis of Py x Py x --- X Py_;, and
every sequence (t"RN‘,,,(p,,)(t))'1 wherem = k,....N—1landk =0,...,N — 1 satisfies
the (2N + 1)-term recurrence relation, we find the following expression for any sequence
of polynomials (g,), satisfying the (2N + 1)-term recurrence relation:

N—1N-1

(6.2) g =3 3 M VemRNm(pa)(AY),
k=0 m=k
for certain complex numbers Vi, k =0,...,N—landm=k,...,N— 1.

B) ORTHOGONALITY. Only when the initial conditions (g,))—J satisfy dgr(g,) =
n, the sequence of polynomials (g,), defined by (6.1) is orthonormal with respect to a
positive definite N X N matrix of measures. Here, we give an explicit expression for that
matrix of measures. From the positive measure p, we define a positive definite N X N
matrix of measures as we pointed out in the introduction, i.e., we set p;; for the measures
defined by: p;; = p if N is odd, and p;; is the measure with support in [0, +00) defined
by pij(A) = p(A) + (— 1) p(—A) when N is even. Now, we let 1, ;; be the measure with
density % with respect to the image measure p}fj = piy~" where ¢(1) = .
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Let us consider the expansion of #*, (k = 0,..., N—1) in terms of the initial conditions
(gn))= - that is
k
tk = Za,‘kq,(t).
1=0
Finally, we write py(t) = 3} Bt k = 0,...,N — 1.

The polynomials (p,), and (g,), have the same N-Jacobi matrix. So, if we look at the
proof of Theorem 3.1 and since the polynomials (p, ), are orthonormal with respect to the
matrix of measures (u,,y,-‘,-)ﬁ’/-zl, we get that the polynomials (g,), are orthonormal with
respect to the positive definite matrix of measures

Mot = HpI N
AB : . ; B*A*
HpnNit = HpNN

where A, B are the numerical matrices

1 0 0 .. 0
A, o O .. 0
A=
AoN-2 ce ON_2N-2 0
QAON-1 cee NI N1
and
10 0 - 0
Boi  Bia O 0
Bon-2 o Byvoan-2 0
Bon-1 o By i N1

C) GENERATING FORMULA. From the formula (6.2), it is straightforward to find the
generating formula for the polynomials (g,),, assuming we know the generating func-
tion for the polynomials (p,),. Thus, if we put A(z, A) for this function, i.e., A(t,\) =
Yo anpn(HN" where (a,), is a sequence of complex numbers without null terms, and as-
suming that

N—1N—-1
qn(t) = Z Z tk'yk‘mRN.m(IM)(tN),
k=0 m=k
we have
N—1N—-1 1 N—I1
(6 3) Z(lnq"(f)/\" = Z Z tkfyk,m— (Wim)[A(Wltv /\)
n k=0 m=k Ne 1=0

[t should be noticed that if the polynomials (p,), are of Brenke type, that is A(t, \) =
B(X\)C(t)), then, if we put Vg, = Vmlrm in (6.3), we get that

N—1 N—1
> angn(OX = BN 3 v% W CWN) = BO)D(N).

m=0 =0
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This provides some examples of polynomials (g,), which are of Brenke type, are not
orthogonal with respect to any measure but are orthonormal with respect to a positive
definite N X N matrix of measures.

D) A PARTICULAR CASE: LAGUERRE POLYNOMIALS. Let us take the Laguerre po]y-
nomials (L,,(t))" and their three term recurrence relation

tLy(t) = —(n+ DLy () + 2n + DL,(1) — nLy— (1)
which gives the following five term recurrence relation

Pau(t) = (n+ 1) +2)gn2(t) — 4+ 1) gy
+23n” + 3n+ 1gu(1) — 4 g1 (1) + n(n — 1)g,—2(0).
Hence, for the initial conditions go(f) = 1 and q,(r) = at + b (a # 0) we get the polyno-
mials

Ln(f) - Ln(_f)

u(t) = (L;—“)me (l—g“)m—r)m —h=

1 l—a l+a =l in\n—k
- Y — nor
n!(( 2 S 2 )’ +,§)<k> k!

l—a ¢ 1+a | 1 1—-b X
(( > s >n—k+(k+1)2 7 (=D “'))’k'

The polynomials (g,), are orthonormal with respect to the positive definite matrix of
measures

i i
( 577 X10:400) -(1 = b — \/D)X0.400) >

2a
oV

Vi
Za\/;(l —b— \/;)Xl(),+oo) W(] —b— \/;)ZX[(),+OO)

The generating function for (g,), is

A 2

For b = 1, we have an interesting case. If we put r, (1) = "”# we find the following

Brenke type generating formula

Y )N = e*(('—;—“)m\/ﬁn (1—;9)10(2%_:»).

However, straightforward calculation gives that except for b = 1 and a = %1 (i.e.
gn(t) = L,(%1)) the polynomials (r,), are not orthogonal with respect to any positive
measure (they do not satisfy a three term recurrence relation). So, they show that the
class of Brenke type polynomials which are orthogonal with respect to a positive definite
2x2 matrix of measures is wider than that of Brenke type polynomials orthogonal with
respect to a positive measure.
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