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Abstract
For the kernel By 4(x,y) of the (k,a)-generalized Fourier transform Fy 4, acting in L2(R) with the weight
|x]9"2v . (x), where v is the Dunkl weight, we study the important question of when ||By 4|0 = Bk,a(0,0) = 1.
The positive answer was known for d > 2 and % € N. We investigate the case d = 1 and % € N. Moreover, we give
sufficient conditions on parameters for ||Bx,4|lc > 1 to hold with d > 1 and any a.

We also study the image of the Schwartz space under the Fy , transform. In particular, we obtain that
Fr,a(S (RY)) = S(RY) only if a = 2. Finally, extending the Dunkl transform, we introduce nondeformed trans-
forms generated by F , and study their main properties.

1. Introduction

Let as usual A be the Laplacian operator in R¥. For the Fourier transform

FO0) = ar [ et an

Howe [16] obtained the following spectral decomposition of F using the harmonic oscillator
—(A = |x]?)/2 and its eigenfunctions forming the basis in L?(R%):

F= exp(%) exp(%r (A - |x|2)).

Among other applications, this decomposition is useful to define the fractional power of the Fourier
transform (see [4, 19]).

During the last 30 years, a lot of attention has been given to various generalizations of the Fourier
transform. As an important example, to develop harmonic analysis on weighted spaces, the Dunkl
transform was introduced in [12]. The Dunkl transform F, is defined with the help of a root system
Q c R4, areflection group G € O(d), and multiplicity function x: @ — R, such that « is G-invariant.
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2 D. Gorbachev et al.

Here, G is generated by reflections {0 : @ € Q}, where o, is a reflection with respect to hyperplane
(a,x) =0.

The differential-difference Dunkl Laplacian operator A, plays the role of the classical Laplacian
[20]. If « = 0, we have A, = A. Dunkl Laplacian allows us to define the Dunkl harmonic oscillator
A — |x|?> and the Dunkl transform

in

Fomoal 2 (00) (500 - ).

where

(k) = % Z x(@).

aeQ

Further extensions of Fourier and Dunkl transforms were obtained by Ben Said, Kobayashi, and
@rsted in [4]. They defined the a-deformed Dunkl harmonic oscillator

Ak,a = |x|2_uAK - |x|u, a>0,
and the (k, a)-generalized Fourier transform
in in
]:K,a:exp(g (/lk,a"'l)) exp(z_Ak,a)s (1.1)
a

which is a two-parameter family of unitary operators in L?(R9, du, ) equipped with the norm

b = ([ OF ditcato)

Here

d-2 _
Aw,a = s A =(Kk)+ 7 d,uk,a(x) = CK,aVK,a(x) dx, VK,a(x) = |x|a ZVK(X),

v = [T 1@l @, cl= [ e ) a.
R

aeQ

Throughout the paper, we assume that d + 2(k) +a — 2 = 21, + a > 0 or, equivalently, 1, , > —1. Note
that under this condition, the weight function v, , is locally integrable.

For a =2, (1.1) reduces to the Dunkl transform, while if @ = 2 and « = 0, then (1.1) is the classical
Fourier transform. For a # 2, we arrive at deformed Dunkl and Fourier transforms, which have various
applications. In particular, for a = 1 and « = 0, the deformed Dunkl transform is the unitary inversion
operator of the Schrédinger model of minimal representation of the group O (N + 1,2) [19].

The unitary operator F , on L?*(R4, diix ) can be written as the integral transform [4, (5.8)]

Feal$0)= [ Braaly) 1) i)

with the continuous symmetric kernel B, ,(x,y) satisfying B, ,(0,y) = 1. In particular, By 2(x,y) =
e~1%Y) One of the fundamental questions in the theory of deformed transforms is to investigate basic
properties of the kernel By 4(x,y), in particular, to know when it is uniformly bounded. To illustrate
the importance of this property, note that the condition |B, ,(x, y)| < M implies the Hausdorff-Young
inequality

IFea (P < M|

1<p<2, —+—=1.

p’sdpk,a pdp.a’ p p
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A more important problem is to describe parameters so that there holds

”Bk,a”oo = Ssup |Bk,a(x’ y)| = BK,a(O’ 0)=1. 1.2)
x,yeRd

In this case, the Hausdorff-Young inequality holds with the constant 1 and one can define the generalized
translation operator 77 f (x) in L2(R9, duy o) by

fk,a(Tyf)(Z) = Bi,a(y, ) Fi,a(f)(2)

(see [15]), and moreover, its norm equals 1.

Let us list the known cases when (1.2) holds:

for a = 2 [22] (F,2 reduces to the Dunkl transform);
fora=1andd =1, (k) > 1/2[15, Section 6] ! ;
fora=1and d > 2, (k) > 0 [4, Theorem 5.11];
for2 e Nandd > 2, (k) > 0[5, 10] 2.

In this paper, we continue to study the case

O O O O

z e N.

a
Its importance was discussed in [4], [7], and [10]. For example, in this case, one has a simple inversion
formula for the (k, a)-generalized Fourier transform [4, Theorem 5.3] and an explicit expression for the
generalized translation operator 77 [7]. Moreover, the kernel B, >/, with n € N appears for dihedral
groups G [10].

Our first goal in this paper is, on the one hand, to extend the list of parameters for which (1.2) holds

for % € N; on the other hand, to point out the cases when (1.2) does not hold. The following theorem
describes positive results, where, for completeness, we include all known cases.

Theorem 1.1 (see [10, d > 2]). Let 0 < a < 1, % eN.Ifd =1, (k) > % ord =2, {k) =20, then
equality (1.2) is true.

Our proof of Theorem 1.1 for d = 1 is based on an integral representation of B, , with the special
kernel and a study of positiveness of this kernel. This approach is closely related to the theory of positive
definite functions.

In the general case d > 1, we give the proof based on the approach developed in the papers [6,
10, 11], see Section 4.1, and the alternative proof based on representation with positive kernels, see
Subsection 4.3.

With regard to negative results, we obtain the following theorem, where we specify parameters when
Theorem 1.1 does not hold.

Theorem 1.2. In either of the following cases:

o d=1,0<a§1,and(/<):%—%,0r
od>1,a€(1,2)U(2,0)and{k) >0,

we have
|1Bx,allo > 1. (1.3)

The rest of the paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1 in the
case d = 1. In Section 3, we study the properties of the one-dimensional kernel By , for 1, , < 0. In par-
ticular, in Section 3.1, we investigate positive definiteness of kernels of the integral transforms generated
by Fr.a- In Section 4, we prove Theorem 1.1 in full generality as well as Theorem 1.2 (Section 4.3).

IThe case d = 1 was first considered in [4]. The assertion [4, Theorem 5.11] was corrected in [15].
2The case (k) > 0 was announced in [ 10, Remark 3]. The proof is similar to the one of [10, Theorem 9].
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In Section 5, we study the question of how the F , transform acts on Schwartz functions. The
Schwartz space S (Rd) is invariant under the classical Fourier transform F¢ > and the Dunkl F » (see
[8]), but the case of deformed transforms is more complicated. In fact, we show that S (Rd ) is not
invariant under F , for a # 2, which contradicts a widely used statement in [18] (see Remark 5.3). If
% ¢ N, then the generalized Fourier transform may not be infinitely differentiable, and if % ¢ N, then
it may not be rapidly decreasing at infinity. For d = 1 and % € N, the generalized Fourier transform of
f € S(R) is rapidly decreasing due to the representation Fy . (f)(y) = Fi(|y|%/?) + yFa(|y|%/?), where
the even functions F}, F» € S(R) (see Proposition 5.4).

Finally, in Section 6, we study one-dimensional nondeformed unitary transforms generated by F ,:

o) 2A+1
2 3 ut| du
FH@6) =[x g0 e s,
where r € Z,, A > —1/2, and the kernel
(uv)2r+1

)r+1

exrs1(uv, ) = ja(uv) +i(-1 Jasar+1(uv)

22r+1 (/l + 1)2r+1
is an eigenfunction of the differential-difference operator

8(w) = g(-u).

028 (u) = Apsijag(u) = 2r(1+r+1) -

Here, A 4.1/» is the one-dimensional Dunkl Laplacian for (k) = 1+ % and

[(a+n)

(ao=1, (a)y= T@ -

a(a+1)---(a+n-1), n>1,

is the Pochhammer symbol. Note that such unitary transforms give new examples of an important class
of Bessel-Hankel type transforms with the kernel k (uv) (see, e.g. [24, Chapter VIII]). In particular, they
generalize the one-dimensional Dunkl transform (r = 0).

2. Proof of Theorem 1.1 in the one-dimensional case

In what follows, we assume that
1
d=1, a>0, k=(k) =0, /1K=K—§, 2 +a>0, A=A q=—,

|x|2k+a—2

VK,a(x) = > d/lK,a(x) = Ck,avk,a(x) dx,

kT AT A+ 1)’

and F , is the (k, a)-generalized Fourier transform (1.1) on the real line. Firstly, let us investigate when
the kernel of F , is uniformly bounded. Using [4, Section 5], we can write the kernel as

r(A+1 2
(A+1) Xy (; lxy|a/2)’ @1

2
Bka 5 =J (_ a/Z) i
abey) = 1\ G W)+ RO T 270 (e Jav

where j;(x) = 24T°(2 + 1)x~4J;(x) is the normalized Bessel function and J;(x) is the classical Bessel
function. Then the asymptotic behavior of J,(x) (see [25, Chapter VII, 7.1]) immediately allows us to
derive the following

Proposition 2.1. Let d = 1. The conditions

INIES

, or a>2, k=0, 2.2)

N —

O0<ax<2, k>

are necessary and sufficient for boundedness of the kernel By 4(x,y).
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The main goal of this section is to prove Theorem 1.1 for d = 1.

Proof. Note that By 4(x,y) = by.4(xy), where

raa+1) by (% |x|"/2).

2
b — (_ a/2) + [ 2.3
K,a(x) Ja a |X| F(/l+ 1 +2/(1) (ai)2/‘1 J/l+% ( )
Therefore, under the conditions of Theorem 1.1, it suffices to establish the inequality |b, ,(x)| < 1 for
x €R.

Leta = %, R € N. Equality (2.3) can be written as

r(A+1) (ER

bua®) = ja(RIrlR) + ) (0% e (Rixl V).

Ir'A+1+R)\2
Letx e R.Inthecase R =2r+1,a = ﬁ, re€Zyand3v=2r+ l)xzﬁ,x = (ﬁ)hﬂ’ there
holds
/l b v 2r+1 . . 1 il V2r+1 ) 24
S =Dy —_— = + - r . .
e2r+1(v, ) ,a((2r+ 1) ) Ja(v) +i(=1) (14 Dy 42 +1(v) 24

S 2 .
Inthecase R =2r,a = %, r € N, and v = 2r|x|2r sign x, x = (%) r51gn v, we have

2r

v 2r
e, (1, ) = bya((5:) signv) = ja) + (=1 Juar(Vsignv. (2.5

22r (A+1)
In order to see that |ey,41(v, )|, |e2- (v, )| < 1, we will need several auxiliary results. We start with
the following identity
»2
_— =7 -J , 2.6
41+ 1)(1+2) Jar2(V) = jar (v) = ja(v) (2.6)
which follows from the recurrence relation for the Bessel function J,(v) (see [25, Chapter III, 3.2]).
Then, by induction, we establish

Lemma 2.2. Ifr € N, then

2r

v . r o S S+r r
T e ) = (D) +;(—1) (s)

(A+7)s .

m]/m(v)_,_w ;

(/l+ 1)r_1 .]/H-V(v)'
2.7
Proof. Forr = 1, the needed formula coincides with (2.6). Assume that (2.7) is valid forevery k < r—1

and A. Denote by a’; (1), s =0, 1,...,r, the coefficients by j.+s(v) in the decomposition (2.7). Taking
into account (2.6) and the inductive assumption, we derive that

2r ) V2r—2 V2 )
ey Y S D, daear - Dy et
V2r—2 ] ]
BT TE RN {Uen2r2(v) = jarr2(v)}
r r—1

A2 -1

T 2L A (A D () = 3 alT (e ().

s=1 s=0
1 i
3As usual, x2r+T = —|x|2r+T for x < 0.
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It is enough to show that

A+2r -1

r -1 r r—1

ao(/l) = —ao (/l) ar(/l) = ? ar_l(/l + 1),
A+2r -1

a’ () = + Qe —a M), s=1,..r—1.

Indeed, using the induction step, we have that

A+42r—=1 A+r+1)0  (A+r+1)
ag(d) =(-1) a,(A) A1+1 (1+2),-2 A+ 1)

and, fors=1,...,r—1,
A+2r=1(r=1\ (A +r)s_ r—=1\(A+r—1)
r _ (_1\S+r
a0 = )T (s—l)(/l+2)s_1+( s) EEST) |
rN(A+r)g( A+2r—=1 s A+r—-1 r-—s
=(_1)m()( )‘{ }

-+
sf(A+ D)W A+r+s—1r A4+r+s—-1 r
_ (1) r\(A+r)s
s](A+1)’
which completes the proof.
Lemma 2.3. Forr € Z,, we have
p2rl - r\(A+r+1)
S Juar () = (=) (—1)S( )— s (V).
2 (Ut Dy VM Z::O s) D), T
Proof. Using Lemma 2.2 and the equality
40 = =5 fan (v)
we derive that
v2r+1 v 2r
m Jas2ra1(v) = 2(/1 1) 2 (1+2) Jeasny+2r (v)
(A+r+1) A+r+2)_1
1 1 s+r NS s N - }
— s V) + Z( () e+ S )
- , A+r+1) (A+r+1)
—(—1)t + _q)strtl r\ ( s . _ . -
(=D () Zl( N T e ) = T, e ()
O
Taking into account (2.4) and (2.5), Lemmas 2.2 and 2.3, and
Jav) = cq / (1 =)Vl gr, 1 (v) = —icy / (1= 2427Vl gy (2.8)
-1 -1

%, A > —1/2 (see [25, Chapter III, 3.3], we arrive at the following integral

representations of the functions ep,+1(v, 1), and e, (v, 1).

with ¢, =
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Lemma 2.4. Ifr € Z,, A > —1/2, then

1
ern1 (1, ) = ¢ / (1= g1 (1, Ve d, 29)
-1

where qa,+1(t, A) is a polynomial of degree 2r + 1 with respect to t given by

- Gfr\ (A +7+ 1) a s
qore1 (1, ) =1+1 ) (=1) (r)—(l—t) :
2l Z‘o s) (A+1/2);

Lemma 2.5. Ifr € N, A > —1/2, then

1
err (v, ) = ca / (1= 2, (1, D)™™ dt,
-1

where gy, (t, A) is a polynomial of degree 2r with respect to t given by

g (t, ) = g2 (t,v,A) = 1 +sign v {;(—l)s(;)% (1- tz)“}.

For our further analysis, it is important to know for which A the polynomials g5, (2, 1), g2,+1(t, 1)
are nonnegative on [—1,1]. If r = 0, q;(¢,4) = 1 —¢ > 0 on [-1, 1], that is, g; does not depend
on A. This special case corresponds to parameters a = 2, k > 0, and hence (2.9) is a well-known
integral representation of the kernel of the one-dimensional Dunkl transform. In other cases, positivity
conditions for ¢, (¢, 1) and g7,+1 (¢, A) depend on A. We will see that there holds

o () = L+ signy PRV (1), o (1,0) = 14+ PP (), (2.10)

where {P,(f’) (1)}, is the system of Gegenbauer (ultraspherical) polynomials, that is, the family of
polynomials orthogonal on [—1, 1] with respect to the weight function (1 —#2)?, @ > —1, normalized
by P,(f”) (1) = 1. Note that, P,(,_l/ 2 (t) = cos (narccos t) are the Chebyshev polynomials. For 2 > —1/2,
we have

(24 +n)

(1-1/2) a (-1/2)
AT P, (r), A1#0, and hm C (1) = P (1), (2.11)

HOE

where C;(t) are the Gegenbauer polynomials given in [1, Chapter X, 10.9].

Lemma 2.6. For A > —1/2 and r > 0, there hold

Péffl/z)(t) Z( 1)* ( )(/(1/1:1;)2‘% (1-17%)*

and

Pa’ (0 = tZ(- )

Therefore, (2.10) holds.
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Proof. Since (_Y;,)‘ = (-1)*(%), taking into account (2.11), [1, Chapter X, 10.9(21)], we get

- s|7 (A+71)s (=r)s(A+7)s N
;(_1) (s) aria, 70 Z STz, L)
QAT+ 1) 1

— P (—r A+ A+ 1/2:1 =
(At )= Sraara) 1

A-1/2
gr([) = Pér / )(t)'

Similarly, using (2.11), [1, Chapter X, 10.9(22)], we arrive at
B (A+r+1)s o (=r)s(@+r+1) o 5
tz( b’ () w1, (70 _tZ g1, 470

Qr+DIT22+1) 1
2'(2A+2r + 1) 1

=t (~r, A+r+ LA+ 1/2;1-1%) = ci. ()= P2 ().

2r+l1

O

We complete the proof of Theorem 1.1 noting that IPQ’I_I/ 2) (t)] < 1 fort € [—1,1] under the
condition 4 > O or, equivalently, « > 1/2 (see [23, Chapter VII, 7.32.2]). Then in light of Remark
3.2 below and Lemma 2.6, the polynomials g, (f, 1) and g,+1(f, 1) are nonnegative on [—1, 1] and
therefore Lemmas 2.4 and 2.5, together with (2.4) and (2.5), yield the statement of Theorem 1.1. To
illustrate this, for a = ﬁ, v=_02r+ l)xzr]T, we have

|bl<,a(x)| = |62r+1(V, /l)| < 62r+1(0s /l) =1 O

The following integral representations of the kernel B, ,(x,y) follow from the lemmas above.
Corollary 2.7. If 1 = 2k — 1) /a and « > % — 4, then for x € R

1 ' e )
Bea(x.y) = ca / (1=2) 7 214 PP () DO T gy, g =
-1

and
a-1/2 - i 1
Bi.a(x,y) = c,l/ (1 -2)*12(1 +sign (xy) P( 12 (1)) i@rlxylZsign ()t gy g =~ peN.
Remark 2.8. The representations of B, ,(x,y) given in Corollary 2.7 can be also obtained from
Ve
n! / e'2 0 (cos 0) (sin 0)*1 d = 2 VA T(A + 1/2)(2A), "2 pen (2)
0

(see [1, Chapter X, 10.9(38)]) without applying Lemmas 2.2 and 2.3. These lemmas are of independent
interest.

Remark 2.9. The positiveness of the polynomials g5, (¢, 1), g2-+1 (¢, A) is sufficient, but not necessary,
for the estimate |Bx 4(x,y)| < 1 to hold. In [15], it was mentioned that for a = 1, this estimate holds
also for 1/4 < kg < k < 1/2, kg = 0.44.

Note that the case x < 1/2 corresponds to A < 0, which we study in detail in the next section.

3. Thecased =1and 4., <0

Let us investigate whether the polynomials g2, (¢, 1) and g2, (¢, 1) are nonnegative for A = A, , = (2x—
1)/a < 0. In order to do this, we decompose them by the polynomials ¢, (¢, 0) and g2,+1 (¢, 0). First, we
decompose the Gegenbauer polynomials in terms of the Chebyshev polynomials Pifl/ 2 (cost) = cosnt
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using the well-known result (see [1, 10.9(17)])

C(cos0) = Z (s u)" S cos (1 — 25)6. 3.1)

s!(n-

Let us start with the case R = 2r + 1.

Lemma 3.1. For any r € Z, and A > —1/2, there holds
PR 0= ) BP0, (3.2)

where

r _ (2r+2=5)s(D)s(A+7+ 1), _
by () = T+ 12! , s=0,1,...,r. 3.3)

Proof. Taking into account (2.11) and (3.1), we obtain

F@a+2r+1) pA-1/2) 1 (Vs (r+1-s p12
t t t
i@y L =G0 = Zs'(zrﬂ 1 Fareioas ()

Hence, the duplication formula for the gamma function implies (3.3). o

Remark 3.2. We see that in the decomposition (3.2), the zero coefficient is positive, and all other
coefficients are also positive for 4 > 0 and negative for 1 < 0. Note that the normalization of the
Gegenbauer polynomials P,(,a> (1) = 1 implies the equality

s=0

and for A > 0, the Gegenbauer polynomials Pé’:;ll /2 () are the convex hull of the Chebyshev polynomials

P;ri{Q)Zs (1), s=0,1,...,r. In particular, one has |P£f;11/2) (] <l,te[-1,1],2>0.

Thus, we are in a position to state the required result on the decomposition for the polynomial
gar+1 (1, ).

Corollary 3.3. Foranyr € Z, and A > —1/2, there holds

.
qor+1(t, ) = Z b () gar—25+1(2,0).
s=0

Using (2.10) and the properties of the coefficients b (1), s = 0,1,...,r, from Remark 3.2, we
establish the following result.

Corollary 3.4. For anyr € Nand A € (-1/2,0), the polynomial q3,+1(t, 1) is negative at the points of
local minimum of the Chebyshev polynomial Pé;i{z) (1) = cos ((2r + 1) arccos t).
In the case R = 2r, similarly, one can obtain the decomposition of the polynomial g5, (, 1).

Lemma 3.5. Forany r € N and A > —1/2, there holds

PSP (1) = de(ﬂ)Pé,‘é?(rx
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where

202r + 1= )5 (A (A +1)_
ds () = (r+4r(/lszfi/)23)(s'+r)”’ s=0.1L....r=1, dy (1) =

(r+ 1), (),
47(A+1/2),r!"

Proof. Inlight of (2.11) and (3.1), we have

(2a+2r) (/1 1/2) (s (r-s p-1/2) (D) i
(Zr)'F(Z/l) (1) = Czr(t) ZZ s!(2r —s)! Py, 5 (D) + (r ;)2 Py ().

Then, using the duplication formula for gamma function, we obtain for s =0, 1,...,r - 1

2Q2r)1 (D) TQROT(A+2r —s)  2Q2r + 1 = 5)5(A)s (A + 1)

G = ST T @+ 2 © w1l

while for s = r,

LA, TROT(A+r)  (r+1)(),
(r2C)CQRA+2r) 47 (A+1/2),r! 0

dr () =
Corollary 3.6. For any r € N and A > —1/2, the following decomposition holds
q2r (t7 /1) = Z d; (/l)q2r—2s (t’ 0)
s=0

Since dg(/l) > 0 and signdy (1) = signd, s = 1,...,r, for A > —1/2, taking into account (2.10), we
arrive at the following result.

Corollary 3.7. If r € Nand A € (-1/2,0), then the polynomial g, (t, ) is negative at the points of
local extremum of the Chebyshev polynomial P( 1/2) (t) = cos (2r arccos t).

Corollaries 3.4 and 3.7 show that the polynomials g, (¢, 1) and g2+ (¢, 1) for r > 1 change sign
and, therefore, the method of the proof of the estimate | B, ,(x,y)| < 1 used in Theorem 1.1 cannot be

applied when A < 0. In this case, the problem remains open.

3.1. On positive definiteness

Recall that a continuous function f on R is positive definite if for any {v}"
there holds

', CRand {z,} | C

Z zszf(vs —vi) 2 0.

s,l=1

Bochner’s theorem states that any continuous positive definite function f(v), f(0) = 1, is the Fourier
transform of a probability measure.
Recall that the function e;,4+1 (v, ) is given in (2.4). By (2.9) and (2.10),

1
exr+1(v, ) = C/I/ (1= 20+ PSP (1))e ™ .
-1

Then, by Remark 3.2 and Corollaries 3.3 and 3.4, we deduce the following
Corollary 3.8. The function ey,+1(v, ) is positive definite if and only if A > 0.
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4. The kernel of the generalized Fourier transform in the multivariate case
4.1. When the kernel is bounded by one

In this section, for the sake of completeness, we give the proof of Theorem 1.1 in the general case,
following ideas from the paper [ 10]. We stress that the proof below also allows one to deal with the case
d=1.

Letd e N,a >0, (k) >0,and n = A, (K)+ 2> 0.Forw > 0and 7 € [-1, 1], define

2n + inj N+ J
¥ (w, 1) = 22'7/“F( na a) Z Pl , J w2 g0 (W)C;](T). 4.1)
Jj=0

Putting in (4.1)
d ’ ’ ro d-1 2 al2 ro
xy €RYL x=lx,y=Iyly, XLy ST w=—(WlyDTE =y @)

we obtain the function

_imi 4+ J 2 ,
L e g NI S I (ZaxlyD*?) e, y).
77 a a

Jj=0
d _ xd d _ zd _
Note that K& (x,y) = K& (y,x) and ¥4(0,7) = K5(0,y) = 1.

Let V, f(x) be the intertwining operator in the Dunkl harmonic analysis [20], which is a positive
operator satisfying

Ve = [ re disce)

The representing measures p%(£) are compactly supported probability measures with supp p% (&) c
co{gx: g € G} [22].
The kernel of the generalized Fourier transform F , is given by [4, Chapters 4, 5]

BK,a(x’ y) = VKKd(x’ |y|)(y/)

2 zj i 2
- arlap(ZLE) iy Y L T (D2 Ve (W00 @3)

Jj=0

If (k) = 0, that is, n = (d — 2)/2, then V. = I is the identity operator and K¢ (x,y) = Bo 4 (x, y).

Since the operator V is positive and V, 1 = 1, the proof of equality (1.2) can proceed as follows: If
¥4 (w,1)| < 1, then |B, 4 (x,y)| < 1.

Let further % eN,a= %. The inequality |9 (w, 7)| < 1 was proved in [10] under the conditions >
Oandn = (d-2)/2. We note that the proof of this estimate in [10] also holds forn = (k) +(d—-2)/2 > 0.
Hence, (1.2) is valid for (k) + (d —2)/2 > 0.1fp=0,thend =1,k = 1/2 ord = 2, k = 0, and in these
cases, (1.2) holds as well (see Theorem 1.1 and [5]). This completes the proof of Theorem 1.1.

4.2. Positive definiteness of Y<. Another proof of Theorem 1.1

In [10], to evaluate the kernel By ,(x,y), the authors used the Laplace transform of the function ‘I“aj
given by (4.1). In the general case d > 1, we give another proof of the estimate |‘P‘ai| < 1 based on
the approach from the papers [6, 11], which allows one to show positive definiteness of the function
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lI‘g(w, 7) with respect to w. Note also that for a = 1, 2, the functions

Pl (w, 1) = ja 12wV (1 +7)/2), P (w, 1) =e™™7,
are positive definite (see [4, Example 4.18], [10]).
Let

(9]

1 2 /
Lo =(3)" Y (3

7=0

be the modified Bessel function of the first kind (see [1, Chapter 7, 7.2.2]) and

c e e . ]1 jm
(Dém)(ﬂl,...,ﬁm;y;xl,,__,xm): Z Mx_lxﬂ

Jiseens Jm =20 (7)j1+---+jm ]1' ]m!

be the second Humbert function of m variables (see [14, Chapter 2, 2.1.1.2]). In the case when y —
ij: 1B >0and B; >0, j=1,...,m, the hypergeometric function d>§m) admits the following integral
representation

Mo (N \YTER B g
O (1o B yixta ) = € [ ERN (=S )T - di, )

L =l j=1

where

c = ()
B F(')"ZT:] B]) H;nzlr(ﬂj)

and
m
TmZ{(tl,...,lm)le >0,j=1,...,m, leS 1}
=1

is the unit simplex in R™ ([9, 17]).
Taking into account the results from [6, 11], we obtain the following proposition, which gives an
alternative proof of Theorem 1.1.

Proposition4.1. Letd e Nya=2, REN, R > 2, n= (k) + 52 > 0, 7 € [-1, 1], and q = arccos 7.
The function w +— ‘-I‘g(w, T) is a positive definite entire function of exponential type

(4.5)

9 R=2r+landn/2<q <n.

R °

cos £, R=2rand0<qg<morR=2r+1and0 < q < n/2,
0(a,7) = cos =

Proof. Let us consider the function

b\ < j+7
fra(b.0) =T Rn+ D(5)" 3 = Irian (D)C] (@, RN
j=0

Lett = (', y'), b = —iw, R = % R > 2. Since I,,(—iw) = e‘i%JU(w) [1, Chapter 7, 7.2.2], then
frRy(b,T) = w4 (w, 7). It is known (see [6, 11]) that

fr,y(b,T) = b0q>§R71)(77, ceos3 R by — by, ..., br-1 — by),
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where b; = b cos (%), j=0,...,R—1. Inlight of (4.4) and using > 0, we get

‘PZ(W,T) = fr.y(=iw,T)
R-1 R-1
n-1

_ CU/ e—lw{cos( )+Zj | !(cos (4=2%L 27”) —cos (£))1;} ( Zt])
TR-1 ]

where C,, = T'(Rn)/(I'(n))R. For @ > 0 and B € R, the function @e’?" is positive definite, hence the
function W¥(w, 7) is also positive definite with respect to w.
The representation (4.6) implies that lI’”’(w T) is an entire function of exponential type with respect

ln_l dty---dtgr_1, (4.6)
Jj=1

to w. Let us calculate its type. Since for j = 1, . —1,¢ = arccos 7, 7 € [—1, 1], cos % —cos < 12;” =
2sin & sin 224 7” 4 > 0, then for any (¢, ... ,tR_l) € TR_I,
P R-1
min  cos < L <cosd 4 (cos — cos i)tj <cos L.

1<j<R-1 R R = R R
Since

) q-2nj —cos &, R=2rorR=2r+1and0 < g < 7/2,

min cos = R
1<j<R-1 R —cos &+, R=2r+landn/2<q<n,

the type of the function ¥4 (w, 7) is given by (4.5). O

Remark 4.2. Lett, 7 € (-1,1),4 = 25/a,a = 1/r,r € N. Then the function ¥¢ (w, 7) has the following
integral representation

¥ (w, 1) —cﬂ/ (1-2)% 1/22 ’7” PYIP (0 C (r)e™ dr. @.7)

Indeed, using (2.8) and (4.1) and Lemmas 2.2 and 2.6, we get

2rj

‘ng(w,r):Z(—l)’f”;" N jaar NCT(D)

2277 (A + 1)y

LAY N+ Ay 7
; n {]/l(W)'i' Z( 1)* (S) A+ 1), Jars(W)+(=1)" —(/l+1)rj_1 ij(w)}C/(‘r)

1 o .
+ _ .
=c, / (1 _ t2)/l—l/2 Z n , J Pé;l] 1/2) (t)C;I(T)e—lwt dr.
-1 — .
The integral representation (4.7) implies that
2rj

HEDY % PP (T (1) 20, e (-11),

is equivalent to the positive definiteness of the function ‘P‘j(w, 7). Proposition 4.1 shows that the function
w4 (t,7) is positive and its support as a function of ¢ lies on the interval I, = [-6(a, 1), 6(a, 7)].
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In the case a = 1, one can easily write an explicit formula for wil(t, 7). In more detail, we have r = 1,
A =2n,and 0(a,T) = cos % = 4/(1 4+ 7)/2. Then using [2, Chapter VIII, 8.7(31)], we obtain

Wii(t,T) = (271'6’,1)_1(1 - t2)1/2_277 /m].n—l/z(W\/m)eth dw

= c(m(1 =) P21 (1 +0) P (147 =29 e (1)
= e (1 =) P11+ 1) 27 (= PT (0) 7 (0),

where yy, () is the characteristic function of the interval /; and Pé_l/ 2 (t) = cos (2arccost).

4.3. Parameters when the kernel is not bounded by one

We will show that in some cases the uniform norm of the kernel B, ,(x, y) is not bounded by 1 and can
be either finite or infinite. We mention that the conditions when the norm is not finite are known only
in the one-dimensional case. In particular, if d = 1,0 < a < 2, and x < % — 4, then || B 4l = o0 (see

Proposition 2.1).

Proof of Theorem 1.2. Letfirstd =1and A = A4 4 = ZKa_l. Changing variables x = (%|v|)2/“sign vin
(2.3), we get

[(A+1)cos 2
22/aT(A+1+2/a)
. T'(A+1D)sinZ
T 2%ar(+ 1+2/a)

a 2/a . 2a .
ex.av,d) = b“’“((i |v|) sign v) = a(v)+ V|79 .2 (v)sign v

|v|2/“j/l+;(v)sign V. (4.8)

If0<a<landk=3 =g, thend=—1/2, j1(v) = cosv, jip(v) = 5.

Assume first that cos 72 = 0 or a = ﬁ r € N. Since sin 7= # 0, j_12(27) = 1, j12(27) =0,
and jo,412(2m) # 0 (see [25, Chapter 15, 15.28]), then from (4.8), we get |e. (21, —1/2)| =
lezr+1 (27, —1/2)| > 1.

Let now cos (7r/a) # 0. In light of (4.8), there holds

F(%) cos &

|e,<,a(v,/1)| > |cosv + m

|v|2/“j;_%(v)sign v|.
Since

PrE+d)( x
iy e o(5)]

27s)?le 2rs) = cos—+0
Crolejy y2m) = —F & :

N

as s — +oo (see [25, Chapter VII, 7.1]), we deduce that for sufficiently large s
2 1
lex.a(2ms, )| = 1 +cos” — +0(_) > 1,
a s

which completes the proof of (1.3). Note that similar arguments also imply the proof of (1.3) for
1<a<2and/<:%—%.

Now, we consider the multivariate case. Suppose thatd > 1,a € (1,2) U (2, c0), (k) > 0,and 5 = A,
A= % = % Recall that x’, y’, w are defined in (4.2). In view of (2.2) and the proof for the case
d = 1, we may assume that 7,4 > —1/2 and cos 7 # 0.
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Note that (4.3) can be equivalently written as

O it L(A+1) 2ia 0
By 4(x,y) = e a - w4 (w)V,.CT((x, - ).
cal®,¥) JZO TGtz Gt VT (L))
For Gegenbauer polynomials (2.11), the following estimate holds
1
n

sup
-1<r<1

clm|<emrt, jz1,
[4, Lemma 4.9]. Using (2.11), we get
N
= < (27 +1).

T2y (. N0
V€

Since |ja(w)| < 1, %C?(t) =2t, then for 0 < w < 1, we have

WA L@+1) 2la ; Regnr (v
e a . w )VCT (.
‘JZ_; n 2%/aT(A+1+2j/a) T VG (X)) ()

00 )
< c(n)w4/“z LA+ D27 +1) < c(a. yw

= 22ileT(A+1+2j/a) ~

and

2(n+DI(A+1)cos Z
22/aT(1+1+2/a)
2+ DA +1)sin Z

0 22aT(A+ 1 +2/a)

Bia(x,y) = ja(w) + Wz/aj,l+g(W)VK(<x', NG

Wz V() 0N + 0w, w — 0.

Therefore,
2(n+ (A +1)cos =
22/aT (A +1+2/a)

[Brax )| = [jalw) + W Vi@, DO + 0w @49)

Since the operator V, is an isomorphism on the space of homogeneous polynomials of degree 1, then
for suitable x’, y’ € S47!, we deduce

Vel N0 = /R 8y du, () # 0. sign(Ve((', ) () = sign (cos (n/a).  (4.10)
We have
Jaw) =140, jh,2(w) =1+0(w?)

as w — 0. This, (4.9) and (4.10) imply that, for given x’,y’ € S4! as above and sufficiently small

positive w,

2(n+ HI(A+1)|cos 2|
22/aT (A1 + 1 +2/a)

|Bi.a(x,y)] 2 1+ WUV (NG +0wY ) +0(w?) > 1.

Remark 4.3.

(i) ForO0<a <1, % € N, equality (1.2) holds provided x > «o(a), where % -4 <ko(a) <1/2. The
problem of determining «(a) is open.
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(ii) Theorem 1.2 shows that our conjecture in [15] asserting that (1.3) holds under the condition
2(ky+d+a > 3isnotvalidford > 1 and a € (1,2) U (2, ).

5. Image of the Schwartz space

In this section, for the (x, a)-generalized Fourier transform, we study the image of the Schwartz space
S(R?). Denote by S(R,) the subspace of even functions from S(R).

5.1. The case of a > 0
Let dvy, (u) = byu™' du, by = 2"T (7 + 1), dvya(u) = by o du, b}, = a®"T'(2n/a + 1),

Hy (o) (v) = /0 o) jy ) dvp(w), fo € L'(Redvy), 13172,
be the Hankel transform and
0 2
Hya0) = [ oz (2 00 vyt 2p+az 1,

the a-deformed Hankel transform (see [4, 15]).
Recall that A, = (k) + (d —2)/2, A = Ay.q = 21« /a.

Example 5.1. Consider f(x) = e kP e S(RY), f(x) = folp), p = Ix|. If |y| = v, p = (a/2)/4u?,
then (see [4, 15])

Feal$0) = a0 = [ )i (2 09)) dva (o)

=/0mga(u)j/l((§)l/zva/zu) dva(u),

where

8a(u) = exp(—(%)zmu“/“), u>0.

Assuming that F, ,(f)(y) is rapidly decreasing at infinity, the same is true for the function

Galv) = Halga) (v) = /0 " ga) jaluv) dva(u).

Considering even extensions of the functions g, and G, we get the following representation via the
Dunkl transform:

Gu(v) = / ga () jauv) dit 2 () = Fea(ga)(v), v €E.

0

If 2/a is a noninteger, then either 4/a ¢ Nor4/a =2s+ 1, s € Z,, and the function

ga(u) = exp(—(g)z/a|u|4/“)’ uceR,

has finite smoothness at the origin. On the other hand, since g,, G, € L! (R, duiy 2), we obtain
[ee)

2alt) = Fer(Ga)(u) = / G (V) ja(uv) dite 2 (v),

—00
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and the right-hand side is infinitely differentiable at the origin if G, (v) is fast decreasing. This contra-
diction shows that, for 2/a ¢ N, F, ,(f)(y) cannot rapidly decay at infinity and so it is not a Schwartz
function.

Moreover, let us denote for convenience the derivative of f by df. Since

u? 3u*
@ia)= 3057 @il = o Ty
then
Ga(v) =& +En*+00%Y, v—0, & #0,
and

Fea(HO) =éo+&ly“+0(yPY),  y—0, & #0.
If a is not even, then F ,(f)(y) has finite smoothness at the origin.
The following statement follows from Example 5.1.
Proposition 5.2. Let d € N.

(i) The condition § € N is necessary for the embedding F q (S(RY)) c C*(R?) to hold.
(ii) The condition % € N is necessary for the set Fy o (S(R%)) to consist of rapidly decreasing functions
at infinity.
Remark 5.3. We see that 7 ,(S(R%)) = S(R¥) only for a = 2. Hence, the claim in [18, Lemma 2.12]
that the Schwartz space is invariant under the generalized Fourier transform is false for a # 2.

The conditions in Proposition 5.2 are also sufficient, at least in the one-dimensional case. Indeed,
suppose A = (2k — 1)/a > —1/2 and denote the even and odd parts of f, as usual, by

J) +f(=x) SO~ f(=)

fe(x) = ) P fu(x) = )

Then the one-dimensional generalized Fourier transform can be written as

Fealf)y) =2 /O Bea(- o)) (0) o () dtte.a(x) +2 /0 Beal- o)) () fo () dix.a). G.1)

Putting in (5.1)

x = x(u) = (g)i we, glu)=Af(u) = f(x(u) = f((g)i ut),

ge(u) = Afe(”)’ go(u) = Af,,(u), x,u € Ry,

5.2)

and taking into account (2.1), we deduce

FeaN0) = [ asia((2) 1972) dvato
e (2)" [T wrtan s ((3) 1) dv o

a

= HaGeo)((2) 1) % (2) s o) ((2) ). )
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If f € S(R), then g, (u), u=>/*g, (u) decrease rapidly at infinity and there exist

1
: -2/a — g a gy
lim g, (u) (2) £/(0).

Therefore, the representation (5.3) shows that, for even a, we have the embedding ¢ ,(S(R)) c C*(R).
Further, if% €N, f € S(R), then the functions g, (1), u>%g, (1) € S(R,) as well as (see [20]) the
even functions

Ha(ge) (), Hyp2 (u™2/9g,) (v) € S(R).

Hence, we prove the following
Proposition 5.4. Suppose % eN, A>-1/2, f € S(R), then

Fea(H)) = Fi(1y1*?) + yFa (1y1*%), (5.4)

where the even functions Fi, F, € S(R).

Thus, for 2/a € N, the generalized Fourier transform decreases rapidly at infinity and we arrive at
the following result.

Proposition 5.5. (i) The embedding F o(S(R)) ¢ C*(R) is valid if and only if § € N.
(ii) The set Fy o(S(R)) consists of rapidly decreasing functions at infinity if and only if % eN.
Let

Sorg(R) = {f € S(R): 8*£(0) =0, k € N}.

The class S,r¢(R) is dense in L*>(R,du,.q). Suppose a > 0, f(x) € Sorg(R), then the
functions g.(u),u>/%g,(u) belong to S(R,), cf. (5.3). Therefore, the even functions H,(ge)(v),
H, > (u=?/%g,)(v) also belong to S(R).

T(flus, we obtain the following

Proposition 5.6. Suppose a > 0, A > —=1/2, and f € S,4(R); then the generalized Fourier transform
Fu.a(f) enjoys the representation (5.4).

5.2. The case of irrational a

We will show that if a is irrational, any nontrivial Schwartz function possesses similar properties to
the Gaussian function in Example 5.1. To see this, we need auxiliary properties of the kernel of the
generalized Fourier transform.

Let S9! be the unit sphere in R?, x = px’, p = |x| € Ry, x” € S9!, and dx’ be the Lebesgue measure
on the sphere. If a;!' = /Sd-' Ve (x") dx’, doe (x") = a,ve(x") dx’, then duy o(x) = dva, q(p) do(x')
and ¢y q = by qlx.

Denote by HZ(v,) the subspace of k-spherical harmonics of degree n € Z, in L*(S9"!, do,.) (see
[13, Chapter 5]). Let 79,‘,’ be the space of homogeneous polynomials of degree n in R?. Then Hﬁ (ve) is
the restriction of ker A, N P to the sphere S,

If 1, is the dimension of HZ(v,), we denote by {Y;: j = 1,...,1,} the real-valued orthonormal
basis of H4(v,) in L?(S47!, do,.). A union of these bases forms an orthonormal basis in L (S9!, do,.)
consisting of k-spherical harmonics.

Let us rewrite (4.3) as follows

e8]

By.a(x,y) = Ze

7=0

_ini Ae+ ] TQAc/a+1)(Ix]ly])!
A a2laT QA+ j)]a+1)

Jaseen (2 el WG (6, D ().
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Integrating this and using orthogonality of «-spherical harmonics, as in the case of the Dunkl kernel
(see [13, Theorem 5.3.4], [21, Corollary 2.5]), we obtain the following crucial property of the kernel of
the generalized Fourier transform.

Proposition 5.7. Ifx,y € R, x = px’, y = vy’, then
e T Ja+1)
a?2aT(2(Ac+n)/a+1)

’ i ’ ne 2 a :
/Sd_l Bya(x, vy )Y (y) doe(y') = V" 2taeem) (5 (pv) /Z)Yé (x).

Proposition 5.8. For irrational a and a nontrivial function f € S(RY), we have Fy o (f) ¢ S(RY).

Proof. 1. First, assume that f(x) = p"t//(p)Y,{(x’), where n € Z,, x = px’, |x'| = 1, and ¢ € S(R,).
Since p™Y; (x’) = Y} (x) is a homogeneous polynomial of degree n, then f(x) = ¢ (|x|)Y; (x) € S(RY).
Ify =vy’, p = (a/2)"/%u?/?, then by [15]

FealDO) = PR na@0) = FH0) [ 002000 (2 000) dracale)
=l [ ol(5) P () ) v o

Moreover, following the ideas used in Example 5.1, we obtain that the function

a1 = [ (5)" Y G) ) a0

with irrational a cannot decrease rapidly as v — oo, and it has finite smoothness at the origin. Therefore,
it follows that F, . (f) ¢ S(RY).
2.Letnow f € S(RY) be any nonzero function. Then its spherical x-harmonic expansion is given by

had l" . .
Flox') = )0 D S0V (). fuj(p) = /S Y do ()

n=0 j=1

(see [15]). Since the subspaces Hz(v,() are orthogonal, then fn(j’) (0)=0,j=0,1,...,n— 1. Changing
variables x” — —x’ implies f,;(=p) = (=1)" fu,;(p). Hence, setting a nonzero function g, ;(f)(x) =
Fus (DY (') € S(RY), we have g, (x) = p"v (p)Y} (') with some y € S(R.).

In order to apply the results obtained in case 1, we need to show that

Frea8ni (IO = gnj(Fea(£) ).
Indeed, we note that
Freal8ni (A = e ™Y (V) Hapan,a (W) (V).

On the other hand, in view of Proposition 5.7, we deduce that

gnj(Fea(FG) =Y () /S  FealDOYYI) dowa(y)

izn j f(x)F(Z/lK/a + 1)
Vi) /Rd a2 aT(2(A, +n)ja+ 1)

=e

2 .
atassn (= ()2 ¥ () dpta ()
a a
_izn i oo . 2 al?
= EVI) | vz (3 (1)) dviaina o)

= e WY () Hapona ) ().
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Assuming here that f, Fy . (f) € S(R?) yields 8ni(f), Fu,algnj(f)) € S(R?), which contradicts the
first case. O

Summarizing, the generalized Fourier transform for irrational a drastically deforms even very smooth
functions. It was mentioned in [4, Chapter 5] that the generalized Fourier transform has a finite order
only for rational a. Therefore, the case of irrational a is of little interest in harmonic analysis.

6. Nondeformed unitary transforms generated by F, ,

Leta = ﬁ and A = A4 = (2k — 1)/a = —1/2. Recalling that A is given by (5.2), we may assume
that x, u € R. Since

- 00 B _ |u|2/l+l du
[ P dia () = / CAS@P AT, T = e

the linear operator A: L*(R, du,.,) — L*(R, dv,) is an isometric isomorphism and the inverse operator
is given by A™lg(x) = g((2r + 1)1/2 x1/(2r+1)),
In view of (2.4) and (5.2), By 4(x,y) = €2741(uv, 1) and

AF () = /R et (v, DA () T (1),

This formula defines the nondeformed transform ]—";l, ford > —1/2andr € Z,,

0o

Flg)(v) = / e (v, g (1) T (1)

—00

00 2r+1
= [t i S ) e a7 )

—o0 22+ (A + Do
o 1
= C/l/ / (1= A2+ PYVP (1) e di g (u) dVp (u).
—0 J-1

Moreover, its kernel satisfies the estimate |ep,+ (uv, 1)| < M, < oo and, importantly, M, = 1 for 4 > 0.
If » = 0, we recover the one-dimensional Dunkl transform. Below, we study invariant subspaces (C C*)
of the F2 transform. The Plancherel theorem for F , given by

/ Feal AP diteay) = / PO diea).  f € LR dtg.a),
implies that F is a unitary operator in L>(R, dv,), that is
/ FA )W) d7a(v) = / 182 d7 ().

(o) 0

Since the reverse operator satisfies (Fy.q) ' (f)(x) = Fr.a (f)(=x) [4, Theorem 5.3], we have

EN O = [ @ Do) dae),
If g, FX(g) € L'(R,dv,), then one may assume that g, F*(g) € Cp(R). Moreover, the inversion
formula
¢ = [ n DF @0 ) (6.1

holds not only in an L, sense but also pointwise.
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Considering the derivatives of the kernel e5,,1(uv, 1), we note that

1
dy ez (uv, 1) = (iu)”w/ (1= 2214 PSP (1) e an,

and so
’ n n
|0] ears1 (uv, )| < Ma|ul”.

Then, for g € S(R), we have

(e8]

07 @0 =| [ swaleraddmaw]| <My [ llg@ldniw <o, 62

—00

Therefore, F4(S(R)) ¢ C*(R). However, FA(S(R)) ¢ S(R). Indeed, assuming g, F(g) € S(R), by
orthogonality of the Gegenbauer polynomials for s =0, 1,...,r — 1,

1
/ =221 PYP (8,2) dr = 0
-1

and
P*FN9)(0) =0, 8%*1g(0) =0, 6.3)

which is not true for arbitrary g.
Put forn € Z,

S,(R)={g € S(R): 8**'g(0) =0, s5s=0,1,...,n—-1}, So(R) =S(R).

The set S, (R) is dense in L*(R, du,.,) and in L*(R, dv,).

Example 6.1. Consider the function goy,1(u) = u?*le™ € S;(R), s € Z,. By means of (2.1), (2.4),
[1, Chapter VI, 6.1], and [2, Chapter VIII, 8.6(14)], we get

FA(gas1)(v) = i(= 1)1y / WA )

J2r+l (A+s+r+2) l
=ierasV Z (A+2r+2) ( 4)

2
i v
=iCr s v2r+1<1>(/l+ SH+r+2,1+2r +2’_Z)’ croas > 0.

We consider two cases. If s =0, 1, ..., r — 1, then asymptotics as v — oo [3, Chapter VI,6.13.1] implies
2
T(A+2 2 (A+s+r+2) 1
<I>(/l+s+r+2,/1+2r+2,—v—)_w( ) o (1+O(—)),
4 L(r—ys) 4 v2

thatis, F2(g2s+1) € S(R). If s > r, then applying the Kummer transform [3, Chapter V1,6.3.7)] gives us

2

Fg2s41) (V) = icras v2r+le_vz/4d)(r -5, A+2r+2, —‘; )
S—=r _ 2 l

_ 2r+1 —v2/4 z ‘ (r—s) (V ) 6.4

bV L Qe \4 ) ©4

that is, F2(g25+1) (v) € S, (R).
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Since g2,41 € S, (R) and FA(g2,41)(v) € S, (R), one can conjecture that F2(S,(R)) = S,(R). In
order to show this (see Proposition 6.3), we will need some auxiliary results.

Recall that for the weight function |x|>%*!, the differential-difference Dunkl operator of the first and
second order are given by

T2 = 950 + (14 1/2) S =80,

M; L og(u) - (1+172) 8 =80

A/l+l/zg(u) = T,%.H/Qg(u) = 62g(u) +
(see [4, 20]). Let us define the operator

dag(u) = T§+1/28(”) —2r(A+r+1) M’

which is obtained by changing variables x = x(u) as in (5.2) in the Dunkl Laplacian

2r—1
Ms ) = FE g0,

By direct calculations, we verify that the kernel e;,41 (uv, 1) is the eigenfunction of §,:

(6uerrs1 (uv, A) = =|v|2ezrs1 (uv, ). (6.5)

Using [20, Proposition 2.18] for g € S(R), we have

[ Baps@ern. 0w = [ e @ e 0w, 66

Suppose g € S;(R), then

g(u) —g(-u) 2g,(u)
u? T2

e S(R)

and

[ SR et i = [ g R TEAED 6 0),

. oo u?

This, (6.5) and (6.6) for any g € S;(R) yield

00

/ a8 enst (v, A) dva(u) = / 2 (1) (62 )ear s (v, A) da (1)

=P [ gwesa ) a0 6.7)
Applying (6.7) for g € S,,(R), we get
[ stsennt. dni = 0P [ gem.pdmnw. 69

Lemma 6.2. Suppose g € S(R), and

k

R L 9"8(0) spar -2
an(g)(V)—;;(k_l)g @+’ ¢

then g — an(g) € Sp+1(R).
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Proof. We have g — a,(g) € S(R). Applying the Leibniz rule for s =0, 1,...,n,

62S+lan(g)(0) B 1 ZS: i 62l+1g(0) (2S + 1)(2]( + 1)'62s_2k(€_”2)(0)
k |

Q2s+1)! (2s+ DI &L (k=D 21+ 1! 2k +1
_ sk 021+lg(0)(_1).v+k B s 621+1g(0) s—l (_1)s+l+m
_kZO; (k=D'QI+1)! (s—k)! L4 2L+ 1)1 Am! (s —1—m)!
B 1 s (—1)S+’62’+1g(0) : . sl _ 623+1g(0)
T (s-DI A (s—l)!(2l+l)!( - = (2s+ D! o

Proposition 6.3. Let 1 > —1/2 and r € Z,. We have F}(S,(R)) = S, (R).

If r = 0, we recover the result by de Jeu [8] for the Dunkl transform.
Proof. Letr € Nand g € S, (R). It is enough to show that g satisfies the condition:
O™ (v FA(g)(v)) is bounded for any m € Z,, n > r + 1. (6.9)
We have
O" (V" F(g)(v) = 8" (V" FH (g = an-1(2) () + 8" (v F (an-1(8)) (v)).

Since 9?*1g(0) =0,1=0,1,...,r — 1, then

n-1 k 92+14(0 s
(0= ). i A e 5 @),

By (6.4), condition (6.9) is valid for a,-1(g). By Lemma 6.2, g — a,-1(g) € S,(R). In light of (6.8),
Vv FX (g — an-1(g))(v) is the FA-transform of the function (=1D)"6"(g — an-1(g)) € S(R). Applying
for this transform inequality (6.2), we get the property (6.9) for g — a,,—1 (g). Therefore, F(g) € S(R).
By virtue of (6.1) and (6.3), F4(g) € S, (R). o

Remark 6.4. An alternative proof of Proposition 6.3 reads as follows. Let g € S, (R). In light of (5.1)—
(5.3), we have the following representation

N o0 ) » i(_l)r+]V2r+1 & il s B
Fr(g)v) = Ja(uv)g(u) dv(u) + 2T (1% Dy u” Javarer (uv)g (u) dva(u)
—co r+l J—co
= / Ja(uv)ge(u) dva(u) +i(—1)r+1V2r+1/ Jasare (@)™ g (1) dV i1 (1)
0 0

= Ha(go)(v) ++ (=) W H o (P Vg ) (v) = Fi(v) £V R (1),

where even functions F, F, € S(R). Therefore, F(g) € S,(R). The first proof was given to underline
the important properties of F4-transform and its kernel.

Since f € S(R) implies Af € S, (R), Proposition 6.3 yields the following result.

Corollary 6.5. Let a = 525 and k > 5. If f € S(R), then Fy o (f)((2r + 1)=0+1/212r+1) € S (R)
or, equivalently, Fy o(f)(v) = g((2r + D20y o e S, (R); cf. (5.4).

Now, we discuss the case 4 = —1/2.
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Remark 6.6. If 1 = —1/2, r € Z,, then

5112800 = 50 ~rar+ 1) SO TEC 1y = e (=),

Taking into account (2.4), and passing to the limit in (2.4) as 4 — —1/2, we deduce that for r > 1

(uv)2r+l
22411/ 2)r 41

1 r-—1
_mv (r+ 1/2)/ Z( 1) ( )(r+3/2)v ( _t2)ste—iuvt dt.

s!

ear1 (uv,—1/2) = cos (uv) +i(-1)"*! Jor+172(uv)

Taking this into account and analyzing the proofs above, we note that all mentioned results in this section
for the transform 72 in the case A > —1/2 are also valid for 1 = —1/2. In particular, F, 1 2, r € Zy, are

the unitary transforms in the nonweighted L%*(R, dx), where .7-'0_ 12 corresponds to the classical Fourier
transform.
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