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Armin Rainer

ABSTRACT

By an influential theorem of Boman, a function f on an open set U in R? is smooth
(C*) if and only if it is arc-smooth, that is, foc is smooth for every smooth curve
c: R — U. In this paper we investigate the validity of this result on closed sets. Our
main focus is on sets which are the closure of their interior, so-called fat sets. We obtain
an analogue of Boman’s theorem on fat closed sets with Holder boundary and on fat
closed subanalytic sets with the property that every boundary point has a basis of
neighborhoods each of which intersects the interior in a connected set. If X C R is any
such set and f : X — R is arc-smooth, then f extends to a smooth function defined on
R?. We also get a version of the Bochnak-Siciak theorem on all closed fat subanalytic
sets and all closed sets with Holder boundary: if f : X — R is the restriction of a
smooth function on R% which is real analytic along all real analytic curves in X, then f
extends to a holomorphic function on a neighborhood of X in C?. Similar results hold
for non-quasianalytic Denjoy—Carleman classes (of Roumieu type). We will also discuss
sharpness and applications of these results.

1. Introduction

In this paper we study differentiability of functions defined on closed subsets of R%. One way
to endow an arbitrary set X with a smooth structure is by declaring which curves R — X and
which functions X — R should be smooth. Together with a natural compatibility condition, this
leads to the notion of a Frélicher space; cf. [FK88, KM97]. Here we study the Frolicher space
generated by the inclusion of a closed set X in R? and some of its relatives. We will not use the
terminology of Frolicher spaces in the paper but the connection is made precise in Remark 1.7.

1.1 Boman’s theorem and its relatives
Let f: U — R be a function defined in an open subset U of R%. Then f induces a mapping
fe : UR = RE, f,(c) = foc, whose invariance properties encode the regularity of f.

REsuLT 1.1 (Boman [Bom67]). A function f: U — R is smooth (C*°) if and only if f,.C>®(R,U)
C C*(R,R).

Similarly, Holder differentiability can be characterized by f.; we denote by C5?, for k € N,
€ (0, 1], the class of k-times continuously differentiable functions whose partial derivatives of
order k satisfy a local a-Holder condition.
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A. RAINER

REesuLT 1.2 [FK88, FF89, KM97]. A function f : U — R is of class C®® if and only if f,.C>(R, U)
C CP(R,R).

Furthermore, there is an ultradifferentiable version of Boman’s theorem. We recall that, for
a positive sequence M = (Mjy)ren, the Denjoy—Carleman class (of Roumieu type) CM (U, R™) is
the set of all functions f € C*° (U, R™) such that for all compact K C U,

3C,p > 0Vk € NVz € K « || fP(@)|| 1, magmy < CoPk! M. (1.1)

The sequence M is called non-quasianalytic if CM contains non-trivial functions with compact
support. If M is log-convex, then CM is stable under composition. We refer to § 2.1 for this and
more on Denjoy—Carleman classes.

REsurT 1.3 [KMRO09]. Assume that M = (M) is non-quasianalytic and log-convex. A function
f:U — R is of class CM if and only if f.CM(R,U) C CM(R,R).

Remark 1.4. Boman actually showed that f is smooth if and only if f.CM(R,U) C C*®(R,R),
for some arbitrary non-quasianalytic log-convex sequence M.

A glance at the proofs confirms that the curves along which the regularity in question is
tested can be taken to have compact support.

A function f: U — R with the property that foc is real analytic (C*) for all real analytic
¢: R — U clearly does not need to be real analytic on U C RY, let alone continuous; see [BMP91].
But there is the following result.

RESULT 1.5 (Bochnak and Siciak [Boc70, Sic70, BS71]). A function f : U — R is real analytic
if and only if f,C(R,U) C C®(R,R) and £.C*(R,U) C C*(R,R).

Actually, a smooth function f € C*°(U) which is real analytic on affine lines is real analytic
onU.

We remark that if M = (M},) is quasianalytic such that C* C CM, then a C*-function
f: U — R which satisfies f,.C*(R,U) C C* (R, R) need not be of class C*; see [Jafl6].

1.2 Arc-smooth functions
In this paper we investigate the validity of the above results on non-open subsets X C R?. For
arbitrary subsets X C R? we define

A®(X):={f: X - R: f,C®°(R,X) CC(R,R)},
AM(X) ={f: X > R: f,CYR,X) CCM(R,R)},
AX(X):={f: X - R: f.CY(R, X) CC®R,R)},

where we set

C®(R, X) :={ce C®R,RY : ¢(R) C X},
CM(R, X) := {c € CM(R,RY) : ¢(R) C X}.

We call the elements of A>(X) arc-smooth functions and those of AM(X) arc-CM functions on
X. We will also consider

A (X)) :={f € AZ(X): f.CY(R,X) CCY(R,R)},
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where

C*(R,X) :={c e C’R,RY : ¢(R) C X}.

We will not speak of arc-analytic functions, since such are not assumed to be smooth in the
literature.

Evidently, A“(X) C A®(X) C A (X) 2 AM(X). (We will see below that there is no hope
of the analogue of Result 1.2 holding on even very simple non-open sets such as the closed
half-space.)

With this notation, Results 1.1, 1.3, and 1.5 amount to

A®(X) =C>®(X), AM(X)=cM(X), A*(X)=CY(X), (1.2)
if X C R? is a non-empty open set and M = (M},) is a non-quasianalytic log-convex sequence.

Remark 1.6. The identities (1.2) imply that, in the definition of A®(X), AM(X), and A¥(X),
we could equivalently replace the families of curves ¢ : R — X by families of plots p: U — X
(of the same regularity), where U is any open subset of R® with varying e.

Remark 1.7. Recall that a Frélicher space is a triple (X, Cx, Fx) consisting of a set X, a subset
Cx C X® and a subset Fx C R¥X such that:

(i) f:X — R belongs to Fx if and only if foc € C*(R,R) for all ¢ € Cx;
(ii) ¢:R — X belongs to Cx if and only if foc € C*(R,R) for all f € Fx.

Any subset F C R¥ generates a unique Frolicher space (X,Cx, Fx) by setting

Cx:={c:R—> X: foceC®R,R) forall feF},
Fx ={f: X > R: foceC®R,R) for all c € Cx}.

In this paper we are investigating the Frolicher spaces generated by the inclusion map tx : X —
R? of subsets X of R?, that is, (X,C%®(R, X), A%(X)). For suitable sets X we try to identify the
corresponding set of functions Fx = A*°(X). More on Frolicher spaces can be found in [FK88,
KM97].

1.3 Admissible sets

Let X C R? be an arbitrary subset. A function f : X — R is said to be smooth if for each z € X
there exist a neighborhood U in R? and a smooth function F : U — R such that F|ynx = flvnx-
If X is open, then this notion of smoothness coincides with the usual one. We denote by C>°(X)
the set of all smooth functions on X.

DEFINITION 1.8. A subset X C R? is called A>®-admissible if A°(X) = C®(X), that is, the
arc-smooth functions on X are precisely the smooth functions.

Boman’s theorem states that open subsets X C R? are A®-admissible. We will look for
non-open A>-admissible sets. It follows from a result of Kriegl [Kri97] that closed convex subsets
X C R? with non-empty interior are A>-admissible. It is natural to consider closed sets with
dense interior.

DEFINITION 1.9. A non-empty closed subset X of R? is called fat if X = int(X).

If X C R is fat, then there are other natural possibilities for defining ‘smooth’ functions on
X which we compare in the following lemma.
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LEMMA 1.10. Let X C R be a fat closed set. Consider the following conditions:

(1) there exists F € C>°(R?) such that F|x = f;

(2) fec>(X);

(3) flint(x) € C*°(int(X)) and the Fréchet derivatives (f|int(X))(”) of all orders have continuous
extensions ™ : X — L,(R% R);

(4) flint(x) € C>(int(X)) and the directional derivatives dy f|iy(x) for all v € R? and alln € N
have continuous extensions to X;

(5) flint(x) € C(int(X)) and the partial derivatives 0% f |iny(x) for all a € N¢ have continuous
extensions to X.

Then (1) = (2) = (3) & (4) & (5). All five conditions are equivalent if X has the following
regularity property.
(6) For all x € X there exist m € Nsg, C' > 0, and a compact neighborhood K of x in X such

that any two points y1,y2 € K can be joined by a rectifiable path -~y which lies in int(X),
except perhaps for finitely many points, and has length

0(y) < Clyr — yo| V™.

Proof. (1) = (2) = (3) are obvious.
(3) & (4) < (5) This follows from the fact that at points x € int(X) Fréchet, directional, and
partial derivatives can be converted into one another in a linear way; cf. [KM97, Lemma 7.13].
(5) = (1) By the regularity property (6), f defines a Whitney jet on X; see [Bie80, Proposition
2.16]. So Whitney’s extension theorem implies (1). O

In general the implication (5) = (1) is false; see Example 10.9.
Another natural condition for A°°-admissibility is the following; see Example 10.5.

DEFINITION 1.11. A closed subset X C R? is called simple if each z € X has a basis of
neighborhoods % such that U N int(X) is connected for all U € % .

A function f: X — R is said to be real analytic if for each x € X there exist a neighborhood
U of x in C? and a holomorphic function F' : U — C such that F|ynx = f|lunx. We denote by
C¥(X) the set of all real analytic functions on X.

If M = (My) is a positive sequence, we set

CM(X) :={f € C°(X) : (1.1) holds for all compact K C X}.

Note that we do not require that a function f € CM(X) is locally a restriction of a C*-function
on R?. We shall discuss in § 10.1 when a function in CM (X) extends to a C™-function on R¢.

DEFINITION 1.12. A subset X C R? is called A“-admissible (respectively, AM-admissible) if
AY(X) = C¥(X) (respectively, AM(X) = CM(X)).

By the Bochnak-Siciak Theorem 1.5 and Result 1.3, all open subsets X C R? are A“-
admissible and AM-admissible, for each log-convex non-quasianalytic M.
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1.4 Main results

Our results can be arranged in groups with respect to two criteria: regularity of the functions
(smooth, real analytic, ultradifferentiable) and regularity of the domains (Holder sets, fat
subanalytic sets).

By a Hélder set we mean the closure of an open set which has the uniform cusp property of
index « for some 0 < a < 1. If @ = 1 we speak of a Lipschitz set. The collection of all Holder sets
in R? is denoted by 2 (R%). (We use the term Hélder set instead of domain, since the latter is
usually reserved for open sets.) For precise definitions we refer to § 3.

The smooth case.
THEOREM 1.13. Every X € J#(RY) is A®-admissible. We even have
Ajr(X) = AZ(X) = C*(X), (1.3)
for any non-quasianalytic log-convex positive sequence M = (Mjy,).

Theorem 1.13 is proved in §4.
THEOREM 1.14. Every simple fat closed subanalytic set X C R? is A>-admissible.

This is proved in §5. The proof is based on the L-regular decomposition of subanalytic sets
and the fact that fat closed subanalytic sets are uniformly polynomially cuspidal. It uses the
result for Holder sets (Theorem 1.13).

Remark 1.15. Holder sets X € J#(R?) and fat closed subanalytic subsets X C RY satisfy
Lemma 1.10(6) and hence all items (1)—(5) in Lemma 1.10 are equivalent; cf. Proposition 3.8
and Theorem 5.6.

Notice that the assumption that X is simple is necessary; see Example 10.5. Holder sets are
always simple; see Proposition 3.9.

The real analytic case.

THEOREM 1.16. Let X C R? be a fat closed subanalytic set. Let f € C>(X) be real analytic
on real analytic curves in X. Then f extends to a holomorphic function defined on an open
neighborhood of X in C¢.

The proof of Theorem 1.16 (in § 6) is based on the uniformization theorem of subanalytic sets
and a result of Eakin and Harris [EH77] (proved earlier by Gabriélov [Gab73]). The following
consequence will also be proved in §6.

COROLLARY 1.17. Let X C R? be a closed set such that for all z € X there is a closed fat
subanalytic set X, such that z € X, C X. Let f € C*(X) be real analytic on real analytic
curves in X. Then f extends to a holomorphic function defined on an open neighborhood of X
in C%.

Note that all Holder sets satisfy the assumption in Corollary 1.17. Interestingly, for these
results we need not assume that X is simple (note that we already suppose that f € C*(X)).
Together with Theorems 1.13 and 1.14, we obtain the following corollary.

COROLLARY 1.18. Every X € 47 (R%) and every simple fat closed subanalytic X C R?% is A“-
admissible.
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The wultradifferentiable case. Let M = (Mj) be a non-quasianalytic log-convex positive
sequence. For positive integers a let M (@) denote the sequence defined by M ,ga) = M.

THEOREM 1.19. Let M = (My) be a non-quasianalytic log-convex positive sequence. Every
Lipschitz set X C R? satisfies CM(X) € AM(X) C cM® (X).

A similar statement can be expected for Holder sets (with the loss of regularity also depending
on the Holder index). We will not pursue this in this paper. Instead, combining our results with
a result of [CC99, BBC18], we show in Theorem 8.4 that for fat closed subanalytic sets the loss
of regularity can be controlled in a precise way.

In an earlier version of the paper we claimed that every Lipschitz set X C R? is AM-
admissible. That is doubtful, but we do not have a counterexample.

1.5 Permanence of admissibility

The main results all concern subsets X C R? with maximal dimension d. The following
permanence properties yield further examples of admissible sets both of maximal dimension
and of codimension at least 1.

PROPOSITION 1.20. Let X C R? be A®-admissible. If U is an open neighborhood of X in R?
and ¢ : U — R€ is a smooth embedding, then p(X) C R is A*°-admissible.

Proof. LetY := @(X).If f € A®°(Y), then g := fop € A®(X). Since M := ¢(U) is an embedded
submanifold of R®, it suffices to show that for each y € Y there exist a neighborhood V in M
and a smooth function F': V' — R such that Flyny = flvny.

Since X is A>-admissible, for each # € X there exist a neighborhood W in R? and a smooth
function G : W — R such that G|y nx = glwnx. Taking UNW instead of W, we may assume
that W CU. Then F :=Go 90_1|¢(W) is smooth on V' := (W) and satisfies F|y~y = flyny. O

The same proof yields the following proposition.

PROPOSITION 1.21. Let X C R? be A“-admissible. If U is an open neighborhood of X in R?
and ¢ : U — R€ is a real analytic embedding, then o(X) C R is A“-admissible.

In the ultradifferentiable case we have the following. Note that if M = (M) is log-convex,
then CM is stable under composition and the C* inverse function theorem holds. If N C R€ is
an embedded submanifold of class CM (i.e. the chart change maps are of class CM), then we
define CM(N) to be the set of f € C°*(NN) which are of class CM in every local coordinate chart.
If Y C N, then let CM(Y) be the set of C**-functions on Y such that the defining estimates hold
for all compact subsets in Y in all local coordinate charts. The proof of Proposition 1.20 implies
the following.

PROPOSITION 1.22. Let M = (M}) be non-quasianalytic and log-convex, and let N = (N) be
a sequence with M < N. Assume that X C R? satisfies CM(X) C AM(X) C CN(X). If U is
an open neighborhood of X in R? and ¢ : U — R® is a CM-embedding, then Y := ¢(X) C R®
satisfies CM(Y) C AM(Y) C CN(Y).
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1.6 Sharpness of the results
We discuss in § 10.2 counterexamples which show that none of the conditions in the main results
can in general be omitted without suitable replacement.
In particular, Example 10.4, which is based on a division theorem of [JP90], shows that the
oo-flat cusp
X :={(z,y) €R*: 2> 0,0 <y <exp(—1/z)}

is not A4*>°-admissible; in this case A (X) is strictly larger than C*°(X). Note, however, that for
Y := R?\int(X) we have f € A®(Y) if and only if f satisfies Lemma 1.10(3), but A®(Y) #
C>(Y); see Example 10.9.

Interestingly, the analogue for finite differentiability (i.e. Result 1.2) fails even on convex
fat closed sets such as the half-space; see Example 10.7, which is a consequence of Glaeser’s
inequality.

1.7 Applications
As a corollary of the real analytic result (i.e. Theorem 1.16) we obtain that smooth solutions
of real analytic equations on Holder sets or closed fat subanalytic sets must be real analytic;
see Theorem 9.1. Furthermore, we obtain sufficient conditions for the existence of real analytic
solutions g of the equation f = gop € C¥(M), where ¢ : M — R? is a real analytic map defined
on a real analytic manifold M; see Corollary 9.3.

The usefulness of the smooth result is illustrated by some consequences for the division of
smooth functions (see Theorem 9.5) and for pseudo-immersions (see Theorem 9.6).

1.8 Structure of the paper

We recall facts on weight sequences and Denjoy—Carleman classes in § 2, and we revisit and adapt
the CM curve lemma which is an essential tool for proving some results of the paper. In §3 we
introduce Hélder sets and collect some of their properties. The proofs of Theorems 1.13, 1.14,
1.16 and 1.19 are given in §§4, 5, 6, and 7, respectively. In §8 we discuss the ultradifferentiable
case on subanalytic sets. Applications are given in §9. The final §10 contains complements,
examples, and counterexamples.

Some of the results of this paper were announced in [Rail7].

2. A CM_curve lemma

This section is only of relevance for the ultradifferentiable results in the paper.

2.1 Weight sequences and Denjoy—Carleman classes
Let M = (Mj,)ren be a positive sequence of reals. Let U C R? be open and let CM (U, R™) be
the corresponding Denjoy—Carleman class (of Roumieu type) as defined in §1.1.

If N = (N,) is another positive sequence such that (Mj/Ny)'/* is bounded, then CM(U) C
CN(U). The converse holds if k!Mj, is logarithmically convex (log-convex for short). It follows that
the class CM (U) is preserved by replacing M = (M), by (C* M), for some positive constant C.

We shall assume that the sequence M is log-convex (which entails log-convexity of k!Mj).
We may assume that My = 1 and that M is increasing. Indeed, the sequence Ny, := C*M;, /My
for some constant C' > My/Mj, is log-convex, increasing, satisfies Ng = 1, and CM (U) = CN (U).
This motivates the following definition.

DEFINITION 2.1. An increasing log-convex sequence M = (M) with My = 1 is called a weight
sequence.
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The regularity properties of a weight sequence M = (M) entail stability properties of the
class CM; cf. [RS16]. Of particular interest in this paper is the fact that, for a weight sequence
M, the composite of CM mappings is CM. By the celebrated Denjoy-Carleman theorem, the

condition M
k

— <0 2.1

zk: (k + 1) M1 21)

holds if and only if CM is non-quasianalytic, that is, the Borel mapping which sends germs at
some point a of smooth functions to their infinite Taylor expansion at a is not injective on
CM_germs. Then there exist non-trivial C*-functions with compact support. Note that (2.1) is
equivalent to
> (kM) TVE < o, (2.2)
k

DEFINITION 2.2. Let M = (Mj) be a weight sequence. We say that M is non-quasianalytic if
it satisfies (2.1); otherwise it is said to be quasianalytic. A weight sequence M is called strongly
non-quasianalytic if

M;_4 My
3 keN: L : 2.
C>0Vke Zij OSr (2.3)
j=k
It is said to be of moderate growth if
3C > 0V, k € N: My, < CITRM; M. (2.4)

A weight sequence is called strongly regular if it is strongly non-quasianalytic and of moderate
growth.

Ezample 2.3. The Gevrey sequences Gj. = k!®, s > 0, which give rise to the Gevrey classes ce”
are strongly regular weight sequences. They appear naturally in the theory of (partial) differential
equations. For s = 0 we recover the real analytic functions CG" = ¢¥ which obviously form a
quasianalytic class.

Note that C*(U) C CM(U) C C>®(U) for every weight sequence M. In fact, the Denjoy—
Carleman classes form an a scale of spaces intermediate between the real analytic and the
smooth functions.

2.2 The CM curve lemma revisited
We generalize the CM curve lemma (see [KMR09, §3.6] and [KMR11, §2.5]) which was inspired
by [Bom67, Lemma 2].

LEMMA 2.4. There are sequences t, — to, and s > 0 in R with the following property. For any
non-quasianalytic weight sequence M = (Mj) and each a € Nxo there is a real positive sequence
A — 0 satisfying

M MaktD)

)\k<]\;:> -0 ask— oo (2.5)

such that the following holds. Let E be a Banach space. Let ¢, € C*°(R, E) be a sequence such
that

) st e ke N} (2.6)

is bounded in E, for every bounded interval I C R. Then there exists a CM-curve ¢ : R — E
with compact support and c(tx +t) = ci(t) for [t| < sk.
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Proof. There exists a non-quasianalytic weight sequence L = (L) such that (M;/Ly)"/* — oo
(this follows, for example, from [Kom79, Lemma 6]). Choose a CX-function ¢ : R — [0, 1] which
isOon{t:|t| >1/2} and 1 on {¢: |t| < 1/3}.

Let T € (0,1] and R > 0. Assume that v € C*(R, E) is such that

VO <R forall t| <1/2,¢ € N.

Then there exist C, p > 1 such that for the curve ¢(t) := ¢(¢t/T)v(t) we have

(e )0l

l y4
2
RZ( )T ICYIL; < C’R(H—;) 0L, < czz(j{’) 0Ly (2.7)

Jj=0

[EOIE

Choose a sequence

Tj € (0,1) with » Tj < oo, and let t; :=2) Tj+ Ty (2.8)
J i<k

Now choose A; such that the following conditions are fulfilled:

N M, .

0< TE < I, for all j, k, (2.9)
J

s

T—i — 0 asj— oo for all k. (2.10)

J

It suffices to take \; < infy TfHMk /Lj. Clearly, we may in addition require that A; tends to
zero fast enough so that (2.5) holds.
By (2.6), there is R > 0 such that

||Cl(f)(t)|| < RN\, forall |t| <1/2, ¢,k €N.
Define

t—1t;
)= Yo (7 e~ ).
j J
The summands have disjoint supports (the support of the jth summand is contained in [t; —Tj/2,
tj +T;/2]). Thus c is C* on R\{ts}. By (2.7),

o] 3

2
1€ ()] < CRA, < ”) 0Ly for |t —t;] <
J

Consequently, by (2.9),
1)) < CR(2p) 01M;  for t # too.

It follows that ¢ : R — E has compact support and is CM; cf. [KM97, Lemma 2.9] and [KMR09,
Lemma 3.7]. O

Remark 2.5. A similar statement holds for convenient vector spaces E. The proof can be easily
adapted to this case; cf. [KMRO09] or [KMRI11].
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The next lemma is a variant of [KM97, Lemma 2.8]. Recall that, given some sequence pj —
00, a sequence z in F is called p-convergent to x if py(z, — x) is bounded.

LEMMA 2.6. For any non-quasianalytic weight sequence M = (Mjy) there is a positive sequence
A — 0 such that the following holds. Let E be a Banach space. Let x,, — x be 1/\-convergent
in E. Then the infinite polygon through the x, and = can be parameterized as a CM-curve
¢: R — FE such that ¢(1/n) = z,, and ¢(0) = x.

Proof. Let L = (L) be a non-quasianalytic weight sequence with (My/Ly)'* — oco. Set T} :=
1/(j(j+1)) and choose A;j such that the conditions (2.9) and (2.10) are satisfied. Let ¢ : R — [0, 1]
be a CL-function which vanishes on (—oo,0] and is 1 on [1,00). Let t, := 1/n and define

T ift<0

t— tn—‘rl

C(t) = 4§ Tpt1 + QO( )(xn - mn—i—l) if t, 41 <t <tp,

tn — tn+1
X if ¢ Z 1

Clearly, ¢ is C* on R\{0}. For ¢,4+1 <t < t,, we have

ln — tn—l—l
90 <t_tn+1 > An T~ Tntl
tn —tni1) TF An

Condition (2.10) guarantees that ¢*)(t) — 0 as t — 0 for all k, and hence ¢ is C*° on R. That ¢
is of class CM follows from (2.9). O

< t = tnt ) n(n+1)* (@, — 2p41)

3. Holder sets

3.1 Uniform cusp property and Holder sets
We denote by B(z,¢) := {y € R?: |z — y| < ¢} the open ball with center x and radius e in R?.

DEFINITION 3.1 (Truncated open cusp). Let us consider R? = R9~! x R with the Euclidean
coordinates x = (z1,...,24) = (2/,24). For 0 < a < 1 and r,h > 0, consider the truncated open
cusp

T%(r, h) == {(z/,2q) € R xR : |[2/| <, h(|2'|/7)* < g < h}.

For a = 1 this is a truncated open cone.
DEFINITION 3.2 (Uniform cusp property). Let U C R? be an open set and let a € (0, 1]. We say
that U has the uniform cusp property of index « if for every x € OU there exist € > 0, a truncated

open cusp I' = T'%(r, h), and an orthogonal linear map A € O(d) such that for all y € U N B(z,¢)
we have y + A’ C U.

DEFINITION 3.3 (Holder set). By an a-set we mean a closed fat set X C R such that int(X)

has the uniform cusp property of index o. We say that X C R¢ is a Hélder set if it is an a-set
for some a € (0,1].
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We denote by #%(R?) the collection of all a-sets in R? and by

A RY = ] #*RY)

0<ax<l1

the collection of all Holder sets in RY. Note that #*(R%) C 8 (RY) if o > B.

Remark 3.4. A bounded open subset U C R? has the uniform cusp property of index « if and
only if U has Hélder boundary of index a with uniformly bounded Holder constant; see [DZ11,
Theorem 6.9, p. 116] and [Gri85, Theorem 1.2.2.2]. That means the following. At each boundary
point p there is an orthogonal system of coordinates (2, z4) and an a-Holder function a = a(x’)
such that in a neighborhood of p the boundary of U is given by {xq = a(z’)} and the set U
is of the form {x4 > a(z’)}. There is a uniform bound for the Holder constant of a which is
independent of the boundary point p.

The boundary of an a-set with av < 1 can be quite irregular. It may have Hausdorff dimension
strictly larger than d—1 and hence its Hausdorff measure %%~ may be locally infinite. See [DZ11,
Theorem 6.10, p. 116].

Ezample 3.5. (1) The set X = {(z,y) € R? : 2 >0, |y| < 2/*} is an a-set.

(2) The set X = {(z,y) € R?: 2 > 0,22 < y < 2%} is not a Holder set, but X is the image of
the Holder set {(z,y) € R? : z > 0, |y| < 2%/2} under the diffeomorphism (z,y) — (z,y + 3z2%/2)
of R2.

(3) The set X = {(z,y) € R? : 2 > 0,2/ < y < 22%/?} is not a Holder set and there is no
smooth diffeomorphism of R? which maps X to a Holder set.

(4) Let C C [0, 1] be the Cantor set and let f : [0,1] — R be defined by f(x) := dist(x, C)“.
Then the set X = {(z,y) e R?: -1 <2 <2, f(z) <y<2ifz€[0,1,0<y<2ifz ¢ [0,1]} is
an a-set.

3.2 c®°-topology on Holder sets

The ¢*°-topology on a locally convex space E is the final topology with respect to all smooth
curves ¢ : R — E. The c®-topology on R? coincides with the usual topology; cf. [KM97, Theorem
4.11]. The c¢*-topology on a subset X C F is the final topology with respect to all smooth curves
¢: R — F satisfying ¢(R) C X.

PROPOSITION 3.6. Let X € s (R%). Then the c¢™-topology of X coincides with the trace
topology from R,

Proof. Let A C X be ¢®-closed in X. Let A be the closure of A in R%. We have to show that
ANX = A C A. The converse implication is obvious.

Let € A. Then there is a sequence =, € A which tends to x. It suffices to find a smooth
curve ¢ € C*°(R, X) passing through a subsequence of x,, and through z. Since A is ¢*°-closed in
X, this shows z € A.

Since X is an a-set, for some 0 < a < 1, we may assume that there exist a neighborhood U
of  in X and a cusp I' = I'§(r, h) such that for all y € U we have y +I' C int(X). By rescaling,
we may assume that r =h = 1.

Consider C(y,r) :=y + I'§(r,r®) for 0 < r < 1. It is easy to see that there is a universal
constant ¢ > 0 such that C(y1,71) N C(y2,r2) # @ provided that |y; — y2| < cmin{ry,ra}.
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Tl Uyy)

FIGURE 1. The polygon F,.

Choose a decreasing sequence p, which tends to 0 faster than any polynomial. By passing
to a subsequence of x,, (again denoted by x, ), we may assume that |z — x,| < cup41/2 for all n.
Then, for all n,

’xn - xn+1| < ‘.Z' - xn| + |$ - wn—l—l’ < Clint1-

Setting C), := C(xp, un), this guarantees the existence of a sequence u, such that u,41 €
C, N Cphy1 for all n. By construction, x, and u, tend to = faster than any polynomial.

For u € C), define 7, (u) := x, + ugeq (where {e;} is the standard basis in R?). Consider the
polygon P, through the points wu,, m,(un), Tn, Tn(Un+1), Unt1 (see Figure 1). It is contained
in C,. The infinite polygon consisting of the concatenation of all P, satisfies the assumptions
of [KM97, Lemma 2.8] and can hence by parameterized by a smooth curve ¢ which is contained
in X and satisfies ¢(0) = z. O

Remark 3.7. It is not difficult to modify the proof in order to obtain the following result. Let
X € A (RY) and let M = (My,) be a non-quasianalytic weight sequence. Then the final topology
on X with respect to all CM-curves ¢ : R — R? with ¢(R) C X coincides with the trace topology
from RY. Tt suffices to take p, := )\,11/ ® for the sequence ), provided by Lemma 2.6.

3.3 Further properties of Hélder sets
The following proposition is well known. We include a proof for the convenience of the reader.

PROPOSITION 3.8. Let X € s#“(R%). Then for each x € X there exist a compact neighborhood
K of x in X and a constant D > 0 such that any two points v,y € K can be joined by a
polygon v contained in K with X N~ C {y1,y2} of length

£(y) < Dlyr — yo|*.

Proof. Clearly each = € int(X) has this property. Let 2 € 0X. We may assume that in a compact
neighborhood K of x the set X is the epigraph {xg > f(2)} of a a-Holder function f with
respect to an orthogonal system of coordinates (2/,x4) = (21, ...,x4). For two points y1,y2 € K
consider the segments S := [y1,y2] and S’ := [y}, 5]. If (y1,y2) C K N int(X) there is nothing
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to prove. Otherwise let 2’ € S" be such that f(2') = maxycg f(y') and let z = (2, z4) with
zq = f(2') + €|ly1 — y2| for some small € > 0 such that z € K N int(X). It is possible to choose €
such that it only depends on K, not on y1,y2. We have (y;)q < f(2') and thus |(y;)q — f(2)] <
|f(yi) — f(2')| for at least one i € {1,2}, say for ¢ = 1. If (y2)q < f(2’), then the polygon with
vertices y1, (Y1, 2d), (Y4, zd), y2 is contained in K, meets 0X at most at one of the points y;, and
has length

[(y1)a — zal + (y2)a — zal + v} — ¥4
< f(yn) = FED+[f(ya) = F()]+ 2¢lyr — yal + [vh — v
< Clyh =217+ Clyy = 2| + (L + 26)[y1 — 2
< Dlyr — 2%,
for constants only depending on K. If (y2)q > f(2’), then the segment joining z and y5 is contained

in K N int(X), and thus the polygon with vertices y1, (¥, z4), 2, y2 is contained in K, meets 0X
at most at one of the points ¥;, and has length

((y1)a — za| + y2 — 2| + [y — 2|
< |fh) = FE+ A+ o)lyr — ye| + v — val
< Dlyp — y2l®.

This finishes the proof. O
PROPOSITION 3.9. Every X € J#(R?) is simple in the sense of Definition 1.11.

Proof. The proof of Proposition 3.8 implies that there is a basis of neighborhoods % of each
x € X such that int(X)NU is path-connected for each U € % . O

4. Arc-smooth functions on Holder sets

The aim of this section is to prove Theorem 1.13: Every X € J#(R?) is A®-admissible. We even
have

Afr(X) = A%(X) = (X)), (4.1)

for any non-quasianalytic weight sequence M = (M,,).

Remark 4.1. For fat closed convex sets X C ]Rd, A>-admissibility follows from a result of
Kriegl [Kri97]. The statement in [Kri97] is more general: Let X be a convex subset of a convenient
vector space E with non-empty interior. Then f € A®(X) if and only if f is smooth on int(X)
and all Fréchet derivatives (f|int(X))(") extend continuously to f : X — L, (E,R) with respect
to the c>*-topology of X. In general the c*°-topology is finer than the given locally convex
topology.

It is evident that

C=(X) € AT(X) € AR (X).
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The second inclusion is by definition; the first inclusion is a simple consequence of the chain rule.
Let us prove the other inclusions.

LEMMA 4.2. Let 1 < p < q be integers. For x € R? and v = (v',vg) € R let c(t) = x4 (190, tPvg),
for t in a neighborhood of 0 € R. Let f be of class C? in a neighborhood of the image of c. Then

T @)(0, va) ifk=jp<q
(foo®) |7 .
R al UOICAY) ifh=qgpN,
f(@)((,0)) + j!ﬂﬁ(x)((o,vd)f) ifh=jp=q
For all other k < q we have (f oc)®(0) = 0.

Proof. This follows easily from an inspection of the Faa di Bruno formula

72090 _5~ 5 f(j)(C(t))<c(“1)(t) c<%'><t>)

: yeens
k! 4! o! a;!

=1 >0
ar+ta;=k

and the special form of c. O

PROPOSITION 4.3. Let X € J#(R%) and f € A®(X). Then flint(x) is smooth and its derivative
(flint(x))" extends uniquely to a mapping f": X — L(R4,R) which belongs to A®(X, L(R% R)),
that is,

(f)+C>(R, X) C C*(R, L(R%, R)). (4.2)

Proof. That f|in(x) is smooth follows from Boman’s Theorem 1.1.

There is 0 < o < 1 such that X € s2%(R%). Let 2 € 9X. We may assume that there exist a
truncated open cusp I' = I'Y(r, h) and an open neighborhood Y of = in X such that for all y € Y
we have y +T' C int(X). It suffices to show that (f|y int(x)) extends uniquely to a mapping
1Y — L(RY R) which belongs to A>®(Y, L(R% R)).

Let p < g be positive integers such that p/g < a« and ¢/p € N. Let x € Y and v = (v/,vq) € T
Then the curve

Cow(t) 1=z 4 (2%, 1%Pvy)

lies in int(X) for 0 < [t| < 1 and ¢;,(0) = 2. Since f € A®(X), focy, is C*.
Let v € T" be fixed. We define
(focx,v)(gp) (0) + (focx,v)@q) (0)
(2p)! (29)!

This definition turns into a correct statement if x € int(X), by Lemma 4.2.
We claim that

forz €Y.

fl(@)(v) =

f'(-)(v) : Y — R maps C*>-curves to C*°-curves. (4.3)

Let R 3 s = x(s) be a C*-curve in Y. Then (s,t) = cy(s),(t) is a smooth mapping near
(0,0) with values in X. Thus (s,t) = f(cy(s),(t)) is smooth, by Boman’s Theorem 1.1. So, in
particular, s — 9F|;—o(f o Ca(s),0(t)) is smooth for all k. It follows that s — f'(x(s))(v) is smooth,
which implies the claim.
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Let s — x(s) be any C*°-curve in Y such that z(s) € int(X) for 0 < |s| < 1 and z(0) = xo.

Then
/ focmo,v)(2p)(0) focmo,v)(2q)(0)
fmo)lv) = ( (2p)! " ( (29)!
1 (focac(s),v)(2p)(0) (focx(s),v)(2Q)(0) 1 ’
= lﬁ%( ) ) = lim f(2(5))(v)-

Consequently, the given definition of f’(z¢)(v) is the only possible extension of f’(-)(v) to zg
which is continuous on C*°-curves.

Now let v € R? be arbitrary. Since I' is open, there exist € > 0 and w € I" such that ev+w €T
For all x € Y N int(X), we have

Fayw) - L@t w) - F)w)

€

and the right-hand side uniquely extends to points xp € Y N9X and satisfies (4.3), by the
arguments above.

Thus, we define f'(z¢)(v) := lims—o f'(2(s))(v) for some C®-curve s — z(s) in Y with
z(0) = zp and z(s) € int(X) for 0 < |s] < 1. Then f'(x¢) is linear as the pointwise limit of
f'(x(s)) € L(R% R). The definition does not depend on the curve x, since it is the unique
extension for v € I'.

Let us finally show that f’:Y — L(R% R) belongs to A®(Y, L(R%,R)). Let  : R — Y be a
C>°-curve and let v € R?. It suffices to show that s — f'((s))(v) is smooth. For v € I this follows
from (4.3). For general v, f'(z(s))(v) is a linear combination of f’(x(s))(v1) and f’(z(s))(v2) for
v; € I which locally is independent of s. The proof is complete. O

COROLLARY 4.4. Let M = (M}) be a non-quasianalytic weight sequence. Let X € s (R%) and
f € A33(X). Then fliny(x) is smooth and its derivative (f|ine(x)) extends uniquely to a mapping
f': X — L(RY R) which belongs to A3 (X, L(R",R)), that is,

(f).CM(R, X) C C®(R, L(R%,R)). (4.4)

Proof. The proof is the same with the only difference that we use CM-curves (thanks to
Remark 1.4); note that the curves ¢, are polynomial and thus of class cM. O

Proof of Theorem 1.13. Let f € A*(X) (respectively, f € A37(X)). Proposition 4.3 and
Corollary 4.4 imply by induction that the Fréchet derivatives (f |int(X))(”) of all orders have

unique extensions f : X — L, (R% R) which satisfy
(f™).C®(R, X) € C®(R, Ly(RY, R))

(respectively, (f(),CM(R,X) C C®(R, L,(R% R))). So f satisfies Lemma 1.10(3), since the
c®-topology of X (respectively, the final topology on X with respect to all CM-curves in X)
coincides with the trace topology from R? by Proposition 3.6 (respectively, Remark 3.7). Thus
f €C®(X), by Lemma 1.10 and Proposition 3.8. a

5. Arc-smooth functions on subanalytic sets

The goal of this section is to prove Theorem 1.14.
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5.1 Subanalytic sets

Let M be a real analytic manifold. A subset X of M is called subanalytic if for each x € M there
is an open neighborhood U of x in M such that X NU is the projection of a relatively compact
semianalytic subset of M x N, where N is a real analytic manifold. Recall that a subset X of a
real analytic manifold M is semianalytic if for each x € M there exist an open neighborhood U
of z in M and finitely many real analytic functions f;;, g;; on U such that

XﬂU:Uﬂ{fij =0,g;; > 0}.
i g

If dim M < 2, then the family of subanalytic sets in M coincides with the family of semianalytic
sets. In higher dimensions the family of subanalytic sets is essentially larger.
Henceforth we restrict to the case M = R,

THEOREM 5.1 (Rectilinearization of subanalytic sets [Hir73, BM88, Par94b]). Let X C R? be
closed subanalytic. There exists a locally finite collection of real analytic mappings @q : Uy — R¢
such that each @, is the composite of a finite sequence of local blow-ups with smooth centers
and:

(i) each Uy, is diffeomorphic to R? and there are compact subsets K,, C U, such that Uy Pa(Ka)
is a neighborhood of X in R¢;
(ii) for each o, p;(X) is a union of quadrants in RY.

A quadrant in R? is a set
QUo, I, I)={zeR%:0;=0ificly, z; <0ifiel ,z;>0ifiel,},
where Iy, I_, I is any partition of {1,2,...,d}.

5.2 Bounded fat subanalytic sets are uniformly polynomially cuspidal
This is due to Pawlucki and Plesniak [PP86]. We recall some steps of the proof which will be
needed later.

DEFINITION 5.2. A subset X C R? is called uniformly polynomially cuspidal if there exist positive
constants M, m > 0 and a positive integer n such that for all x € X there is a polynomial curve
hy : R — RY of degree at most n with the following properties:

(i) hz((0,1]) € X and h;(0) = z;
(ii) dist(hg(t), RN\X) > Mt™ for all z € X and all t € (0, 1].

Remark 5.3. Every compact set X € 2(R%) is uniformly polynomially cuspidal; this is clear
by Definition 5.2. The converse is not true: for instance, the sets in Example 3.5(2) and (3) are
uniformly polynomially cuspidal but not in 7 (Rd). The set X in Example 10.9 is uniformly
polynomially cuspidal but neither subanalytic nor in J#(R%); cf. [PP88, p. 284].

THEOREM 5.4 [PP86, Proposition 6.3]. Let X be a bounded open subanalytic subset of R%. Then
there is a map h : X x R — R% such that h(x,t) is a polynomial in t with degree n independent
of v € X with h(x,0) = z for all z € X, h(X x (0,1]) C X, and there exist positive constants
M, m such that

dist(h(z,t), RA\X) > Mt™ forall x € X,t € [0,1].
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We give a sketch of the proof in order to explicate the uniformity of h, which will be of
importance later.
The following is a corollary of the rectilinearization theorem.

PROPOSITION 5.5 [PP86, Proposition 6.3]. Let X be a relatively compact subanalytic subset of
R? of pure dimension d. Then there are a finite number of real analytic maps ©Yj: R? x R — R?
such that, for I := [-1,1]%,

©;i(I*x (0,1]) C X for all j,
Uit oy =

Let X be a bounded open subanalytic subset of RY. Let ¢j be the maps provided by
Proposition 5.5. Then, for each j, the function

I7% [0,1] 3 (y,t) — dist(e;(y, 1), R\ X)

is subanalytic (cf. [BM88, Remark 3.11]). By the Lojasiewicz inequality (cf. [BM88, Theorem
6.4]), there exist positive constants L, m such that

dist(;(y, 1), RNX) = Lt™,  (y,t) € I? x [0,1].

The constants L, m may be assumed independent of j, by taking the minimum and maximum,
respectively. Choose an integer n > m and write

0i(y,t) = Tj(y, t) + " Qs(y,t), (y,t) € R xR,

where Tj(y,-) is the Taylor polynomial at 0 of degree n of ¢;(y,-) and Q; : R? x R — R? is real
analytic. If we choose § € (0,1] such that [tQ;(y,t)| < L/2 for all j, y € I, and ¢ € [0, d], then

L L
dist (T} (y, ), R\X) > Lt™ — S =St () € 1% % [0, 4].

Replacing ¢ by dt, we obtain
dist(T;(y, 6t), R\X) = Mt™,  (y,t) € I x [0,1],

where M := Ld™ /2. Clearly, UjTj(Id x {0}) = U, ©;(I% x {0}) = X. Theorem 5.4 follows.

5.3 Fat closed subanalytic sets are m-regular
Another property of fat closed subanalytic sets we need is the fact that they are m-regular in
the following sense.

THEOREM 5.6 ([BieS80, Theorem 6.17], [Har83], [BMS8S, Theorem 6.10]). Let X C R? be a fat
closed subanalytic set. For each a € X there exist a compact neighborhood K in X, a constant
C > 0, and a positive integer m such that any two points x,y € K can be joined by a semianalytic
path v in X which intersects 0X in at most finitely many points and satisfies

0(y) < Clz —y|™.
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5.4 L-regular decomposition
Let us recall the L-reqular decomposition of subanalytic sets.

First we introduce sets which are L-regular with respect to a given system of coordinates.
Let X C R? be a subanalytic set of dimension d. If d = 1, then X is called L-regular if X is a
non-empty compact interval. If d > 1, then X is L-regular if it is of the form

X ={(z',zq) e R?: f(2') < zq < g(&),z € X'}, (5.1)

where X’ C R%! is L-regular and f, ¢ are continuous subanalytic functions on X', analytic and
satisfying f < g on int(X’) with bounded partial derivatives of first order. If dim X = k < d,
then X is L-regular if

X ={(y,2) e RFxR¥“F: 2 = h(y),y e X'}, (5.2)

where X’ C R¥ is L-regular, dim X’ = k, and h is continuous subanalytic on X’, analytic on
int(X’) with bounded partial derivatives of first order.

In general a subanalytic set X in R? is said to be L-regular if it is L-regular with respect to
some linear (or equivalently orthogonal) system of coordinates. It is called an L-regular cell if it
is the relative interior of an L-regular set, that is, it is int(X) in case (5.1) and the graph of h
restricted to int(X”) in case (5.2). By definition, every point is a zero-dimensional L-regular cell.

It is well known that L-regular sets and L-regular cells are quasiconvez (cf. [Kur92], [Par94a,
Lemma 2.2], or [KP06]): there is a constant C' > 0 such that any two points x,y in the set can
be joined in the set by a subanalytic path of length at most C|xz — y|.

THEOREM 5.7 [Kur92, KP06, Paw08]. Let X C R? be a bounded subanalytic set. Then X is a
finite disjoint union of L-regular cells.

For the proof of Theorem 1.14 we need the following preparatory results.

LEMMA 5.8. Let [a,b] C R be a non-trivial interval such that [a,b] = Ule F; for closed sets Fj.
If a < sup F; < b then there exists j # i such that sup F; € F; and sup F; < sup Fj.

Proof. Fix ¢ and suppose that ¢ := sup F; < b. There is a sequence (t,b) > t,, — t. After passing
to a subsequence we may assume that t,, € F; for some fixed j # i. Since F is closed, t € F;. O

LEMMA 5.9. Let X C R? be a fat closed subanalytic set. Let = € X and suppose there is a
basis of neighborhoods % of x such that U N int(X) is connected for all U € % . Then there
exist Uy € % and a positive constant C' such that the following holds. For all U € % = {U €
% U C Uy} and for any two points y, z € U N int(X), there exists a rectifiable path «y in int(X)
which connects y and z and satisfies

(y) < Cdiam(U).

Proof. We may assume that X is bounded, by intersecting with a ball centered at z. Let Uy be
any member of % which is contained in this ball. By Theorem 5.7, int(X) is a finite disjoint
union of L-regular cells {Ay,..., Ag}.

Fix U € % and let y, z € U N int(X). Since U N int(X) is connected, there is a path o : [0, 1]
— U N int(X) with ¢(0) = y and o(1) = z. Then we have a finite disjoint union [0, 1] = Ule E;,
where E; := o 1(4;).
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Let E! be the set of limit points of E;. Then [0,1] = U?Zl E!. Let iy € {1,...,k} be such
that to := 0 € Ej . If t; < 1, then there exists io € {1,...,k}\{i1} such that t; € Ej and
ty :=sup B, > t1, by Lemma 5.8. Moreover, [t1,b] = Ujzi, EiN[t1Nb]. If t3 < b we may apply
Lemma 5.8 again and find i3 € {1,...,k}\{i1, 42} such that t3 € E;d and t3 := sup EZ’d > t9. This
procedure ends after finitely many steps and gives a finite partition 0 = tp < t; < -+ < tp_1 <
tp =1 of [0, 1]. The points y = 2o, 21, . .., 2, = 2, where z; = o(t;), all lie in U N int(X). Let € > 0
be sufficiently small such that the balls B; := B(zj,¢€) are all contained in U N int(X). For all
J=1,2,...,h—1, there exist z; € B;jN A;; and Z;_ €cBjnA by construction. Additionally,
there exist zaL € BpNA;, and z, € B,NA;,.

Since the cells are quasiconvex, for all j = 1,2,...,h, there exist rectifiable paths v; € A;;
joining z;;l and z;" such that

5419

) < Cila_y — 25,

where the constant C; depends only on A;;. Joining the paths ~; with the line segments [z, zd1,
2 zf], for j =1,...,h—1, and [z, , 2], we obtain a rectifiable path v in int(X') which connects
y and z and has length

l(y) < Cdiam(U),

for a constant C' which depends only on the C; and the number of cells k, since all points z;,

zj_,z;' lie in U. -

5.5 Proof of Theorem 1.14
The inclusion C*°(X) C A*(X) is clear.

Let f € A*°(X). Then f is smooth in int(X), by Result 1.1. We must show that f € C*>°(X).
This is a local problem, so we may assume without loss of generality that X is compact (by
intersecting with a suitable ball). By Lemma 1.10 and Theorem 5.6, it suffices to show that f
satisfies Lemma 1.10(3).

Fix € 9X. By Theorem 5.4, there is a polynomial curve h, : R — R? of degree at most n
with the properties:

(i) hz((0,1]) Cint(X) and hz(0) = =z,

(ii) dist(he(t), RN\X) = Mt™ for all t € (0, 1],
where n, M, m are independent of x and ¢. Then there is a positive integer k = k(z) such that
he(t) — x = tFhy(t), where h(0) # 0. Set vy := hy(0)/|he(0)| € S, Choose d — 1 directions
Vo, ...,vg € S%1 such that vy, vs, ..., vg are linearly independent and define

\II$7U(t17t2,. .. ,td) = h$(t1) + tovg + - - - + tqvg
for t = (t1,...,tq) in the set
Y :={(t1,...,ts) € R :t; €(0,0),|t;] < C+[ for 2 < j < d}.

If C:= M/(2(d—1)) and 6 > 0 is chosen small enough, then ¥, , is a diffeomorphism of ¥ onto
the open subset Hy , := ¥, ,(Y) of int(X) and it extends to a homeomorphism between Y U {0}
and H,, U {z}; indeed, by (2),

dist (¥, (1), RNX) > dist(hy(t1), RN\X) — [ta] — -+ — |td]

M
> Mt — (d = DOt = 47" > 0,
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for t € Y. Since f is smooth in int(X), we have
Op? - Opt(foWay)(t) = dp2 - dyd f(Uyo(t)) forallteY,a; >0, (5.3)

The left-hand side of (5.3) extends continuously to ¢ = 0, since fo V¥, , € A®(Y) and A®(Y) =
C>®(Y), by Theorem 1.13, as Y is a Holder set. Since ¥, ,, is a homeomorphism Y U{0} — H, ,U
{x}, we may conclude that the directional derivatives d? ---dg?f, a; > 0, extend continuously
from H,, to .

If we perturb the directions vs,...,vq a little such that vq,vo,...,vy remain linearly
independent and take the intersection H, of the corresponding sets H,,, then H, still is an
open subset of int(X) with h,(t) € H, for small ¢ > 0 and « € H,. Then d32 ---d32 f, a; > 0,
extend continuously from H, to x for all ws,...,wy near vg,...,vq. By Lemma 1.10, we infer
that the Fréchet derivatives f®) of all orders of f extend continuously from H, to x.

Thus for all z € X and p € N, we have a candidate for the Fréchet derivative f®)(z) of f
at = and an open set H, C int(X) on which f®)(y) tends to this candidate as y — x. It remains
to prove that the extension of f) to X thus defined is continuous on X. First we show that it
is bounded.

CLAM 1. For all p € N, f) is bounded on X.

Let p € N be fixed. It suffices to show that f®) is bounded on int(X) (since X is fat). For
contradiction suppose that there is a sequence (z;) in int(X) such that || f®) (z)]| L, — 00. Since
X is compact, we may assume that x, — z. Then x € 0X, since we already know that f is
smooth on int(X).

By Proposition 5.5, there are a finite number of real analytic maps ¢; : R? x R — R? such

that
@; (I x (0,1]) C int(X) for all j,
Uwit? x {o}) = X,
J
where 1% := [—1,1]%. After passing to a subsequence we may assume that x, € p;, (I¢ x {0}) for

all £ and some jo. Choose y, € I? such that ¢, (ys,0) = 4. Since I¢ is compact, after passing
to a subsequence we may assume that y, — y and in turn that this convergence is faster than
any polynomial. The infinite polygon through the points y, and y can be parameterized by a
smooth curve ¢ : R — I? such that ¢(1/¢) = y, and ¢(0) = y (cf. [KM97, Lemma 2.8]). Then
s @j,(c(s),0) is a smooth curve in X through the points x, and x.

Since j, is real analytic, for small ¢; we have p;,(y,t1) = = + t’fgbjo (y,t1) for some positive
integer k and a real analytic map @;, with @;,(y,0) # 0. Then @j,(2,t1) # 0 for (z,t1) in a
neighborhood of (y,0). Thus,

Oz, t1)  kpjo(z 1) + 1) (2, t1)

- ~ = if t1 > 0,
v1(z, ) = |00 pjo (2, t1)| k@i (2, 1) +t1g0;-0(z,t1)|
D if t7 =0,
‘SOJO(Zao)’

is continuous in (z,t1), where t; > 0, near (y,0). It follows that we can find an open set of
directions v € S%! such that v;(c(s),0) and v are linearly independent for s near 0. For such v,

(s,t1,t2) = fpjo(c(s),t1) + tav)
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FIGURE 2. If y € (z,a] and X N B(z,|z —a|) =¥ then X N B(y, |y — a|) = 0.

is smooth for small s € R, t; > 0, and |t2] < Ct]?, by the arguments in § 5.2 and the considerations
in the first part of the proof. But this implies that db f(z¢) is bounded for all such v, and hence
f®)(z,) is bounded, a contradiction. Claim 1 is proved.

CLAIM 2. The Fréchet derivatives f(p), p € N, are continuous on X.

Let 2 € 0X and suppose that (z,) and (y,) are two sequences in int(X) both converging to
x. By Lemma 5.9, for each ¢ > 0 there exists ng € N such that for all n > ng the points x,, and
yn can be joined by a rectifiable path v, in int(X) with length ¢(v,) < €. Since f is smooth in
int(X), we may apply the fundamental theorem of calculus and Claim 1 to conclude

1£®) (2,) — f(p)(yn)HLp < (Sélp Hf(p“)(z)HLpH)g(%) — 0 asn— o0.
Z€Yn

If we assume that the sequence (z,) lies in H,, we obtain that f® (y) — f®)(z) for all int(X) 3
y — z. Finally, suppose that 0X > xz,, — x. Choose y,, € H,, N B(xy,1/n). Then

1FP () = F P (@)l < IFP(2) = FP ), + 1FP (@n) — FP(yn)llL, = O

as n — oo. This proves Claim 2 and hence the theorem. O

6. The Bochnak—Siciak theorem on tame closed sets

In this section we prove Theorem 1.16. The strategy for the proof is the following. Since f €
C>(X), we can associate with every = € X the formal Taylor series F;, of f at x. Using a result
of Eakin and Harris [EH77] and Gabriélov [Gab73], we show that each F, is convergent and
coincides with f on their common domain. To prove that all F. glue together to give a global
holomorphic extension we will use the following lemma.

LEMMA 6.1. Let X C R? be closed and let U C R? be open with UNX # ¢). Then there is an
open subset Uy of U with UyN X = UNX and such that for all z € Uy and all a € A, := {a €
X :|a— x| =dist(z, X)} we have [z, a] C Uy.

Proof. Set Uy :={x €U : [z,a] CU for all a € A,}. Then, for all z € Uy and all a € A, we have
[z, a] € Uy. To see this, let y € [z, a]. If y = x there is nothing to prove. Otherwise A, = {a} and
[y,a] C [z,a] CU (as in Figure 2).

Clearly, UyNn X = UNX. It remains to show that Uy is open. To this end we first observe
that if z,, > = and A, 3 a, — a, then a € A,. This follows from letting n — oo in |z, — a,| =
dist(z,, X), since X is closed.

If Uy is not open, then there exists a sequence x,, — x, where x,, € Uy and z € Uy. So, for
all n, there exist a,, € A,, and y, € [z,,a,]\U. After passing to a subsequence, we may assume
that a,, - a € A,, by the observation above, and in turn that y, — y € [z, a]. Since = € Uy we
have y € U, a contradiction. O
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Proof of Theorem 1.16. Suppose that X C R? is a fat closed subanalytic set. There exist an
analytic manifold M and a proper analytic map ¢ : M — R? such that X = (M), by the
uniformization theorem; see, for example, [BM88]. Then fop is C* and real analytic on real
analytic curves in M. By the Bochnak—Siciak theorem (Result 1.5), f o is analytic on M. For
each € X there is y € ¢~ !(x) such that ¢ has generic rank d at y. By a result of Eakin and
Harris [EH77] (proved earlier by Gabriélov [Gab73]), the homomorphism ¢* of formal power
series rings given by formal composition with ¢ at y is strongly injective, that is, the formal
Taylor series F,. of f at x converges. It represents a holomorphic function F, in a neighborhood
U, of 2 in C% which coincides with the real analytic function f lint(x) on int(X) N U,.

It remains to show that the F, piece together to give a global holomorphic extension of f to
a neighborhood of X in C?. We may assume that

U, = Uf X i(—rx,rx)d, (6.1)

where UF C R%. We use Lemma 6.1 to replace each UX by the connected component of (U)g
which contains = (and leave the part of U, in iR% unchanged). Thus we may assume that the
cover {UR} of X has the property that for each z € UX all segments [z,a], a € A, belong to
UR. By (6.1), each U, has the property that for z + iw € U, also z + itw € U, for all t € [0, 1].

Let V' be a connected component of U, NU,. It follows that if z +iw € V, then z € VR .=
VNRY, and VR is a connected component of U}} N UE. Moreover, [z,a] C VR forallae A, C X.

Since X = int(X), the intersection V&N int(X) is non-empty and on this set the holomorphic
extensions F, and Fy, coincide with f. By the identity theorem, F,; and F coincide on V. Since
the component V' of U, NU, was arbitrary, F,, and Fy coincide on U, NUj,. O

Proof of Corollary 1.17. The assumption for X clearly implies that X = int(X). For each
boundary point z € 0X there is a holomorphic function F, defined in a neighborhood U, of
z in C? which coincides with f on U, N int(X); this follows from Theorem 1.16 applied to the
subanalytic set X,. Using Lemma 6.1 as in the proof of Theorem 1.16, one easily concludes the
assertion. O

7. Arc-CM functions on Lipschitz sets
In this section we prove Theorem 1.19: All X € 1 (RY) satisfy
M (x) € AM(x) < M (x),

for any non-quasianalytic weight sequence M = (My).

It can be expected that a similar statement holds for X € J#%(R?), where o < 1, with a
larger weight sequence N = N («a, M) instead of M (2). We do not pursue this question any further
for a-sets, but results of this type for subanalytic sets are presented in § 8.

7.1 Reduction to an open set of directions
Let f: R?2 - R be smooth. The mixed partial derivatives of order k of f at any point z € R?
can be computed from directional derivatives of order k of f at x by means of the identity

k
E\ i beiiop
dif(z) =3 ( ) T9lok I f(x), v = (v1,v2) € R (7.1)
=0
The next lemma guarantees that the constants which appear in the process of solving these linear
equations grow at most exponentially in k and hence the class CM is preserved; a similar lemma
was proved in [Nee99).
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LEMMA 7.1. Let —1 < tg < t1 < --- < tp < 1 be equidistant points such that t; — tg = a. If

o, T1,..., T IS a solution of the 11near system of equations
LA
Z(,)tng:yi, i=0,1,...,k, (7.2)
=0 N
then we have
16e2\
max |z;| < max || (7.3)
Vi m

Proof. Let P(t) = ag+ ait + - - - + axt* be the polynomial with coefficients aj; = (];)x] Then the
system (7.2) reads
P(ti):yi, i:O,l,...,]{i.

By Lagrange’s interpolation formula (e.g. [RS02, (1.2.5)]),

k LI
P =Y wll =%,
i=0 =0 * J

J#i

and therefore

am: kmzylak mth_tj
J#l

where 0’;- is the jth elementary symmetric polynomial in (t¢)e-;. We have
ali — j|

k+g
I jyl= s

k J

[ti — tj] =

J
t =1<2
0+ak‘

and hence, using e *k* < k! < kF,

Mt < (5)
\tz—t] | akil(k—d)! T \a /)’

J#z

b () () e (e

It follows that
16e 162\ *
‘xm‘ < < ) Z ‘yz S < ) m?X’yi’7

which is (7.3). O

and

PROPOSITION 7.2. Let f:R? — R be smooth. Let K C R? be compact and let M = (M},) be a
positive sequence. The following assertions are equivalent:

(1) 3C,p>0Vk e NVx € K Yo € 891 . |dF f(x)] < CpFk! My;
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(2) there exist vy € S4~! and r > 0 such that
3C,p>0Vk e NVz € K Yo € B(vg,r)N ST L2 |dF f(x)| < CpPE! My;
(3) 3C,p>0Vz € K Vo € N : 0% f(z)| < Cpll|al! M.

The constants C, p may differ from item to item, but they change in a uniform way which
depends only on .

Proof. Let us first consider the case d = 2. In this case B := B(vg,7)NS% ! is an open arc
I C S1; let £(I) denote the length of I.

(1) = (2) is trivial and (3) = (1) follows easily from (7.1).

(2) = (3) By a linear change of coordinates, we may assume that the arc I is symmetric
about the y-axis and, by shrinking I, we may also assume that its projection to the y-axis is
contained in {(0,y) : 1/2 < y < 1} and that the estimates in (2) hold also at the endpoints of I.
Let (—a/2,a/2) be the projection of I to the z-axis and let —a/2 =ty < t; < -+ <t = a/2
be an equidistant partition. Apply Lemma 7.1 to the system (7.1) with the k£ 4 1 directions
v = (ti,8i), 1 =0,...,k, in I; then 1/2 < s; < 1. The statement about the uniform change of
the constants follows from (7.3).

Now we consider the general case.

(1) & (2) The statement follows by applying the two-dimensional analogue to every affine
2-plane 7w containing the affine line x 4+ Rvg. The change of the constants C, p depends only on
the length of the arcs defined by the intersection = N B which is independent of .

(1) & (3) By the polarization formula [KM97, Lemma 7.13(1)], we have

sup |dy f ()| < || f(2)l|z, < (2€)* sup |dyf ()]

lvl<1 lv|<1

which entails the assertion. O

7.2 Proof of Theorem 1.19
Let M = (Mj3,) be a non-quasianalytic weight sequence. Let X € J#1(R%). The inclusion CM (X)) C
AM(X) is an easy consequence of Faa di Bruno’s formula and log-convexity of M (cf. [RS14,
Proposition 3.1]).

Let us prove AM(X) C cM® (X). A function f € AM(X) belongs to C®(X), by
Theorem 1.13. Suppose for contradiction that f ¢ CM @ (X). Then there is a € X such that
for all 6,C, p > 0 there exist x € X N B(a,d), v € S, and k € N with

¥ f ()| > CpF R M. (7.4)

We may assume that a € 9X (if a € int(X) then the arguments in the proof of [KMR09, Theorem
3.9] lead to a contradiction). Since X € 1 (R%), we may suppose that there exist ¢ > 0 and a
truncated open cone I' = I'}(r, h) such that

for all y € X N B(a,¢) we have y + I' C int(X). (7.5)

By rescaling, we may assume that r = h = 1. Set C(y,r) := y + I'k(r,r) for 0 < r < 1. There is
a universal constant ¢ > 0 such that C(y1,r1) NC(y2,7m2) # @ if |y1 — y2| < cmin{ry, r2}.

Let A\x N\ 0 be the sequence associated with the sequence My, by Lemma 2.4. By
Proposition 7.2 and (7.4) (using 0 := cA\,11/3, C == A1, p := A\.3), there exist sequences
T, € XN B(a,chpy1/3), vp € SIARLT, ky, € N such that

(dE f ()] = A% el MY for all n. (7.6)
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.i'.” l

FiGure 3. The curve ¢ in Cp—1 U C,, U Cpyq.

Let us set Cy, := C(xn, Ay). Since |z, — xp41] < cAp41, there is a sequence u,, such that up41 €
CpNCpyq for all n. Evidently, z,, and u,, are both 1/\,-converging to a. We may assume that
for all n > ng we have C), C int(X), by (7.5).

Without loss of generality assume that a = 0. Let ¢,(t) = =, + 2\, v,,. Let T, and t, be
chosen as in (2.8), and let ¢ be the function used in the proof of Lemma 2.4. Define

o) = ("5 Jentt =)+ (1= ("5 ) ) (L O+ Ly 0)
n n
for t € [t, — Tn,tn + T5) (here 14 denotes the characteristic function of the set A); note that
tn + T, = tps1 — Thy1 (see Figure 3).
Extend ¢ by ¢ = 0 on [ts, 00). Then ¢ is C* on [tn, — Thy, +00)\{to} and c(t, — T1) = up,
and c(t, + T},) = upy1. By construction, ¢(t) € C, if t € [t, — Ty, t, + T] and thus c lies in
X. Since the curves ¢, as well as u, satisfy (2.6), the proof of Lemma 2.4 implies that ¢ is a

CM_curve.
Then, since f € A>®(X), for all k,

(Foo)® (1) = Zakgk 1z,

Using (7.6), we may conclude

[(f 0 €) ) (1) [\ (Nl flwa) VD1
pr— — > . m7
as n — oo, contradicting the assumption f € AM(X). O

8. Arc-CM functions on subanalytic sets

Let M = (Mj) be a non-quasianalytic weight sequence. Let X be a simple fat closed subanalytic
set. We will see in this section that AM(X) C CV(X) for some other non-quasianalytic weight
sequence N which depends only on M and X (in an explicit way).
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8.1 Rectilinearization

We start with some simple observations. For arbitrary sets ¥ C R, X C R% we denote by
C>°(Y, X) the class of mappings ¢ : Y — X such that ¢; € C*>°(Y) for all components p; = pr; o .
Similarly for CM (Y, X) and C¥(Y, X).

LEMMA 8.1. Let X CR% and Y C Re.

(1) If p € C*(Y, X) and A®(Y) = C>*(Y), then p*A>®(X) C C=(Y).
(2) If p € C¥(Y,X) and A¥(Y) =C¥(Y), then p*A¥(X) C C¥(Y).

(3) If p € CM(Y, X) and AM(Y) C CN(Y), then o* AM(X) C CN(Y).

Proof. We prove (1); (2) and (3) work similarly. Let f € A>(X). Assume that fop & C®(Y).
Since C*(Y) = A®(Y), there exists ¢ € C*°(R,Y) such that fopoc & C®(R,R). But pocis a
C*>-curve in X, contradicting f € A*(X). O

Combining this lemma with the rectilinearization of subanalytic sets (see Theorem 5.1), we
conclude the following result.

THEOREM 8.2. Let M = (M},) be a non-quasianalytic weight sequence. Let X C R? be a fat
closed subanalytic set. There is a locally finite collection of real analytic mappings ¢q : Uy — RY,
where the U, are open sets in R, such that, for all a,

WZAOO(X) C C¥(pg (X)), (8.1)
A% (X) € C(pa (X)), (8.2)
* 1M M@, 1

A () € M (5 (X)), 8.3
Proof. We use Theorem 5.1. Since X = int(X ), we may assume that, for the quadrants Q(lo, I_,
1) whose union is ¢ 1(X), we have Iy = @. We claim that a union Y of quadrants Q(#,1_, )
is A®- and A“-admissible. Furthermore, we claim that Y satisfies AM(Y) C CM @ (Y). Then
Lemma 8.1 implies the result.

A>-admissibility. By Theorem 1.13, each Q = Q(4,1_, ) is A*-admissible. Any two different
quadrants @)1, Q2 have non-empty intersection 7 which consists of a coordinate sector of
dimension k£ € {0,...,d — 1} (for £ = 0, # = {0}). Suppose that 7 is a coordinate sector of
dimension k. Let v € @1 U Q2 be any vector perpendicular to 7. Then o, := 7+ Rv is a (k+ 1)-
dimensional closed convex set contained in () U Q2. We may conclude that f|,, € C*(0y). Thus
the directional derivatives dj, f of f of all orders n at points in 7 with direction w € Uvtequ Oy
exist and are unique. These suffice to compute the partial derivatives of f of all orders at points
in . This proves that Q1 U Q2 is A°°-admissible. The general case follows by induction. This
also proves that we even have A3 (Y) = C>(Y).

A“-admissibility. This follows from Theorem 1.16 and the fact that Y is A*-admissible.

Finally, we show AM(Y) C cM® (Y). Since we already have A3 (Y) = C>*(Y), it suffices to
check that the estimates (1.1) (for M) instead of M) hold for all f € AM(Y) and for each
compact K C Y. This is clear, since f|g € AM(Q) C cM® (Q), by Theorem 1.19, for each of the
finitely many quadrants ¢) which make up Y. |
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8.2 Controlled loss of regularity
Let M = (My) be a weight sequence. Recall that, for positive integers a, M (@) denotes the weight

sequence defined by M, lga) = Myy.

PROPOSITION 8.3. Let M = (M) be a non-quasianalytic weight sequence. Let X C R? be a fat
compact subanalytic set. Then there is a positive integer a, independent of M, such that

C®(X)NAM(X) c cM(X). (8.4)

Proof. Let ¢, be the finitely many mappings provided by Theorem 5.1. We may assume that
the Jacobian determinant of each ¢, is a monomial times a nowhere vanishing factor. Let f €

C(X)NAM(X). By Theorem 8.2, f o, € CM? (Y,) where Y, is a union of quadrants in R<.

By [BBC18, Theorem 1.4], for each « there is a positive integer a,, such that f is of class C” (@)

on pq(Yy). It follows that f € cM@ (X), where a = max,, aq.- O

For a € Ryo we may define the weight sequence M® by M@ := (My)®*. If M = (M},) has
moderate growth (see (2.4)) and a is an integer, then there exists C' = C(a) such that

ME < My < CPMP - for all k,

that is, M@ and M® define the same Denjoy—Carleman class. Note also that M“ has moderate
growth whenever M has.
Assume that for each a > 0, the weight sequence M*® is non-quasianalytic and define

AM(X) = () AM(X) and CM(X):= [ CM"(X).

a>0 a>0

THEOREM 8.4. Let M = (M}) be a weight sequence of moderate growth such that M® is non-
quasianalytic for all a > 0. Let X C R be a fat closed subanalytic set. Then

CX(X)NAM(X) = CM(X). (8.5)
If X is simple, then
AM (X)) =CM(X). (8.6)

Proof. The inclusion CM(X) C €>(X)N.AM(X) is obvious. The converse inclusion follows from
Proposition 8.3. O

Remark 8.5. Instead of [BBC18, Theorem 1.4] one can also use the results of [CC99].

9. Applications

9.1 Solutions of real analytic equations

THEOREM 9.1. Let U C R be open and let H : U — R be a real analytic function (not
identically zero). Let X C R? be a closed set such that for all z € OX there is a closed fat
subanalytic set X, such that z € X, C X; for example, X itself is fat and subanalytic or a
Hélder set. If f € C*°(X) satisfies H(z, f(x)) =0 for all € X, then f extends to a holomorphic
function on a neighborhood of X in C%.
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Proof. Suppose first that X C R? is fat closed subanalytic. As in the proof of Theorem 1.16,
there is a proper real analytic map ¢ : M — R? with X = o(M). Then (z,y) — H(p(z),y) is
not identically zero. By the classical version of this theorem (cf. [Boc70, Sic70, Mal67]), we may
conclude that z +— (fo)(z) is real analytic on M. The proof of Theorem 1.16 (in §6) then
yields the assertion.

In the general case, fix z € X and a closed fat subanalytic set X, with z € X, C X. Then
flx. € C>=(X,) satisfies H(x, f(x)) = 0 for all x € X,. Thus, by the first part of the proof, f|x.
extends to a holomorphic function on a neighborhood of X, in C?. That these local extensions
glue to the desired global extension follows from Lemma 6.1 as in the proof of Theorem 1.16. O

We obtain the following corollary for Nash functions, that is, real analytic functions f : U — R
defined in an open semialgebraic set U C R? which satisfy a non-trivial polynomial equation
P(z,f(z))=0forall z € U.

COROLLARY 9.2. Let X C R? be a fat closed semialgebraic set and let f : int(X) — R be a Nash
function whose partial derivatives of all orders extend continuously to the boundary of X. Then
f is the restriction of a Nash function on an open neighborhood of X.

Proof. The extension of f clearly also satisfies the defining polynomial equation. O

9.2 Composite real analytic functions

Suppose that ¢ : M — R? is a real analytic map, where M is a real analytic manifold. Assume
that g € C*(R%) and f = gop € C¥(M). Let X := (M). Our results yield a sufficient condition
for g|x to admit a real analytic extension to some open neighborhood of X.

COROLLARY 9.3. Let ¢ : M — R? be real analytic and such that:

(i) X := (M) is a fat closed subanalytic subset of R%;
(ii) each c € C*(R, X) admits a lifting ¢ € C*(R, M), that is, c = poé.

Then, for each g € C>®(RY) with go € C¥(M), there exists a holomorphic function G defined
in an open neighborhood of X in C% such that g|x = G|x.

Proof. Follows from Theorem 1.16. o

Conditions for the existence of a smooth solution g of the equation f = goy have been
intensively studied; see [BM82, BMP96, BM98].

Remark 9.4. For instance, the conditions of the corollary are satisfied in the following situation.
Let p : G — O(V) be a coregular finite-dimensional orthogonal representation of a compact
Lie group. Let o = (01,...,04) be a minimal system of generators of the algebra R[V]¢ of
G-invariant polynomials. Schwarz’s theorem [Sch75] (see also [Mat77]) holds that for each G-
invariant f € C°(V) there exists g € C>®°(R%) such that f = goo. The set X = (V) is closed
semialgebraic and fat, by the assumption that p is coregular; cf. [PS85]. Real analytic curves
in X admit real analytic liftings to V, by [AKLMO00] and [PR16, Theorem 4]. The corollary
implies that every G-invariant real analytic function f on V is of the form f = goo, where ¢
is a holomorphic function defined in an open neighborhood of X in C?. A more general result
(with a different proof) is due to Luna [Lun76].
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9.3 Division of smooth functions and pseudo-immersions

Statements about smooth functions on open sets can sometimes be reduced to corresponding
statements for functions of one real variable, thanks to Boman’s Theorem 1.4. This principle
extends to A°°-admissible sets. We illustrate this using two selected examples. The first concerns
division of smooth functions.

THEOREM 9.5. Suppose that X is a Hélder set or a simple fat closed subanalytic subset of R.
If f,g : X — C satisfy

(i) g, fg,f™ € C®(X,C), and
(i) |f(x)| < Clg(x)|* for all z € X,

for some m € N1 and C,a > 0, then f € C*(X,C).

Proof. This follows from [JP90, Theorem 1] (which is precisely the case X = R), Theorems 1.13,
and 1.14. O

In [JP90] this theorem (for X = R) was used to prove that certain maps are pseudo-
immersions. A C*®-map p : N — M between C*°-manifolds is a pseudo-immersion if for each
continuous map f : P — N, where P is a C®-manifold, po f € C* implies f € C*; see
also [JP87]. Pseudo-immersivity of a smooth map is a local property. So it is enough to consider
germs of smooth maps p : (R",0) — (R™,0). By Boman’s Theorem 1.1, the defining universal
property must be checked only for smooth curves: p is a pseudo-immersion if and only if for each
(continuous) curve ¢ : R — R™ we have the implication poc € C* — c € C™.

Theorems 1.13 and 1.14 entail the following result.

THEOREM 9.6. Let p : R®™ — R™ be a pseudo-immersion. Then the universal property of p
extends to maps f : X — R", where X C R? is A®-admissible, in particular, for X a Holder set
or a simple fat closed subanalytic subset of R,

For instance, if f : X — C is continuous and f2, f3 € C*(X,C), then f € C>®(X,C). In
addition, by Theorem 9.1, if at least one of f2 or f3 is real analytic, then also f is real analytic.

10. Complements and examples

10.1 CM-extensions

Let X C R? be a Holder set or a fat closed subanalytic set. By Lemma 1.10, Proposition 3.8, and
Theorem 5.6, any function f : X — R which satisfies Lemma 1.10(3) extends to a C*°-function on
R?. Let us investigate this in the ultradifferentiable case. For strongly regular weight sequences
M there is a CM-version of Whitney’s extension theorem [Brus0)].

LEMMA 10.1. Let X C R? be a fat compact set either in 2 (R%) or subanalytic. Suppose there
exist a positive integer m and a constant D > 0, such that any two points x,y € X can be joined
by a rectifiable path v in X and

(7)™ < Dl —y|. (10.1)

Let M be a weight sequence. Then each f € CM(X) defines a Whitney jet on X of class CV
where Ni, := M,,i, that is, there exist constants C, p > 0 such that

7@ < Coall Ny, aeN, zeX, (102)

673

https://doi.org/10.1112/50010437X19007097 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007097

A. RAINER

(REH)™ ()] < Cp" Mol Npra|e —yP 710 pe N, ol <p, wyeX,  (10.3)

where
(a+/3)

Al — )",

(R = [y - 3 L)

|Bl<p—la
Proof. Let f € CM(X). Now (10.2) is clearly satisfied since we even have
1f (@) < Cpa|! My, aeN!, zeX. (10.4)

Since f has a smooth extension to R?, f defines a Whitney jet of class C* on X. We claim that

dl(o))pt1-lel
((p(—i-i)—m\)! ?elp ’f(v)(f)‘ (10.5)
Iyl=p+1

[(BL)*(y)] <

for any rectifiable path o which joins = and y. Then, by (10.1) and (10.4), there are constants
C;, p; > 0 such that

Feth) ()

Z T(y—ﬂc)ﬁ

p—lal<|B|<m(p+1)—la|
< dmH)—lel g o |1 Mm(pﬂ)g(g)m(wl)*lal

+1 -
+ Clp71n(p )‘a" Mm(p+1) |x - y|p o+
+1 _
< Copy PVl My iyl — P71

(RS ()] < [(RFPHDLR ()] +

which is (10.3). To see (10.5) notice that, with Tz f(y) := 3_,5/<, (fP () /BN (y — )P,

(REF)*(y) = fO(y) — T271l (@) (y) = TPl @) () — po=lol fle) (y),

By choosing a suitable parameterization, we may assume that o : [0,1] — R? is an absolutely
continuous curve from z to y such that |¢/(t)| = £(o) for almost every ¢. Then

(RLf) / (T 1 () dt

/o 2. mzf (@Bt (o (1)) (y — o () oi(t) dt.

|8|=p—lal

By the Cauchy—Schwarz inequality,

d
|3 SOy - o (0) 0] < [V Ol D)l - o(2)]
i=1
Moreover, |y — o(t)| = |o(1) — o(t)] < £(o)(1 —t). Thus

— ¢)p—lal
(R ()] < Vd sup | (E)|(o)P+ |a/ Sl S - )
e |a’ 1ol P
[v|=p+1 =p—|a]

which is (10.5). O
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COROLLARY 10.2. Let M = (M) be a strongly regular weight sequence. For all X € s (R%),
the functions in CM (X)) are precisely the functions which admit a C* -extension to RY.

Proof. This follows from Lemma 10.1 and the C-version of Whitney’s extension theorem [Bru80],
since a bounded Lipschitz set is quasiconvex, that is, (10.1) holds with m = 1; cf. Proposition 3.8.
O

COROLLARY 10.3. Let M = (M}) be a non-quasianalytic weight sequence of moderate growth
such that M is non-quasianalytic for each a > 0. Let X C R? be a closed fat subanalytic subset.
Then the functions in CM(X) are precisely the functions which admit a CM_extension to R%. If
X is simple, they are precisely the functions in AM(X).

Proof. This follows from Theorems 8.4, 5.6, ar/l\d Lemma 10.1. Indeed, Lemma 10.1 implies that
each f € CM(X) defines a Whitney jet of class CM on X (the integer m of Lemma 10.1 is local but
it is absorbed by C™). The extension theorem [CC98, Theorem 8] yields the required extension
to RY. O

10.2 Examples and counterexamples
The following examples complement the results and indicate their sharpness.

Ezample 10.4 (Infinitely flat fat cusps are not A>°-admissible). Let p : [0,00) — [0,00) be a
strictly increasing C°°-function which is infinitely flat at 0. Consider the set X := {(z,y) €
R?: 2> 0,0 <y <p(x)} and the function f : X — R defined by f(z,y) = /22 +y. Clearly, f
is C° in the interior of X but d,f does not extend continuously to the origin.

On the other hand, f € A (X). Let x,y : R — R be C*°-functions such that (z(t),y(t)) € X
for all ¢t € R. To see that f € A>(X) it suffices to prove that there is a C*°-function z : R — R
such that y = z2z.

We use the following result due to [JP90, Theorem 7]. Let ¢,1 : R — R be such that v € C*,
o € C, and |p| < ||* for some positive constant o.. Then o € CL2J,

We apply this result for ¢ = 2% and

_ Jy)/=@)? if x(t) #0,
7o if 2(t) = 0.

The assumption 0 < y < p(z) implies that for each n € N there is an interval [0, €,,) such that for
all z € [0, €,) we have y < 22""2. We may conclude that ¢ is C>" on the set x71([0, ¢,)). Clearly,
¢ is C™ on the set {t € R: z(t) # 0}. Thus ¢ is C* everywhere.

Ezample 10.5 (Necessity of simpleness). Let X1 = {(z,y) € R? : 2 > 0,0 < y < 7} and X =
{(z,y) € R?: 0 < x < y/2} and set X = X; U X,. The function f on X defined by f(z,y) = =
if (z,y) € X7 and f(z,y) =y if (z,y) € X3 belongs to A (X) but clearly not to C*°(X). This
follows from the fact that a C*>°-curve c(t) in X must vanish of infinite order at each ty with
c(to) € X1 N Xy = {0}. Indeed, suppose that c(t) = tPé(t) with (a,b) := ¢(0) # 0 and ¢(t) € X
if t <0 and c(t) € Xy ift > 0. If p is even, it follows that b < a < b/2 which entails a =b =0, a
contradiction. If p is odd, we conclude that 0 < a <0, b <0, a < b/2 hence a = b = 0 again.

A modification of this example shows that the assumption that X is simple cannot be replaced
by the weaker assumption that each x € X has a neighborhood U such that U N int(X) is
connected: Let 0 < r < R, consider X := X; U X5 U X3, where X3 = {(z,y) € R%?: 2 >0,y >0,
22 + y? > R?}, and multiply f with a smooth bump function which is 1 on B(0,r) and has
support in B(0, R).
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Nevertheless we have the following example.

Ezample 10.6. Let X1 = {(x,0) € R?: 2 > 0} and X5 = {(0,y) € R? : y > 0} and set X = X;UX>.
Then X is A*-admissible. Indeed, let f € A (X). We may assume without loss of generality that
£(0,0) =1 (by multiplying with or adding a constant). Now f|x, (respectively, f|x,) has a C*-
extension F to Rx {0} (respectively, F» to {0} xR), by Theorem 1.13, and F(x,y) := Fi(z)Fa(y)
is a C*°-extension of f.

Ezxzample 10.7 (There is no analogue for finite differentiability). This is an interesting consequence
of Glaeser’s inequality [Gla63]: for f: R — [0, 00),

F1@? <2f OIS Nleomy, tER,

Indeed, consider the closed half-space X = {z € R : g > 0} and the function f: X — R given
by f(x) = xSH/ % Then all partial derivatives of f up to order k extend continuously by 0 to
0X, and the partial derivatives of order k are 1/2-Holder continuous, but not better, near points

of 9X. On the other hand, for each C*!-curve ¢ in X with compact support, the composite
(foc)(t) = ca(t)*1/? is CF with

(foe)M(t) = Cil(cy(1)*V/calt) + Dile(t)),

where t — Dy(c(t)) is Lipschitz. Since ,/cq is Lipschitz, by Glaeser’s inequality, we conclude that
focis of class CF1.

We want to add that the images of pseudo-immersions (which are not immersions) yield
examples of sets X C R? which are not A>-admissible.

Ezample 10.8. If ged(p,q) = 1 then the map ¢ : R 3 t — (t?,t9) € R? is a pseudo-immersion,
by [Jor82]; see also [JP87, JP90, DKP85, AMS89]. Now the function f(z,y) = y/9 belongs to
A (p(R)) but has no smooth extension to R2.

The following example shows that there are closed fat sets X C R? which satisfy
A®(X) ={f: X - R: f satisfies 1.10(3)} # C™(X). (10.6)

Ezample 10.9. Let X be the complement in R? of the set {(z,y) € R? : 2 > 0, |y| < e~ /*}. It
is well known (cf. [Bie80, Example 2.18]) that there exist functions f : X — R which satisfy
Lemma 1.10(3), but f & C*(X).

Let us show that for this X the identity in (10.6) holds. To this end let A : R — R be defined
by h(z) = 0if < 0 and h(z) = e~ V/* if £ > 0. Consider

Xi = {(z,y) e R*: +y > h(z)} U{(z,y) € R? : 2 < 0}.

Then X are 1-sets and hence are A*°-admissible, by Theorem 1.13.

Suppose f € A>°(X). Then f is smooth on int(X). The restrictions f|x, belong to A®(X4),
respectively. So all their derivatives extend to the boundary arcs {(z,y) € R? : > 0, +y = h(z)},
respectively. It remains to check that the extensions of the derivatives of f|x, coincide at the
origin. But this is clear, since they are uniquely determined by the restriction of f to Xy NX_.

For the converse suppose that f : X — R satisfies 1.10(3). We have to show that foc is
smooth for all smooth curves ¢ : R — X. Since X4 are A*°-admissible, this is clear on the
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complement of ¢~1(0) in R. Assume that ¢(0) = 0. We claim that f oc is differentiable at 0 and
the chain rule (foc)(0) = f/(0)(/(0)) holds. The set X is star-shaped with respect to each point
in (—oo,0].

For each v € X, the curve (t) := tv lies in X for 0 < t < 1. Moreover, s(t) := v(t) +s*(—1—
v(t)) lies in X for 0 <t < 1 and |s| < 1. If s # 0, then ~,(¢) € int(X) and hence

f(s(t) = £(7s(0))
t

1
0

1
=1/<fovg%mwdu=<1—»¥yé £ (ya(t)) () ds

Letting s — 0 and using that f satisfies Lemma 1.10(3), we get
_ 1
0

This tends to f/(7(0))(v) as t — 0.
Now for 0 < s < 1 and t € R we have s - ¢(t) € X. We may apply the last paragraph for

v = ¢(t)/t and obtain X
fle() = £(0) / c(t)
O [ et ()

which tends to f'(0)(¢/(0)), since f'(uc(t)) — f’(0) uniformly on the bounded set {c(t)/t :
t near 0}. This proves the claim.
By iteration we may conclude that f oc is smooth; cf. the proof of [KM97, Theorem 24.5].
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