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1. Introduction. The object of this paper is to find the solutions of some dual equations
involving the inverses of certain Mellin type transforms that were first introduced by D.
Naylor in his paper [1]. Because these transforms are relatively unknown we shall begin by
defining them and making a note of some of their properties. The main result is contained
in the following theorem.

THEOREM. Let y°~'f(y)e L(0, R) for every real number ¢ such that |c| < ¢ and let f(y)
be of bounded variation in the neighbourhood of the point y = x€(0, R). Let

I50) =IR{x"’iR2‘x""}f(x)dx (s = c+ib). )
Then
HAx+0)+ f(x~0)) =ﬁj FEexds  (Jc| <o), (12)

Proof. In order to prove this theorem, we introduce the functions g*(x) which are

defined by the equations
J(x) (0<x<R),
gi(x) = (1.3)
+f(R*x) (R<x< o).

The result now follows from the facts that the functions g*(x) satisfy the conditions of the
Mellin inversion theorem (see [2]) and that

M[g*();s]= ) (|Res)] <o).

We now introduce the finite Mellin transforms Mg[f(x); s] and Ng[f(x); s], which
are defined by the equations

Ml (935 = f X+ R 1] (x) dx 14

and
Ng[f(x); ] =r [x~'=R¥x"*"']f(x)dx, (1.5)
0

respectively. Clearly, if f(x) satisfies the conditions of the theorem above, then the inversion
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formulae for these transforms are given by (1.2). The following properties of the transforms
are easily obtained from the definitions.

1. MRI:xZ—xji;s]=2R‘f(R)—sNR[f;s].
2. Nk[x%;s:l=—sMR[f;s].

2
3. MR[(xd_‘i‘c> f(x);s] = szMR[f;s]+2Rs+l (%)R.

4 N [(x %>2f(x); s] = SINLLf 351 2RSS (R)

5. MalfG0ss] = wMpLfCis] (a0,
Nalf)ss] = u™NaLf ;5] (u>0).

6. Milf(;s] = n"Mg[f(;sin]  (n>O)
NalF3s] = n™ Nl f(3sn] (1> 0).

7. Mg[H(x—1);s]=s"'[R*t"*-¢] (0<t<R).

8. Ni[H(x—1);s] = —s~ 1t (R*—1)? (0 <t <R).

R?*" r T, . s
. — . e Sp=S_ - .
9. My [ T T s] ~(R f)cot—  (|Re(s)| <n)

(Rxy"* nR* 75
10. NRI:x"——YI—”’S =Ttan; (|Re(s)|<}n).
2. Some dual equations involving Mz !. In this section we consider the dual equations
Mz [s'A(s);x] =0 O<x<a),

Mz '[A(s)cot %S;x] =f(x) (a<x<R), @1)

where |Re(s)| < n. In order to solve these equations, we begin by assuming that A(s) may be
written in the form

A(s) = J " PIYR®t™5— 1) dt. 2.2)

a
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With this choice of A(s), we find that

"R
MR [sT AW x] = | 07 p()MR [s™ (R — ); x] dt
(0 O<x<a),
=4 px 2.3)
ij "~1p(tmdt  (a <x<R),
so that the first of the equations (2.1) is satisfied automatically. Similarly, we see that
. R
M;‘I:A(s)cot% ;x:l =J t"“p(t")M;‘l:(Rz“t"—t’)cotn—: ;x:ldt,
and hence that the second dual equation will be satisfied if
L 1 B " la= ) (a<x<R 2.4)
- - = f(x a<x . .
n), p R2n___xnlu tn_xn

If we now make the change of variable t = (¢/R)", let b = (a¢/R)" and ¢(z) = R"p(R"7) and
put p equal to (x/R)" and then (R/x)" in turn, we find that (2.4) implies that

1! . | P~ f(Rp'™) (b<p<l),
—J q(r){ - —}dr=
o Ut TRl TReTy (1<p<bT,

that is,

ljb-lt-zq(r_l)dt—ljl@dt= PR G<p <D 2.5)
TR TR TR (L<p<bTY,

By writing
—4q(1) (b<t<l, p~! f(Rp'M) (b<p<l,
h(z) = and g(p) =
tT2(xY)  (<t<b™Y), pT f(RpTIM (1< p<b™h,
we find that (2.5) takes the form
IJ"’-lh(t)dt

- =g(p) (b<p<b™, (2.6)
n)y, T—p

which is an integral equation whose solution (see Tricomi [3]) is given by

1 107" AQ)
”“)=m{c" f y—ﬂg(y)dy} @7

T)e
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where A(7) = [(b~' —1)(t—b)]"/? and C is an arbitrary constant. In order to determine the
constant C, we make use of the fact that A(z™') = —12A(7) and g(p~ ") = p*g(p), from which
it follows that C = 0 and hence that

é@g(y) dy. (2.8)

h() = - nA(t)

It is now a simple matter to show that p(z") is given by the formula

n

77',[(RZn _ a"t")(t" _ an)] 1/2

p(t) =

R }Lx)dx (2.9)

R
1
2n_ n.n n__ ,mJ1/2
The solution of the dual equations may now be obtained by substituting from (2.9) into (2.2).

3. Some dual equations involving N;'. We now turn our attention to the dual equations
N;‘[s"A(s);x] =0 (0 <x<a),
@3.1)

Nz '[A(s)tan ;x]=f(x) (a<x<R),

where [Re(s)| < 4n. In order to solve these equations, we assume that A(s) may be written
in the form

A(s) = f "= p(M)(RE— )2 dt, 3.2)

where

R
J "= p(ydt = 0. (3.3)

In this case we see that

R
N s~ tA(s); x] =J 13N s ™ H RS —£9)% % x] dt

_ —J‘: " lptmdt (a < x <R), 3.4)

0 O <x<a),

and, as before, we find that the first dual equation is satisfied automatically. Similarly, we
find that

R RS 2
N;‘I:A(s)tan%S;x]=I "1 p(MNg [( t_t) ta n—,x]dt

nxtr R n— u 1 1
- J 1R {1 —GHRY (r/R)"—(x/R)"} &
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so that the second dual equation will be satisfied if

n (% _ 1 1 AC))
nR"J:, t 1P(tn){l—(xt/R2)" +(t/R)"—-(x/R)"}dt == (a <x<R).

If we now make the change of variable 7 = (#/R)" and then put p equal to (x/R)" and (R/x)"
in turn we find, as in the previous section, that this equation may be written in the form

1007k
;L -i—rzdt =g(p) (b<p<bdb™, (3.5)
where b = (a/R)",
p(R™) (b<t<]l),
h(zr) = (3.6)
tTip(R"™Y)  (l<t<b™Y,

and

~f(Rp'")|(R"p)!/? (b<p<l),
9(p) = 3.7

SRR (1<p<b™?)
The solution of equation (3.5) is given by
1 L[ A0)g()
h(t) =—={C—~
O=g515), )

where A(1) = [(b~'—1)(r—b)]'/? and C is an arbitrary constant. In order to determine C,
we must apply the condition (3.3), which may be written in the form

p-1
'[ 1™ 12h(1)dr = 0.
b

On applying this condition, we discover that C is given by

1

1 7 dr (*7A)9)
- 38
¢ 2an1/2'[,, A(r)zmj,, y—1 D (3.8)

where F is the complete elliptic integral F(3x, [1—b5%]'/%). After a little manipulation it now
follows that

p(t") = a*"[(R*"—a"")(t"~a")] * {

nR" (R s¥11(s") ds
T . [(RZn_ansn)(sn_an)]i

—1(:")}, (3.9)

where

m nt" R [(RZn__anxn)(xn_an)]{-(XZn_RZn)f(x)
I(t ) = naa}nj; (xn_ tn)(RZn_ tnxn) xd}n'i- 1 dx.

The solution A(s) of the dual equations (3.1) may now be obtained by substituting from (3.9)
and (3.10) into (3.2).

(3.10)
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