
Can. J. Math., Vol. X X X I I I , No. 1, 1981, pp. 28-48 

ON FINITELY GENERATED LATTICES OF 
FINITE WIDTH 

W. POGUNTKE AND B. SANDS 

1. Introduction. The width of a lattice L is the maximum number of 
pairwise noncomparable elements in L. 

It has been known for some time ([5] ; see also [4]) that there is just one 
subdirectly irreducible lattice of width twro, namely the five-element non-
modular lattice N5. It follows that every lattice of width two is in the 
variety of iV5, and that every finitely generated lattice of width two is 
finite. 

Beginning a study of lattices of width three, W. Poguntke [6] showed 
that there are infinitely many finite simple lattices of width three. 
Further studies on width three lattices were made in [3], where it was 
asked whether every finitely generated simple lattice of width three is 
finite. In this paper we will show that, in fact, more is true: 

THEOREM 1.1. Every finitely generated subdirectly irreducible lattice of 
width three is finite. 

Although we will mainly be interested in lattices of width three, a 
preliminary theorem, in the next section, wrill concern lattices of arbitrary 
finite width. 

For each integer n e 1, subdirect products of lattices of width at most 
n form a variety [1, 2, 8, 9]: in R. Wille's terminology, the variety of all 
lattices of primitive width at most n. The width of any subdirectly 
irreducible lattice in this variety does not exceed n. From these results (or 
alternatively, from Jônsson's Lemma) we obtain: 

COROLLARY 1.2. The variety of lattices of primitive width at most three is 
generated by its finite members. 

Whether the corollary holds for lattices of primitive width n} n > 3, 
is not known. HowTever, we now show by examples that Theorem 1.1 is 
best possible. 

The lattice of Figure 1, which is taken from [3], is an example of an 
infinite, subdirectly irreducible (in fact simple) lattice of width three 

Received July 5, 1979 and in revised form November 20, 1979. The research of the 
first author was supported by the National Research Council of Canada, Grant A-81 90, 
while he was a visitor at Lakehead University. 

28 

https://doi.org/10.4153/CJM-1981-004-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1981-004-5


FINITELY GENERATED LATTICES 29 

FIGURE 1. An infinite simple lattice of width three. 

which is not finitely generated. On the other hand, Figure 2 illustrates a 
familiar finitely generated infinite lattice of width three which is not sub-
directly irreducible ; the structure of this lattice is of particular importance 
in both [3] and the present paper. 

Finally we present the lattice L of Figure 3. L is infinite and of width 
four, and is finitely generated (by au ei} u, and v). Moreover, L is simple. 
To see this, let 0 be a nontrivial congruence on L, and let x, y Ç L be such 
that x 9^ y and x = y (6). Observe that we may assume x, y £ L — 
{u,v,0j 1} ; then, by chasing transposes up and down, we get that e\ = 
di(B). Now, 

exld,/ l/b1\ 7o/ 1/u\ ayo/ l/v, 
and so 0 = v = 1(0), as claimed. 

This section concludes with a brief outline of the rest of the paper. In 
§ 2 we define certain partially ordered sets called towers, and prove that 
a finitely generated lattice of width n + 1 cannot contain a tower of 
width n, for n ^ 2. This theorem for the case n = 2 will be utilized in 
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* i 

FIGURE 2 

§ 3 and § 4. There, we define a lattice called the herringbone, and show 
that it or its dual is a sublattice of every finitely generated infinite lattice 
of width three (in fact we prove a little more). Finally, in § 5 we argue 
essentially as in [3] to prove our main result. 

2. Towers. For n G a>, a tower of width n is a partially ordered set 

[a(ij)\i U , U i ^ | 

with the ordering: a(i,j) < a(k,l) if and only if i > k (Figure 4 illus­
trates a tower of width three). Observe that if a tower of width n is 
embedded in a lattice, then 

n n 

V a(i+l,j) g A a(iJ) for all i. 

Let L be a lattice and let S be a nonempty subset of L. We shall say 
that 5 is removable if L — S is a sublattice of L. It is clear that every set 
of generators of L must contain at least one element from every re­
movable subset. This obvious, but key, concept will be needed both in 
this section and the next two. 

We now proceed to the main theorem of this section. 

THEOREM 2.1. Let L be a finitely generated lattice of width n + 1, n ^ 2. 
Then L cannot contain a tower of width n as a subset. 
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FIGURE 3. An infinite four-generated simple lattice of width four. 

FIGURE 4. A tower of width three. 

Proof. Suppose L contains the tower [a(i, j)\ of width n. We may 
clearly assume that L is linearly indecomposable (for instance, by 
initially inducting on the number of generators of L). Thus for each i 
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there is an element, in fact a generator gt of L, which is not comparable 
with /\y=i a(i,j). As L is finitely generated, some generator g of L must 
be chosen infinitely often as a gu and it follows that g\\a(i,j) for all j 
and all but finitely many i. By relabeling (starting the tower further 
down) we may assume g\\a(i,j) for all i and j . 

Our plan is to define, for each i ^ 3, a removable set Rt. Later we will 
show that the R/s are sufficiently disjoint to contradict the fact that L is 
finitely generated. 

Fix i. For j Ç {1, . . . , n), set 

J(i,j) = V {a(i,k)\l S k ^ n,k 9*j}. 

Choose Si £ {1, . . . , n) such that a(i, st) A g ^ / ( i , $*)• Such a choice 
is possible, since if a(i,j) A g $ J(hj) for each j , it is easy to check that 

{a(i, 1) A g a(i, ») A g, a(i + 1 , 1 ) , . . . , a(i + 1, n)) 

is an antichain, which (for w ^ 2 ) contradicts the assumption that L has 
width n + \. 

Set 

Ti = {x G £|x $ a(i, /*), x A g ^ / ( i , s*)}, 

where tt is any fixed element of {1, . . . , n] other than st. From above, 
a(i, s^ Ç Ti\ we now show Tt is removable. Let x, y £ I be such that 
x V y £ Ti but x d Tu y g 7\. Then 

(x V 3>) A g ^ / ( * , s<), 

and it follows that x ^ a(i, tt) and y ^ a(i, tt). But then x V y S 
a(i, ti), a contradiction. If x A y £. Tt but x, y (? 7\, then 

x A y $ a(i, £?) and 

x A y A g ^ J ( i , 5 0, 

and we can deduce x ^ a(i,ti), y dfc a(i,ti), x A g $ J(i,Si), and 
j A g $ J ( i , 5<). Observe that 

* A g $ y A g, 

for otherwise 

x A g = x A ; y A g < ; J(i, st). 

Also, 

x A g $ a(i, st), 

for otherwise 

x A g ^ a(i, Si) A g ^ 7(i, s<). 
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It follows from these and similar considerations for y that 

{x A g,y A g, a(i, 1), a(i, 2), . . . , a(i, n)\ 

is an antichain, which is impossible. Thus Tt is removable. 
Dually, setting 

M(i,j) = A {a(i,k)\l ^ k S n, k j* j) 

for each j £ {1, . . . , n], we can find s* Ç {1, . . . , n\ such that 

a(i,st*) V g è M(i,st*). 

We then obtain the removable set 

Tt* H ^ £|* $ a(i,U*),x V g^ M(i,st*)}, 

where £<* G {1, . . . , n}} t* ^ s*. 
An observation: if our goal were merely to construct a removable 

subset Ri for each i, we would be done; just use the TVs, and ignore the 
T*'s. However, to achieve enough disjointness among the Rt's we 
must proceed with somewhat more care. The definition of Ri requires 
three cases. 

Case 1. If a(i — 2, 1) A g $ a(i, 1) set Rt — Tt. 

Case 2. If a(i - 2, 1) A g ^ a(i, 1) and a(i + 2 , 1 ) V ^ a(i, 1) 
set 22, = TV. 

Case 3. Assume a(i - 2, 1) A ^ a(i, 1) g a(i + 2, 1) V g. Let i?, 
be the set 

Ui = {x € L|x||g, x||a(i, 1)}. 

Then £/* is nonempty, containing a(i, 2) for example. We show that 
L — Ui is closed under joins. Let x V ^ Ui with x,y & Ut. It is easy 
to see that, without loss of generality, x < g, y < a(i, 1), 3>||g, and 
x\\a(i, 1). Now note that x V y ^ a(i — l,j) for any j , for otherwise 
x V y ^ a(ij 1); also, x V y $ fl(i ^ 1, j ) for any j , for otherwise 
x ^ a(i — 2, 1) A g ^ a(i, 1). Hence 

{g, a(i - 1, 1), a(i - 1 , 2 ) , . . . , a(i - 1, n), x V y} 

is an « + 2-element antichain, which is impossible. Thus L — Ui is 
closed under joins. A dual argument shows that L — Ut is closed under 
meets, and so Ut is removable. 

Having defined R{ for alH ^ 3, we now prove that each element of L 
lies in only finitely many of the Rt. This is an immediate consequence of 
the next two claims. 

Claim 1. If ii < i2 < H then Utl C\ Ui2 C\ Uu = 0. 
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Suppose/ G Uh n Ui2 C\ Uu, Since {g, a(i2, 1), . . . , a(i2, n), /} is not 
an antichain, / must be comparable with some a(i2,j). However, 
t < a(i2,j) implies/ < a(i\, l ) , a n d / > a(i2,j) implies/ > a{iz, l ) ,bo th 
contradictions to the definition of U\. 

Claim 2. If 2 < ix < i2 < u < i4 < i*> < n and a(ih — 2, 1) A g $ 
a(i5, 1), then PiLi Tik = 0. A dual property holds for the TVs . 

Suppose / £ Plfc-i T"ïfc. Then in particular 

/ A g S J (H, si2) < a(ii, tn), 

implying t\\g. Also, / ^ a(i2,j) for any j , for otherwise / ^ a(i2,j) < 
a(ii, / f l ) . Suppose / > a(i2}j) for some j . Then 

/ > a(i3, 1) ^ a(i5 - 2, 1), 

so 

a (i5 - 2 , 1 ) A ^ I A ^ J(i6 , si(5) ^ a(i5, 1), 

a contradiction. Thus t\\a(i2,j) for all j ; but now 

{a(i2, 1), a(i2, 2), . . . , a(i2, n), g, t\ 

is an antichain, which is impossible. 

The proof of Theorem 2.1 may now be easily concluded. Since, say, 
Rz is nonempty and removable, there must be a generator gi of L in R%. 
Since gi is in only finitely many of the RfS, we may choose an Rt which 
does not contain gi. This Rt does contain a generator g2 however, which 
is guaranteed to be distinct from gi. Continuing in this way, we produce 
an infinite list of generators of L. This contradiction shows that L cannot 
contain a tower of width n. 

Remarks. Our theorem does not allow the case n = 1 ; nevertheless it 
is amusing to note that when n = 1 the statement of the theorem is 
equivalent to the fact (mentioned above) that every finitely generated 
lattice of width two is finite. 

Secondly, it is possible for a tower of width n to be a subset of a finitely 
generated lattice of width n + 3 (Figure 5 illustrates such an example 
for n = 5). This result is sharpened even further in the case n = 2; 
Figure 6 illustrates a finitely generated lattice of width four containing a 
tower of width two. 

Problem. Can a finitely generated lattice of width n + 2 contain a 
tower of width n} for n > 2? 

3. The herringbone as subset. We begin this section with a corollary 
of the last theorem. 

COROLLARY 3.1. Let L be a finitely generated lattice of width three, and 
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FIGURE 5 

let ai > a2 > a3 > • • • be an infinite chain in L. Then there is k < oo such 
that [ani ak] £ L is a chain for all n ^ k. 

The lattice illustrated in Figure 7 will be called the herringbone. Our 
goal for the next two sections is to prove that every finitely generated 
infinite lattice of width three contains the herringbone or its dual. In this 
section, we shall be content to prove the following. 

THEOREM 3.2. Let L be a finitely generated lattice of width three, and 
assume L contains an infinite descending chain. Then L contains a subset 
order-isomorphic to the herringbone. 
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FIGURE 6 

Remark. The term "herringbone" has occasionally been used informally 
to denote the lattice of Figure 2. As well, in [3] the herringbone was 
defined as a certain partial lattice essentially based on Figure 2. 

For n Ç co, let Bn denote the partially ordered set of Figure 8; that is, 
Bn has underlying set {ai, &i, a2, b2, . . . , an, bn], and the ordering; 
bi < cij if and only if i ^ j . 

LEMMA 3.3. Let Lbe a lattice of width n, and let Bn be a subset of L. Then 
L = [&,) U ( a j . 

Proof. Suppose x £ L with x J 6i and x ^ an. Since the set 
{ai, a2, . . . , an, x] cannot be an antichain, we must have x < at for 
some i. Let i be minimal such that x < at and consider the set 

[au . . . , a<_i, a< A aw, 6 i+i, . . . , & „ , * } . 

From at A an ^ bi \/ bf and the choice of i, this is an n + 1-element 
antichain, which is impossible. 

For the rest of this section, we assume that L is a finitely generated lattice 
of width three which contains an infinite descending chain. 
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FIGURE 7. The herringbone 

# 1 # 2 <23 

FIGURE 8 

PROPOSITION 3.4. L does not contain an infinite chain Ci > d± > c2 > 
at > Ê3 > d% > . . . SWC/Ê //*a/ each ct is join-reducible and each dt is 
meet-reducible. 

Proof. Assume L contains such a chain. From Corollary 3.1, we may 
assume (by relabeling, if necessary) that [cnj Ci] is a chain for all n < co. 

Let i < co, and let xu y% G L be such that x^ji and xz V y* = ct. Since 
[c*+i, Ci] is a chain, it follows without loss of generality that xt V dt ^ 
y* V du which implies xt V dx — cx. Set at = x*. Dually, for each i < co, 
we can find bt > dt such that b{ A c{ = dt (see Figure 9). Note that, for 
all i,j with i ^ 7, aj\dj and df||^+i; also, at ^ bt for all i. 
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FIGURE 9 

Because of the finite width of L, the set {at\i < to} has to contain an 
infinite descending chain A ; by relabeling the elements of the set 
Uct€A {&i, bit cu di], we see that we may assume a,\ > a2 > a% > . . . . A 
further relabeling, and we may also assume b\ > b2 > b% > . . . . 

For each i < to, let 

Rt = {% £ L\x ^ a2ux $ b2i+i}. 

Since d2i G Ri, we know Rt ?± 0; also, 

L - Rt = [a2i) W (&2*+i] 

is a sublattice of L, so Rf is removable. We now claim that the RJs are 
pairwise disjoint, which will contradict the fact that L is finitely genera­
ted. Suppose x G R{ H\ Rj where i < j ; then x J a2j and x $ &2*+i. But 

{a>2j, a>iu d2j, d2u b2j+i, b2i+i} ^ _B3, 

which from Lemma 3.3 implies that 

L = [a2j) VJ (b2i+1]. 

Thus x cannot exist, and the proof is complete. 

COROLLARY 3.5. For each infinite chain C\ > c2 > c3 > . . . in L, there 
is a k < co such that for all n > k either 
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(i) [cn, ck] is a chain of join-reducible, meet-irreducible elements, or 
(ii) [cn, ck] is a chain of meet-reducible, join-irreducible elements. 

Proof. The only observation we need make is that L can contain only 
finitely many doubly irreducible elements, since each one must be a 
generator. The result then follows from Corollary 3.1 and Proposition 3.4. 

LEMMA 3.6. L contains infinite chains a0 > ai > a2 > . . . and b\ > 
b2 > bz > . . . such that 

(i) bi < aj for all i > j , bi\\a,jfor all i ^ j ; 
(ii) at A bi = bi+ifor all i; 

(iii) for each n < co, [an, a0] is a chain of meet-irreducible elements; 
(iv) for each n < co, [bn, bi\ is a chain of join-irreducible elements. 

(Note: (i) and (ii) say that S = {a0, au b\, a2, b2, . . .} is a meet-
subsemilattice of L isomorphic to 2 X co*.) 

Proof. Let d > c2 > c3 > . . . be an infinite chain in L. Assume (i) of 
Corollary 3.5 holds (the proof is similar in the other case). By relabeling, 
we have that [cn, c\\ is a chain of join-reducible, meet-irreducible elements 
for each n. For each i < co, choose xuyt G L such that Xi\\yi and 
%i V y i — c^ Arguing as in the proof of Proposition 3.4, we may assume 

xt V ct+! ^ yt V Ct+i, 

so that Xi V ci+\ = Ci. Observe that Xi\\cj for all j > i. By choosing an 
infinite chain from the x / s and relabeling them and the corresponding 
c/s, we have Xi > x2 > x3 > . . . . Let bt = xt and a^_i = ct for each i\ 
then (i) is established. Furthermore, it is easy to adjust the 6/s so that 
(ii) holds. Finally, since each bn is meet-reducible, Corollary 3.5 shows that 
both (iii) and (iv) must hold under a suitable relabeling. 

The next lemma and its corollary are somewhat technical. 

LEMMA 3.7. Let a0, aiy bt(i = 1, 2, . . .) be as in Lemma 3.6, and let 
x, y G L and k < co be such that x\\bi for all i ^ k, y < bt for all i, and 
x V y ^ bk. Further suppose that x', y' G L and I ^ k are such that 
x' $ bk, x' V y' ^ b i, and x' V y' % ax. Then x' V y' ^ bk. 

Proof. Consider the set {x, au bk, x
f V y'). First, x ^ au since other­

wise x ^ b i+i] also x ^ ah since otherwise bk ^ x V y ^ ax. Thus 
{x, ah bk} is an antichain. Now x' V y' % x or ah since otherwise 
b i S. x or ar, and since x' $ bk we have x' V y' $ bk. As L has width 
three, either xf V y' è &* as claimed, or x' V / ^ x. But in the latter 
case x'\fy' ^x\lbi^x\Jy^bk anyway. 

COROLLARY 3.8. We may assume that if x', y' G L and I < co are such 
that xf\\bifor all i, y' < btfor all i, x' V y' è b h and x' V y' % ah then 
x' V y' ^ 6i. 
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Proof. Let K be the set of all k < co such that there exist x, y Ç L 
satisfying x||6f for alH ^ k, y < bt for all i,x V y ^ bkl and x V y =£ a*. 
If X is empty, the corollary is true vacuously. Otherwise set k = min K. 
By Lemma 3.7, if there exist x', y' £ L and / < co such that x'\\bi for all 
i ^ £, y' < ^ for all i, x' V y' ~^ bh and x' V yf ^ az, then x' V y ^ 
6*. The corollary now follows by renumbering the a / s and 6/s so that 
k = 1. 

Proof of Theorem 3.2. For each -/' < co, set 

W* = {x Ç L|x ^ bu x <i bj for some j > i}. 

Clearly Pî^ ^ 0. It is also easy to see that L — Wt is closed under taking 
meets. On the other hand, observe that if x G W u then there is a jo > i 
with x $ Wj for any j ^ j 0 ; since L is finitely generated, this implies that 
Wi cannot be removable for infinitely many i. Thus, we might as well 
assume that, for every i, L — Wt is not closed under taking joins; that 
is, for each i there are xu yt € L — Wt with xt V yt G Wt. This means 
that Xi,yt ^ fr* for any k, and that xt V y* ^ &< but there exists an 
integer j(i) > i such that xt V yt è &ju)-

Observe that we cannot have both xt ^ a j ( ï ) and yt ^ a j ( î ), for this 
would imply 

bjd) è XiV yt ^ aHi). 

Thus we can assume that xt ^ cijH), and it follows that Xi\\ak for all 
k ^ j(^) a n d ÎII&A; for all k ^ j(^) + L Moreover, if x* ^ &i then 

bj(i) + l < Xi V 6;(i) + l = 1̂» 

and [6^(^4.1, bi] contains a join-reducible element, contradicting Lemma 
3.6 (iv) ; hence Xi\\bk for all k. For each k ^ i(^), the set [xif yiy ak, bk} is 
not an antichain, from which we conclude that y\ < ak for all k. 

Claim. Xf V yt ^ a ^ + i . 

To prove this, consider the set 

{xu bf, ajU)+i, bj(i)+i V yt}. 

We already know that {xu bu a ^ + i } is an antichain, so bj(i)+1 V yt must 
be comparable with one of these three elements. Obviously 

bjU)+i V Ji $ xt or aj(i)+1; 

also 

which implies that fr^o+i V y< ^ x* or 6*. If fr;u)+i V y* è #j(o+i> then 

x* V y, è &i(o V y, è bj{i)+1 V y{^ aj(i)+1 
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as claimed. Finally suppose è^o+i V yt ^ bt. Then yt ^ bu and from 
Lemma 3.6 (ii) it follows that yt ^ bk for all ft. If xz- V ^ ^ aiCi) then 
from Corollary 3.8 we would have xt \/ yt ^ bi ^ bif a contradiction; 
hence 

%i V yi ^ a^t) > aj(i)+1, 

and the claim is established. 
So %i V j i ^ ^y(o+i» but since x* V y* =£ 6, we know that Xi V ^ | 

a<_i. In fact, since 

aj(i)+1 ^ (x* V yO A at-i ^ a*_i, 

Lemma 3.6 (iii) implies that xt V yt ^ az_i, and so xt < az_i. 
In summary, for each i < co we have found an element x* < a*_i and 

an integer j(i) > i such that Xi\\ak for all ft ^ j ( i ) and xf||6fc for all ft. 
Now let ii = 1, and inductively let ^ = j(ijc-i) + 1. It follows that, 

for each ft, xik < aik-u xik\\ai for all / ^ i^+i — 1, and xik\\bi for all /. 
Furthermore, xt. < xik for j > ft, since L has width three. Therefore, 
letting 0 be the least element of L, the set 

I 

{0} U U K f t , ^-1,6^-1} 

is easily seen to be order-isomorphic to the herringbone. 

Note. It was proved recently in [7] that every finitely generated 
infinite lattice of finite width contains a subset isomorphic to the herring­
bone or its dual. 

4. The herringbone as sublattice. 

THEOREM 4.1. Let L be a finitely generated lattice of width three, and 
suppose L contains an infinite descending chain. Then L contains a sub-
lattice isomorphic to the herringbone. 

Proof. From Theorem 3.2 we may suppose that L contains the herring­
bone 

oo 

{z} VJ U {ait bt, cit di], 

illustrated in Figure 7, as a subset. Let A = Uî=i [du #iL B = 

U?=i [bit b\], and C = U?=i [cu C\], From Corollary 3.5, we may assume 
that A and B are chains of join-irreducible elements, and that C is a 
chain of meet-irreducible elements. 

Set a/ = ait b{ = bu c/ = at V du and d/ = bt V ci+1 for each i; 
then, since Cis a chain, c{ = a( V d/ and d/ — b( V cj+i for all j ^ i. 
For each j ^ i > 1, the set {a/ V b/, a / , &/, d/} is not an antichain, 
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which implies that a- V b/ > d/. Hence 

a/ V b/ ^ ai V d/ = ci, 

and so ai V 6 / = ci. Similarly, for each j ^ O 1 we get 

bi V aj+i = d/ . 

Observe that these last two results can be written as the single equation 

ai V b/ = c/ V d/, for any i, j > 1 

(and so, by relabeling, for all i and j). Finally, from the set 
{ai, bi, Ci+i, ai A bi} we infer that ai A bi < ci for all i; since A and 
B are chains, a / A ci+i < ai and 6/ A ci+i < bi for all i, and hence 
ai' A bi < ai and 6/ for all i. Setting z' = ai A bi, we have shown 
that 

CD 

{s'}VJ U \a/,b/,c/,d/\ 

is a join-subsemilattice of L order-isomorphic to the herringbone; further, 
ai A bi = z' holds. Getting the rest of the meets to work out right will 
be more difficult. 

An element t £ C will be called a triple point if 

(ai A /) V ci = t = (bi A t) V c/ , 

where i ^ 1 is such that ci < t. Notice that since C is a chain, this 
définition is not dependent on which ci(<t) is chosen. 

Let t be a triple point such that ci < t g c*-/ for some i > 2, and set 

5* = {x G L|x $ d/, x \/ ci < t}. 

Then c/ £ St so St is nonempty. We claim that St is removable. It is easy 
to see that L — St is closed under joins. Thus we suppose that x, y G L 
are such that x, y (? St but x A y £ St. Then x A y $ d/ , (x A y) V 
c/ < /, and it follows that x V ci < / and 3/ V c/ < /. Since x A y < 
t ^ Ci-i, and C is a chain of meet-irreducibles, we see that x A y\\d/ 
for all j ^ i. From the set {x A y, a^i, bt-i, di\ we get that x A y < 
at-2 or x A y < &*_2', and from the set {x A y} ai+i, bi, di+i\ we get 
that x A y > ai+i or x A y > bi. Thus, either #1+1 "C x A y <C #1—2 
or bi < x A y < bi-i. Suppose the former. Since A is a chain, at-i A 
t — ai A t, and so x A y ^ ai A t. Note that if x A y = ai A t, then 

(x A y) V c/ = (a / A /) V c{ = /, 

contradicting x A y G 5*; thus x A y < ai A t. Again since A is a chain, 
we may assume x\\ai A t and x\\ai. If x > bi then 

x ^ a,+i' V bi = d / > a / A t, 
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a contradiction; thus x\\bi'. From {x,ai ,bi ,di) we get x > d('. Since C 
is a chain of meet-irreducibles, this implies that x is comparable to both 
t and Ci . From x\\ai A / we know that x < t\ but x V c/ equals x or ci, 
and thus x V ci < /, which is a contradiction. Similarly, &/ < x A 
y < bi-2 is impossible, and 5* is removable. 

If 5 and t are triple points such that 

cj+i < s S c/ < d/ < c( < t S d-i', 

where 2 < i < j , then it is easy to see that St P\ Ss = 0. Hence, since L 
is finitely generated, we may assume by relabeling that L contains no 
triple points. 

Now set ai' = ai, bi' — bi, ci' = ci, and di' — di, and, for each 
i > 1, recursively define: 

a/' = ai' A dW 

ct" = at" V c{ 

b(f = bi A ct" 

di' = bi' V d{. 

We claim that 

oo 

{z'}W U {a*", i /W,d«"} 
1 = 1 

is a sublattice of L isomorphic to the herringbone. 
Evidently a{' ^ c," and &/' £dt". Since 6 / ' g c / ' and d( < 

c/ ^ c/', we have d/ ' ^ ci'. Similarly, ci' ^ d ^ / ' . Thus d/ ' ^ d<_i", 
which implies ai+1" ^ a/ ' , and ci+i' ^ c/ ' , which implies bi+i" ^ 6/ ' , 
for each i. Since a / < d*-/ ^ d*_i" and a / ^ ai, we have a / ^ 
# / ' ^ a / ; thus a / ' <E 4̂ for each i, and similarly b" Ç 5 . Hence 
a / 'He/ ' for all i and j . Furthermore, 

z' = a / ' A &/' < a/ ' , 6 / ' for each i, and 

a," V b/' = ai' V bf V (a/ V 6/) = ai' V 6/ ' V (ci V d/) 

= (a f" V ci) V (6/ ' V d/) = c / ' V d/ ' for each i, j . 

To complete the verification, we need only show that ci' > dt" and 
di' > ci+i" for each i\ for instance, a"\di' then follows from the fact 
that ci' = ai' V bi', and similarly we conclude bi'\\ci+1"- Observe that 

d" = a / ' V c,+i' = (ai A c,") V c,+i', 

since C is a chain. But ci' cannot be a triple point, and (noting 
Ci+i < ci ^ ci') it follows that 

ct" > (bi A ct") V Ci+1 ' = bt" V c m ' = d,", 
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as desired. A similar argument establishes dt
n > c<+i", and we have our 

herringbone. 

In [8] is exhibited a finitely generated infinite lattice of width four 
which does not contain a sublattice isomorphic to the herringbone or its 
dual. 

The next result, stronger than Theorem 4.1, answers question 2 of [3] 
in the affirmative. It may also be of interest in that the lattices involved 
(see Figure 10) are all three-generated, whereas the herringbone is not 
even finitely generated. 

THEOREM 4.2. Let L be a finitely generated infinite lattice of width three, 
and suppose L contains an infinite descending chain. Then L contains one 
of the lattices of Figure 10 as a sublattice. 

Proof. By the previous theorem, we may assume that L contains the 
herringbone illustrated in Figure 7 as a sublattice. As usual, we also 
assume that A = U?=i [du #i] and B = UT=i [bu b\] are chains of join-
irreducible elements, and that C = U?=i [ci} C\] is a chain of meet-
irreducible elements. 

ax A w 
ax A w b\ A w 

w' = Oi A w) V (h A w) 

FIGURE 10 
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For each n ^ 1, set 

oo 

Cn = U ([ait cn] \J [bit cn]) - {an, bn, cn). 

Observe that C\ D C2 D C3 D . . . and H£=i C» = 0. Since L is finitely 
generated, it follows that there cannot be infinitely many n such that Cn 

is removable. Thus, by relabeling, we may assume that no Cn is removable. 
However, L — Cn is closed under meets. To see this, let x, y £ L be 

such that x, y $ Cn, and suppose x A ^ Cn. Then x A y Q {an, bn, cn\ 
and there i s i è w such that either di^x Ay < cn or bt^x Ay <cn. 
Note that, since L has width three, cn covers an and dn covers bn (for 
n > 1, and so, by relabeling, for all n) ; therefore x A y ^ an and, since 
x A y > bn would imply x A y (z C, x A y ^ bn either. Now look at 
{%, am bn, cn+i\. Since x (I Cnwe know x is not less than any of the other 
three elements of this set, and therefore x ^ an, bnj or cn+i. If x ^ cn+i 
then cn+i ^ x A cn S cn, and so x and cn are comparable; however, since 
x (? Cw, x < cn is impossible, and of course x ^ cn implies x > an. Hence 
x ^ an or &n. Similarly, 3; ^ aw or 6n. Suppose bt ^ x A y < cn. Then 
x ^ an implies x ^ an V 6̂ • = cn > &n, and similarly for y\ thus in any 
case x and j are both above bn, which means x A y ^ bn, a contradiction. 
Hence we assume at ^ x A y < cn. Then x ^ &n implies x ^ a< V frn = 
dnj and for the usual reasons x and cn are comparable, in fact x ^ cn > an. 
This goes for y as well, so x A y ^ an, another contradiction. We con­
clude that L — Cn is closed under meets. 

Therefore there must exist x,y £ L such that x V ^ Cn while 
%,y & Cn. This means that at ^ x V y < cnor bt ^ x \/ y < cnfor some 
i ^ n. Also, x ^ ai or bt for any i unless x = an or &n, and similarly for y. 
It is obvious that {x,y} ^ {#n, &»}, so without loss of generality we 
assume x $ {aw, 6W}. For each i ^ n, {x, a*, &*, cï+1} is not an antichain, 
and we infer that x < ct for all i. \i y Q {an, bn}, then also y < ct and 
hence x V y ^ ctîor all i, which is impossible. If y = an then obviously 
x\\a,i for all i; but from {x V y, aif 61, dn} we must have x \J y > dn and 
hence x V y ^ an V dw = cn, a contradiction. Therefore y = 6n, and 
x||6z- for all i. 

By symmetric arguments, we may assume that for all n the set 

00 

Dn = \J ([bit dn] \J [a{+h dn]) - {bn, an+h dn) 

is not removable, and we can find an element x' £ L such that xf < dt 

and x'\\a,i for all i. Let w = x V x' V 2; then w < c< and w||a<, &* for all 
i. Since c* covers at and d* covers bu we see that w V at = ct and 
w V 6t- = df for all i. Finally, the reader can check that the locations of 
w A a,\ and w A 61 will determine one of the lattices of Figure 10, and 
the theorem is proved. 
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Figure 11 illustrates a finitely generated infinite lattice of width five 
which does not contain a sublattice isomorphic to a lattice of Figure 10, 
or to any other infinite three-generated lattice, for that matter (our 
thanks to R. Wille for this example). 

Problem. Does every finitely generated infinite lattice contain an 
infinite sublattice generated by an antichain? 

5. The proof of theorem 1.1. Let L be a finitely generated lattice of 
width three, and suppose L contains the herringbone of Figure 7 as a 
sublattice; in this section we shall show that L cannot be subdirectly 
irreducible, thus establishing Theorem 1.1. The argument is much the 
same as that in the earlier paper of H. Bauer and the first author [3]. 

FIGURE 11 
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For each n ^ 1, define 

oo 

An= U [auan] 
i=n 

oo 

Bn= U [ i ,A] 

oo 

Cn = U [c<, Cn]. 
i=n 

It is immediate that for each n, An, Bn, and Cn are pairwise disjoint con­
vex sublattices of L, and that as usual we may assume An and Bn are 
chains of join-irreducible elements and Cn is a chain of meet-irreducible 
elements. Thus, for every n we may define an equivalence relation 6n on L 
having An, Bn, Cn as nontrivial equivalence classes, all other classes being 
singletons. 

We claim that 6n is a congruence relation on L for each n. Since all the 
equivalence classes are convex sublattices, it is enough to show that for 
every proper quotient x/y identified by 6ni each transpose u/v of x/y is 
also identified by 6n. 

Let{x, y\ Ç 5 n ; that is, ft* ̂ < ^ bn for some * è n. lîu/v /x/y 
then u V y = x is join-reducible, which is a contradiction; hence we let 
u/v \ x/;y, where v\\x, v V x = u, and u A x = 3/. Since »||# and v > bky 

we see that v J 61, A J cn, and y $ ai. Also, z> ^ bu for otherwise 
bk ^ u = v W x ^ bij and u ^ ai, for otherwise v ^ ai V bk = Ci > x. 
From {ai, cn, 61, v) we know that i; < cn must hold, and so u = 1/ V 
# ^ cw. Moreover, v > bk implies that v $ c*+i, and from {au ck+u bu A 
we see that v è ck+u Thus {*;, w} C Cn, so w/y is identified by 0W. A similar 
argument handles the case {x, y} Ç ^4„. 

Finally let {x, y) Ç Cn, so that ck ^ y < x ^ cn for some k > n. 
u/v \iX/y is impossible, so let u/v /*x/y, where u\\y, u V y = x, and 
u /\ y — v. From {ai, 61, cfc, wj it follows that u 1^ a\ or u ^ bu so 
« g Ci A cB = aR or w ^ &n. From {ak} bkl ck+u u} we have u ^ ak or 
u ^ &*• Thus {w, y} Ç An or i?„, which completes the proof of the claim. 

Theorem 1.1 now follows from the observation that 

00 00 00 

n AH = n 5. = n c = 0 
n = l w = l rc=l 

and thus 

00 

A dn = co. 
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