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MINIMALITY AND STABILITY OF

MINIMAL HYPERSURFACES IN IRN

FANG HUA L I N

In this paper we show that the hypercone over S x S is
o

st r i c t l y a r e a - m i n i m i z i n g i n JS . W e al s o sh o w the e x i s t e n c e
o

of smooth embedded stable hypersurfaces in JR which are not

area-minimizing.

1. Introduction

Given a regular minimal hypercone C in TR (that is C = 0 * Z
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for some smoothly embedded minimal hypersurface Z of S ) , we say
that C i s s t r i c t ly area-minimi zing if there exists a constant 0 > 0
such that

(*) MtCj) < MtT) - 0

for T e In+1(JRn+2), where Ĉ  = C L B^O), whenever e e (0,1),

32" = dC2 and Spt (T) n BJO) = 0 .

Let E, E be the two connected components of JR C . Then

we say that C is one-sided s t r ic t ly area minimizing in E
(respectively, in E ) if (*) holds for a l l such T above satisfying,
in addition, the condition spt(T) £ E Cspt (T) £_E_ , respectively).

The aim of this note i s to prove the following:

THEOREM. Let £ = £"{M x Sn~m\ fi^\ where n > 2m and either

n ^ 6, m ^ 2 or n ^ 7, m ^ 1. Then C = 0 x z is strictly area

minimizing in JFT . If Z = S \/j x 5 °\ / | - L then C = O*Z is

— 2 6
one-sided strictly area minimizing in E = {(x,y) e JR * JR : \y\

< 5 % 1x1} .

The strictly area minimality of C(l,5) = 0 x z,

£ = S2!/!" x S5 I/I- > in E implies that 0.(1,5) is stable (see [5])

In fact, it is strictly stable by [Z] and [6] . Moreover, we have the

following:

COROLLARY. E = {(x,y) e JR
2 x m6 : \y\ < 5* |x|} is foliated

by smoothly embedded minimal hypersurfaces. Each of these hypersurfaces

is one-sided area minimizing (hence stable) but not globally area

minimizing.

The above corollary solves the open problem [1.6] of [/].
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2. Proofs

First we recall some results and notation from the recent work of

Hardt and Simon [3], They show that, if C is area-minimizing, then

there exist minimal hypersurfaces &+ c E+ which coincide near infinity

with

{a; ± V+(xl vc(x] : x e C]

where V+ are functions on C and v is an orienting unit normal

vector field for C . Let y+ denote the characteristic exponents of

the O.D.E. obtained by separating variables in the Jacobi field equation

for C . By [3], we have the following alternative characterizations of

strict minimality:

(i) V+ both have the slower decay at infinity. That is

Lim inf \x\y~ V+ (x) > 0 in the case that r > y
\x I -»• °°

Lim inf (log \x\~2) \x\(n~1)//2 V+ (x) > 0 in the case that

(ii) There are a closed, homothetically invariant K <= M with

lP -measure zero and a c -vector field X on M ~ K such that

X = vr on C ~ K and \x\ < 1 , ± div X > 0 on E+ , and at least one

of these inequalities is strict in at least one point x e E ~ K and at

least one point x e E ~ K .

By (ii) and the construction of Lawson [4], we see that all known

examples of minimizing hypercones, except the case

2 ( fl\ 4i /2\
Z = S\/-=\xS ]/•=•] i are strictly area minimizing.

r 6) v 6)

Our theorem is, actually, a directly consequence of the

characterization (1) and the O.D.E. results due to Simoes [7].
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Proof of Theorem. For z = W / f ) * S M - m [ / ^ l , \AZ\2

the square of the length of the second fundamental form of Z = n , see

[6]. Since y+ £ y_ are the roots of the characteristic equation:

2
y - (n - l)y + n = 0 , we have that

-1 ±y± = h(n-l t

Now for n > 6 , n > 2m and m > 1 , we have, by [7, Theorem 2.9.3],

on S the following:

(a) Lim [arc tan (dv/du) - j]/[arc tan (V/U) = j] = -y_ ,

7 /9
where v = \y \ , u = 5 \x\ and U > V ; and S denotes the leaf of

the global foliation (see [3], [7]) in U > V, which passes through the

point U = 1 and V = 0 .

Then (a) is equivalent to

(a1) lim(dY/du)/(Y/u) = -y_
u •+ +<»

where Y = u - v > 0 .

The latter implies that

_Y_ -y_

u - v = u + o(u ~) as u •* +"> .

Similar ly , for n > 6 , n > 2m > 4 ; or w > 7 , n > 2 m 2 2 ;

by [7 , Theorem 2 . 9 . 4 ] , we have on 5 the following:

(b) lim [arc tan(dv/du) - TT/4]/[arc tan V/u - ir/4] = -y

where v > u and S denotes the leaf of the global fo l ia t ion in

V > u (see [ 2 ] , [ 6 ] ) , which passes through the point u = 0 , v = 1 .

Hence

- Y - Y _
v - u = u + 0(u )

as before.

Thus S+ both decay to the cone C ; u = V at the slower rate,
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-Y -Y

because V+(X) = \X\ ~ follows from the fact that \u -'V\ - \X\ ~ ,

where X = (x,y) . Thus we conclude, by (ii) that for n £ 2m and

either n ^ 6 , m ^ 2 or n ^ 7 , m £ 1 the corresponding minimal

hypercones C are strictly minimizing. We also obtain that, when n = 6,

m = 1 , C is one-sided strictly area minimizing in E . D

Proof Of Corollary. Using the same technique as [2], one concludes

that E = {(x,y) e J7? x JR : \y\ ̂  /6 \x\ } is foliated by

S. = p. x S , (9 < X < <» . Each S. will be a smoothly embedded one-

sided area minimizing hypersurface, for 0 < X < °° , hence stable (see
o

[3]). But S, cannot be area minimizing in JR , since C(135) is not
A

Q

area minimizing in IR , and C(l}5) is the tangent cone of S. at
A

infinity. •

3. An open problem

The following problem, which was raised by Simon, remains open.
2 3

(P) Is there an example (other than JR in JJ? ) of a minimal

hypercone C in In which is minimizing but not strictly minimizing?

2 4
The candidate S x S is now ruled out by our result.
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