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Multi-Sided Braid Type Subfactors, I

Juliana Erlijman

Abstract. We show that the multi-sided inclusion R®! C R of braid-type subfactors of the hyperfinite
II; factor R, introduced in Multi-sided braid type subfactors [E3], contains a sequence of intermediate
subfactors: R®! ¢ R®~! ¢ ... ¢ R®2 C R. Thatis, every t-sided subfactor is an intermediate
subfactor for the inclusion R®! C R, for2 < t < I. Moreover, we also show that if + > m then
R®! C R®™ js conjugate to R®'~™*1 C R. Thus, if the braid representation considered is associated
to one of the classical Lie algebras then the asymptotic inclusions for the Jones-Wenzl subfactors are
intermediate subfactors.

1 Introduction

In this paper we show that the braid type subfactors of the hyperfinite II; factor R
constructed in [E3]—called multi-sided or I-sided subfactors—contain a sequence of
intermediate subfactors. This sequence of intermediate subfactors has the property
that the inclusion of any two consecutive subfactors is conjugate to the two-sided
pair, and that the inclusion of any ¢ consecutive subfactors is conjugate to the ¢-sided
pair.

The result says in particular that the two-sided inclusion has a special role among
the multi-sided pairs, since any multi-sided inclusion can be obtained as a composi-
tion of inclusions all conjugate to the two-sided inclusion. In the case where the braid
representations—used in the construction of the subfactors—come from Lie repre-
sentation theory of classical type, the two-sided inclusion is also special, because it
has been shown (see [E2], [G]) that they are conjugate to the asymptotic inclusions
for the one-sided or Jones-Wenzl subfactors (see [W1], [W2]). This brings up the
question of finding out what the asymptotic inclusion is for any multi-sided inclu-
sion, and of whether the asymptotic inclusion of the asymptotic inclusion is again
conjugate to a multi-sided subfactor.

The I-sided subfactors were defined in [E3] as inclusions R®! ¢ R—with R the
hyperfinite II; factor—where the embedding is defined from finite dimensional in-
clusions of the form A®! C,, Aj,, where i, is the conjugation by a special unitary in
u, € A, and the A,,’s are finite dimensional braid group quotients. The I-sided sub-
factors generalize the construction of the already known two-sided subfactors [Ch],
[E1]. As an interesting observation, in the examples associated to Lie type A, if 3;
is the index value for an I-sided subfactor (computed in [E3]) and if 3, is that for
the multiple interval subfactor corresponding to 2/ intervals on S' for Wassermann’s
SU(n) construction, [Wa] (computed in [X]), then the relation 3, = ﬁ (3> holds.
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(In the previous version of this article and in [E3] the constant % was mistakenly
left out, as pointed out by the referee.)
The paper is organised as follows:

2. Preliminaries.

2.1. Basic definitions, properties and assumptions of the braid groups and their
representations.

2.2. The construction of the multi-sided subfactors.

3. Intermediate inclusions.
4. References.

Acknowledgements I would like to thank Hans Wenzl for useful discussions.

2 Preliminaries

2.1 Basic Definitions, Properties and Assumptions of the Braid Groups and Their
Representations

Recall that the braid group B,, on n strands is defined by generators oy, . .., 0, and
the braid relations

(Bl) 0j410i0i41 = 0014105, fori=1,...,n—2,

(B2) oio; = ojoj, for |i — j| > 2.

A geometric picture of the standard generator o; is given by the following diagram:
i it

i i+l
and multiplication is given by concatenation of such diagrams (see [Bi] for more
details). B, is embedded into B, by adding one vertical strand at the end of each
generator of B,,. Denote | B, by B.

We state below some well known basic relations for elements in B,, that will be
needed in the next sections. If 1 < i, j < n — 1, we denote by

(oj---0j)
the element of B, given by the increasing product ;o4 ---0; if i < j, or by the
decreasing product o;o;_; --- o if i > j.

The algebraic tensor product CB,, ® CB,, can be seen as a subalgebra of CB,,,, via
the embedding defined by juxtaposition. For example, ifn = 3, m = 4

D
1 3 1 3—/ /
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In other words, the embedding CB,, ® CB,,, < CB,,4,, is defined by

@y B ®y =0 shift,y,

where shift, o; = 0;;,. Thus, the embedding CB®* — (CB,, is given by

br@- QP p1 ®- - ® Bs = Py shift,(32) - - - shifty—1)(Bn)-

We shall work with representations p of CB that satisfy the following properties
asin [E1]:

(i)  pislocally finite dimensional: For every n € N, p(CB,,) is a finite dimensional
C*-algebra, so that we can write p(CB,) ~ D, A, Ma, (©), for some index set
A,. Set A, = p(CB,).

(ii) pisunitary: Thatis, g; = p(o;) is a unitary for all .

(iii) The ascending sequence of finite dimensional C*-algebras (A,) = ( p((CBn)) is
periodic, in the sense of Wenzl, [W1, Lemma 1.4].

(iv) Any element x € A,4; can be written as a sum of elements agflb + ¢ with
a,b,c € A,.

(v) The unique positive faithful normalised trace tr on | J A, has the Markov prop-
erty:

tr(gfflx) = n(i) tr(x) forallx € A,, forall n,

where "), n(=) are fixed complex numbers. Given condition (iv), the Markov
condition implies the multiplicativity property for the trace:

tr(xy) = tr(x) tr(y),

if x and y are in subalgebras generated by disjoint subsets of generators giﬂ.
(vi) Existence of a projection p with the contraction property: p € Ay has the con-
traction property if for alln € N,

PApikp PAk+1,n+k ~ Ak+1,n+k7

where A, is the algebra generated by {1,g',..., g }. Note that since we
already have the multiplicative property of the trace by (iv) and (v), the second
isomorphism above is always true.

2.2 The Construction of the Multi-Sided Subfactors

The construction is done in detail in [E3, Section 3], where these subfactors are in-
troduced. The inclusions are generated by pairs of ascending sequences of finite di-
mensional C* algebras (Aln C Ay,), wherel > 2 is fixed and

(i) A, isan n-braid quotient as in the preliminaries (i),

(i) Al = ul (A®)ul" for a unitary il € A,
(i) (AL),, C (An)y is periodic and has the commuting square property as in [W1].
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Having the conditions (i)—(iii) as above allows us to define an inclusion of sub-
factors of the hyperfinite II; factor R by taking | J, A}, C |, A, where we are taking
the weak closure with respect to the GNS representation with respect to the unique
positive trace on the unions.

These unitaries u{" are images of braids v € By, defined by

D _ a0 lgn! o !
)—(1)1 (1)2 "'(I’n—l )
I
where @\ = (o 1)(t+1) 0141 -2)(O=2)(¢+1) = Ol+1)—3) * + * (041 - 0y ). (No-

tice that y,41 = 7, P! for every n.) See below the geometric illustrations for some
of these braids when l =4,

1 2 3 4 5 6 7
S
AN
e %f
1 2 3 4 5 6 7

7 8 9 10 11 12

@\q
_ NN
/( )
<
5 b b\e

3

7 8 9 10 11 12

56 7 8 910111213 14 15 16

4 4) x(4)7!
0 = =

1 2 3 45 6 78910111213141516

As a map from B¥' into By,, the conjugation W, by the braid 7V can be seen
geometrically in a simple way, since conjugating by (®{")~! pulls the ¢ + 1-st strand
in the j-th tensor factor of B! to the strand in By, labeled by It + j. Below we
include a picture of how conjugation by v\, W, , acts on each generator of B®": For
1<i<n—-1land1< ;<]

) li I(i+1) In

. T/
&

G-+ li+j
1-st row i-throw i+ 1-strow  n-throw

1®® o0 @0l

j-th position
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Note that we are arranging the In strands in n rows with [ strands each, so that

V(l®---® o0; ®---®1)can be seen as a crossover between the j-th dots
j-th position
belonging to the i-th and i + 1-st rows.

3 Intermediate Inclusions

Theorem 3 in this section is technical, and the main result of the article will follow as
a corollary.

Proposition 1 The two-sided inclusion R®? C R is stable, that is, R®* @ R C R® R is
conjugate to R®> C R, with respect to the embedding u® © idg, where u'® = lim o>’

is the two-sided embedding.

Proof There is a necessary and sufficient condition for stableness due to Bisch and
McDuff: Aninclusion N C M of II; factors is stable if and only if there exist two non-
trivial non-commuting central sequences for N C M. In [E2, Section 3 Lemma 6] we
have shown that the two-sided inclusions coming from representations of the braid
group of type A have the Bisch-McDuff property (see [B]). This can be shown as
well for the general two-sided inclusions defined from braid representations that just
satisfy the properties listed in the preliminaries.

Let us recall that a sequence (x,) in a II; factor M is central if for every x € M,
l[x, x,]]l2 — 0, where ||.||, is the trace norm. A sequence (x,) is trivial if there exists
a complex sequence (\,) such that ||x, — A\,||2 — 0. Finally, two sequences (x,) and
(y,) are commuting if ||[x,, y,]||» — 0. A central sequence (x,) for an inclusion of
II; factors N C M is central if (x,,) is contained in N and is central for M.

Let us define the following projections e; and e, in R. If the A,’s are the braid
quotients as in the preliminaries (i)—(vi), there must be an ny € N such that A,, has
a subalgebra isomorphic to M,(C) (we assume that the A,’s have growing dimension
since otherwise the weak closure of their union would be finite dimensional). In this
subalgebra of A,,, we choose e; and e; to satisfy

e1ee; — aey,
()

ee1e; — ey,

where o # 0,1 is a complex number. (E.g., take e, and e, to be the projections
10 )

corresponding to the matrices (} §) and ( %
Define projections e, € R for n € N in the following way:

o
Bl tol—

ei—1 = shift;_i(e;) = 1i_1 ® e; € Ajjin—1 CR,
ey = shift;_1(e;) = 1,_1 ®e; € Ajjyn,—1 CR.
Now we are ready to produce two non-commuting, non-trival, central sequences

for the two-sided inclusion R®? C R: Take (x,) and (y,) in R®? with x, = ¢, ® 1
and y, = €1 @ 1g.
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(a) (x,) is non-trivial (and therefore so is (y,)): Let (\,) be a sequence of complex
numbers.

1% — A 1I5 = tr(x, — % An — Auy + | An]?)
= tr(x,) — 2Re(\y) tr(x,) + | A]?
=X —2Re(A)A + |\, [?
= A=A+ (1= M)A

1
zzmin{)\;l—/\}>0,

where A = tr(x,) € (0,1) (since the non-zero projections x, are all conjugate).
Thus, the sequence ||x, — A,.1||; cannot converge to zero.

(b) (xy,) is central for R (and therefore so is (y,)): Let x € R. Since the union of
the algebras A; = (g1,...,gj—1) is ||.||>-dense in R, there exists a sequence (w;) with
w; € Aj such that ||x — wj|[, — 0. If ¢ > 0 take j such that ||x — wj|, < 5. By
the definition of the projections x,, x, € Ar) r(n)+ny—1 @ 1g (where r(n) = [%1]).
By the definition of the embedding u® = lim 02, 4P (x,) € Ax(r(m)—1) 2(n)+ny) (s€€

I,

the last figure in Section 2). Thus, if 7 is large enough then u?(x,,) and w; € A; will
commute. Therefore

1062 Gen), 212 = (1 Gl — 2 x|
< [ (x)x — u® Ge)wila + [ ()w; — win® (x,)]|2
+ lwju® (x,) — xu® (x,) |2

€
< 2Hu(2)(xn)\| lx = wijll, <2< =e.

2
(¢) The sequences (x,) and (y,) are non-commuting: We must show that the
sequence (a,) with a, = ||[x, yu]|l2 = ||[en, €n+1]]|2 does not converge to zero. Con-

sider the subsequence (a,;_1);. Using the relations (x),
agiﬂ = ||[62i71762i]‘|§
= ||[Shifti71(€1),Shiftifl(ez)]H%
= tr(shifti,l(—elezelez +ejere + eyerey — ezelezel))
= tr(—ejee1e; + e1e2e] + 216, — ere1€2€])
=2a(l —a)d =k >0,

where A = tr(e;) # 0, and where the fourth equality above follows from the fact
that shift,;_; can be determined via conjugation by some unitary. The subsequence
(a2i—1) does not converge to zero, so neither does (a,,). [ |

Proposition 2 Let | > 3. The sequence of finite dimensional inclusions

! 1-2
(A;? C A2n ® A? )n
i ®id®!-2

generates an inclusion of factors conjugate to the two-sided inclusion R®* C R.
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Proof This is a corollary of Proposition 1. By definition of the maps, these finite
dimensional inclusions generate the inclusion of factors

R®2 ® R®l*2 CR® R®172,

via the embedding given by u® @ idgsi—:, where ul? = lim & is the two-sided
embedding. Since the hyperfinite II; factor R is isomorphic to R®™ for any m € N,
it is easy to see that if the two-sided inclusion R®? C R is stable (which is the case by
Proposition 1), then R®? C R is conjugate to R®? ® R®™ C R® R®™ forany m € N
via the embedding u'® ® idgem. [ ]

Theorem 3 Letl > 3 and1 <t <I— 2. The sequence of finite dimensional inclusions

(Ag—ryn ® AZ C Al
) o (i~ @id )~

generates an inclusion of factors conjugate to the (t + 1)-sided inclusion R®'*! C R.

Proof In order to prove this statement, it will be enough to show the existence of a
unitary rﬁll’t) € Apy, for each n € N, such that the diagrams in items (a), (b), and (c)
commute:

(a)
1P o(nl! =Y @id®") ™!

Aoy @ A0 20 0y

L®L®{T T %f‘l")OL

A, @ A% — At+1)n
Uy
where the maps ¢ are the canonical embeddings (with ¢: A, — Ayip, m, p €N;
we shall denote all of these maps by ¢, with no subindices), and where the map
#:1) denotes conjugation by r{*).

(b)
8 0
Awrymry = Ay Ape), = Al
LT /,T /,T T L
Apsn  ———  Au Apny, ——— A
o - AL
#0001 FE 0T,
(c)
i o5 @id 7)) !
Ay ® AT, ——= — Al
L®L®{T T L
Aoy @AY —————— Ay

) oy~ @id P!
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The reason that having (a), (b), and (c) will be enough for proving this propo-
sition is the following: Firstly, the faces of the cube-diagram shown below with the
embeddings defined as in (a), (b), and (c), will all be commuting:

i o il a5

n+l

Aty @ A2

n+l

A1)

A1) (nt1)

An+1 & A%—’l

A @AD"

ﬁy+n

Secondly, because the canonical maps will generate the trivial inclusion, and because
the map lii)n(fﬁ,l") o ¢) will be an automorphism, then the inclusions

ﬁ,(f) o (ﬁ;l_t) & id?t)_l T AG—n ® A;@t — Ay,

will generate an inclusion of factors conjugate to that generated by the embeddings
40D AS <y A4, namely, the (¢+1)-sided inclusion, which is what we wanted
to show.

Let us remark that having the commuting diagrams in item (b) is the reason why
the morphism li_n}(fﬁll'f) o) is an automorphism: The first commuting diagram in (b)

1 —1
will force h_n)l(rilfl) 01) o (#M 04) to be the trivial inclusion, so that h_n)](rfllfl) o)
is the right inverse for lii>n(f,(jvt) o 1), and the second commuting diagram in (b) will

n- ()

1 —1
force lim(#,;; o¢)o (#%9) 0.1) to be the trivial inclusion, so that lim(#,;; o¢)isthe

left inverse for lim(#{"" o ¢).

Now we shall proceed by describing the embeddings 4 o (20" ® id®")~! at
the braid level, so that we can find the right unitaries r,. By definition (Section 2.2),
uﬁ,l) = P(’Yy(,l)), where p is the braid representation considered, and 'y,(f) € By, (see also
the geometric description). Thus, u{ o (/=" ®12)~! = p(y{ o (v{ D ®129)71).
See below the diagrams for 7 o (v{~" @ 1%")7!, for the casesn = 4,n = 5,1 = 4
and t = 2:

1 2 5 10 11 12 13 14 15 16

74(;4) o (%52) ® 12@2)71 —
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0(7(2) 1@2) 1 /

One can describe geometrically 'y(” o ('y(l 0 ® 1d®t) : Bu—nn @ BY" — By, in the
following way: This map acts by pulling the i-th strand (1 < i < n) from the p-th
non-trivial tensor factor in 1(_;), ® B®" C B(_;, ® B%’, and by placing it right
after the (I — ¢t + p — 1)i-th strand in By, for p = 1,...,¢. This becomes clear if
one looks at the diagrams for the examples below, for n = 4,1 = 4, and t = 2: Take
B®BL® B €Buyn @B =By @By @ By.

7 8 9 10 11 12 13 14 15 16 17 18 19 20
S Q

7 8 9 10 11 12 13 14 15 16 17 18 19 20

(AP0 (4 @id§H ™) (B /1 ® ) =

3 45678910111213141316

Now that one can see what happens with this conjugation geometrically, one can
compare this with what happens with the conjugation 4™V : A®*1 — A1), fol-
lowed by the embedding ¢: A(+1)n — A From this comparison, one can define
a unitary rﬁ,l’t) that satisfies what is required in (a), (b), (c), as follows: At the braid
level, we want a braid Q = Q(n, [, t) € By, such that its conjugation {2 acts by pulling
strands that are labeled by i(t + 1) — j, withi = 1,...,nand j = 0,...,t — 1, to
the strands labeled by il — j. The braid ) can be given geometrically by the diagram
of the permutation in 8;, defined by il — j +— i(t +1) — j,fori = 1,...,n and
j =0,...,t — 1, where all the crossings “from left to right” are over-crossings. See
the examples below.

8 9 10 11 12 13 14 15 16

wane [ RCIERC

8 9 10 11 12 13 14 15 16
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7 8 9 10 11 12 13 14 15 16 17 18 19 20

K
d o o3

8 9 10 11 12 13 14 15 16 17 18 19 20

Now one can define the desired unitary by rﬁ,l’t) = p(Q(n7 I, t)) € Ay, written as

D = (g @) (@ &) (@1 G+1) Qe (—1)—1 * * * §—1)(t+1)—(t—1))
~ (@n—vi—2 " &n—1)t+1)—1) (Zn—1)i—1"** §n—1)t+1)) (nl—(t—1)—1 " " * nit+1)—(t—1))
e (ni—2 " Gn(e+1)—1) (Gui—1 * * * Gu(r+1))-

The algebraic formal proof that the diagrams in (a), (b), (c) are commuting is very
tedious, so we shall omit this formalism, but we shall show that these diagrams are
commuting at the braid level (and therefore in the braid quotients) by using braid
diagrams. To simplify the diagrams, we shall do it in the cases n = 4, ] = 4, and
t = 2, using the last figures. We shall show first that the diagram in (a) is commuting

at the braid level:
A(4)O(A(2)®'d®2)—1
By @BE? LT TS By
uX)idf?ZT T 0(4,4,2)0
B, ® B — B,

If 3 ® 3, ® B35 € BY”,

(Q4,4,2) 7 04 o B3P @1dPH) T o (L @1dFY) (51 @ B ® B5)
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9 10 11 12 13 14 15 16

%

5 6
‘X‘\

/

= B p

/// b
/\k\/& X

1 2 3 45 6 7 8 910111213 14 15 16

(Lo AD)(B @ B ® Bs).

Bs

Now we shall show that the diagrams in (b) are commuting at the braid level:

((5,4,2)00 0(5.4,2) 'or

Bis ———— By Bs ——— By

,,T T,, ,I TL

B, - Bis B, DU Bis
O(4.4.2)01 O44.2) o

Take 8 € By,. Then
(25,4,2) ' 0100(4,4,2) 01) ()

@\i

9 10 11 12 13 14 15 16 17 18 19 20
Q S a_ &

8
G\
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

= ().
Take 3’ € B,. Then
(€2(5,4,2) 010(4,4,2) 7" 01) (8"

9 10 11 12 13 14 15 16 17 18 19 20

9 10 11 12 13 14 15 16 17 18 19 20

9 10 11 12 13 14 15 16 17 18 19 20
® © © ® © © ® © ©

[0} o o O o o O o o O o o o
1 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15 16 17 18 19 20

= u(B").
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And finally, we show that the diagram (c) is commuting at the braid level:

o4 2(2) o @2y —1
®2 T5 o045 ®ids)
By®Bs° —————— By

/,®idj®2T T 3

®2
B; © B, @ () i 12 B
Ay o(,” ®id, ) Tt

If3® 6 ®F € By ® By ® By, then

(3 0 (32 @id¥H ™ o (L ®1d$?)) (B Bi @ B)

= (104 o (4P @1d§H ™) (B @ /i © Bo). ]

Corollary 4 The I-sided inclusion R®' C R contains the s-sided subfactors R®* C R
(fors =2,...,1) as a sequence of intermediate subfactors

R® Cc RO-T C R®I2 ... c R®2 C R
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Furthermore, for j =0,...,1—2andt =1,...,1— j — 1 the inclusion
R®i c R
is conjugate to the (t + 1)-sided inclusion R®"*' C R. In particular, the two-sided
inclusion is an intermediate subfactor for all the multi-sided inclusions, and any multi-

sided inclusion can be written as a composition of inclusions all conjugate to the two-
sided inclusion.

Proof For any n € N, one can write

uﬁf) _ (ugll) ° (uff_l) ® 1n)—1) o (uE’l—l) o (ui,l_z) ® ln)—l ® 1n)

oo (u o (U @ 1) @ 177 o (uP @ 177%).

That is, the finite dimensional inclusion A?l C Ay, can be written as the composition
(D)

Uy
A?Z ®A?l*2 N A2n ®A?l*2 A3n ®A;®l73
0 @id @2 ) o (4 ®id,,) ~ @id §'—3
R A1y ® A, ———— Ay,
27 Vo (™ @id,) ~ ®id, 1P o0~V @id,) 1

By the Proposition 2 and Theorem 3, the composition of any ¢ consecutive em-

beddings above, for j = 1,...,I—1,andt = 1,...,]— j, gives us a pair of ascending
sequences
(Agjr1—nn @ A0 - Agjrn @ A7,

i oM T @id @) 1 @id P!

which generates an inclusion R®/~7*! ¢ R®!=/*1=1 which is conjugate to the (¢ + 1)-
sided inclusion. ]
References

[B] D. Bisch, On the existence of central sequences in subfactors. Trans. Amer. Math. Soc. 321(1989),
117-128.

[Bi]  J. Birman, Braids, links and mapping class groups. Ann. Math. Stud. 82, Princeton University
Press, Princeton, NJ, 1974.

[Ch] M. Choda, Index for factors generated by Jones’ two sided sequence of projections. Pacific J. Math
139(1989), 1-16.

[E1]  J. Erlijman, New braid subfactors from braid group representations. Trans. Amer. Math. Soc.
350(1998), 185-211.

, Two sided braid groups and asymptotic inclusions. Pacific J. Math 193(2000), 57-78.

, Multi-sided braid type subfactors. Canad. J. Math. (3) 53(2001), 546-564.

[G] S. Goto, Quantum double construction for subfactors arising from periodic commuting squares.
J. Math. Soc. Japan 52(2000), 187-198.

[Wa]  A. Wassermann, Operator algebras and conformal field theory. Proc. ICM Ziirich, Birkéuser, 1994.

[W1] H. Wenzl, Hecke algebras of type A, and subfactors. Invent. Math. 92(1988), 349-383.

https://doi.org/10.4153/CMB-2003-008-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2003-008-7

94 Juliana Erlijman

, Quantum groups and subfactors of Lie type B, C, and D. Comm. Math. Phys. 133(1990),

383-433.
[X] E. Xu, Jones-Wassermann subfactors for disconnected intervals. Commun. Contemp. Math.

2(2000), 307-347.

(W2]

Department of Mathematics
University of Regina

Regina, Saskatchewan

S4S0A2

email: erlijman@math.uregina.ca

https://doi.org/10.4153/CMB-2003-008-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2003-008-7

