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Abstract

We contribute to the foundations of tropical geometry with a view toward formulating tropical
moduli problems, and with the moduli space of curves as our main example. We propose a moduli
functor for the moduli space of curves and show that it is representable by a geometric stack over the
category of rational polyhedral cones. In this framework, the natural forgetful morphisms between
moduli spaces of curves with marked points function as universal curves.

Our approach to tropical geometry permits tropical moduli problems—moduli of curves or
otherwise—to be extended to logarithmic schemes. We use this to construct a smooth tropicalization
morphism from the moduli space of algebraic curves to the moduli space of tropical curves, and we
show that this morphism commutes with all of the tautological morphisms.
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Introduction

Let g and n be nonnegative integers such that 2g − 2 + n > 0. The moduli
spaces M trop

g,n of stable tropical curves of genus g with n-marked points, and
variants of it, are some of the most-studied objects in tropical geometry (see
for example [Cap13, CMV13, Cap16, Cha16] for survey papers). In particular,
we refer the reader to [Mik06, Mik07, GKM09] and [GM08] for the case of
genus g = 0, as well as to [CV10, BMV11, Cha12] and [Viv13] for the higher
genus case and the connections to the tropical Torelli map. A new chapter in these
developments was begun by [ACP15], where the authors recast the foundations
of the subject by embedding M trop

g,n as a non-Archimedean analytic skeleton of the
Berkovich analytic stack Man

g,n using Thuillier’s non-Archimedean geometry of
toroidal embeddings [Thu07]. From there, the focus of the subject has moved
in two directions: toward a deeper understanding of the geometry of M trop

g,n
with a view toward computations of the top-weight cohomology of Mg,n (see
for example [CGP18, Cha15, CGP19, CFGP19]), and toward generalizations
to other moduli spaces, often with enumerative applications in mind (see for
example [CMR16, CHMR16, Uli15, Yu15, Ran17]).

All of the aforementioned perspectives on M trop
g,n are essentially 1-categorical;

that is, they regard M trop
g,n as a set with additional structure. Without accounting

for automorphisms from a 2-categorical point of view, these moduli spaces do not
admit universal curves. In particular, the tropical forgetful map πg,n+1 : M trop

g,n+1→

M trop
g,n , as constructed in [ACP15, Section 8], cannot be the universal curve. The

problem lies in the fact that the topological preimage π−1
g,n+1

(
[Γ ]

)
of a point [Γ ]

in M trop
g,n is not the tropical curve Γ itself, but rather the quotient Γ/Aut(Γ ) (see

Figure 1). In the case g = 0, when no stack structure is necessary due to the
absence of nontrivial automorphisms, this is not a problem (see [FH13]).
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Figure 1. The preimage (π trop
1,2 )

−1
(
[Γ ]

)
in the coarse moduli space M trop

1,2 of a point
[Γ ] ∈ M trop

1,1 under the forgetful morphism is not Γ itself, but rather Γ/Aut(Γ ).
Here the nontrivial automorphism of Γ flips the loop edge of Γ . Compare this
with Figures 6 and 7.

An analogous problem also arises in the algebraic world: Given a point [C]
in the coarse algebraic moduli space M g,n , its preimage under the forgetful
morphism (on the level of coarse moduli spaces) is not C itself but rather the
quotient C/Aut(C). The solution to this problem, by Deligne–Mumford [DM69]
and Knudsen [Knu83], was to replace M g,n with the fine moduli stack Mg,n .
Using this language, the preimage via πg,n+1 of [C] in Mg,n+1 (in the sense of
taking 2-categorical fibered products) is in fact C itself.

A tropical moduli functor. In this article, we develop a stack-theoretic
approach to the moduli spaces of tropical curves that naturally resolves the same
issue in tropical geometry. We propose a tropical moduli functor

Mtrop
g,n : RPCop

−→ Groupoids
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over the category of rational polyhedral cones. It associates, to a rational
polyhedral cone σ , the groupoid of genus g, n-marked stable tropical curves Γ
with edge lengths taking values in the dual monoid Sσ to σ . This is the notion
of a tropical curve over σ (see Section 3.1 for details). The idea is that, while
integer, or even real, edge lengths on a tropical curve encode the deformation
parameters of a one-parameter degeneration of an algebraic curve, for example,
over the spectrum of a valuation ring with value group Z or R, allowing the edges
to take lengths in Sσ keeps track of higher-dimensional deformation parameters of
multiparameter degenerations. We will see in Section 5 how allowing edge lengths
in Sσ may be generalized to edge lengths in more general monoids including Rn

>0.
We prove the following representability theorem in Section 3.

THEOREM 1. The moduli functor Mtrop
g,n is representable by a cone stack, that is,

by a geometric stack over the category of rational polyhedral cone complexes.

We refer the reader to Section 2 for the precise definition of a cone stack. Here,
we emphasize the following analogy with algebraic geometry instead:

algebraic geometry tropical geometry
rings monoids

affine schemes cones
schemes cone complexes

algebraic spaces cone spaces
Deligne–Mumford stacks cone stacks

The universal curve. Knudsen [Knu83] constructs a natural forgetful
morphism

πg,n+1 :Mg,n+1 −→Mg,n

which removes the (n + 1)th marked point of a curve in Mg,n+1 and then
stabilizes the resulting n-marked curve. Via this morphism, Mg,n+1 functions as
the universal curve over Mg,n in the sense that every family of stable curves in
Mg,n arises as a pullback of this family.

Similarly, expanding on [ACP15, Section 8], we construct in Section 4 a natural
forgetful morphism

π
trop
g,n+1 :M

trop
g,n+1 −→Mtrop

g,n

given by forgetting the last marked leg of a tropical curve over a cone σ and
stabilizing all nonstable vertices.

THEOREM 2. The tropical forgetful morphism functions as a universal curve.
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More specifically, given a tropical curve Γ over σ , that is, a morphism u[Γ ] :
σ →Mtrop

g,n , we construct in Section 4 a cone space Cone(Γ )→ σ , the cone over
Γ . Using this construction, one way to rephrase Theorem 2 is that, for a tropical
curve Γ over σ , there is a 2-cartesian diagram

Cone(Γ ) //

c

��

Mtrop
g,n+1

π
trop
g,n+1

��
σ

u[Γ ] //Mtrop
g,n .

When σ = R>0, a tropical curve Γ over σ is nothing but a classical tropical
curve (with integer edge lengths) and the cone Cone(Γ ) is the topological cone
over Γ . In this case, the preimage c−1(1) of 1 ∈ R>0, with metric coming
from the lattice length on each component of Cone(Γ ), is isometric to Γ (see
Proposition 4.5). In the genus-zero case, where no stack structure is necessary,
this recovers the main result of [FH13].

The fact that R>0-valued tropical curves must have integer edge lengths may
seem at first like a restriction in our theory, but it is not. We explain in Section 5
how our construction of Mtrop

g,n may be canonically extended to admit tropical
curves with edge lengths in R>0, or indeed edge lengths valued in any sharp
monoid. Moreover, we also explain how to interpret Mtrop

g,n as a topological stack
and how to include the notion of extended tropical curves (as in [Cap13]) into
our framework. We obtain these various generalizations canonically, via pullback
of the original construction of Mtrop

g,n relative to morphisms of topoi over the
appropriate sites.

Non-Archimedean tropicalization. In [ACP15], Abramovich, Caporaso, and
Payne describe a natural continuous tropicalization map tropACP

g,n : Man
g,n → M trop

g,n
from the Berkovich analytification Man

g,n to the set-theoretic tropical moduli space
M trop

g,n (see also [Viv13]). Their map is given by associating a tropical curve with
edge lengths in R>0 to a stable one-parameter degeneration of a smooth algebraic
curve over a valuation ring extending a trivially valued field k. The edge lengths
correspond to the deformation parameters of the degeneration. One of the goals
of Part 2 of this paper is to reinterpret and refine this construction in the language
of logarithmic geometry.

Logarithmic geometry in the sense of Kato–Fontaine–Illusie [Kat89] is a
hybrid between algebraic and tropical geometry that allows us to describe
multiparameter degenerations of algebraic curves (see [Kat00] and [ACG+13]).
Our stack-theoretic framework in tropical geometry can be thought of as a
‘combinatorial shadow’ of the underlying logarithmic theory.
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Figure 2. A logarithmic curve X over a standard logarithmic point S = (Spec k,
k∗ ⊕ P) (on the left) and its associated tropical curve ΓX (on the right). The
dual graph has a vertex for each component, a leg for each marked point, and an
edge for each node of X . The edge lengths of ΓX are the logarithmic deformation
parameters δ1, . . . , δ4 at the nodes of X .

To give an idea of what follows, we describe the process of tropicalization for
logarithmic curves [Kat00] over logarithmic points. In Section 7, we expand this
description to families and produce a smooth morphism from Mlog

g,n to Mtrop
g,n .

Tropicalization of logarithmic curves over a point. Let k be an algebraically
closed field, let P be a sharp monoid, and denote by S the standard logarithmic
point S = (Spec k, k∗ ⊕ P). A logarithmically smooth curve X → S may be
thought of as a geometrically connected, proper, nodal curve X , where each
geometric point x of X is endowed with a monoid M X,x . By [Kat00, Theorem
1.3], the structure of these monoids is highly constrained:

(i) At all but a finite number of smooth points x of X we have M X,x ' P;

(ii) At the remaining smooth points xi on X we have M X,xi ' N ⊕ P (these
are the marked points);

(iii) At each node xe of X , the monoid M X,xe is obtained from P by adjoining
two formal generators a and b, modulo a relation a + b = δe, for some
δe ∈ P .

We define the dual tropical curve of X/S as the tropical curve ΓX over σS =

Hom(P,R>0) given by endowing the dual graph G X of the pointed curve (X,
x1, . . . , xn) with the generalized edge length that associates, to the edge e of G X

corresponding to the node xe of X , the smoothing parameter δe ∈ P . See Figure 2
for an illustration.
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The association X/S 7→ ΓX/σS defines a natural tropicalization functor

tropg,n,S :Mlog
g,n(S) −→Mtrop

g,n (σS)

that specializes to the well-known tropicalization map of one-parameter
degenerations in the case P = N (as in [ACP15]).

Intuitively, one may think of X/S as encoding data coming from a
multiparameter smoothing of a stable, marked curve: the xi ’s are the marked
points on the central fiber, and each δe ∈ P is the deformation parameter at
the corresponding node. The point is that the structure of a logarithmic curve
contains this data even in the absence of an actual multiparameter degeneration.
Tropicalization then extracts just the combinatorial information: the topological
type of the central fiber and how fast the nodes smooth. This information
determines a well-defined image in the interior of the tropicalization.

A reasonable question is then how to bring into this picture families of curves
where the general fiber is not smooth, or equivalently, where nodes of the central
fiber persist throughout the deformation. On the combinatorial side this leads to
extended tropical curves, as introduced in [Cap13]: edges corresponding to nodes
that do not smooth have infinite length. Their parameter space is the generalized
extended cone complex M

trop
g,n defined in [Cap13, ACP15]. From the logarithmic

point of view, this means working with pointed monoids, that is, monoids that
must contain an absorbing element (playing the role of∞). We refer the reader to
[HMU19] for a careful treatment of this generalization. In the framework of this
article, it is still possible to recover the extended cone complex by evaluating the
functor of points of the tropicalization on the commutative monoid R>0 ∪ {∞}

(see Section 5.5 for details).

Tropicalization via Artin fans. The theory of Artin fans was developed in
[AW18] and [ACMW17] (see also [ACM+16] and [Uli19]) as an incarnation of
cone stacks in the category of logarithmic algebraic stacks. In fact, as we will
show in Theorem 6.11, every cone stack can be lifted to a logarithmic algebraic
stack:

THEOREM 3. The 2-category of cone stacks is equivalent to the 2-category of
Artin fans.

In our case, Mtrop
g,n lifts to a logarithmic algebraic stack that we denote a∗Mtrop

g,n .
In Section 7, we interpret a∗Mtrop

g,n as a moduli functor

a∗Mtrop
g,n : LogSch −→ Groupoids
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that associates to a logarithmic scheme S the groupoid of families of tropical
curves over S, that is, of collections (Γs) of tropical curves, indexed by the
geometric points s of S with a generalized edge length with values in the
characteristic monoid M S,s that are compatible under specialization (see
Definition 7.4 for details). The following theorem collects the statements of
Corollaries 7.10, 7.11, and Theorem 7.12.

THEOREM 4. The moduli functor a∗Mtrop
g,n is representable by a logarithmic

algebraic stack that is logarithmically étale over k, and the natural tropicalization
morphism

tropg,n :Mlog
g,n −→ a∗Mtrop

g,n (1)

that associates to a logarithmic curve X/S its family of dual tropical curves is
strict, smooth, and surjective.

Theorem 4, in particular, shows that the realization problem for abstract tropical
curves is always solvable: given an abstract tropical curve Γ (for simplicity with
edge lengths in N), since tropg,n is surjective, we may find a logarithmic curve over
the standard logarithmic point

(
Spec k, k∗ ⊕ N

)
, whose dual tropical curve is Γ .

Moreover, as tropg,n is also strict and smooth (that is, logarithmically smooth), we
may smooth this nodal curve in a logarithmically smooth family.

Of course, for logarithmically smooth curves, this is a very well-known fact (see
for example, [Gro11, Section 3.4]), but the model of Theorem 4 is a convenient
frame in which to consider other tropical realization problems, which can
thus be divided into questions of surjectivity and smoothness of tropicalization
morphisms. For example, the realization question for tropical genus-1 curves in
toric varieties was answered by this method in [RSPW19b].

In [FRTU19, Theorem 4.4], it is shown that the moduli stack Mlog
g,n of

logarithmic curves may be viewed as a fine moduli stack parameterizing metrized
curve complexes in the sense of [AB15] over the category LogSch of logarithmic
schemes. Theorem 4 shows that a∗Mtrop

g,n functions as a lift of the moduli stack
Mtrop

g,n to LogSch, thereby realizing both of these objects within the same category.
From this point of view, the tropicalization map tropg,n is the map that associates
to a metrized curve complex its underlying tropical curve.

Non-Archimedean tropicalization revisited. Theorem 4 allows for a
reinterpretation of the non-Archimedean tropicalization map of [ACP15]. Let
Man

g,n be the non-Archimedean analytic stack associated to the moduli stack
Mg,n of smooth n-pointed algebraic curves of genus g. Although this is a
non-Archimedean analytic stack, we always think of Man

g,n and other non-
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Archimedean analytic stacks in terms of its underlying topological space (see
[Uli17b, Section 3]). Denote by M trop

g,n the (set-theoretic) moduli space of stable
n-marked tropical curves. The tropicalization map

tropACP
g,n :Man

g,n −→ M trop
g,n

associates to a point in Man
g,n , which corresponds to a smooth curve over a non-

Archimedean field extending the base field, the dual tropical curve of a stable
degeneration. For a node given by xy = f in local coordinates, the length of the
associated edge is the real number given by val( f ), that is, by the valuation of the
deformation parameters.

By applying Thuillier’s [Thu07] generic fiber functor (.)i over trivially valued
fields, Theorem 4 now immediately implies the following Corollary 1 (see
Section 7.5).

COROLLARY 1. There is a natural continuous, open, and dense injection
M trop

g,n ↪→
(
a∗Mtrop

g,n

)i
that makes the following diagram commute:

Man
g,n

tropACP
g,n

−−−−→ M trop
g,n

⊆

y y⊆
Mi

g,n

tropig,n
−−−−→

(
a∗Mtrop

g,n

)i
.

In fact, one may show that the inclusion M trop
g,n ⊂

(
a∗Mtrop

g,n

)i extends to a

homeomorphism M
trop
g,n
∼=
(
a∗Mtrop

g,n

)i, where M
trop
g,n denotes the set-theoretic

moduli space of extended tropical curves (with edge lengths allowed to be∞). In
this case, the analytic map tropi

g,n is nothing but the extended non-Archimedean
tropicalization map of [ACP15].

Skeletons and tropicalization. The authors of [ACP15] also show that M trop
g,n is

the non-Archimedean skeleton of Man
g,n in the sense of Thuillier [Thu07] (defined

with respect to the coordinates coming from the Deligne–Mumford boundary) and
that the non-Archimedean tropicalization map is nothing but the natural retraction
onto this skeleton. We refer the reader to [Uli19] where the third author explains
how one can recover this result via the theory of Artin fans.

By [ACMW17, Proposition 3.1.1], to every logarithmic stack X there is an
Artin fan AX with faithful monodromy as well as a strict morphism X →AX that
is initial among all strict morphism to Artin fans with faithful monodromy. In this
language, [Uli19, Theorem 1.3] says that the tropicalization morphism induces an
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equivalence between the Artin fan associated to Mlog
g,n and the a∗Mtrop

g,n (thought
of as a logarithmic stack).

An Artin fan A is said to have faithful monodromy if the natural morphism
A→ LOGk to Olsson’s classifying stack of logarithmic structures (see [Ols03])
is representable. In combinatorial terms, this means that the morphisms in the
associated cone stack are all proper face morphisms. We may therefore think of
this construction as a version of a ‘coarse moduli space’ associated to a cone stack
and [Uli19, Theorem 1.3] says that the Artin fan associated to Mlog

g,n is naturally
equivalent to the ‘coarse moduli space’ of Mtrop

g,n . We point out that, in general,
Mtrop

g,n does not have faithful monodromy, since, for example, the loop flip in
Mtrop

1,1 cannot be distinguished from the identity by considering only their actions
on the set of lengths of edges in the graph.

For a logarithmically regular scheme X (defined in the Zariski topology),
the initial strict morphism X → AX can be phrased as a morphism of locally
monoidal spaces to a Kato fan, which can be identified with the map ρ : X → X
that sends points of X to the generic points of the corresponding logarithmic
strata of X (see [Kat94] and [ACMW17, Lemma 4.18]). This defines a strong
deformation retraction of X (with the Zariski topology) via the continuous
homotopy H : X × [0, 1] → X given by

H(x, t) =

{
r(x) if t < 1
x if t = 0.

At this point we know of no natural topology in which the tropicalization
morphism is a homotopy equivalence in more general situations.

The difference between analytic and logarithmic tropicalization. In this
paper, we think of tropical geometric objects as set- or groupoid-valued covariant
functors on the category of commutative monoids. This is analogous to the way
schemes and algebraic stacks can be viewed as set- or groupoid-valued functors
on the category of commutative rings. As with schemes over C, where the set
underlying the complex analytification is recovered as the set of C-valued points,
the complex of real polyhedral cones that one generally thinks of as a tropical
variety is recovered from a functor F : Mon → Sets by evaluating F on the
monoid R>0 of nonnegative real numbers.

This shift in perspective allows one to define a morphism directly from a
logarithmic scheme to its tropicalization, without any intermediate analytification
step. We explain in Section 6 how a functor from monoids to sets can be extended
to a presheaf on the category of monoidal spaces. Since logarithmic schemes

https://doi.org/10.1017/fms.2020.16 Published online by Cambridge University Press
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are monoidal spaces with additional structure, this makes it possible to define
morphisms directly from logarithmic schemes to tropical varieties.

These tropicalization morphisms are natural transformations of functors. If
one wants to pass to the R>0-points of the target, one must also do so on the
source. This amounts to looking at morphisms from a logarithmic point whose
characteristic monoid is R>0 into a given logarithmic scheme.

This process is similar, but not identical, to analytification. Indeed, taking the
R>0-points of a logarithmic scheme does not require a generic fiber to analytify.
Moreover, the R>0-points of the functor represented by a rational polyhedral
cone σ are simply the members of the underlying cone of σ . This means that
the logarithmic tropicalization map sends the R>0-points of the boundary of a
logarithmic scheme to the cone complex underlying its tropicalization and not
to the extended cone complex considered by Abramovich, Caporaso, and Payne
[ACP15], among others. This does not come up in Corollary 1 because the
tropical moduli functor is also analytified there.

To see how logarithmic tropicalization works in a concrete example, let X be a
stable nonsmooth curve over a non-Archimedean field K extending the base field
k, that is, a K -valued point in the boundary of Mg,n . By the valuative criterion for
the properness of Mg,n , after replacing K by a finite extension, there is a stable
curve X over the valuation ring R of K extending X . The analytic tropicalization
map tropAC P

g,n sends the point [X ] to a tropical curve that has an edge of infinite
length, since the equation xy = 0 is not smoothed in the generic fiber.

The R-valued point [X ] of Mg,n only lifts to a point of Mlog
g,n if S = Spec R is

endowed with a logarithmic structure MS that is nontrivial over the generic point.
The tropicalization of X → Spec R is then a tropical curve with edge lengths in
the monoid M S and not an extended tropical curve. Notably, M S must contain an
element `, the length of the edge that is not smoothed, that is not contained in the
preimage of the valuation monoid of R, and therefore M S cannot be R>0 if X is
to be a logarithmic curve over S.

One can recover the extended theory by looking at (R>0 ∪ {∞})-valued points
instead of R>0-valued points, both of X and of its tropicalization, as we explain in
detail in Section 5.5. In the example above, the monoid R>0 ∪ {∞} does contain
an element not in the preimage of the valuation monoid of R, namely∞.

Working with pointed monoids like R>0 ∪ {∞} requires the more general
framework of pointed logarithmic structures introduced in [HMU19]. With an
eye toward certain applications, we find it advantageous to work consistently with
integral monoids in this article. For example, logarithmic curves are more neatly
characterized over integral bases than nonintegral ones [Kat00], with a more
manageable deformation theory, and it seems impossible to define a reasonable
logarithmic or tropical Picard group [MW18] over a non-integral base.
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Restricting attention to integral base monoids does not make it impossible to
study a family of nodal curves with nonsmooth generic fiber. Rather, as in the
example above, we must adjoin a new element ` to M S that is independent of the
valuation monoid of R to account for the node that is not smoothed in the generic
fiber. In the partial order on M

gp
S induced from M S , this element is larger than

any element of the preimage of the valuation monoid of R, which we interpret to
mean that ` is infinite relative to the valuation monoid of R.

Tautological morphisms. Knudsen [Knu83] introduced and studied a
collection of natural morphisms between the algebraic moduli stacks Mg,n

that have since become a fundamental tool to study the geometry of these moduli
spaces:

• the forgetful morphism

πg,n+1 :Mg,n+1 −→Mg,n

already mentioned above, given by forgetting the (n + 1)th marked point
(and possibly stabilizing) as well as

• the clutching maps

Mg1,n1+1 ×Mg2,n2+1 −→Mg1+g2,n1+n2,

given by gluing two curves by identifying the (n1 + 1)th marked point of
one curve with the (n2 + 1)th of the other, and

Mg−1,n+2 −→Mg,n,

given by gluing a curve with itself by identifying the last two marked points.

Expanding on [ACP15], we introduce tropical and logarithmic analogues of those
maps in Sections 4 and 8, respectively. The following Theorem 5 is an informal
summary of Theorems 8.4 and 8.9.

THEOREM 5. The logarithmic and tropical tautological morphisms commute
with the tropicalization morphism.

The main difficulty in Section 8 stems from the fact that the clutching
morphisms are not logarithmic maps, as they factor through embeddings of closed
logarithmic boundary strata. Our approach is to not describe those maps as
morphisms but rather as correspondences. We refer the reader to [HMU19] for
an alternative resolution of this issue using pointed logarithmic structures, that is,
logarithmic structures that contain an absorbing element.
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Further developments. This work is a first step in the development of the
foundations of tropical moduli stacks. We note that while rational polyhedral
cones are certainly part of an as yet not properly defined class of ‘tropical
varieties,’ they are far from exhaustive. So we would expect that our moduli
functor is a special case of a moduli functor that is defined on a much larger
category. The recent progress toward a notion of a tropical scheme (see [GG16],
[MR14], [Lor15], and [MR18]) might eventually provide us with a candidate for
both a base category and a notion of families of tropical curves over tropical base
schemes.

Furthermore, as opposed to the tropical schemes appearing in [GG16], a
particular feature of our construction is that the cone stacks really have no
structure at the origin. The reason for this is that Giansiracusa and Giansiracusa
deal with tropicalization of closed subschemes of toric varieties, while our
framework is suitable for all logarithmic schemes, which may not admit a
logarithmic embedding into a toric variety. In [Lor15, Section 15], Lorscheid
proposes a partial solution for this discrepancy based on his theory of blueprints.

We envision that our precise stack-theoretic description of the moduli spaces
of tropical curves will eventually foster the development of a robust tropical
intersection theory that applies to all tropical moduli spaces. Such a theory
is, in particular, expected to give a firm algebraic geometric foundation to
the many enumerative applications of tropical geometry, as exemplified by
Ranganathan’s proof [Ran17] of the Nishinou–Siebert correspondence theorem
[NS06] for rational curves on toric varieties. A first step in this direction has
been undertaken by Gross in [Gro18], where he develops a tropical intersection
theory for toroidal embeddings without self-intersections and uses this theory to
prove a correspondence theorem for relative rational descendent Gromov–Witten
invariants.

Since this article has appeared on the arXiv, several other projects have made
use of the techniques developed here: In [RSPW19a, RSPW19b], Ranganathan,
Santos-Parker, and the fourth author give a modular reinterpretation of the
Vakil–Zinger resolution of the moduli space of elliptic stable maps to projective
space and give a complete solution of the realizability problem for elliptic tropical
stable maps using Speyer’s well-spacedness condition. In [MW18], Molcho and
the fourth author study the properties of the logarithmic Picard group and its
tropicalization in the framework of this article. As already hinted upon above,
in [HMU19], Huszar, Marcus, and the third author extend the moduli-theoretic
framework developed here to the categories of pointed logarithmic schemes and
extended cone complexes. Finally, expanding on Corollary 1, in [Uli19] the third
author is giving a new proof of the main result of [ACP15] comparing the Artin
fan of Mlog

g,n with the Artin fan of Mtrop
g,n .
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Part I

Foundations of tropical moduli stacks
1. Geometric stacks in arbitrary contexts

In [Sim96], Simpson (based on conversations with Walter) proposed the
concept of a geometric stack, which gives meaning to a geometric theory of
stacks over any site that contains a reasonable class of ‘smooth morphisms.’ The
notion of a geometric context formalizes these minimal requirements needed in
order to build a meaningful theory of geometric spaces and geometric stacks (see
for example, [TV08a, Section 2.2], [TV08b, Section 1.3.2], and [PY16, Section
2.2]). This section is foundational, and the reader may wish to skip to Section 2,
referring back as necessary.

DEFINITION 1.1. A geometric context (C, τ,P) consists of a category C, a
Grothendieck topology τ on C, as well as a class P of morphisms in C that fulfill
the following axioms:

(i) The category C admits finite limits as well as finite disjoint unions.

(ii) The topology τ on C is subcanonical, that is, for every object X in C the
presheaf

hX : Cop
−→ Sets

Y 7−→ Hom(Y, X)

is a sheaf on the site Cτ .

(iii) The class of morphisms in P is stable under composition and base change,
it contains all isomorphisms, and every τ -covering has a refinement
consisting of morphisms in P.

(iv) Let f : Y → X be a morphism in C. If there is a τ -covering Vi → Y such
that the compositions Vi → X are in P, then f is also a morphism in P.

REMARK 1.2. This definition of a geometric context is a variant of the one given
in [TV08a, Definition 2.3]. In particular, unlike in [TV08b, Section 1.3.2] and
[PY16, Section 2.2], we do not use the language of ∞-categories and we only
work with 1-stacks (or (2, 1)-sheaves).

By Yoneda’s Lemma and Definition 1.1 (ii), the association X 7→ hX identifies
the objects in C with a full and faithful subcategory of the category Sh(C, τ ) of
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sheaves on the site (C, τ ). We say a sheaf on C is representable if it is isomorphic
to the sheaf hX associated to an object X in C. In a common abuse of notation
we do not distinguish between an object X and its associated sheaf hX and simply
denote both by X .

A morphism Y → X is representable (by objects in C) if for every morphism
S→ X from an object S in C, the fibered product Y ×X S is representable by an
object T in C. It is a standard fact that the diagonal morphism∆X : X → X×X of
a sheaf X on C is representable if and only every morphism S→ X from an object
S is representable (see for example, [Sta16, Tag 045G] or [Vis89, Proposition
7.13] for a proof in the algebraic context).

DEFINITION 1.3. A geometric space in the context (C, τ,P) is a sheaf X : Cop
τ →

Sets that fulfills the following conditions:

(i) The diagonal morphism ∆ : X → X × X is representable by objects in C.

(ii) There is a (necessarily representable) morphism U → X from an object
U in C that is a covering and in P.

The category of geometric spaces is the full and faithful subcategory of Sh(C,
τ ) whose objects are isomorphic to a geometric space. We may associate to every
geometric space X a category (C/X) fibered in groupoids over C, whose fiber
over an object S in C consists of all morphisms S→ X in C. It is a stack over (C,
τ ), since hX is sheaf on Cτ (see [Sta16, Tag 0430]). We say that a category fibered
in groupoids over C is representable by a geometric space X if it is equivalent to
(C/X). Again, in a very common abuse of notation, we use the letter X to denote
both the sheaf Cop

τ → Sets and the stack (C/X).
A morphism X → Y of categories fibered in groupoids over C is said to

be representable by geometric spaces if for every morphism V → Y from a
geometric space V the (2-)fiber product X ×Y V is representable by a geometric
space U . Again, the diagonal morphism ∆X : X → X ×X of a category fibered
in groupoids is representable by geometric spaces if and only if every morphism
U → X from a geometric space is representable by geometric spaces.

DEFINITION 1.4. A geometric stack in the context (C, τ,P) is a stack X over the
site Cτ that fulfills the following two axioms:

(i) The diagonal morphism ∆ : X → X × X is representable by geometric
spaces.

(ii) There is a (necessarily representable) morphism U → X from a geometric
space U that is a covering and in P.
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The 2-category of geometric stacks in (C, τ,P) is the full and faithful
subcategory of the 2-category of categories fibered in groupoids over C whose
objects are equivalent to a geometric stack. Recall that a setoid is a groupoid with
at most one arrow between any two objects or, equivalently, a category that is
equivalent to a set. A geometric stack is equivalent to (the stack associated to) a
geometric space if and only if it is fibered in setoids.

EXAMPLE 1.5. Let Cτ be the category Schet of schemes, endowed with the étale
topology, and let P be the class of smooth morphisms. Then our definitions yield
the familiar theory of algebraic spaces and algebraic stacks (as in [Sta16]).

EXAMPLE 1.6. Let C be the category Top of topological spaces. There is a
natural Grothendieck topology τopen on Top, whose coverings consist of coverings
by open subsets. In order to define the notion of a topological stack there are many
choices for P (see [Noo05], [Met03], and [BGNX12] for details).

EXAMPLE 1.7. Let k be a non-Archimedean field and let C be the category Ank

of Berkovich analytic spaces, endowed with the étale topology (see [Ber90] and
[Ber93]). If we consider P to be the class of universally submersive G-smooth
morphisms (as defined in [CT19]), then geometric stacks are nothing but the
non-Archimedean analytic stacks defined in [Uli17b]. We also refer the reader
to [Yu18] and [PY16], where the authors propose an alternative version of this
theory.

EXAMPLE 1.8. One may enlarge the category of toric varieties to a category
of toric varieties with torsion that also includes split diagonalizable groups. Its
topology is generated by torus-invariant open subsets and, taking P be the class
of smooth toric morphisms, we obtain a geometric context. Toric stacks (in the
sense of [GS15]) are then nothing but geometric stacks in this context.

A geometric groupoid is a groupoid object (U, R, s, t, c, i, e) in the category
of geometric spaces, such that the two projection morphisms s and t are covers
and in P. So (U, R, s, t, c, i, e) consists of two geometric spaces R and U as well
as

• a source morphism s : R→ U in P,

• a target morphism t : R→ U in P,

• a composition morphism c : R ×s,U,t R→ R,

• an inverse morphism i : R→ R, and
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• a unit morphism e : U → R,

such that for every object T in C the septuple
(
U (T ), R(T ), s, t, c, i, e) is a

groupoid in the category of sets—in other words, describes a category in which all
morphisms are invertible. We will write a geometric groupoid simply as (R⇒ U ),
avoiding the reference to all involved morphisms.

A geometric groupoid (R ⇒ U ) defines a category fibered in groupoids whose
fiber over an object T in C is given by R(T )⇒ U (T ). Its stackification is called
the quotient stack of (R ⇒ U ) and is denoted by

[
U/R

]
(see [Sta16, Tag 02ZO]).

EXAMPLE 1.9. Let G be a (discrete) group acting on an object X of C by
automorphisms. The operation of G defines a geometric groupoid (G × X ⇒ X)
as follows:

• the source morphism s : G × X → X by

(g, x) 7−→ x,

• the target morphism t : G × X → X by

(g, x) 7−→ g · x,

• the composition morphism c : (G × X)×X (G × X)→ (G × X) by(
(g, x), (g′, x ′)

)
7−→ (g′g, x),

• the inverse morphism i : G × X → G × X by

(g, x) 7−→ (g−1, g · x),

and

• the unit morphism by e : X → G × X by

x 7−→ (1, x).

We write
[
X/G

]
for its quotient stack. By the next proposition, the quotient[

X/G
]

is a geometric stack.

PROPOSITION 1.10. Let (R ⇒ U ) be a geometric groupoid. Then the quotient
stack

[
U/R

]
is a geometric stack over (C, τ,P).
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The proof of Proposition 1.10 is well known in particular contexts. We refer
the reader to [Sta16, Tag 04TK] for a proof in the algebraic context and to
[Uli17b, Proposition 2.14] for a proof in the context of non-Archimedean analytic
geometry.

Conversely, every geometric stack X admits a groupoid presentation, by which
we mean an equivalence

[
U/R

]
' X for a geometric groupoid (R ⇒ U ). This

may be seen as follows (see for example, [Sta16, Tag 04T3] for a proof for
algebraic stacks): Let U → X be a morphism from an object U in C onto X that
is a cover and in P. Then the fiber product U×X U is representable by a geometric
space R. The two projections R ⇒ U together with the natural composition map

R ×U R ' U ×F U ×F U
pr02

−−−−−→ U ×F U ' R,

make (R ⇒ U ) into a geometric groupoid, the symmetry groupoid, such that[
U/R

]
' X .

DEFINITION 1.11. A morphism f : (C, τ,P)→ (D, σ,Q) of geometric contexts
is a functor u : D→ C that respects fiber products, sends covers in σ to covers in
τ and morphisms in Q to morphisms in P.

Given a geometric stack over D and a morphism of contexts f as above, one
may define a pullback f ∗X of X along f ; see [Sta16, Tag 04WA] for details on
this rather technical construction. However, it is relatively easy to describe the
pullback in the presence of a groupoid presentation:

PROPOSITION 1.12. Let f : (C, τ,P)→ (D, σ,Q) be a morphism of geometric
contexts, let X a geometric stack in the context (D, σ,Q), and

[
U/R

]
' X a

geometric groupoid presentation of X . Then the induced groupoid ( f ∗R⇒ f ∗U )
is geometric and we have a natural equivalence[

f ∗R/ f ∗U
]
' f ∗X .

So, in particular, by Proposition 1.10 the pullback f ∗X is a geometric stack.
The proof of Proposition 1.12 is completely formal and will be left to the
avid reader; a particular instance of it can, for example, be found in [Uli17b,
Proposition 2.19] in the special case of the analytification functor for non-
Archimedean analytic stacks.

2. Cone spaces and cone stacks

In this section, we describe the structure of a geometric context on the category
of rational polyhedral cone complexes and, using the language developed in
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Section 1, the notions of cone spaces and cone stacks. This is the setting in
which we will describe the tropical moduli stack in Section 3.2. In Section 2.2,
we provide an alternative combinatorial point of view on cone spaces and cone
stacks that, in particular, naturally incorporates the notion of generalized cone
complexes, as introduced in [ACP15].

2.1. Cone spaces and cone stacks. A rational polyhedral cone is a pair
(N , σ ) consisting of a finitely generated free abelian group N and a finite
intersection of half spaces in NR = N⊗R. We assume rational polyhedral cones to
be strictly convex, that is, σ contains no nontrivial linear spaces of NR. A Z-linear
morphism (N , σ ) → (N ′, σ ′) of rational polyhedral cones is a homomorphism
f : N → N ′ of abelian groups such that f (σ ) ⊆ σ ′.

Given a rational polyhedral cone (N , σ ), we write M for the dual lattice
HomZ(N ,Z) and denote by 〈 − , − 〉 the duality pairing between M and N . We
may associate to a rational polyhedral cone (N , σ ) a toric monoid Sσ = σ∨ ∩ M
where we denote by

σ∨ =
{
v ∈ MR

∣∣ 〈v, u〉 > 0 for all u ∈ σ
}

the dual cone of σ . It is well known (see, for example, [Uli17a, Proposition 2.2])
that the association (N , σ ) 7→ Sσ yields an equivalence between the category of
rational polyhedral cones and the category of toric monoids.

Under this equivalence, we have that Span σ = NR if and only if the dual
monoid Sσ is sharp, that is, if it has no nontrivial units. Denote the category of
rational polyhedral cones (N , σ ) such that Sσ is sharp with Z-linear morphisms by
RPC; from now on we refer to an object in RPC simply as a rational polyhedral
cone or a cone. There is a faithful topological realization functor RPC → Top
sending (N , σ ) to σ , thought of as a topological space.

A morphism τ → σ in RPC is said to be a face morphism if it induces an
isomorphism of τ onto a face of σ . A proper face morphism τ → σ is a face
morphism that is not an isomorphism onto σ , that is, τ is isomorphic to a proper
face of σ .

In the following Definition 2.1 we give a new description of the classical notion
of a (rational polyhedral) cone complex, as introduced in [KKMSD73, Definition
II.1.5] and, for example, in [ACP15, Section 2.2] (see Remark 2.2).

DEFINITION 2.1. A (rational polyhedral) cone complex Σ is a collection of
cones C = {σα} in RPC together with a collection of face morphisms F = {φαβ :
σα → σβ}, closed under composition, such that the following three axioms are
fulfilled:
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(i) For each σα ∈ C, the identity map id : σα → σα is in F .

(ii) Every face of a cone σβ is the image of exactly one face morphism φαβ in
F .

(iii) There is at most one morphism σα → σβ between two cones σα and σβ in
F .

A morphism f : Σ1 → Σ2 of cone complexes is a choice, for each σα1 ∈ C1, of
a cone σα2 ∈ C2 and a morphism fα1α2 : σα1 → σα2 that does not factor through
any proper face morphism τ → α2, such that for every φα1β1 in F1, there exists
φα2β2 : σα2 → σβ2 in F2 making the diagram

σα1

fα1α2 //

φα1β1

��

σα2

φα2β2

��
σβ1

fβ1β2 // σβ2

commute.
Denote the category of (rational polyhedral) cone complexes by RPCC. There

is again a topological realization functor RPCC → Top associating to a cone
complex Σ its topological realization |Σ |, the colimit (in the category Top) of
the diagram of spaces defined by Σ . Note that Σ1 → Σ2 naturally induces a
continuous map |Σ1| → |Σ2| that restricts to the defining maps on the faces.
Condition (ii) in Definition 2.1 implies that for all α the natural map σα → |Σ | is
injective. We refer to the collection {σα} as the faces of Σ .

REMARK 2.2. The category RPCC is equivalent to the category of rational
polyhedral cone complexes, or simply cone complexes, that was defined in
[ACP15, §2.2]. The definition there, mildly rephrased, is that a cone complex is a
topological space |Σ | presented as the colimit of a diagram of rational polyhedral
cones and face morphisms, with the property that for each cone σ the natural map
σ → |Σ | is injective. A morphism of cone complexes f : Σ → Σ ′ is a morphism
of topological spaces with the property that for every cone σ inΣ , there is a cone
σ ′ in Σ ′ such that f |σ factors through a morphism σ → σ ′. The equivalence is
obtained by associating to Σ in RPCC the topological realization |Σ | together
with the category Σ .

There is a full and faithful embedding RPC→ RPCC that associates to a cone
σ the cone complex consisting of all of its faces, which we again denote by σ .
Note that for every cone σα of a cone complex Σ , there is a natural morphism
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Figure 3. A nonstrict morphism (on the left) and a strict morphism (on the right).

σα → Σ . As σα ranges over the cones of Σ , the morphisms σα → Σ generate
a Grothendieck topology τ f ace on RPCC. We refer to this topology as the face
topology and write

(
RPCC, τ f ace

)
for the corresponding site.

The face topology on RPCC is very coarse. As a consequence we have the
following useful characterization of stacks.

PROPOSITION 2.3. The 2-category of stacks on RPCC is equivalent to the 2-
category of categories fibered in groupoids on RPC via the natural restriction.

Proof. Since every rational polyhedral cone complex has a cover by rational
polyhedral cones, stacks on RPCC are equivalent to stacks on RPC. But rational
polyhedral cones have no nontrivial covers in the face topology, so stacks on RPC
are the same as categories fibered in groupoids on RPC.

REMARK 2.4. Given a category fibered in groupoids F over RPC, the fiber
F(Σ) of its extension to a stack over RPCC over a cone complex Σ is the
groupoid of collections (ξσ )σ∈Σ together with a collection of isomorphisms
ξτ ∼= i∗ξσ for every face morphism i : τ ↪→ σ in Σ that are compatible with
composition of face morphisms.

DEFINITION 2.5. A morphism f : Σ1 → Σ2 of cone complexes is called strict
if the morphisms fα1α2 : σα1 → σα2 are all isomorphisms.

In the following we write S for the class of strict morphisms.

PROPOSITION 2.6. The triple
(
RPCC, τ f ace,S

)
defines a geometric context.

Proof. We show properties (i)-(iv) from Definition 1.1. For (i) it is enough to
show that RPCC admits fiber products. Let Σi → T be two morphisms of
cone complexes. In order to construct the fibered product Σ1 ×T Σ2 along two
morphisms φi : Σi → T we may assume that Σi = (Ni , σi) and T = (Nτ , τ ) are
cones (and then proceed in analogy with the construction from affine schemes to

https://doi.org/10.1017/fms.2020.16 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2020.16


R. Cavalieri et al. 22

schemes in classical scheme-theoretic algebraic geometry). In this case, the fiber
product σ1 ×τ σ2 lives in the vector space spanned by the lattice N1 ×Nτ N2, and
it is given by

σ1 ×τ σ2 =
{
(s1, s2) ∈ σ1 × σ2

∣∣ φ1(s1) = φ2(s2)
}
.

Property (ii), that is, that for every cone complex Σ the presheaf

hΣ : RPCCop
−→ Sets

T 7−→ Hom(T,Σ)

is a sheaf in the face topology, is an immediate consequence of the local
definition of Σ . For (iii) it is clear that the class of strict morphisms is stable
under compositions and base changes, it contains the face morphisms, and all
isomorphisms are strict. Finally, for (iv) we note that the property of being strict
is local on the faces of a cone complex.

DEFINITION 2.7. A geometric space in the context (RPCC, τ f ace,S) is called a
cone space, and a geometric stack a cone stack.

The category of cone spaces is the full subcategory of the category of
presheaves on RPCC whose objects are isomorphic to a cone space, and the
2-category of cone stacks is the full subcategory of the 2-category of categories
fibered in groupoids over RPCC whose objects are equivalent to cone stacks.

EXAMPLE 2.8. Let G be a (discrete) group acting on a cone complex Σ by
automorphisms. As explained in Example 1.9, the operation of G on Σ defines a
strict groupoid object (G × Σ ⇒ Σ) in RPCC. The quotient stack

[
Σ
/

G
]

is a
cone stack by Proposition 1.10.

REMARK 2.9. An operation of a (discrete) group G on a cone complex Σ by
automorphisms is the same thing as an admissible operation in the sense of
[CMV13].

In the following Example 2.10, we define a cone space W , the so-called waffle
cone, that is used to model loop edges in the construction of the cone Cone(Γ )
over a tropical curve Γ in Section 4. In Example 2.14, we provide an alternative
construction of W , from which we can see that it is not representable by a cone
complex.

EXAMPLE 2.10 (Waffle cone). Consider the cone complex Σ consisting of two
copies σi ' R2

>0 (for i = 1, 2) that are glued along the x-face and y-face,
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Figure 4. The groupoid R ⇒ Σ from Example 2.10 (on the left) and its quotient,
the waffle cone W (on the right).

respectively. In addition to the identity morphisms, we define additional relations
by sending (x, y) ∈ σ1 to (y, x) ∈ σ2 (and conversely) provided that (x, y) 6=
(0, 0). This induces a groupoid presentation R = Σ t{pt.} Σ ⇒ Σ of a stack W
that is fibered in setoids, and therefore a cone space (see Figure 4).

The following Lemma 2.11 will be used in the proof of Theorem 1 in
Section 3.2. It says that to check that a stack over (RPCC, τ f ace) is a cone stack,
it is sufficient to check that it has a covering by a cone complex.

LEMMA 2.11. Let C be a stack over (RPCC, τ f ace) and suppose that there is a
cone complex U and a surjective, strict morphism U → C that is representable
by cone complexes (respectively, by cone spaces). Then the diagonal morphism
∆ : C→ C×C is representable by cone complexes (respectively, by cone spaces).

Proof. Given a rational polyhedral cone σ and a morphism σ → C×C, it suffices
to show that the fiber product

X = σ ×C×C C

is representable by a cone complex (respectively cone space). There is a natural
2-cartesian diagram

U ×C U //

��

C

∆

��
U ×U // C × C
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identifying the fiber product with U×CU . Notice that U×CU may be represented
by a cone complex (respectively cone space), because U ×C U → U is a base
change of the morphism U → C.

Next we note that U×U → C×C is strict, surjective, and representable by cone
complexes (respectively cone spaces), as it is the composition of the morphisms
U × U → U × C → C × C, which are both obtained by base change from the
morphism U → C. Then we claim that the map σ → C×C factors (not necessarily
uniquely) through U ×U , since in the following 2-cartesian diagram

σ ×C×C U ×U //

��

U ×U

��
σ // C × C

the morphism σ ×C×C U × U → σ is a strict surjective morphism from a cone
complex (respectively cone space) to a cone, hence admits a section.

Therefore, we have a natural composition of 2-cartesian diagrams

X //

��

U ×
C

U //

��

C

∆

��
σ // U ×U // C × C

and, since U ×C U is represented by a cone complex (respectively cone space), so
is X .

2.2. Combinatorial cone spaces and combinatorial cone stacks. We give a
combinatorial characterization of cone spaces in the spirit of Definition 2.1. The
only change is that we drop the assumption that there is at most one morphism
between any two cones. We will then define combinatorial cone stacks.

DEFINITION 2.12. A combinatorial cone space is a collection of cones C = {σα}
in RPC together with a collection of face morphisms F =

{
φαβ : σα → σβ

}
,

closed under composition, such that the following two axioms are fulfilled:

(i) For each σα ∈ C, the identity map id : σα → σα is in F .

(ii) Every face of a cone σβ is the image of exactly one face morphism φαβ in
F .

A morphism of combinatorial cone spaces is defined exactly as in the definition
of morphisms of cone complexes in Definition 2.1.
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Figure 5. The waffle cone W (on the right) and its presentation as a combinatorial
cone space (on the left) as in Example 2.14.

PROPOSITION 2.13. The category of combinatorial cone spaces is equivalent to
the category of cone spaces.

This will be proved as part of Proposition 2.19.

EXAMPLE 2.14 (Combinatorial waffle cone). The waffle cone W from
Example 2.10 is the combinatorial cone space generated by the two cones
σ = R2

>0 and τ = R>0 and the two proper face morphisms τ → σ (see
Figure 5). We have suppressed the initial 0-dimensional cone in our description.
By Proposition 2.13, this description of W is equivalent to a cone space that is
not representable by a cone complex.

In Definition 2.15, we provide a combinatorial characterization of cone stacks.
This should be viewed as a categorical perspective on the generalized cone
complexes of [ACP15, Section 2.6] (also see Remark 2.22 for a special case that
is inspired by [CGP18]).

DEFINITION 2.15. Let RPC f denote the category of rational polyhedral cones
with face inclusions as morphisms. A combinatorial cone stack is a category
fibered in groupoids σ : Σ → RPC f . A morphism of combinatorial cone stacks
(Σ, σ)→ (T, τ ) consists of a functorΦ : Σ → T and morphism φα : σα→ τΦ(α)
for each α ∈ Σ , such that

• for each α→ β in Σ , the diagram

σα //

��

τΦ(α)

��
σβ // τΦ(β)

commutes, and

• the image of σα → τΦ(α) is not contained in any proper face.
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We recall that in this setting, the condition that σ : Σ → RPC f be a category
fibered in groupoids means that it satisfies the following two conditions:

(i) for each α ∈ Σ and each face inclusion τ → σα, there is a morphism
u : β → α of Σ such that σβ = τ and σu is the inclusion of τ in σα;

(ii) if u : γ → α and v : β → α are morphisms ofΣ such that the map σγ →
σα factors through σβ → σα then there is a unique morphism w : γ → β

such that uw = v and σw is the inclusion of σγ in σβ .

REMARK 2.16. Cone complexes and combinatorial cone spaces may now be seen
as special kinds of categories fibered in groupoids over RPC. A combinatorial
cone space is a category fibered in groupoids σ : Σ → RPC f in which Σ has no
nontrivial automorphisms, and a cone complex is a category fibered in groupoids
whose underlying category is equivalent to a partially ordered set.

We shall prove that combinatorial cone stacks and cone stacks are 2-equivalent.
The following lemma is an analogue of a statement proved for Artin fans in
[AW18, Proposition 2.3.11], and is equivalent to that statement by Theorem 3.
It will be key to the equivalence between cone stacks and combinatorial cone
stacks, to be proved in Proposition 2.19. The proof of the lemma is essentially
the same here as in [AW18], but we give the details here, free of the additional
baggage from logarithmic geometry and algebraic stacks.

REMARK 2.17. In Lemma 2.18 and Proposition 2.19, it will be important
to remember that a commutative diagram of stacks is not determined by the
morphisms that appear in it, but requires the additional specification of 2-
isomorphisms. For example, a commutative square

X
f //

p

��

Y

q

��
Z

g // W

of stacks involves a 2-isomorphism between q f and gp.

LEMMA 2.18. Let C be a cone stack. For any cone σ and any morphism σ → C,
there is an initial factorization σ → τ → C where τ is a cone and τ → C is
strict.

Proof. First we find τ . Since C is a cone stack, it admits a strict surjection
∐
ωi

→ C from a disjoint union of cones. Therefore,
∐
(ωi ×C σ) → σ is covering.
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Since σ is a cone, it has no nontrivial covers, so at least one of theωi×Cσ → σ has
a section. Composing with the projection ωi×Cσ → ωi , we obtain a commutative
diagram:

ωi

��
σ

>>

// C
Let τ be the smallest face of ωi containing the image of σ . Note that τ → C is
strict because it is the composition of the inclusion of a face with the strict map
ωi → C.

Now we prove that τ is initial. Suppose we have another factorization σ →
τ ′→ C. Then we have a commutative diagram of solid arrows:

σ //

��

τ ′

��
τ

??

// C

We wish to show that there is a unique dashed arrow making the diagram
commute. The projection τ ×C τ

′
→ τ is strict. As τ ×C τ

′ is a cone space, it
has a strict cover by a disjoint union of cones

∐
ωi . As in the last paragraph, the

map σ → τ ×C τ
′ must factor through at least one ωi because σ has no nontrivial

strict covers. We therefore have a commutative diagram:

σ // %%

��

ωi
//

��

τ ′

��
τ // C

But the morphism of cones ωi → τ is strict, as it is the composition of the strict
maps ωi → τ ×C τ

′
→ τ , and surjective, as its image contains σ , which is in

the interior of τ , hence is an isomorphism. Composing with the inverse of this
isomorphism gives the desired arrow τ → τ ′.

All that remains is to show this lift is unique. Consider a pair of dashed arrows
f and g completing the diagram. These give us a commutative diagram of solid
arrows:

σ //

��

τ ′

∆

��
τ

;;

( f,g)
// τ ′ ×C τ

′
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We wish to find a lift to show that f = g. The diagonal τ ′ → τ ′ ×C τ
′ is strict,

since τ ′ was assumed to be strict over C. We write eq( f, g) := τ ′ ×τ ′×Cτ ′ τ (the
equalizer of f and g). The map eq( f, g) → τ is thus strict as it is the pullback
of a strict map. But it is also surjective: it has a strict cover by cones ηi → eq( f,
g), so the maps ηi → τ are strict. But at least one of these must contain σ in
its image. As σ is in the interior of τ — it is not contained in any face of τ by
assumption—this means at least one ηi must surject onto τ . Therefore, eq( f, g)
admits a section over τ ; composing with the projection to τ ′ gives the desired lift
and completes the proof.

PROPOSITION 2.19. The 2-category of cone stacks is equivalent to the 2-category
of combinatorial cone stacks. Under this equivalence cone spaces correspond to
combinatorial cone spaces.

Proof. Note that cone complexes are examples of combinatorial cone stacks, so a
combinatorial cone stack σ : Σ → RPC f induces a stack C = HomC-stack(−, σ )

on RPCC. We argue that this stack is a cone stack by showing that
∐

α∈Σ σ(α)

→ Σ is representable by cone complexes, strict, and surjective. From this and
Lemma 2.11 it follows that the diagonal is representable and therefore that C is a
cone stack.

This association is a full and faithful functor F from combinatorial cone stacks
to cone stacks. The fact that F is full is a consequence of Yoneda’s lemma together
with the fact that morphisms of combinatorial cone stacks are defined locally
on cones. Faithfulness of F follows from the local definition of morphisms of
combinatorial cone stacks. We will check essential surjectivity of F at the end of
the proof.

Let σ : Σ → RPC f be a combinatorial cone stack and let C be the associated
category fibered in groupoids over RPCC, as constructed above.

C IS A CONE STACK. We must argue that the maps σ(α)→ C are representable,
strict, and surjective. Surjectivity is immediate from the definition of morphisms
of cone stacks. To see that these maps are strict and representable by cone
complexes, consider a cone τ and a map τ → C. By definition, there is a unique
β ∈ Σ and a map τ → σ(β). The fiber product σ(α) ×C τ may be identified
with σ(α)×C σ(β)×σ(β) τ , so it is sufficient to show that σ(α)×C σ(β) is a cone
complex.

Let Σ/{α, β} be the category of triples (γ, u, v) where γ ∈ Σ and u : γ → α

and v : γ → β. By composing with the forgetful map to Σ , we can view
Σ/{α, β} as a category fibered in groupoids over RPC f . It is immediate that the
associated category fibered in groupoids over RPCC is σ(α)×C σ(β). Moreover,
the underlying category of Σ/{α, β} → RPC f is a partially ordered set. Indeed,
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suppose that we have two morphisms a, b : (γ, u, v)→ (γ ′, u ′, v′) in Σ/{α, β}.
Since RPC f /{σ(α), σ (β)} is equivalent to a partially ordered set (namely, the set
of common faces of σ(α) and σ(β)), the two maps a and b must have the same
projection in RPC f . Then we get a commutative triangle

γ

u

��
a
��

b
��
γ ′

u′
// α

above

σ(γ )

σ(u)

##
σ(a)=σ(b)

��
σ(γ ′)

σ(u′)
// σ(α)

.

As Σ is fibered in groupoids over RPC f , there is a unique arrow γ → γ ′ with
these properties, so a = b. Thus the underlying category ofΣ/{α, β} is a partially
ordered set, so its associated category fibered in groupoids over RPCC is a cone
complex, by Remark 2.16. Moreover, the map to σ(β) is strict by construction.

ESSENTIAL SURJECTIVITY. We have now constructed a functor from
combinatorial cone stacks to cone stacks and shown it is fully faithful. All
that remains is to show it is also essentially surjective.

Suppose that C is a cone stack. Let Σ be the category of all strict morphisms
from cones to C. A morphism in Σ is a commutative triangle

σ ′

&&

��
C

σ

77

(2)

in which the vertical arrow is a face morphism. It is immediate that this is a
combinatorial cone stack.

We verify that the associated cone stack of Σ is C. In other words, we need to
show that HomC-space(σ,Σ) = Hom(σ, C) for every cone σ . But if σ → C is any
morphism then Lemma 2.18 gives a unique initial factorization through a strict
map τ → C, and therefore a uniquely determined morphism of combinatorial
cone stacks from σ to Σ , as required.

Finally, we argue that it is a combinatorial cone space when C is a cone space.
Suppose that τ → C is a strict morphism and that we have two face inclusions
σ ⇒ τ with the same image lifting the same map σ → C. Let β be the barycenter
of σ and note that the two inclusions of σ in τ agree on β. Each of the arrows
σ → τ gives a commutative diagram:

β //

��

τ

��
σ

@@

// C

https://doi.org/10.1017/fms.2020.16 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2020.16


R. Cavalieri et al. 30

But β is in the interior of σ and σ → C is strict. By Lemma 2.18, the commutative
diagram above is uniquely determined by its outer square. But because C is a cone
space, the outer square is determined by the morphisms around its periphery (there
is no additional 2-isomorphism). Thus the two maps σ ⇒ τ must agree.

REMARK 2.20. The proof of Proposition 2.19 shows that the diagonal of a cone
stack is always representable by cone complexes.

EXAMPLE 2.21. We offer a small example that illustrates some of the concepts
at play in the proof of Proposition 2.19. Consider the combinatorial cone stack
τ : Σ → RPC f drawn below on the left.

1

1
1

Technically, we have only drawn a finite category that is equivalent to the desired
category fibered in groupoids. We suppress all identity morphisms to simplify the
picture. Let C be the associated stack.

This stack is like the Z/2Z quotient of R2
>0, except that it has no stabilizer at

the cone point. (In fact, we note in passing that C represents the moduli functor
MG : RPCop

→Groupoids defined as follows. Let G be the weighted, 1-marked,
genus-2 graph shown on the right in the above figure. Then the fiber of MG

over a cone τ is the groupoid of tropical curves whose underlying graph G(Γ ) is
isomorphic to a weighted edge contraction of G. See Section 3.)

Now as an example, let σ = R2
>0, and let us study strict morphisms σ → C.

We note that there are exactly two strict maps u1, u2 : σ → C, corresponding to
the two isomorphisms from σ to the 2-dimensional cone in the picture. And for
each i, j = 1, 2, there are two 2-isomorphisms ui

∼= u j ; one of the two comes
from the nontrivial automorphism of the 2-cone shown in Σ . Keeping in mind
Remark 2.17, then, we have the commutative diagrams shown, for example, when
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i = j = 1:
σ

C
σ

1

u1

u1

1

σ

C
σ

−1

u1

u1

−1

The presence of the second diagram verifies once again that the combinatorial
cone stack associated to C is manifestly not a combinatorial cone space, since
there is a nonidentity automorphism on σ .

REMARK 2.22. Let F I denote the category of finite sets with injections as arrows,
and supposeΣ is any category and X : Σ → F I makesΣ into a category fibered
in groupoids over F I . Then X determines a combinatorial cone stack, all of whose
cones are smooth. This cone stack is constructed as follows. First, there is a fully
faithful functor

sm : F I → RPC f

associating to a set E the rational polyhedral cone RE
>0, and associating to an

injective map of sets E ′ → E the corresponding face map. We write sm for this
functor, since it associates to each set a cone that is smooth in the sense of toric
geometry. As sm is fibered in groupoids, and the composition of functors fibered
in groupoids is fibered in groupoids, the composition

sm ◦ X : Σ → RPC f

produces a diagram of cones and face morphisms that is fibered in groupoids over
RPC f .

3. Tropical curves and their moduli

This section introduces the main player of this article, the tropical moduli stack
Mtrop

g,n (see Section 3.1). In Section 3.2, we provide a proof of Theorem 1 from the
introduction. Finally, in Section 3.3, we describe an explicit groupoid presentation
of Mtrop

g,n .

3.1. The moduli stack of tropical curves. Expanding on the definition given
in [Ser77], a (finite) graph G consists of the following data:

• a finite set X (G) = V (G) t F(G), where V (G) and F(G) are called the
vertices V (G) and flags of G, respectively;

• a root map rG : X (G) → X (G) which is idempotent and whose image is
V (G); and
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• an involution ιG : X (G)→ X (G) whose fixed point set contains V (G).

We picture the root map as associating to a flag f the vertex v from which it
emanates. The involution ιG partitions F(G) into a collection of subsets { f, ι( f )}
of size 1 or 2. We refer to the sets consisting of two distinct flags as the finite
edges or simply as the edges E(G) of G, and to the sets consisting of one flag as
the infinite edges or legs L(G) of G. A loop is a finite edge { f, ιG( f )} such that
rG( f ) = rG(ιG( f )).

There is a natural geometric realization functor taking a graph to a 1-complex
(or a 1-complex with attached infinite legs). We say that a graph G is connected if
its geometric realization is. Alternatively, G is connected if, for any two vertices
v,w ∈ V (G), there is a sequence of vertices and flags v0 = v, f0, v1, f1, . . . ,

vn=w where r( f j) = v j and r(ι( f j)) = v j+1 for each j .
Let us recall some basic notions:

• The valence val(v) of a vertex v of G is given as

val(v) = #{ f ∈ F(G) | r( f ) = v},

that is, the number of flags emanating from v.

• A vertex weighting on a graph G is a function h : V (G) → Z>0. We refer
to the pair (G, h) as a (finite) weighted graph. Given a weighted graph, we
define its genus as

g(G) = b1(G)+
∑
v∈V (G)

h(v),

where b1(G) denotes the first Betti number of G. A weighted graph (G, h)
is said to be stable if for every vertex v in G we have

2h(v)− 2+ val(v) > 0.

• Let n = #L(G). A marking of a graph G is a bijection

l : {1, . . . , n}
∼

−−→ L(G)

given by i 7→ li . We refer to a triple (G, h,m), where h is a vertex weighting
and m is a marking, as a weighted (n-)marked graph.

Let (G, h,m) and (G ′, h′,m ′) be two weighted graphs with marked legs. A
morphism (G, h,m) → (G ′, h′,m ′) consists of a function π : X (G) → X (G ′)
with the property that π ◦ rG = rG ′ ◦ π and π ◦ iG = iG ′ ◦ π , which satisfies the
following additional conditions:
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• The map π sends the legs of G bijectively to the legs of G ′, and preserves
their markings; in other words π(li) = l ′i .

• For each flag f ∈ F(G ′), its preimage |π−1( f )| has exactly one element,
which is automatically an element of F(G).

• For each vertex v ∈ V (G ′), the weighted graph π−1(v) is connected with
genus h(v).

The reader may verify that if there is a morphism (G, h,m) → (G ′, h′,m ′) of
weighted, marked graphs, then G and G ′ have the same genus (and the same
number of markings). The following notation follows [CGP18, Section 2.2] as
well as [Uli15, Definition 2.2]:

DEFINITION 3.1. We define Jg,n to be the category whose objects are stable
weighted, n-marked graphs (G, h,m) of genus g, and whose morphisms are
described above.

We will often pass, implicitly, to a skeleton category for Jg,n , picking one object
arbitrarily for each isomorphism class.

Note that a morphism (G, h,m) → (G ′, h′,m ′) in Jg,n may be regarded as
a composition of weighted edge contractions and isomorphisms of weighted, n-
marked graphs, where the weighted edge contraction of an edge e ∈ E(G) is the
weighted, n-marked graph obtained by the following operation:

• If e is not a loop, incident to vertices v 6= w, then delete e and identify
its endpoints v and w into a new vertex x , setting the weight of x to be
h(v)+ h(w).

• If e is a loop based at v, then delete e and increment the weight of its base
vertex by 1.

Given a subset S ⊆ E(G) of the set of edges of G, we define (G,m, w)/S
(or G/S, when unambiguous) to be the weighted, marked graph obtained by
contracting the edges in S, in any order.

Note that this notation should not be confused with the notation for contracting
a subspace of a topological space: the connected components of the image of S in
(G, h,m)/S are in bijection with the connected components of S.

DEFINITION 3.2. Let P be a sharp monoid. A (generalized) metric (with values
in P) on a graph G is a function d : E(G)→ P . An (abstract) tropical curve Γ
with edge lengths in P of genus g with n-marked legs consists of
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• a connected n-marked, weighted graph (G, h,m) of genus g, and

• a generalized metric d with values in P such that d(e) 6= 0 for all e ∈ E(G).

Given a rational polyhedral cone σ with dual monoid Sσ = σ∨ ∩ M , a tropical
curve with edge lengths in Sσ is said to be a tropical curve over σ .

Given a tropical curve Γ with edge lengths in P , we write G(Γ ) for its
underlying marked weighted graph (G, h,m). We say that Γ is stable if G(Γ )
is stable.

Let Mtrop
g,n (RPC) be the category of pairs (σ, Γ ) where σ is a rational

polyhedral cone and Γ is a genus g tropical curve with n-marked legs over σ . A
morphism (σ, Γ )→ (σ ′, Γ ′) in Mtrop

g,n is a morphism of rational polyhedral cones
f : σ → σ ′ and a morphism of vertex-weighted, marked graphs g : G(Γ ′) →
G(Γ ) such that for each edge e′ of Γ ′, we have:

(1) g contracts e′ if and only if f ∗d ′(e′) = 0 ∈ Sσ , and

(2) if g(e′) = e ∈ E(Γ ) then f ∗d ′(e′) = d(e).

Here f ∗ : Sσ ′ → Sσ denotes the map of toric monoids associated to f . Note that
the category Mtrop

g,n (RPC) is fibered in groupoids over RPC under the projection
(σ, Γ ) 7→ σ .

DEFINITION 3.3. Let 2g − 2 + n > 0. Using Proposition 2.3, we define Mtrop
g,n

to be the unique stack over RPCC whose fiber over σ is the groupoid of stable
tropical curves over σ that have genus g and n-marked legs.

By Remark 2.4, the fiber of Mtrop
g,n over a cone complex Σ is the groupoid of

collections Γσ for each face σ of Σ together with isomorphisms (Γσ )|τ ' Γτ
whenever τ is a face of σ .

3.2. Proof of Theorem 1. The goal of this section is to prove Theorem 1,
that is, that the stack Mtrop

g,n introduced in Definition 3.3 is a cone stack. In our
proof we verify the axioms of a cone stack directly. An alternative approach via
combinatorial cone stacks is sketched in Section 3.4. A priori this means that we
need to show two things:

• The diagonal map ∆ : Mtrop
g,n → Mtrop

g,n ×Mtrop
g,n is representable by cone

spaces.

• There is a (automatically representable) morphism U →Mtrop
g,n from a cone

complex U that is surjective and strict.
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However, Lemma 2.11 implies that we only need to find a cone complex U
together with a representable morphism U →Mtrop

g,n that is surjective and strict;
the condition that the diagonal is representable by cone spaces then follows
automatically.

We will construct U as a disjoint union of stacks UG = U(G,h,m), for G ranging
over stable weighted graphs. Each UG is a ‘rigidified’ moduli functor, for tropical
curves Γ together with a particular morphism from G to the dual graph of Γ . This
marking by G ensures that UG is actually represented by a rational polyhedral
cone. One may think of this in rough analogy with the choice of a tricanonical
embedding (as in [DM69]) or a Teichmüller level structure (as in [ACV03]) to
rigidify the moduli problem for smooth algebraic curves.

Fix a stable weighted graph (G, h,m) of genus g with n-marked points.
Consider the functor

UG = U(G,h,m) : RPCop
−→ Groupoids

that associates to a rational polyhedral cone σ the groupoid whose objects are
pairs (Γ, φ) consisting of

• a tropical curve Γ over σ and

• a morphism φ : G → G(Γ ) of weighted, marked graphs.

An isomorphism between two such pairs (Γ, φ) and (Γ ′, φ′) consists of an
isomorphism f : Γ

∼

−→ Γ ′ of tropical curves over σ such that G( f ) ◦ φ = φ′.
By Proposition 2.3, the functor UG determines a stack over (RPCC, τ f ace), also
denoted by UG , whose fiber over a rational polyhedral cone σ is UG(σ ).

LEMMA 3.4. The stack UG is represented by the rational polyhedral cone σG =

RE(G)
>0 .

Proof. Let σ be a rational polyhedral cone. An automorphism of an object
(Γ, φ : G → G(Γ )) in the groupoid UG(σ ) consists of an automorphism f of
Γ such that G( f ) ◦ φ = φ; this condition implies that f may only be the identity.
It follows that UG(σ ) is a setoid, and to prove the lemma it suffices to show that
there is a natural bijection

Hom(σ, σG)
∼

−−→ UG(σ ).

Let f : σ → σG be a morphism of cones and denote by f # the induced morphism
NE
→ Sσ on the level of dual monoids. For an edge e of G write [e] for the unique
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generator of SσG = NE corresponding to e. Consider the generalized metric

d̃ : E(G) −→ Sσ
e 7−→ f #(

[e]
)

on G and define the set X f ⊆ E as the subset of edges e for which d̃(e) = 0. The
generalized metric d̃ descends to a generalized metric d on the weighted edge
contraction G/X f thereby defining a tropical curve Γ f with G(Γ ) = G/X f . The
association f 7→

(
Γ f , φ f : G → G/X f

)
defines the desired bijection.

There is a natural morphism UG → Mtrop
g,n that, over a rational polyhedral

cone σ , is given by associating to (Γ, φ) the tropical curve Γ over σ . In the
following two Lemmas 3.5 and 3.7, we show that these morphisms define a strict
and surjective chart of Mtrop

g,n .

LEMMA 3.5. The morphism UG →Mtrop
g,n is representable by cone spaces, strict,

and quasicompact.

Proof. Let σ →Mtrop
g,n be a morphism. We will show that the fiber product

XG,Γ = UG ×Mtrop
g,n
σ

is representable by a cone complex with finitely many cones and that the induced
map XG,Γ → σ is strict. Denote by Γ the tropical curve over σ that corresponds
to σ → Mtrop

g,n and let α be a rational polyhedral cone. The setoid XG,Γ (α) is
equivalent to the set of quadruples{

(i : α→ σ, Γ ′,G → G(Γ ′), Γ ′
∼=
−→ i∗Γ )

}
(3)

where Γ ′ is a tropical curve over α and G → G(Γ ′) is an edge contraction.
Identifying Γ ′ with i∗Γ , we may pare these data down to{

(i : α→ σ,G → G(i∗Γ ))
}
.

We now produce a cone complex Σ = ΣG,Γ which represents XG,Γ . Let Σ
have cones indexed by pairs(

τ � σ, φ : G → G(Γ |τ )
)

where G → G(Γ |τ ) is an edge contraction and τ � σ means τ is a face of σ .
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We associate to (τ, φ) a cone C(τ, φ) that is a copy of τ . Given two cones
C = C(τ, φ) ∼= τ and C ′ = C(τ ′, φ′) ∼= τ ′, suppose τ ′ � τ and the diagram

G(Γ |τ )

��

G

φ 77

φ′ ''
G(Γ |τ ′)

commutes. Then we glue C ′ to a face of C via C ′ ∼= τ ′ � τ ∼= C .
ThenΣ is a cone complex according to Definition 2.1. Indeed, a face τ ′ � τ ∼=

C(τ, φ) is the image of exactly one face morphism C(τ ′, φ′), since φ′ is uniquely
determined from τ ′ � τ and φ as the composition G

φ
−→ G(Γ |τ ) → G(Γ |τ ′).

Moreover, Σ has finitely many cones because a cone has finitely many faces and
a weighted marked graph has finitely many edge contractions.

Now we claimΣ represents XG,Γ . Let α ∈ RPC. Then Hom(α,Σ) is the set of
pairs consisting of a cone C(τ � σ, φ : G → G(Γ |τ )) together with a morphism
α → τ in RPC that does not factor through any proper face τ ′ ≺ τ . This set is
naturally in bijection with{

(i : α→ σ,G → G(i∗Γ ))
}
= XG,Γ (α), (4)

as required.
To conclude, we observe that Σ → σ is a strict morphism of cone complexes:

each cone C(τ, ρ, φ) of Σ is sent isomorphically to τ � σ .

EXAMPLE 3.6. Let (g, n) = (1, 2). Let σ = R>0, and let Γ ∈ Mtrop
1,2 (σ ) be

a tropical curve of combinatorial type shown in the horizontal ray of Mtrop
1,2

in Figure 1, equipped with length 1. It consists of a length 1 loop at a vertex
supporting both markings 1 and 2. Next, let G be the graph shown in the upper
right of Figure 1; it has two parallel edges e1 and e2 between vertices marked 1
and 2, respectively.

Then XG,Γ is represented by a 1-dimensional cone complex consisting of four
rays attached at their origins. The four rays are naturally labeled by the one of the
two possible choices of an edge ei of G (for i = 1, 2), together with one of the
two possible isomorphisms G/ei → G(Γ ).

Now set U =
∐

G UG , where the disjoint union is taken over all stable weighted
n-marked graphs (G, h,m) of genus g. By Lemma 3.5 the induced map U →
Mtrop

g,n is representable and strict and the following Lemma 3.7 finishes the proof
of Theorem 1.
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LEMMA 3.7. The representable morphism U →Mtrop
g,n is surjective.

Proof. Let σ → Mtrop
g,n be a morphism from rational polyhedral cone σ

corresponding to a tropical curve Γ in Mtrop
g,n (σ ). Write X = σ ×Mtrop

g,n
U .

We need to show that the induced map X → σ is surjective. Using the notation
from the proof of Lemma 3.5, we have that X =

∐
XG,Γ . Taking G = G(Γ ),

we find that the cone C
(
σ,G

∼

−→ G(Γ )
)

maps isomorphically to σ , so X → σ is
surjective.

REMARK 3.8. In Lemma 3.7, we may alternatively take U =
∐

G UG where G =
(G, h,m) ranges over all stable, weighted n-marked graphs of genus g that are
maximal with respect to contraction. In this case, U →Mtrop

g,n is still surjective;
this follows directly from the fact that for any tropical curve Γ ∈Mtrop

g,n (σ ), the
graph G(Γ ) is a contraction of some maximal G.

3.3. Groupoid presentations of Mtrop
g,n . The proof of Theorem 1, in

particular, produces an explicit description of each Mtrop
g,n as a groupoid of

cone complexes, which we explain now. Let U =
∐

G UG where G ranges
over all stable weighted, n-marked, graphs of genus g that are maximal with
respect to edge contraction (one for each isomorphism class). By Remark 3.8, the
natural map U →Mtrop

g,n is a strict cover, so we have Mtrop
g,n
∼= (R ⇒ U ), where

R = U ×Mtrop
g,n

U . By definition of U as a disjoint union, R also decomposes as a
disjoint union

R =
∐

G1,G2

RG1,G2,

where

RG1,G2 = UG1 ×Mtrop
g,n

UG2

with G1 and G2 ranging over all ordered pairs of maximal weighted, marked
graphs.

We may describe a cone complex ΣG1,G2 representing RG1,G2 as follows: The
cones of ΣG1,G2 are indexed by triples

(
S1 ⊆ E(G1), S2 ⊆ E(G2), φ : G1/S1

∼

−→

G2/S2
)
. To such a triple we associate a cone C(S1, S2, φ) ∼= σG1/S1 ; note that this

cone has natural maps to UG1 = σG1 and UG2 = σG2 , the latter via composition
with φ. Moreover, if E(G1) ⊇ S′1 ⊇ S1 and E(G2) ⊇ S′2 ⊇ S2, and φ′ : G1/S′1

∼=
−→
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Figure 6. Groupoid presentation of Mtrop
1,2 , as described in §3.3. The nonpure

dimensionality of the cone complex RG1,G1 reflects the fact that the 1-edge
contractions of G1 have new automorphisms that are not simply restrictions of
automorphisms of G1. We illustrate an instance of Theorem 2 in red, depicting a
groupoid presentation of the cone space ConeΓ where Γ ∈Mtrop

1,1 (R>0) consists
of a single loop of length 1 on a once-marked vertex. See Example 4.10. The cone
space ConeΓ is shown in Figure 8.

G2/S′2 is an isomorphism such that the diagram

G1/S1
φ //

��

G2/S2

��
G1/S′1

φ′ // G2/S′2

commutes, then we glue C(S′1, S′2, φ
′) to C(S1, S2, φ) by the face morphism

induced by G1/S1 → G2/S2.
We show the groupoid presentations of Mtrop

1,1 and Mtrop
1,2 in Figures 6 and 7,

taking advantage of Remark 3.8. These pictures may be compared with Figure 1.
The pictures may temporarily be viewed monochromatically. The red part of
the figures will be explained in Section 4; it illustrates the way in which Mtrop

1,2

functions as a universal curve over Mtrop
1,1 , as asserted by Theorem 2.
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Figure 7. Groupoid presentation of Mtrop
1,1 as described in §3.3. The cone complex

RG,G evinces the fact that the graph G has a nontrivial automorphism, whereas
the contraction of G by its unique edge does not.

Figure 8. The cone space Cone(Γ ) for Γ ∈Mtrop
1,1 (R>0) a once-marked loop of

edge length 1. A groupoid presentation of Cone(Γ ) is shown in Figure 6 in red,
as described in Example 4.10.

3.4. Combinatorial cone stack construction. We end this section by
noting the following alternative construction of the cone stack Mtrop

g,n using the
combinatorial characterization of cone stacks in Section 2. Recall the category
Jg,n from Definition 3.1, whose objects are all stable weighted, n-marked, graphs
of genus g, and whose morphisms are all possible edge contractions followed by
isomorphisms. It will in fact be harmless to pass to a finite category by picking
one object from each isomorphism class of Jg,n , making it easier to picture this
category. However, at the moment it is convenient, when defining the following
functor, not to do so.

Denote by F I the category of finite sets and injections and consider the functor
J op

g,n → F I sending an object in Jg,n , which has an underlying graph G, to
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its edge set E(G). As explained in Remark 2.22, composing with the functor
F I → RPC f produces a diagram of cones which is a combinatorial cone stack
that describes exactly the cone stack Mtrop

g,n .

4. Families and tautological morphisms

Having set up the foundations, we show in this section that the family of
moduli stacks we introduced enjoys desirable properties which are parallel to
the classical theory. We introduce forgetful morphisms and show they realize the
universal family over the moduli space. There are clutching morphisms that make
it possible to glue two legs to obtain a new compact edge in a tropical curve. In the
identification of the universal family of Mtrop

g,n with Mtrop
g,n+1, the natural sections

of the forgetful morphism giving the markings are special cases of a clutching
map. In Section 8, we extend these parallels beyond mere analogies by way of
a tropicalization map from the moduli space of logarithmic curves to the moduli
space of tropical curves, to be introduced in Section 7.

We begin by giving a geometric realization of a tropical curve over a cone σ
as a family of tropical curves. The reader may follow the upcoming construction
looking at Figure 8 for an example.

Let Γ be a tropical curve over a rational polyhedral cone σ . Consider the
following three types of cones associated to the vertices and edges of Γ .

(i) For every vertex v of Γ , take a copy of the cone σ

Cone(v) = σ.

(ii) For every infinite edge l, take a copy of the rational polyhedral cone

Cone(l) = σ × R>0.

(iii) For every finite edge e of Γ , consider a copy of the rational polyhedral
cone

Cone(e) = σ ×R>0 R
2
>0

where the morphism R2
>0→ R>0 is given by (a, b) 7→ a+b and σ → R>0

is dual to the homomorphism N→ Sσ given by 1 7→ d(e) ∈ Sσ .

To each flag f of Γ we may associate a face σ( f ) of each of the three types of
cones Cone(v), Cone(l), or Cone(e): In case (i) we take σ( f ) = Cone(v). In case
(ii) we assign to f the cone σ × 0. In case (iii) we arbitrarily choose a bijection
between the two faces σ ×R>0 (R>0× 0) and σ ×R>0 (0×R>0) and the two flags
of e. In all cases, the projection σ( f )→ σ is an isomorphism, so its inverse is a
section of Cone(v), Cone(l), or Cone(e) over σ .
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DEFINITION 4.1. The cone Cone(Γ ) = Coneσ (Γ ) of Γ over σ is the cone space
defined by identifying σ( f ) with Cone(r( f )), for every flag f of Γ . For every
infinite edge l, the inclusion Cone(l)→ Cone(Γ ) is called the l-th marking of the
family and denoted by sl .

REMARK 4.2. In the case of a loop e, the definition has the effect of identifying
the two edges of Cone(e) into the waffle cone σ ×R>0 W , pulled back from
Example 2.10.

It is possible to reformulate the construction more explicitly to introduce W
without this sleight of hand. We use the construction (iii), above, only for those
edges e that are not loops. For the loops, we use (iii′):

(iii′) For every loop e of Γ take a copy of the cone space

Cone(e) = σ ×R>0 W

where W is the waffle cone from Example 2.10. The morphism W→ R>0

is induced by the morphisms (a, b) 7→ a + b on charts and the morphism
σ → R>0 by N 3 1 7→ d(e) ∈ Sσ as above. We think of the waffle cone
W as a ‘cone over the loop e.’

When e is a loop, the section σ( f ) of Cone(e) over σ may be constructed from
either of the following coincident maps:

σ ' σ ×R>0

(
0× R>0

)
→ σ ×R>0 R

2
>0 → σ ×R>0 W

σ ' σ ×R>0

(
R>0 × 0

)
→ σ ×R>0 R

2
>0 → σ ×R>0 W .

By construction there is a natural structure morphism c : Cone(Γ ) → σ that
restricts to the projection to σ on each component. For each leg l, the composition
c ◦ sl : σ × R>0 → σ is the left projection.

DEFINITION 4.3. Call q the quotient map from the disjoint union of all the cones
that form the identification space Cone(Γ ). We define a function Hσ,Γ from the
set of sections of Cone(Γ ) to Z, by setting

Hσ,Γ ( f ) =
{

h(v) if there exists v ∈ Γ such that f (σ ) = q(Cone(v))
0 else. (5)

We call H the union of all the Hσ,Γ ’s, as σ varies among all possible cones, and
Γ over all tropical curves over σ .

Consider a face morphism φ : τ → σ , and the corresponding edge contraction
Γ → Γτ . There is a pullback morphism from the set of σ -sections of Cone(Γ ) to
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Figure 9. The tropical curve Γ over σ , on the northwest corner of the figure,
consists of one edge of length (0, 1) and two vertices of genera g1 and g2. The
right hand side of the picture depicts Cone(Γ ), with the structure morphism c and
the section f (x, y) = (x, y, y/2). The face morphism φ : τ → σ is illustrated on
the left hand side. The tropical curve Γτ consists of a vertex of genus g1+ g2, and
therefore Cone(Γτ ) is itself a ray. Observe that H( f ) = 0, while H(φ∗( f )) =
g1 + g2.

the set of τ -sections of Cone(Γτ ). Then we have

Hσ,Γ ( f ) 6 Hτ,Γτ (φ
∗( f )).

In other words, H is upper semicontinuous with respect to pullback via face
morphisms. This is illustrated in Figure 9.

REMARK 4.4. For the following proposition, we implicitly make use of the
topological realization |C| of a cone space C, defined as the colimit (in topological
spaces)

|C| = lim
−→
σ→C
strict

|σ |

where |σ | is the usual topological realization of a rational polyhedral cone |σ |.
See Section 5.4 for more about the topological realization.

PROPOSITION 4.5. Let Γ be a tropical curve over σ = R>0, so that Γ has edge
lengths in N. The preimage c−1(1) ⊂ Cone(Γ ) of 1 ∈ R>0 is the tropical curve
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Figure 10. The monoid N2
⊕∆,N,d(e) N (on the left) and its dual cone for d(e) = 2.

Figure 11. The monoid N2
⊕∆,N,d(e) N (on the left) and its dual cone for d(e) = 3.

Γ , that is, it is a graph isometric to Γ with respect to the lattice length on each
component of Cone(Γ ), and the vertex weighting of Γ is recovered as H ||c−1(1).

Proof. If e is a finite edge of Γ that is not a loop, then by definition of the fiber
product we have

Cone(e) =
{
(a, b, s) ∈ R2

>0 × R>0

∣∣a + b = d(e) · s
}

and therefore c−1(1) is precisely the subset determined by a+b = d(e), an edge of
lattice length d(e) (see Figures 10 and 11). If e is a loop of Γ , the same argument
shows that c−1(1) consists of one loop of lattice length d(e). Finally, for every
infinite edge the preimage c−1(1) is an infinite edge. The construction of Cone(Γ )
ensures that the underlying graph of c−1(1) is equal to the underlying graph of Γ
and the above argument yields that the edge lengths of c−1(1) are equal to the
lengths of Γ . It follows from the definition of H that the function H ||c−1(1) is
equal to the vertex weight of Γ .
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DEFINITION 4.6. The universal curve π : X trop
g,n →Mtrop

g,n is the fibered category
whose fiber over the object u[Γ ] : σ →Mtrop

g,n are the sections of Cone(Γ )→ σ .

A section of Cone(Γ ) describes a ‘point’ on a graph that is metrized by an
abstract monoid Sσ . Such a point is described either by a vertex or by a distance
d ∈ Sσ away from the vertex incident to a flag. If the flag has a finite length d(e),
then the distance d must be bounded by d(e), as is expressed by the requirement
that there be a d ′ ∈ Sσ such that d + d ′ = d(e). We formalize this observation in
Proposition 4.7.

PROPOSITION 4.7. For a tropical curve Γ ∈Mtrop
g,n (σ ) a section of Cone(Γ ) is

given by the following datum:

(i) a vertex of Γ , or

(ii) a leg f of Γ and a nonzero d ∈ Sσ , or

(iii) an ordered pair of distinct flags ( f, f ′) with f ′ = ι( f ) (in other words, an
edge e of Γ with an orientation), and a pair (d, d ′) of nonzero elements
in Sσ such that d + d ′ = d(e).

Here we work with the understanding that in (iii) the choice of ( f, f ′) and
(d, d ′) is equivalent to the choice of ( f ′, f ) and (d ′, d).

Proof of Proposition 4.7. This is a direct consequence of the construction of
Cone(Γ ).

(i) If s(σ ) = Cone(v) = σ for a vertex v of Γ , then choose v.

(ii) Suppose s sends σ into the interior of Cone( f ) = σ × R>0 for a leg f
of Γ . Then by right projection σ × R>0 → R>0, the section s exactly
determines a nonzero map

d : σ → R>0,

that is, a nonzero element d ∈ Sσ .

(iii) Finally, suppose s sends σ into the interior of Cone(e) = σ ×R>0 R2
>0 for

a finite edge e = ( f, f ′) of Γ . Such a section exactly determines a map

(d, d ′) : σ → R2
>0

with d, d ′ ∈ Sσ \ {0} and d + d ′ = d(e).
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REMARK 4.8. Although there is no strictly convex, rational, polyhedral cone σ
such that Sσ = R>0, one may recognize that if Sσ = R>0 is substituted into the
characterization of Proposition 4.7, it recovers the set of real points of the metrized
graph associated to Γ (see Section 5.3 for details).

Definition 4.6 implies that the universal curve satisfies the universal property
that, for any cone σ and morphism u[Γ ] corresponding to a tropical curve Γ , we
have the 2-cartesian diagram:

Cone(Γ )
U[Γ ]
−−−−→ X trop

g,n

c

y yπ trop
g,n

σ
u[Γ ]
−−−−→ Mtrop

g,n .

As in the classical theory of moduli spaces of curves, we identify the universal
curve over Mtrop

g,n with a forgetful morphism from Mtrop
g,n+1 to Mtrop

g,n .

DEFINITION 4.9. Assume that 2g − 2+ n > 0. Let Γ be a tropical curve over σ
(of genus g with n + 1-marked legs l1, . . . , ln+1. Denote by Γ∗ the tropical curve
given by deleting the (n + 1)th marked leg ln+1 from Γ .

(a) If Γ∗ is already stable, then we simply set π trop
g,n+1(Γ ) = Γ∗.

(b) Suppose Γ∗ is not stable and the vertex v from which ln+1 was emanating
is connected to the rest of the graph via two distinct edges e1 and e2. In
this case we have h(v) = 0. In order to define π trop

g,n+1(Γ ) we delete v and
the two flags adjacent to it, and create a new edge e of length d(e1)+d(e2)

by connecting the remaining flags of e1 and e2.

(c) Suppose Γ∗ is not stable and the genus-zero vertex v to which ln+1 was
adjacent is connected to one edge e and one leg li . Again, we necessarily
have h(v) = 0. In this case, to define π trop

g,n+1(Γ ) we remove v and the two
flags adjacent to it, and label the remaining flag of e with li .

Given Γ ′ ∈Mg,n(σ
′) and Γ ′ ∈Mg,n(σ ), a morphism Γ ′→ Γ naturally induces

a morphism π
trop
g,n+1(Γ

′) → π
trop
g,n+1(Γ ). The forgetful morphism is the unique

morphism
π

trop
g,n+1 :M

trop
g,n+1 −→Mtrop

g,n

that is given by Γ 7→ π
trop
g,n+1(Γ ) over a cone σ .

We also define a function

hn+1 :Mtrop
g,n+1 −→ Z,
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that, to a tropical curve Γ over a rational polyhedral cone σ , assigns the integer
h(r(ln+1)), that is, the genus of the vertex that the (n+1)th marked leg is attached
to. The function hn+1 is upper semicontinuous in the face topology, that is, if τ is
a face of σ , then hn+1(Γτ ) > hn+1(Γ ).

We now provide a precise statement and a proof of Theorem 2, namely that the
forgetful morphism functions as a universal curve.

THEOREM 2. The categories X trop
g,n and Mtrop

g,n+1 are isomorphic over Mtrop
g,n ; that

is, for any cone σ and tropical curve Γ over σ , there is a 2-cartesian diagram

Cone(Γ )
U[Γ ] //

c

��

Mtrop
g,n+1

π
trop
g,n+1

��
σ

u[Γ ] //Mtrop
g,n

depending contravariantly on σ , and we have H = hn+1 ◦U[Γ ].

Proof. Let σ be a rational polyhedral cone and Γ a stable tropical curve Mtrop
g,n (σ )

that, as an element of Mtrop
g,n (σ ), gives rise to a morphism u[Γ ] : σ →Mtrop

g,n . We
construct an isomorphism between the fibers of X trop

g,n and Mtrop
g,n+1 over u[Γ ].

Suppose that γ ∈ X trop
g,n (σ ) is given by u[Γ ] : σ → Mtrop

g,n and a choice of
datum as in Proposition 4.7 (i), (ii), or (iii). For each of the three cases (i)–(iii) in
Proposition 4.7, we construct a stable tropical curve Γ̃ such that π trop

g,n+1(Γ̃ ) = Γ

by following the procedure.

(i) if γ is a vertex of Γ , add an (n + 1)th leg to the tropical curve emanating
from v;

(ii) if γ is a leg f of Γ , add a new vertex on f at length d away from r( f )
and attaching an (n + 1)th leg to it;

(iii) if γ is a finite edge e of Γ , subdivide the edge e into two edges of lengths
d1 and d2 and add an (n + 1)th leg to the new vertex.

Note that in cases (ii) and (iii) it is possible that some length d or d ′ is 0 when
restricted to some proper face of τ . Over such a face the (n + 1)th leg is attached
at the appropriate vertex.

The inverse of this process is to remove the (n+1)th leg of Γ̃ ∈Mg,n+1(σ ) and
stabilize the result, marking the position where the (n+1)th leg was attached. The
proof is concluded by observing that the equality of genus weighting functions
H = hn+1 ◦U[Γ ] is immediate from the construction above.
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EXAMPLE 4.10. Let σ = R>0 and let Γ ∈ Mtrop
1,1 (σ ) be a tropical curve

consisting of a single loop based at a once-marked vertex v. We illustrate the
result of applying Theorem 2 to Γ , obtaining Cone(Γ ) as the fiber product

σ ×Mtrop
1,1

Mtrop
1,2 .

Consider the groupoid presentations of the cone stacks Mtrop
1,1 and Mtrop

1,2 shown
in Figures 6 and 7. View σ as a trivial groupoid, that is, as

(
R ⇒ σ

)
where R ∼= σ

maps isomorphically to σ by both source and target maps. The map u[Γ ] : σ →UG

is an isomorphism of 1-dimensional cones. The fiber product σ ×Mtrop
1,1

Mtrop
1,2 is

therefore the groupoid shown in red; the subcomplex of
∐

RGi ,G j (in Figure 6)
depicted in red consists of the cones which are sent to the ray of RG,G (in Figure 7)
corresponding to the identity morphism, also shown in red.

In more detail: write s, t : R⇒U for the source and target maps of the groupoid
presentation of Mtrop

1,2 . Consider the rays λi , µi , τi , and ρ as labeled as in Figure 6.
For each i = 1, 2, the ray λi represents the identification of τi isomorphically to ρ,
and the ray µi represents the inverse identification. More precisely, we have the
following:

s(λi) = τi , s(µi) = ρ

t (λi) = ρ, t (µi) = τi

for i = 1, 2. The resulting cone space may be described by taking the two red
2-dimensional cones in U and identifying τ1, τ2, and ρ. This is shown in Figure 8.

We now introduce natural tropical analogues of the clutching maps. Let g =
g1 + g2 and [n] = I1 ∪ I2 a partition of the index set in two disjoint subsets with
2gi − 2+ |Ii | > 0 . We define the morphism of cone stacks

δ
trop
g1,I1
:Mtrop

g1,I1∪{?}
×Mtrop

g2,I2∪{•}
× R>0 −→Mtrop

g,[n]

as follows: Given σ ∈ RPC, an element in (Mtrop
g1,I1∪{?}

×Mtrop
g2,I2∪{•}

× R>0)(σ )

consists of a triple (Γ1, Γ2, d), with Γ1 and Γ2 tropical curves over σ (with
the appropriate discrete invariants) and d ∈ Sσ . The image δtrop

g1,I1
(Γ1, Γ2, d) is

defined to be the tropical curve whose underlying graph Γ over σ is obtained
by identifying the leg labeled by ? in Γ1 with the leg labeled by • in Γ2. Formally,
we define V (Γ ) = V (Γ1) ∪ V (Γ2) as well as F(Γ ) = F(Γ1) ∪ F(Γ2), and we
redefine ι(?) = • and ι(•) = ?. Note that the resulting graph is connected, of
genus g, with legs labeled by the index set [n], and that there is exactly one new
compact edge for which the (generalized) metric is not assigned by the metrics on
Γ1 and Γ2. We thus extend the generalized metric to all compact edges of Γ by
assigning length d to the new edge.
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In an analogous way we may also define self-gluing maps:

δ
trop
irr :M

trop
g−1,[n]∪{?,•} × R>0 −→Mtrop

g,n .

It is worth pointing out that while in the classical theory clutching morphisms
are maps between products of moduli spaces, these tropical analogues must be
realized as correspondences:

Mtrop
g1,I1∪{?}

×Mtrop
g2,I2∪{•}

× R>0

δ
trop
g1,I1

##{{
Mtrop

g1,I1∪{?}
×Mtrop

g2,I2∪{•}
Mtrop

g,n

Mtrop
g,[n]∪{?,•} × R>0

δ
trop
irr

""zz
Mtrop

g,[n]∪{?,•} Mtrop
g+1,n

(6)

We conclude this section with the observation that in the identification of π trop
g,n+1

with the universal family, the tautological sections are identified with appropriate
clutching morphisms.

PROPOSITION 4.11. Consider the forgetful morphism π
trop
g,n+1 :M

trop
g,n+1 →Mtrop

g,n ,
and identify it with the universal family over Mtrop

g,n as in Theorem 2. Then the
tautological marking ln+1 :Mtrop

g,n × R>0 →Mtrop
g,n+1, attaching the (n + 1)th leg

to the vertex supporting the l-th leg, is identified with the clutching morphism
δ0,{l,n+1} through the following commutative diagram.

Mtrop
g,n+1

∼ // X trop
g,n

Mtrop
0,{l,n+1,•} ×Mtrop

g,[n]r{l}∪{?} × R>0
φ

∼ //

δ0,{l,n+1}

OO

Mtrop
g,n × R>0

sl

OO

Proof. For any cone σ , we observe that Mtrop
0,{l,n+1,•}(σ ) is equal to a single

point (a groupoid with one object and no nontrivial automorphisms); the natural
isomorphism φ in the bottom row of the diagram forgets the first entry and relabels
l the leg marked ? in the second entry. For a pair (Γ, d), with Γ a tropical curve
over σ and d ∈ Sσ , the image sl(Γ, d) corresponds to the choice of the point P on
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the l-th leg of Γ at distance d from the root of l. The image δ0,{l,n+1}(φ
−1(Γ, d)) is

the tropical curve Γ̃ obtained from Γ by replacing the leg l with a tripod with one
edge of length d attached to the root of l and two unbounded edges labeled l and
n + 1 emanating from the vertex of the tripod. The proof is concluded by noting
that Γ̃ is the image of (Γ, P) in the bijection used in the proof of Theorem 2.

5. Generalized edge lengths and topological realization

In this section, we explain several canonical extensions of Mtrop
g,n . For example,

we explain how our construction generalizes to allow real edge lengths on tropical
curves, indeed edge lengths from any integral, saturated, but not necessarily
finitely generated, monoid. This is a familiar setting for tropical geometers. We
also explain how to interpret Mtrop

g,n as a topological stack.
All of the constructions we consider here apply more generally to cone stacks

over RPC. In fact, each extension that we consider here is obtained by pullbacks
along the following sequence of morphisms of topoi (using Proposition 1.12):

Top→ PC→ ShpMonop
→ RPC.

We note the following:

• The geometric stacks over Top are topological stacks.

• The geometric stacks over PC, which we dub real cone stacks, coincide with
geometric stacks over a category of polyhedral cone complexes defined in
analogy with rational polyhedral cone complexes by gluing polyhedral cones
over their faces. One could alternatively define them directly in analogy with
what was done in Section 2, but we prefer to use the pullback and restriction
to do the work for us.

• The geometric stacks over ShpMonop are the same as Kato stacks (as in
[Uli19, Section 2]) over the category of Kato fans (in the sense of [Kat94]).

• The geometric stacks over RPC are, of course, the familiar cone stacks of
Definition 2.7, studied in this paper.

We explain each pullback in turn, first formulated for an arbitrary moduli
problem in the appropriate geometric context, then for Mtrop

g,n specifically.
Furthermore, we also outline how to use the same idea to relate our construction

to one over all commutative monoids in order to recover the extended cone
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complex of the moduli space of tropical curves [ACP15] and the extended tropical
curves [Cap13, Section 3.3] (see also [HMU19] for more details.)

5.1. Monoids. Recall that a monoid M is said to be integral if it can be
embedded inside a commutative group, the initial of which is denoted Mgp. We
say that M is saturated if, in addition to being integral, an element x ∈ Mgp such
that nx ∈ M is in fact in M . Finally, M is said to be sharp if the only invertible
element of M is 0.

For the rest of this paper, we will use the word monoid always to refer to
integral, saturated monoids; we write ShpMon for the category of sharp (integral,
saturated) monoids. There is a functor

RPC→ ShpMonop

that sends a rational polyhedral cone σ to the monoid Sσ .
This functor identifies RPC with the full subcategory of finitely generated

monoids inside of ShpMonop, and accordingly we think of the category
ShpMonop as a category of generalized cones.

We note that the definition of a family of tropical curves over a rational
polyhedral cone (Definition 3.2) involves edge lengths drawn from a monoid,
namely the dual monoid Sσ associated to a cone σ . This yields a natural way
to extend Mtrop

g,n (RPC) to a category fibered in groupoids Mtrop
g,n (ShpMonop) over

ShpMonop, allowing edge lengths to be drawn from any sharp monoid. Since
there seems to be no risk of confusion from doing so, we will simply write Mtrop

g,n
for both Mtrop

g,n (RPC) and Mtrop
g,n (ShpMonop).

In the next subsection, we put this extension in a more general context, showing
how to extend any moduli problem on RPC to one over ShpMonop, canonically.

5.2. From rational polyhedral cones to monoids. Our goal in this section
is to extend moduli problems from RPC, which we identify with the opposite
category of finitely generated, integral, saturated, sharp monoids, to all of
ShpMonop. By a moduli problem, we mean a contravariant functor to Set or a
category fibered in groupoids over the appropriate base category. In Lemma 5.3,
we will identify the moduli problems over ShpMonop obtained in this way
as precisely those that are of locally of finite presentation (in the sense of
Definition 5.2).

REMARK 5.1. In fact, the construction we present here is the standard way to
obtain a morphism of topoi X → Y from a left exact, continuous functor Y → X ,
with X = ShpMonop and Y = RPC. The same construction will be used in §5.4.
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If C is a presheaf (that is, a contravariant functor to Set) on RPC, it may be
extended to a presheaf C̃ on ShpMonop by the following formula:

C̃(M) = lim
−→

Sσ→M

C(σ ) = lim
−→
N⊂M
N f.g.

C(N ). (7)

The first colimit is taken over the category of pairs (σ, ϕ) where σ ∈ RPC and
ϕ : Sσ → M is a homomorphism of monoids, with an arrow (σ, φ) → (σ ′, φ′)

for every f : σ → σ ′ with φ ◦ f ∗ = φ′. Since Sσ → M always factors through
its image, which is also a finitely generated monoid, this colimit coincides with
the second colimit displayed above, this time taken over all finitely generated
submonoids of M .

The indexing category of finitely generated submonoids of M is filtered, for
if N and P are finitely generated submonoids of M , then so is the saturated
monoid that they generate. This implies that the assignment C 7→ C̃ preserves
fiber products.

Next, the formula (7) makes sense even if C is a category fibered in groupoids,
provided the colimit is interpreted 2-categorically. Since the colimit (7) is filtered,
this interpretation can be made explicit:

Ob(C̃(M)) =
∐

N⊂M
N f.g.

Ob(C(N ))

HomC̃(M)
(
(N , α), (P, β)

)
= lim

−→
N+P⊂Q⊂M

Q f.g., sat.

HomC(Q)(α|Q, β|Q).

In the above equations, we have written (N , α) for an object of
∐

N⊂M C(N ),
meaning that α ∈ C(N ). The notation α|Q refers to the image of α under the
restriction morphism C(N ) → C(Q) associated to the inclusion N ⊂ Q. The
colimit in the second line is taken over finitely generated, saturated monoids
contained in M and containing both N and P . We remark again that because
the extension is defined using a filtered colimit, it preserves fiber products.

We can now characterize those categories fibered in groupoids C over
ShpMonop that are induced from RPC.

DEFINITION 5.2. We say that a category fibered in groupoids C over ShpMonop

is locally of finite presentation if the natural map lim
−→

C(Mi) → C(lim
−→

Mi) is an
isomorphism whenever {Mi} is a filtered diagram of monoids.

LEMMA 5.3. A category fibered in groupoids C̃ over ShpMonop is the extension
of a moduli problem over RPC if and only if C̃ is locally of finite presentation, in
which case the moduli problem it extends is unique up to unique isomorphism.
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Proof. First we show that if C is a category fibered in groupoids over RPC then
C̃ is locally of finite presentation. Consider a filtered diagram of monoids, {Mi},
indexed by i ∈ I , with colimit M . Let J be the category of pairs (i, N )where i ∈ I ,
and N is a finitely generated submonoid of Mi . Note that if P ⊂ M is a finitely
generated monoid then P is also finitely presented by Rédei’s theorem [RGaS99,
Theorem 5.12] so there is some i ∈ I and a finitely generated submonoid N ⊂ Mi

that maps isomorphically to P under the map Mi → M . Thus,

C̃(M) = lim
−→
P⊂M

P f.g., sat.

C(P) = lim
−→

(i,N )∈J

C(N ) = lim
−→

i

C̃(Mi),

as required for C̃ to be locally of finite presentation.
Conversely, suppose that C is locally of finite presentation. Let D be the

category fibered in groupoids over RPC obtained by restricting C to the finitely
generated monoids in ShpMonop. Then C and D̃ are both locally of finite
presentation, so they are both uniquely determined by their restrictions to RPC,
since every monoid is the colimit of the diagram of its finitely generated
submonoids. But C and D̃ both restrict to the same moduli problem on RPC,
so C and D̃ must be isomorphic. Therefore, C is extended from RPC.

Lemma 5.3 allows us to characterize the extension of Mtrop
g,n to all monoids

directly. We abuse notation and write Mtrop
g,n also for the category fibered in

groupoids over ShpMonop whose fiber over a sharp monoid P is the groupoid
of abstract tropical curves metrized by P . We temporarily write M̃trop

g,n for the
extension of Mtrop

g,n from RPC to ShpMonop, as introduced above.

PROPOSITION 5.4. Mtrop
g,n is locally of finite presentation as a category fibered in

groupoids over ShpMonop.

Proof. Here we must show that if Γ ∈Mtrop
g,n (P) then Γ is induced from Γ ′ ∈

Mtrop
g,n (N ) for some finitely generated submonoid N of P , and that Γ ′ is unique up

to unique isomorphism and enlargement of N . Both of these claims are immediate
from the fact that the metric on Γ only requires the specification of finitely many
elements of P as the edge lengths.

COROLLARY 5.5. The categories fibered in groupoids Mtrop
g,n and M̃trop

g,n are
isomorphic.

Proof. This is immediate from Lemma 5.3 and Proposition 5.4.

REMARK 5.6. If M is a monoid, its prime ideals form a topological space
called the spectrum. A Kato fan is a space equipped with a sheaf of monoids
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such that the pair looks locally like the spectrum of a monoid. The monoidal
analogue of Proposition 2.19 is that the 2-category of categories fibered in
groupoids over monoids is equivalent to the 2-category of stacks over Kato fans.
Since the category of finitely generated monoids is equivalent to the category
of rational polyhedral cones, the category of Kato fans that are locally of finite
type is equivalent to the category of rational polyhedral cone complexes [Uli17a,
Proposition 3.7]. This equivalence extends to an equivalence of geometric
contexts [Uli17a, Corollary 3.11], which implies that the 2-category of cone
stacks is equivalent to the 2-category of (fine and saturated) Kato stacks, defined
in [Uli19, Section 2].

In addition, we will see in Theorem 6.11 that cone stacks are also equivalent to
Artin fans.

5.3. From monoids to cones. A polyhedral cone is a pair (V, σ ) consisting
of a finite-dimensional real vector space V and a strictly convex intersection of
finitely many closed half spaces, defined by real linear inequalities, whose linear
span is V . A morphism (V1, σ1)→ (V2, σ2) is an R-linear map f : V1→ V2 such
that f (σ1) ⊆ σ2. We write PC for the category of polyhedral cones.

Given a polyhedral cone (V, σ ) we write σ∨ for its dual cone in the dual vector
space V ∗ = HomR(V,R) of V . The dual cone σ∨ may be regarded as a sharp
submonoid of V ∗, so the assignment σ 7→ σ∨ determines a functor

PC→ ShpMonop.

So, if C is a moduli problem on ShpMonop then it may be restricted via this
functor to a moduli problem on PC. In particular, we may speak of the real points
of C by evaluating it on the real cone R>0, and we may apply this as well to a
moduli problem defined a priori only over RPC using the preceding section. We
note that by virtue of its construction as a restriction, this process preserves fiber
products.

REMARK 5.7. The construction above is the standard one for a morphism of
topoi X → Y associated to a cocontinuous functor X → Y , with X = PC and
Y = ShpMonop.

It is also possible to construct the morphism of sites PC → RPC in one
step using the left exact, continuous functor RPC → PC that sends a rational
polyhedral cone (N , σ ) to its underlying cone σ . However, the order of operations
presented here seems to be preferable, since the extension of a moduli problem
from RPC to ShpMonop is frequently available ab initio, and passage to PC is
then a simple matter of restriction.
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REMARK 5.8. In fact, the above construction applies word for word to the larger
category of convex cones, that is, not necessarily finite intersections of real half
spaces, since a convex cone σ , polyhedral or not, produces a sharp monoid σ∨.

Now, applying this process to the moduli space of tropical curves, we may
recognize Mtrop

g,n (R>0) as the groupoid of graphs metrized by R>0.

PROPOSITION 5.9. Suppose that σ is a polyhedral cone and that Mtrop,R
g,n denotes

the restriction of Mtrop
g,n to PC. Then Mtrop,R

g,n (σ ) is the groupoid of tropical curves
with edge lengths metrized by σ∨.

Proof. This is immediate from the construction.

5.4. From real cones to topological spaces. The functor PC → Top that
sends a cone σ to its underlying topological space |σ | preserves fiber products.
Therefore, for any topological space X , the category of all pairs (σ, ϕ), where
σ ∈ PC and ϕ : X → |σ | is a continuous function, is filtered. We can therefore
extend a moduli problem from PC to Top in a manner similar to the one by which
we extended from rational polyhedral cones to monoids.

We define:

C̃(X) = lim
−→
σ∈PC
X→|σ |

C(σ ).

REMARK 5.10. The similarity to the construction from Section 5.2 is hardly
coincidental, as we are again applying the standard construction of a morphism of
topoi from a left exact, continuous functor. Note that if we want to treat Top as a
geometric context then we must take P to be a very general class of local models,
such as maps that are locally topological quotients on source and target; we prefer
to not pursue this here, since it is only tangentially related to the main objectives
of this article.

One may now stackify C̃ to obtain a topological stack |C|. More generally, if C
is a moduli problem over ShpMonop or over RPC, we define |C| by first extending
C to PC using the sections above and then applying |·| to the result. We emphasize
that all of these manifestations of | · | preserve fiber products.

LEMMA 5.11. Let C̃ be constructed as above and let ∗ denote a topological space
with one point. Then C̃(∗) = C(R>0).
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Proof. We may evaluate the colimit explicitly. If σ is a polyhedral cone and x ∈
|σ | is any point, there is a unique morphism R>0 → σ that takes 1 to x . This
implies that the pair (R>0, 1) is initial in the category of all (σ, ϕ) where σ ∈ PC
and ϕ : ∗ → |σ | is continuous. The colimit therefore reduces to the evaluation of
C on R>0.

Applying this to Mtrop
g,n , we obtain a topological stack underlying the moduli

stack of tropical curves. Theorem 2 now implies

PROPOSITION 5.12. Given a point [Γ ] ∈
∣∣Mtrop

g,n

∣∣ corresponding to a tropical
curve Γ . Then the preimage |πg,n+1|

−1
(
[Γ ]

)
of [Γ ] (in the sense of topological

stacks) under the forgetful morphism

|πg,n+1| :
∣∣Mtrop

g,n+1

∣∣ −→ ∣∣Mtrop
g,n

∣∣
is homeomorphic to Γ .

Proof. Let R>0 → Mtrop
g,n be a morphism corresponding to a tropical curve Γ

with real edge lengths. We note first that because | · | was defined using a filtered
colimit, it respects fibered products, and there is a natural isomorphism

|R>0| ×
|Mtrop

g,n |

|Mtrop
g,n+1| '

∣∣R>0 ×
Mtrop

g,n

Mtrop
g,n+1

∣∣,
where the fiber product in the middle should be understood over ShpMonop. The
map R>0 →Mtrop

g,n factors through a rational polyhedral cone σ and map σ →
Mtrop

g,n of rational cone stacks, corresponding to a tropical curve Γ ′ over σ . We
have

R>0 ×
Mtrop

g,n

Mtrop
g,n+1 ' R>0×

σ
σ ×

Mtrop
g,n

Mtrop
g,n+1 ' R>0×

σ
Cone(Γ ′)

where the last identification is Theorem 2. It is easily seen that the fiber over 1 ∈
|R>0| → |σ | of |Cone(Γ ′)| → |σ | is the underlying topological space of Γ .

5.5. General monoids and extended tropical curves. There is nothing in the
definition of a tropical curve that requires the monoid in which its edge lengths
take values to be sharp, integral, and saturated. We could just as easily allow the
monoid to be arbitrary, even noncommutative, or even just a pointed set. Allowing
values in monoids with absorbing elements will allow us to treat the case of
extended tropical curves, as introduced in [Cap13] and [ACP15].

Let ComMon be the category of all commutative monoids, not necessarily
sharp, integral, or saturated.
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DEFINITION 5.13. Define Mtrop
g,n to be the category fibered in groupoids over

ComMonop, whose fiber over a commutative monoid P is groupoid of stable
tropical curves in the sense of Definition 3.2, but with edge length in the
monoid P .

Denote by R>0 the set R>0 t {∞} with the monoid structure that extends the
additive monoid structure on R>0 by setting a +∞ =∞ for all a ∈ R>0.

An extended tropical curve in the sense of [Cap13] and [ACP15] is a tropical
curve with edge lengths in the monoid R>0. Observe that the set Mtrop

g,n

(
R>0}

)
of R>0-valued points is nothing but the set-theoretic moduli space of extended
tropical curves studied in [ACP15].

The inclusion of ShpMon in ComMon has a left adjoint that sends a
commutative monoid to the initial sharp, integral, saturated monoid to which it
admits a morphism. As a left adjoint this functor preserves colimits, so its opposite
functor preserves limits. There is therefore a morphism of sites

Φ : ShpMonop
→ ComMonop

in which both source and target are given the chaotic topologies, and the pullback
functor Φ∗ sends a monoid to its associated sharp, integral, saturated monoid, as
described above.

For the following proposition, let Φ! denote the left adjoint to Φ∗; the functor
Φ! is induced from the inclusion of sharp, integral, saturated monoids in all
commutative monoids. To be precise, if F is a category fibered in groupoids over
ShpMonop then, for any commutative monoid M , we have the following formula:

Φ!F(M) = lim
−→

N→M
N∈ShpMon

F(N ).

The following proposition implies that working in the category of all
commutative monoids does not change the moduli space of curves: the same
system of charts, by the same rational polyhedral cones, still glues to give Mtrop

g,n .

PROPOSITION 5.14. There are natural equivalences

Φ∗Mtrop
g,n 'Mtrop

g,n and Φ!Mtrop
g,n 'Mtrop

g,n .

Proof. The first of these assertions is immediate from the definitions. For the
second, observe that the first assertion and the adjunction between Φ! and Φ∗

induce a morphism
ρ : Φ!Mtrop

g,n →Mtrop
g,n

that we argue is an isomorphism.
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Indeed, suppose that M is a commutative monoid and Γ ∈Mtrop
g,n (M) then let

R be the category of all tuples (N , Γ, ϕ) where N ∈ ShpMon, Γ ∈Mtrop
g,n (N ),

and ϕ : Γ → Γ is a morphism in Mtrop
g,n . The associated groupoid of the category

R, that is, the initial of all maps from R to groupoids, is the fiber of ρ over Γ . We
need to show that the associated groupoid of R is trivial.

We do so by constructing a deformation retraction—that is, an endofunctor
with a natural transformation to the identity endofunctor —onto a subcategory
with a final object. Upon passage to the associated groupoid, this natural
transformation will become an isomorphism, because all morphisms in a groupoid
are isomorphisms.

First, if (N , Γ, ϕ) is an object of R, let N ′ be the free commutative monoid
generated by the edges of Γ , let Γ ′ be the tropical curve with the same underlying
graph as Γ , but labeled in the canonical way by N ′, and let ϕ′ : Γ ′ → Γ be
the edge contraction obtained by composing Γ ′ → Γ → Γ . This construction
respects morphisms in R, and there is a canonical natural transformation from
the functor (N , Γ, ϕ) 7→ (N ′, Γ ′, ϕ′) to the identity functor on R. Passing to
associated groupoids, this functor turns into an equivalence of categories between
the groupoid associated to R onto the groupoid associated to the full subcategory
R′ of R consisting of triples (N , Γ, ϕ) where N is freely generated by the edges
of Γ .

Now we observe that the category R′ has a final object, where the underlying
graph of Γ coincides with that of Γ , and N is freely generated by its edges. The
associated groupoid is therefore trivial, that is, has a unique morphism from any
object to any other.

In [HMU19], the authors work with the moduli stacks Mtrop
g,n and show that

there are natural clutching morphisms

δ
trop
g1,I1
:Mtrop

g1,I1∪{?}
×Mtrop

g2,I2∪{•}
−→Mtrop

g,[n]

and
δ

trop
irr :M

trop
g−1,[n]∪{?,•} −→Mtrop

g,[n]

of categories fibered in groupoids over the category of pointed monoids, that is,
monoids with an absorbing element∞ for which we have a +∞ = ∞ for all a
in the monoid, that are given by assigning to the new edge the length∞. We refer
the reader to [HMU19] for details.

REMARK 5.15. In [HMU19], the authors also develop the notion of pointed
logarithmic structures (using sheaves of pointed monoids instead of sheaves of
monoids). This notion is flexible enough to treat the classical clutching morphisms
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as morphisms of pointed logarithmic stacks and not as correspondences as in
Section 8.1 below. The main result of [HMU19] is that these morphisms naturally
commute with the process of tropicalization.

Part II

Tropicalization and logarithmic
geometry

6. Lifting cone stacks to the logarithmic category

Our goal in this section is to extend tropical moduli problems to logarithmic
moduli problems, which will be achieved via a functor a∗ (Definition 6.6) that lifts
cone stacks to algebraic stacks with logarithmic structure. In fact, a∗ defines an
equivalence of 2-categories between cone stacks and Artin fans, as in Theorem 3.
The discussion in this section is not specific to the tropical moduli space of curves.

The results of this section set up Sections 7 and Section 8, which are specific
to the moduli space of tropical curves. We will see that by associating to a
logarithmic curve its dual tropical curve, we obtain a smooth morphism from
the moduli space of logarithmic curves to the moduli space of tropical curves. In
Section 8, we show that all of the tautological morphisms between the moduli
spaces of logarithmic curves are compatible with their tropical analogues, as
introduced in Section 4.

We start by giving a brief review of logarithmic geometry and refer the reader
to [Kat89] and [ACG+13] for more details as well as a survey of its applications
to compactifications of moduli spaces. Throughout this section, we work over an
algebraically closed field k, although many of the results presented here are valid
over a more general base, with anodyne modifications (for example, replacing
finite type assumptions with finite presentation). Unqualified, a relative term is
applied relative to k: for example, ‘locally of finite type’ means ‘locally of finite
type over k.’

6.1. Logarithmic structures. A reader who is not already familiar with
logarithmic structures may find the discussion of logarithmic curves in
Sections 7.1 and 7.2 useful as an example while reading this section.

Throughout this section, all monoids are assumed integral and saturated. Most
treatments of logarithmic geometry restrict attention to monoids that are also
finitely generated, but we find the added generality convenient. For example, the
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monoid of positive elements in the value group of a nondiscretely valued field
is not finitely generated, but arises naturally as the characteristic monoid of a
logarithmic structure in the example of Section 7.1.

A logarithmic structure on a scheme X is an étale sheaf of monoids MX

and a homomorphism ε : MX → OX of unital semigroups (the latter with its
multiplicative semigroup structure) such that every unit in O∗X has a unique
preimage in MX . (Since OX is not integral, our conventions forbid us from calling
this a homomorphism of monoids.) We write ` :O∗X → MX for the unique section
of ε over O∗X . The characteristic monoid of the logarithmic structure is M X =

MX/`(O∗X ). A morphism of logarithmic structures on X is a homomorphism of
sheaves of monoids MX → M ′X fitting into a commutative triangle:

MX

&&

��

OX

M ′X

88

If X is a logarithmic scheme, we write X for its underlying scheme.
Suppose that P is a monoid, that X is a scheme, and that P → Γ (X,OX ) is a

homomorphism of monoids. There is an initial logarithmic structure MX → OX

among those equipped with a factorization P → Γ (X,MX )→ Γ (X,OX ). This
is called the associated logarithmic structure, and the map P → Γ (X,OX ) is
called a chart for MX . A logarithmic structure on a scheme that admits charts étale-
locally is called quasicoherent. We will have no use for logarithmic structures that
are not quasicoherent, so from now on, all logarithmic structures will be assumed
quasicoherent.

A logarithmic structure is called coherent if it has local charts by finitely
generated monoids. A logarithmic scheme is said to be locally of finite type if
its underlying scheme is locally of finite type and its logarithmic structure is
coherent.

EXAMPLE 6.1. For example, if D is a smooth Cartier divisor on X with local
equation t , then the logarithmic structure associated to the chart given by sending
n ∈ N to tn is the usual divisorial logarithmic structure for D. This includes the
special case of Spec R for R a discrete valuation ring.

EXAMPLE 6.2. Suppose that D is a normal crossings divisor in a smooth scheme
X . This implies that étale-locally in X , we may write D as the vanishing locus
of a product x1 · · · xr , and that the xi are uniquely determined up to scaling and
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permutation. We obtain a chart Nr
→ Γ (U,OX ) for each sufficiently small étale

map U → X . This serves as a chart for a logarithmic structure, MX .
If p is a point of X then the rank of M X is the number of branches of D incident

to p. For example, if X = A2 and D is the union of the axes, then M X will have
rank 0 away from D, rank 1 at all points of D other than the origin, and rank 2 at
the origin.

Recall that a monoid is called fine if it is finitely generated and integral. We
say that a logarithmic scheme is fine and saturated if there is an étale cover over
which it has fine and saturated charts.

If S is a logarithmic scheme that is locally of finite type then S has a locally
finite stratification into locally closed subschemes on which the characteristic
monoid M S is constant. Indeed, to demonstrate this, we may assume that S =
Spec A is affine and has a global chart ε : P → A by a finitely generated monoid
P . For any element α of P , we get a function ε(α) ∈ A, which partitions S into
an open subset D(α), where ε(α) does not vanish, and a closed subset V (α),
where ε(α) does vanish. If P is viewed as the set of integral points of a rational
polyhedral cone then D(α)= D(β)whenever α and β are contained in the interior
of the same face of P . This implies that the collection of closed subsets V (α), as
α ranges through P , is finite, which implies that the V (α) determine the claimed
finite stratification of S.

Generalizing the concept of a chart, we consider a morphism of schemes π :
X → S and a logarithmic structure MS on S. We define π∗MS to be the initial
logarithmic structure on X equipped with a commutative square:

π−1 MS
//

��

π−1OS

��
π∗MS

// OX

A morphism of logarithmic schemes (X,MX ) → (S,MS) consists of a
morphism of schemes π : X → S and a morphism of logarithmic structures
π∗MS → MX . The morphism is called strict if π∗MS → MX is an isomorphism.

If S = Spec K is the spectrum of an algebraically closed field then étale sheaves
on S are simply sets. A logarithmic structure on S is therefore nothing but a
homomorphism MS → K admitting a section K ∗ → MS . The monoid MS then
splits, noncanonically, as M S × K ∗.
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6.2. Morphisms between logarithmic schemes and cone stacks. In this
section, we will show how a moduli problem on rational polyhedral cones can
be extended, canonically, to a moduli problem on logarithmic schemes.

Suppose that C is a category fibered in groupoids over RPC. We define an
associated category fibered in groupoids AC over the category of logarithmic
schemes by setting

AC(S) = C
(
Γ (S,M S)

)
(8)

for a logarithmic scheme S, where we have extended C to a functor defined on all
monoids as in Section 5.2. Note that the extension of C to monoids that are not
finitely generated was important so that we could make sense of AC(S) when S
is not of finite type.

Unfortunately, AC is not a stack in general. It does, at least, turn out to be a
stack when C = σ is a cone, as the following lemma demonstrates.

LEMMA 6.3 ([Ols03] Proposition 5.17). Suppose that σ is a rational polyhedral
cone. The stack Aσ is isomorphic to

[
Vσ
/

T
]

where Vσ = Spec k[Sσ ] is the toric
variety associated to σ , with its standard logarithmic structure, and T is its dense
torus. In particular, the stack Aσ is representable by an algebraic stack with a
logarithmic structure.

Proof. Note that Vσ represents the functor sending a logarithmic scheme X to
Hom

(
Sσ , Γ (X,MX )

)
and that T represents the functor sending X to Hom

(
Sσ ,

Γ (X,O∗X )
)
. Therefore,

[
Vσ
/

T
]

represents the quotient functor

X 7−→ Hom
(
Sσ , Γ (X,MX/O∗X )

)
= Aσ (X).

REMARK 6.4. Even though
[
Vσ
/

T
]

is an algebraic stack and not an algebraic
space, when it is equipped with the logarithmic structure from the lemma,

[
Vσ
/

T
]

represents a functor (not a category fibered in groupoids) over logarithmic
schemes (see [Ols03, Proposition 5.17]). This is an example of a remarkable
rigidification that occurs in logarithmic geometry. A related phenomenon is that
logarithmic blowups behave like injections: a logarithmic blowup of a logarithmic
scheme X is defined as a subfunctor of the functor represented by X [Kat99,
Definition 3.8]; see Lemma 8.5 for an example of such a construction.

REMARK 6.5. The assignment σ 7→ Aσ determines a continuous, left exact
functor from RPC to presheaves on the strict étale site on the category of
logarithmic schemes. By passing to the associated sheaf, it therefore determines
a morphism of sites a : Ét (LogSch)→ RPC where a∗σ = Aσ .
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DEFINITION 6.6. Inspired by the notation in Remark 6.5, we write a∗C for the
stackification of the category fibered in groupoids AC .

COROLLARY 6.7. If C is a cone stack then a∗C is representable by an algebraic
stack with a logarithmic structure that is locally of finite presentation (that is,
locally of finite type and quasiseparated). Moreover, if C has a strict cover by
finitely many cones then a∗C is quasicompact.

Proof. Lemma 6.3 proves this when C is a cone. Consider next the case where C
is a union of faces of a single cone. If τ → σ is a strict morphism (that is, the
embedding of a face), it follows immediately from the construction of Aσ in the
lemma that Aτ ⊆ Aσ is an open embedding. If C has a strict embedding in a cone,
then C is a union of open subcones and therefore a∗C is a union of open substacks
of Aσ , hence is algebraic.

More generally, suppose that C is a cone space that injects (not necessarily
strictly) into a cone σ . By definition, there is a covering family τ → C of strict
morphisms from cones. If τ is one of those cones then the image of τ in σ is a
cone τ ′, necessarily contained in C, and the map τ → τ ′ is surjective. Furthermore,
τ → τ ′ is strict, since if ω→ τ ′ is any morphism then τ×τ ′ω ' τ×Cω→ τ ′ is the
base change of the strict morphism τ → C, hence is strict itself. A strict surjective
morphism between cones is an isomorphism, so τ → τ ′ is an isomorphism. That
is C has a cover by a union of strict subcones τ . But then the open substacks a∗τ
cover a∗C and a∗C is therefore algebraic.

Now suppose that C is a cone space. Then C is the quotient of a disjoint union
of cones C0 by a strict equivalence relation C1 ⇒ C0 (which implies C1 ⊂ C0 ×

C0). As a∗ preserves colimits, a∗C is the colimit of a∗C1 ⇒ a∗C0. But a∗C1 and
a∗C0 are representable by algebraic stacks, and the maps a∗C1 → a∗C0 are local
isomorphisms, so a∗C is the quotient of an algebraic stack by an étale equivalence
relation, hence is algebraic.

Finally, suppose C is a cone stack. We can present C as the quotient of a disjoint
union of cones C0 by a strict groupoid C1⇒ C0 where C1 is a cone space. As before,
a∗C1 and a∗C0 are representable by algebraic stacks; moreover, the projections
C1 → C0 are strict morphisms of cone spaces, so the projections a∗C1 → a∗C0

are representable by étale morphisms of algebraic spaces. Therefore C is the
quotient of an algebraic stack by a groupoid whose projections are representable
by algebraic spaces and étale; hence it is an algebraic stack.

For the claim about local finite presentation, note that a∗σ is of finite
presentation for any cone σ , so if C is a cone stack then a∗C has an étale cover
by algebraic stacks that are locally of finite presentation, hence is itself locally of
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finite presentation. Each of the a∗σ is quasicompact, so if this cover is finite then
a∗C is quasicompact.

6.3. Artin fans. The construction of a∗ in the last section serves as an interface
between logarithmic geometry and tropical geometry. This interface has been
introduced elsewhere under the heading of Artin fans. We recall this terminology
here, and indicate how it gives another perspective on cone stacks.

DEFINITION 6.8. An Artin cone is an algebraic stack with logarithmic structure
that can be presented as the quotient Aσ =

[
Vσ
/

T
]

of an affine toric variety
Vσ = Spec k[Sσ ] by its dense torus T . An Artin fan is a logarithmic algebraic
stack that has a strict étale cover by a disjoint union of Artin cones.

In [Uli19] and early drafts of [ACMW17], the term ‘Artin fan’ was used more
inclusively for logarithmic algebraic stacks that are logarithmically étale over the
base field k. We have elected to define it more restrictively here for the sake of
Theorem 6.11.

LEMMA 6.9. Artin fans are logarithmically étale over the base.

Proof. Since Artin fans are modeled strict étale-locally on Artin cones, it is
sufficient to show that Artin cones are logarithmically étale over the base. An
Artin cone is certainly locally of finite presentation, since toric varieties and tori
are. Therefore, it is sufficient to verify the formal criterion.

We consider a strict, square-zero extension S ⊆ S′, and a lifting problem:

S //

��

Aσ

S′

>>

We wish to show that there is a unique lift. The map S → Aσ comes from an
element of Hom

(
Sσ , Γ (S,M S)

)
. But

Γ (S′,M S′)→ Γ (S,M S)

is an isomorphism because of S′ is a strict infinitesimal extension of S. The unique
lifting is therefore automatic.

EXAMPLE 6.10. There are algebraic stacks with logarithmic structures that are
logarithmically étale over the base field k, but do not admit a strict étale cover by
Artin cones. One such example is the quotient of A1 by the Gm-action t.x = t2x .
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THEOREM 6.11. The functor a∗ defines an equivalence between the 2-category
of cone stacks and the 2-category of Artin fans.

Proof. First we observe that Hom(Aσ ,Aτ ) = HomRPC(σ, τ ). Indeed, by
definition of Aτ (Equation 8),

Hom(Aσ ,Aτ ) = Hom
(
Sτ , Γ (Aσ ,MAσ

)
)
.

Writing Aσ as the quotient of the toric variety Spec k[Sσ ] by its dense
torus, we find that Γ

(
Aσ ,MAσ

)
can be identified with the torus invariants in

Γ
(

Spec k[Sσ ],MSpec k[Sσ ]
)
. But the latter monoid may be identified with Sσ , as all

sections are torus-invariant. Therefore,

Hom(Aσ ,Aτ ) = Hom(Sτ , Sσ ) = Hom(σ, τ ).

This proves that a∗ induces an equivalence of categories from rational polyhedral
cones to Artin cones.

As a morphism σ → τ is strict if and only if Aσ → Aτ is strict and étale,
and σ → τ is surjective if and only if Aσ → Aτ is surjective, we find that an
algebraic stack with logarithmic structure has a strict étale cover by Artin cones
if and only if C has a strict cover by rational polyhedral cones. That is, a∗ gives
an equivalence of categories between cone stacks and Artin fans.

7. Tropicalizing the moduli space of logarithmic curves

In Sections 5.1 and 5.2, we saw how to make sense of a family of tropical
curves over an arbitrary sharp monoidal space. In this section, we define tropical
curves over logarithmic schemes. We show that the resulting moduli problem on
logarithmic schemes is represented by an algebraic stack of finite presentation,
logarithmically étale over k, and that it admits a tropicalization map from the
moduli stack of logarithmic curves that is strict and smooth (Theorem 7.12).

Technically, this material is not a direct application of Section 5.2, because
logarithmic structures sometimes require the étale topology and logarithmic
schemes must therefore sometimes be seen as monoidal topoi. We do not engage
with these technicalities directly—the reader who is comfortable with them will
not find it difficult to translate Section 5.2 into that language—and our discussion
focuses only on logarithmic schemes, as opposed to monoidal topoi in general.

7.1. Logarithmic curves over valuation rings. To motivate the construction
that follows, we analyze a special case in which a logarithmic structure arises. Let
K be a valued field with valuation ring R, and suppose that X is a family of stable

https://doi.org/10.1017/fms.2020.16 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2020.16


R. Cavalieri et al. 66

marked curves over S = Spec R with smooth generic fiber. Let η be the generic
point of S and let Xη be the fiber of X over the generic point.

Let G be the dual graph of the special fiber of X . We can label each vertex by
the genus of the normalization of the corresponding component. An edge e of the
dual graph corresponds to a node of the special fiber, in an étale neighborhood of
which, the family X admits an étale S-morphism to

Spec R[x, y]/(xy − te)

for some nonzero te ∈ R. The element te is uniquely determined by e up to scaling
by an element of R∗, so we call the image of te in (R r {0})/R∗ the length of the
edge e. In fact, the element te can be presented more canonically by viewing the
orbit R∗te as the set of generators for a principal ideal in R that is dual to the
deformation space of the node e. For this reason, we refer to te (up to scaling) as
the smoothing parameter for e.

As we will see in Section 7.2, the monoid (R r {0})/R∗ is the stalk M S,s of
the characteristic monoid M S of a logarithmic structure on S at its closed point s.
Labeling each edge of the graph by the smoothing parameter te ∈ (Rr {0})/R∗ =
M S,s , we have produced a tropical curve with a metric valued in M S,s .

Logarithmic structures give just enough additional information on the special
fiber to carry out this construction without explicit reference to the smoothing
family. This is particularly convenient for applications to moduli problems, where
a smoothing family may not be available.

7.2. Logarithmic curves and their tropicalizations. Suppose S is a
logarithmic scheme. A logarithmic curve over S is a logarithmically smooth
morphism of logarithmic schemes π : X → S that is proper, has geometrically
connected fibers, is integral, and is saturated. Rather than define all of these terms,
we recall a local structure theorem for logarithmic curves [Kat00, Theorem 1.3]
that also characterizes them:

THEOREM 7.1 (F. Kato). Suppose that X is a logarithmic curve over a fine and
saturated logarithmic scheme S. Then every geometric point x of X has an étale
neighborhood V with a strict étale S-morphism π : V → S, such that:

(i) V = SpecOS[u], with MV = π
∗MS;

(ii) V = SpecOS[u], with MV = π
∗MS ⊕ Nυ with ε(υ) = u;

(iii) V = SpecOS[x, y]/(xy − t) for some t ∈ OS , and

MV = π
∗MS ⊕ Nα ⊕ Nβ

/
(α + β = δ)

for some δ ∈ MS , and with ε(α) = x, ε(β) = y, and ε(δ) = t .
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Figure 12. A logarithmically smooth degeneration of a smooth algebraic curve
X with marked sections over the spectrum of a discrete valuation ring R. Many
different monoids P are possible, but the choice consistent with Section 7.1 is
P = (R − {0})/R∗.

In particular, the stalk of M X at the point x in the statement of the theorem has
one of the following forms:

(i) M X,x ' M S,π(x) if x is a smooth point of X ;

(ii) M X,x ' M S,π(x) ⊕ Nυ if x is a marked point of X ; and

(iii) M X,x ' (M S,π(x)⊕Nα⊕Nβ)/(α+β = δ) ' M S,π(x)⊕NN2 if x is a node
of X .

In the last case, the element δ is known as the smoothing parameter for the node
x , as explained in Section 7.1.

If X is a logarithmic curve over a logarithmic point S, the observation above
permits us to give the dual graph of X the structure of a tropical curve, metrized
by the characteristic monoid of S.

DEFINITION 7.2. Let S be a logarithmic scheme whose underlying scheme is the
spectrum of an algebraically closed field and let X be a logarithmic curve over S.
The dual tropical curve ΓX of X is the tropical curve consisting of:
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(i) one vertex v for each irreducible component Xv of X , weighted by the
genus of the normalization of Xv;

(ii) a flag li incident to the vertex v for each marked point xi on Xv, marked
with the same label as xi ;

(ii) for each node xe of X , an edge incident to the two vertices corresponding
to components of X adjacent to x , together with the edge length d(e) = δe,
the smoothing parameter of xe.

We refer the reader to Figure 2 in the introduction for a picture of this
construction.

REMARK 7.3. The characteristic monoid at a node xe can alternatively be
described as:

(iii′) M X,x '
{
(ρ, σ ) ∈ M S,π(x) × M S,π(x)

∣∣ ρ − σ ∈ Zδ
}
.

The advantage of this description is that it makes clear the generalization maps
associated to the two branches at the node: if x ′ is the generic point of a component
incident to x (so M X,x ′ = M S,s and there is a specialization x ′ ; x) then the
corresponding map M X,x → M X,x ′ = M S,s is one of the two projections. The
identification between (iii) and (iii′) sends γ + aα + bβ to (γ + aδ, γ + bδ);
conversely, if ρ − σ = rδ, then (ρ, σ ) is sent to σ + rα if r > 0, and to ρ − rβ if
r 6 0.

This allows us to give a tropical interpretation to the sections of M X . Recall
that to specify an R>0-valued affine linear function with integer slope along an
interval is the same as to give a pair of nonnegative real numbers (the values of the
function at the endpoints of the interval) whose difference is an integer multiple
of the interval’s length. Thus, sections of M X near the nodes can be viewed as
piecewise affine linear functions on the dual tropical curve of X that have integer
slopes along the edges, taking values in M S .

The same interpretation is also valid near the marked points. Indeed, to give
a R>0-valued affine linear function with integer slope along an infinite ray, we
should specify a nonnegative value at the endpoint of the ray, and a nonnegative
slope. Extrapolating to M S-valued functions, we find that affine linear functions
along a ray correspond to elements of M S×N, which is the local structure of M X

near a marked point.
It follows immediately from these observations that sections of M

gp
X may be

identified with piecewise linear functions on the dual graph of X , taking values
in M

gp
S and having integer slopes along the edges. We view the sections of M X as

the submonoid of functions taking values > 0.
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Now we fix a logarithmic scheme S whose underlying scheme is the spectrum
of an algebraically closed field. Assume that the characteristic monoid M S is
finitely generated and define σ to be the rational polyhedral cone such that
Sσ = M S . The construction indicated above defines a functor

tropg,n,S :Mlog
g,n(S) −→Mtrop

g,n (σ ).

We now extend this construction to families over logarithmic schemes:

DEFINITION 7.4. Let S be a logarithmic scheme that is locally of finite type. A
tropical curve over S consists of

(i) a tropical curve Γs with edge lengths in M s (see Section 3.1) for each
geometric point s of S;

(ii) a weighted edge contraction Γs → Γt for each geometric specialization
(see Appendix A) t ; s in S; such that

(iii) if t ; s is a geometric specialization then the map Γs → Γt is the
contraction of weighted marked graphs in which Γt is metrized by the
composition

E
(
G(Γs)

) dΓs
−−→ M S,s −→ M S,t ,

with the usual convention that we contract edges of length zero.

We write M̃trop
g,n for the fibered category over logarithmic schemes of finite type

whose fiber over S is the category of families of genus g tropical curves over S
with n-marked points.

REMARK 7.5. We have defined M̃trop
g,n only for logarithmic schemes locally of

finite type because the general definition is more technical. However, we will
see soon that M̃trop

g,n extends canonically to all logarithmic schemes when we
recognize it as the extension of Mtrop

g,n to the category of logarithmic schemes.

LEMMA 7.6. M̃trop
g,n is a stack in the strict étale topology on the category of

logarithmic schemes that are locally of finite type.

Proof. We sketch how to construct an object of M̃trop
g,n from a descent datum and

leave the remaining verifications to the reader.
Let Ui → S be a strict étale covering family of a scheme S and let Γ• be a

descent datum for M̃trop
g,n over U•. For each geometric point s of S, choose a lift

of s to some Ui and define Γs = Γi s . This is well defined up to isomorphism, as a
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second lift s → U j would induce a map s → Ui j and therefore an isomorphism
Γi s ' Γi j s ' Γ j s . The cocycle condition guarantees that the isomorphisms

Γi s ' Γi j s ' Γ j s ' Γ jk s ' Γk s

Γi s ' Γik s ' Γk s

both factor as Γi s ' Γi jk s ' Γk s , hence coincide. A similar argument constructs
the generalization maps associated to each geometric specialization t ; s.

Using this language, Definition 7.2 actually defines a tropicalization morphism

tropg,n :Mlog
g,n −→ M̃trop

g,n

of stacks over logarithmic schemes S locally of finite type: consider an S-point of
Mlog

g,n , which is to say, a logarithmic curve of genus g with n-marked points over
S. In Definition 7.2, we have already constructed a tropical curve Γs = ΓXs at
each geometric point s of S. If t ; s is a specialization of geometric points then
we can verify easily that the dual graph of X t is obtained from the dual graph of
Xs by collapsing those edges whose lengths map to 0 in M S,t because an element
δ ∈ MS,s maps to zero in M S,t if and only if ε(δ) maps to a unit in OS,t , and this
is equivalent to the smoothing of the corresponding node.

REMARK 7.7. Consider the situation where S is a logarithmic scheme and M S

is a constant sheaf of monoids. If Γ is a tropical curve over S, and if t ; s is a
specialization of geometric points of S, then condition (iii) in Definition 7.4 above
guarantees that Γs → Γt is an isomorphism.

If S is merely assumed to be locally of finite type, then S has a locally finite
stratification into locally closed subsets on which M S is locally constant. The
previous paragraph implies that a family of weighted, marked, metrized graphs Γ
over S satisfying conditions (i) through (iii) of the definition of a tropical curve,
is locally constant on each stratum.

7.3. Algebraicity of the stack of tropical curves over logarithmic schemes.
In this section, we prove that M̃trop

g,n is isomorphic to a∗Mtrop
g,n over logarithmic

schemes of finite type. By Corollary 6.7 and Lemma 6.9, this implies the first
half of Theorem 4 from the introduction, namely that M̃trop

g,n is representable by
an algebraic stack with a logarithmic structure that is logarithmically étale over k.

To begin, we construct a natural family of maps

Φ : a∗Mtrop
g,n (S) −→ M̃trop

g,n (S)
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for every logarithmic scheme S locally of finite type. This means that, for every
S, and every morphism f : S → a∗Mtrop

g,n , we want to build an associated family
of tropical curves Φ( f ).

Since M̃trop
g,n is a stack, we can use the universal property of the associated

stack a∗Mtrop
g,n (note that restriction from the strict étale site on the category of all

logarithmic schemes to the strict étale site on the category of logarithmic schemes
that are locally of finite type over k preserves stackification) to specify Φ by
giving maps

Mtrop
g,n

(
Γ (S,M S)

)
−→ M̃trop

g,n (S) (9)

for each logarithmic scheme S locally of finite type over k, in a manner that is
natural in S. An object of the domain is a tropical curve Γ , metrized by Γ (S,
M S). The maps

Γ (S,M S) −→ M S,s

induce tropical curves Γs , metrized by M S,s , for each geometric point s of S, and
the generalization maps

M S,s −→ M S,t

associated to geometric specializations t ; s induce maps Γs → Γt . This gives
us the required map (9).

LEMMA 7.8. Suppose that S is a logarithmic scheme locally of finite type, that Γ
and Γ ′ are tropical curves over S and s is a geometric point of S. If φs : Γs

∼

−→

Γ ′s is an isomorphism then there is an étale neighborhood U of s and a unique
extension of φ to U.

Proof. Let Z be the stratum of S containing s. We can find an étale neighborhood
p : U → S of s such that U is of finite type and

(a) M S is constant on p−1 Z ;

(b) p−1 Z is connected;

(c) p−1 Z is the unique closed stratum of U .

Then Γt = Γs and Γ ′t = Γ
′

s for all points t ∈ p−1 Z (since p−1 Z is connected),
so φ extends to p−1 Z . But the closure of every stratum of U contains a point of
p−1 Z . Hence if W is a stratum of U then there is somew ∈ W and some z ∈ p−1 Z
and a specialization w ; z. Since Γw and Γ ′w are, respectively, the contractions
of the edges in Γz and Γ ′z whose lengths generalize to 0 in Mw, there is a unique
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isomorphism φw : Γw ' Γ
′

w making the diagram

Γz
//

φz

��

Γw

φw

��
Γ ′z

// Γ ′w

commute. As before, this extends to an isomorphism over the whole stratum W
containing w. The uniqueness guarantees that this extension does not depend on
the choice of w in W .

LEMMA 7.9. The morphism Φ constructed above is an isomorphism for all
logarithmic schemes S locally of finite type.

Proof. We fix Γ ∈ M̃trop
g,n (S) and argue that, up to unique isomorphism, there is a

unique lift of Γ to a∗Mtrop
g,n (S). Since both a∗Mtrop

g,n and M̃trop
g,n are stacks, this is a

local assertion on S. We can therefore localize freely in S and so can assume that
there is a geometric point s and a chart of M S by M S,s . Using the map

M S,s → Γ (S,M S)

we extend Γs to Γ ′ ∈Mtrop
g,n

(
Γ (S,M S)

)
. Note that if Γ is to lift to any object of

Mtrop
g,n

(
Γ (S,M S)

)
it must be to Γ ′, as the composition

Mtrop
g,n

(
Γ (S,M S)

)
→ M̃trop

g,n (S)→ M̃trop
g,n (s) =Mtrop

g,n

(
M S,s

)
is an isomorphism. Let Γ ′′ be the image of Γ ′ in M̃trop

g,n (S). Then by Lemma 7.8,
there is a unique extension of the isomorphism Γ ′′s ' Γs to an étale neighborhood
of s, which is precisely what is needed.

COROLLARY 7.10. The stack M̃trop
g,n is representable by an algebraic stack of

finite presentation (that is, locally of finite presentation, quasicompact, and
quasiseparated) over k with a logarithmic structure that is logarithmically étale
over k.

Proof. Since M̃trop
g,n ' a∗Mtrop

g,n , it is algebraic and locally of finite presentation.
We only need to verify that it is quasicompact and quasiseparated. For the former,
we note that Mtrop

g,n can be covered by finitely many cones. For quasiseparation, we
must show that the equalizer of a pair of map f, g : Z → M̃trop

g,n is quasicompact
if Z is quasicompact. This is a local assertion on Z , so we can assume that there
are cones σ and τ and maps σ →Mtrop

g,n and τ →Mtrop
g,n such that f and g factor
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through Aσ → M̃trop
g,n and Aτ → M̃trop

g,n , respectively. Therefore, the equalizer is
the pullback of Aσ ×

M̃trop
g,n

Aτ = a∗
(
σ ×

Mtrop
g,n

τ
)

along the map Z → Aσ × Aτ . But

by σ ×
Mtrop

g,n

τ has a finite cover by cones by Lemma 3.5, so the map Aσ ×
M̃trop

g,n

Aτ →

Aσ ×Aτ is quasicompact, as required.

7.4. The tropicalization map for the moduli space of curves.

COROLLARY 7.11. The morphism tropg,n : Mlog
g,n → a∗Mtrop

g,n extends to all
logarithmic schemes.

Proof. It is sufficient to describe the map

Mlog
g,n(S) −→ a∗Mtrop

g,n (S)

locally on S, since a∗Mtrop
g,n is a stack. We can therefore assume that the underlying

scheme of S is affine and that the logarithmic structure has a global chart. In that
case, S is the cofiltered limit of affine morphisms of logarithmic schemes of finite
type Si . As Mlog

g,n is locally of finite presentation, we obtain

Mlog
g,n(S)

∼

←− lim
−→

Mlog
g,n(Si)→ lim

−→
a∗Mtrop

g,n (Si)
∼

−→ a∗Mtrop
g,n (S).

We omit the verification of the naturality of the extension.

THEOREM 7.12. The tropicalization map tropg,n : Mlog
g,n → a∗Mtrop

g,n is strict,
smooth, and surjective.

Proof. Given a stable tropical curve Γ (of genus g with n-marked legs) and
edge lengths in a sharp monoid P , we can always find a logarithmic curve over
S =

(
Spec k, k∗ ⊕ P

)
whose dual tropical curve is Γ . This shows that tropg,n is

surjective.
As a∗Mtrop

g,n is logarithmically étale over the base, Mlog
g,n is logarithmically

smooth over a∗Mtrop
g,n if and only if it is logarithmically smooth over the

base. Since Mlog
g,n is locally of finite presentation, it is sufficient to invoke the

infinitesimal lifting criterion, and obstructions to infinitesimal deformations of a
logarithmic curve X are classified by H 2(X, T log

X ), which vanishes because X is
a curve and T log

X is quasicoherent. As soon as we show that tropg,n is strict, we
will also know that it is smooth (in the usual, nonlogarithmic sense), since strict
logarithmically smooth morphisms are smooth [Kat89, Proposition 3.8].
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To check that Mlog
g,n is strict over a∗Mtrop

g,n , we must show that if S is a scheme
with a morphism of logarithmic structures M ′S → MS , then every diagram of solid
arrows, as depicted in (10), has a unique lift:

(S,MS) //

��

Mlog
g,n

��
(S,M ′S) //

::

a∗Mtrop
g,n

(10)

We therefore assume that we have a logarithmic curve (X,MX ) over (S,MS), a
tropical curve Γ ′ over (S,M ′S) such that the family of tropical curves associated
to (X,MX ) is the family Γ induced from Γ ′ by the morphism of logarithmic
structures M ′S → MS . We wish to show that there is a unique logarithmic curve
(X,M ′X ) over (S,M ′S) inducing both (X,MX ) and Γ ′.

We will construct the logarithmic structure M ′X étale-locally on X . Suppose
that x is a geometric point of X and choose an étale neighborhood U of x such
that one of the situations enumerated in Theorem 7.1 applies to MX and such that
Γ (U,M X )→ M X,x is a bijection. Case by case, we define:

(i) N = M
′

S,π(x) if x is a smooth point of X ;

(ii) N = M
′

S,π(x) ⊕ N if x is a marked point of X ;

(iii) N = (M
′

S,π(x) ⊕ Nα′ ⊕ Nβ ′)/(α′ + β ′ = δ′) if x is a node of X and δ′ is
the length of the corresponding edge in Γ ′.

In all cases, there is a canonical map from N to M X over U , by virtue of the
local structure of M X . This is immediate in the first two cases, but requires some
justification in the third: if δ denotes the length of the edge corresponding to x in
Γ then M X,x ' (M S,π(x)⊕Nα⊕Nβ)/(α+β = δ) and the map M

′

S,π(x)→ M S,π(x)

carries δ′ to δ. The elements α and β are associated with branches of the node
x and therefore we choose that α′ and β ′ should be associated with the same
branches, there is a unique map N → M X,x sending α′ to α and β ′ to β.

Since Γ (U,M X )→ M X,x is a bijection, we have a map N → MU , where we
view N as a constant sheaf on U and we write MU for the restriction of M X to U .
Let N = MU ×MU

N . Then we have a monoid homomorphism N → MU → OU

and we take M ′X to be the associated logarithmic structure.
To complete the construction of M ′X , we only need to see that these

constructions are compatible. But if we restrict M ′U to the complement of
the marked points and nodes, we get π∗M ′S , as required. Finally, it is immediate
from Theorem 7.1 that (X,M ′X ) is a logarithmic curve, and it is immediate
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from the construction that (X,M ′X ) induces both (X,MX ) and Γ ′ via the natural
maps.

7.5. Non-Archimedean tropicalization—revisited. Let X be an algebraic
stack that is locally of finite type over a trivially valued field k. Recall from [Uli19,
Section 5] that Thuillier’s generic fiber functor (.)i (as defined in [Thu07, Section
1]) extends to a functor that sends X to a (strict) non-Archimedean stack X i. The
underlying topological space of X i may be constructed as follows:

A point of X i is a morphism Spec R → X from a valuation ring R (of rank
one) extending the base field k. One may think of R as being, for example, the
ring k[[t]] of formal power series, the ring k[[tQ]] of Puiseux series, or the ring
k[[tR]] of Hahn series. Two points Spec R→ X and Spec R′→ X are said to be
equivalent if there is a valuation ring R′′ extending both R and R′ that makes the
diagram

Spec R′′ −−−−→ Spec R′y y
Spec R −−−−→ X

commute in the sense of 2-categories. The underlying topological space
∣∣X i

∣∣ is
the set of equivalence classes of points of X i. The association X 7→

∣∣X i
∣∣ is

functorial and, whenever there is a smooth and surjective morphism U → X that
is locally of finite type, the induced map

∣∣Ui
∣∣→ ∣∣X i

∣∣ is a topological quotient
map.

We conclude this section with the proof of Corollary 1 from the introduction.

Proof of Corollary 1. Let Spec R → a∗Mtrop
g,n be a morphism from a valuation

ring (endowed with its divisorial logarithmic structure as in Section 7.1 above)
and suppose that the morphism is logarithmic. This map corresponds to a family
of tropical curves over Spec R. The tropical curve in the generic fiber is trivial, and
the edge lengths of the tropical curve Γ in the special fiber are in the multiplicative
monoid R/R∗.

Given a non-Archimedean extension R′ of R, the induced map Spec R′ →
a∗Mtrop

g,n is also logarithmic and gives rise to a tropical curve Γ ′ that agrees
with Γ on the level of underlying graphs, but its edge lengths formally lie in
the multiplicative monoid R′/(R′)∗. Since R′ extends the valuation on R, the
valuations of the edge lengths on Γ and Γ ′ are equal as elements in R>0. So
we obtain a well-defined element [Γ ] in the set-theoretic moduli space M trop

g,n of
stable n-marked tropical curves of genus g.

Conversely, given an element [Γ ] in M trop
g,n we may always find a family of

tropical curves over a valuation ring R whose special fiber is Γ . Finally, suppose
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we are given two families of tropical curves Γ and Γ ′ over valuation rings R′ and
R, whose classes [Γ ] and [Γ ′] in M trop

g,n are equal. Let R′′ be the valuation ring
of a common non-Archimedean extension of the quotient fields of both R and
R′. Since [Γ ] = [Γ ′] in M trop

g,n , the base changes of Γ and Γ ′ to R′′ (with edge
lengths in R′′/(R′′)∗) are isomorphic and thus Γ and Γ ′ represent the same point
in a∗Mtrop

g,n .
This shows that there is a natural injection from M trop

g,n into a the open and dense
subset of a∗Mtrop

g,n , whose points can be represented by a logarithmic morphism
Spec R→ a∗Mtrop

g,n . Let us now show that the diagram

Man
g,n

tropACP
g,n

−−−−→ M trop
g,n

⊆

y y⊆
Mi

g,n

tropig,n
−−−−→

(
a∗Mtrop

g,n

)i
commutes, that is, that the restriction of the analytic map tropi

g,n to Man
g,n is

nothing but the non-Archimedean tropicalization map from [ACP15]. A point x
in Man

g,n is represented by a morphism Spec K →Mg,n from a non-Archimedean
extension K of k and, since Mg,n is proper, we may extend this to a logarithmic
map Spec R →Mg,n from the valuation ring R of a finite extension of K . It is a
consequence of the description of tropg,n in Section 7.2, that is, of Theorem 4, that

the image of this point in (a∗Mtrop
g,n

)i under tropi
g,n is precisely the tropicalization

of x in the sense of [ACP15].
Finally, since tropg,n is smooth and surjective, it induces the quotient topology

on
(
a∗Mtrop

g,n

)i. Moreover, as the non-Archimedean tropicalization map tropACP
g,n

can be identified with a deformation retraction onto the non-Archimedean
skeleton of Man

g,n by [ACP15, Theorem 1.2.1], it is also a topological quotient

map and therefore the injection between M trop
g,n ↪→

(
a∗Mtrop

g,n

)i is continuous.

8. Tautological morphisms in logarithmic geometry

8.1. Logarithmic clutching. In [Knu83], Knudsen introduced clutching
maps whose images define the boundary stratification in the moduli spaces of
curves: given g = g1 + g2 and [n] = I1 ∪ I2 a partition of the index set in two
disjoint subsets with 2gi − 2+ |Ii | > 0, we have

δg1,I1 :Mg1,I1∪{?} ×Mg2,I2∪{•}→Mg,n

δirr :Mg,[n]∪{?,•}→Mg+1,n.
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These morphisms do not extend to morphisms of logarithmic schemes, since
the interior of the domain maps into the boundary of the codomain, and there
are no morphisms from a scheme with trivial logarithmic structure to one with
an everywhere nontrivial logarithmic structure. In the logarithmic category, we
instead have correspondences:

Q

!!}}
Mlog

g1,I1∪{?}
×Mlog

g2,I2∪{•}
Mlog

g,n

R

""||
Mlog

g,[n]∪{?,•} Mlog
g+1,n

(11)
At issue here is that, because logarithmic geometry synthesizes algebraic and
tropical geometry, a logarithmic clutching map must simultaneously induce an
algebraic clutching map and a tropical one. We have seen in Section 8.1 that
tropical clutching requires the specification of the length of the newly minted edge,
so logarithmic clutching requires an extra tropical parameter. This parameter is
manifested in an extra generator in the characteristic monoids M Q and M R .

However, in order for the morphisms Q → Mlog
g,n and R → Mlog

g+1,n to be
well defined, the logarithmic structures MQ and MR cannot be trivial extensions
of Mlog

g1,I1∪{?}
×Mlog

g2,I2∪{•}
and Mlog

g,[n]∪{?,•}, respectively. Every element of the
characteristic monoid of a logarithmic scheme induces a line bundle and cosection
on that scheme. In the case of Q and R, the extra parameter is the smoothing
parameter of the new node, and therefore the associated line bundle is the
conormal bundle L?⊗L• (here L? and L• denote the cotangent line bundles at the
marked points) to its image.

We define Q and R by pulling back the logarithmic structure from Mlog
g,n and

Mlog
g+1,n , respectively, via the classical (nonlogarithmic) clutching maps δg1,I1 and

δirr .

REMARK 8.1. At present, we do not have a good modular description of Q or R.
In principle, it should be possible to describe them as moduli spaces of logarithmic
curves with a fixed tropicalization, but it is unclear how to describe the scheme
structure on such a space in a modular way.

By construction, the maps Q →Mlog
g1,I1∪{?}

×Mlog
g2,I2∪{•}

and R →Mlog
g,[n]∪{?,•},

which we need to construct, are isomorphisms on the underlying algebraic stacks,
but they are not strict. We construct just the map Q → Mlog

g1,I1∪{?}
, since the

remaining constructions are analogous.
A logarithmic morphism S → Q composes with Q → Mlog

g,n to give a
logarithmic curve X over S. Since the underlying algebraic stack of Q is
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Mg1,I1∪{?} ×Mg2,I2∪{•}, the underlying curve X of X comes with a splitting into
a curve Y of genus g1 (corresponding to the composition S → Q →Mg1,I1∪{?})
and a curve of genus g2.

We have a closed embedding Y ⊆ X and by pullback, Y inherits a logarithmic
structure from X . However, this does not make Y into a logarithmic curve over S
because it is not logarithmically smooth at the preimage of the node. To fix this,
we modify the logarithmic structure.

Let y ∈ Y be the preimage of the node of X and let s be its image in S. By
the local structure of a logarithmic scheme M X,y is generated by M S,s and two
elements α and β whose sum is an element of M S,s . Each of α and β corresponds
to a O∗X,y-coset of MX,y and then generates an ideal in OX,y . We choose the
labeling of α and β so that α is the one whose image under MX,y →OX,y →OY,y

generates the ideal of y. Finally, we define MY,y to be the submonoid of M X,y

generated by M S,s and α. The preimage of MY,y in MX,y ⊕O∗X,y O
∗

Y,y determines a
logarithmic structure MY,y on Y near y. We define Y to be Y , equipped with the
logarithmic structure MY,y near y and with the pullback of MX away from y.

LEMMA 8.2. Y is a logarithmic curve over S.

Proof. We know that Y is connected and proper, so we only need to verify that
it has the right local structure. This is immediate away from y, since X is a
logarithmic curve over S. At y, the characteristic monoid MY,y is the submonoid
of M S,s ⊕ Nα ⊕ Nβ/(α + β = δ) generated by M S,s and α. But this is simply
M S,s ⊕ Nα, so y is indeed a marked point of a logarithmic curve.

By the universal property of Mlog
g1,I1∪{?}

, the logarithmic curve Y induces a
morphism S→Mlog

g1,I1∪{?}
. Our construction is evidently functorial in logarithmic

schemes over Q, so it induces the required morphism Q →Mlog
g1,I1∪{?}

.

DEFINITION 8.3. We define the logarithmic clutching morphisms to be the
morphisms

δ
log
g1,I1
: Q −→Mlog

g,n

δ
log
irr : R −→Mlog

g+1,n.

introduced in diagram (11).

The next theorem shows that the logarithmic clutching morphisms
commute with the tropicalization morphism introduced in Corollary 7.11 and
Theorem 7.12.
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THEOREM 8.4. (i) Let δlog
g1,I1

be the logarithmic clutching morphism, and
δ

trop
g1,I1

the tropical clutching morphism for the same discrete data. There
exists a tropicalization morphism

trop : Q −→ a∗
(
Mtrop

g1,I1∪{?}
×Mtrop

g2,I2∪{•}
× R>0

)
such that diagram (12), commutes:

Mlog
g1,I1∪{?}

×Mlog
g2,I2∪{•}

trop

��

Qoo
δ
log
g1,I1 //

trop

��

Mlog
g,n

trop

��
a∗
(
Mtrop

g1,I1∪{?}
×Mtrop

g2,I2∪{•}
)

a∗
(
Mtrop

g1,I1∪{?}
×Mtrop

g2,I2∪{•}
× R>0

)oo
a∗δtrop

g1,I1 // a∗Mtrop
g,n

(12)

(2) Let δlog
irr and δtrop

irr be the logarithmic and tropical self-gluing maps. There
is a tropicalization morphism

trop : R −→ a∗
(
Mtrop

g,[n]∪{?,•} × R>0
)

that makes the analogous diagram commutative:

Mlog
g,[n]∪{?,•}

trop

��

Roo δ
log
irr //

trop

��

Mlog
g+1,n

trop

��
a∗
(
Mtrop

g,[n]∪{?,•}

)
a∗
(
Mtrop

g,[n]∪{?,•} × R>0
)oo a∗δtrop

irr // a∗Mtrop
g+1,n

Proof. We only consider Q and leave the analogous proof for R to the avid reader.
First we construct the map

tropg,n : Q → a∗Mtrop
g1,I1∪{?}

× a∗Mtrop
g2,I2∪{•}

× a∗R>0 = a∗(Mtrop
g1,I1∪{?}

×Mtrop
g2,I2∪{•}

× R>0).

On the first two factors, we use the composition

Q →Mlog
g1,I1∪{?}

×Mlog
g2,I2∪{•}

→ a∗Mtrop
g1,I1∪{?}

× a∗Mtrop
g2,I2∪{•}

.

For the final factor, note that by definition, a morphism from Q into a∗R>0

corresponds to a global section of M Q . We choose the smoothing parameter for
the node y analyzed above. Note that this is a well-defined global section of M Q ,
as the node y is well-defined globally in Q.

Now we observe that diagram (12) commutes. This holds by definition for
the square on the left. To prove the commutativity of the square on the right,
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it is sufficient to consider geometric points. If s is a geometric point of Q
corresponding to a logarithmic curve X by the upper horizontal arrow, then the
image of s in a∗M trop

g,n is the dual graph of X . Going around the other way, s maps
to the pair of dual graphs Γ ′ and Γ ′′ obtained by deleting the edge corresponding
to the distinguished node of X and replacing it in each factor with a leg. The last
factor of the center vertical map records the length δ of the edge that was deleted.
The horizontal arrow on the lower right then assembles a graph Γ by deleting the
legs of Γ ′ and Γ ′′ that were just added and replaces them with an edge of length
δ. This is clearly the dual graph of X , so the diagram commutes.

8.2. Puncturing logarithmic curves. In the classical theory of M g,n , there
is a canonical way to assign an (n + 1)-pointed stable curve to the choice of a
point on an n-pointed curve. In this section, we show an analogous construction
for logarithmic curves. We refer to this process as puncturing, because that is the
effect it has on the Kato–Nakayama space of the logarithmic curve (as constructed
in [KN99]).

LEMMA 8.5. Suppose that π : X → S is a logarithmic curve over S and that
x : S → X is a section (in the category of logarithmic schemes). There exists a
universal logarithmic modification Y → X such that x factors through a section
y of Y and the image of y does not meet any of the nodes or marked points of Y .

Proof. We construct Y as a subfunctor of X . We give the construction locally
near each geometric point of X and then sheafify the result. Over the complement
of the image of x , we take Y to coincide with X . Near the image of x , we have
the usual three possibilities, the latter two of which are illustrated in Figures 13
and 14:

(i) If x(s) is a smooth point of Xs then x(t) is also in the smooth locus
of X t for all t in an étale neighborhood of s. We take Y = X in this
neighborhood.

(ii) If x(s) is a marked point of Xs then x(t) is either the same marked point
or a smooth point for all t in an étale neighborhood U of s. We have a
canonical identification M X,x(s) ' M S,s ⊕ Nυ, and the section υ extends
to an étale neighborhood of x(s) inside π−1U . On this neighborhood, we
take Y to be the subfunctor of X where the sections π∗s∗υ and υ are
comparable (that is, either π∗s∗υ − υ ∈ MY or υ − π∗s∗υ ∈ MY ). We
note that away from this marked point, υ restricts to 0, so that π∗s∗υ and
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Figure 13. On the left is a logarithmic curve X over S with a section passing
through a marked point, along with the logarithmic modification Y of X where
the section passes through the smooth locus. On the right are the tropicalizations.

υ are already comparable in X , and therefore Y agrees with X away from
the marked point.

(iii) If x(s) is a node of Xs then there is an étale neighborhood U of s in S
such that x(t) is the same node of X t or is in the smooth locus of X t . We
have an identification M X,x(s) ' (M S,s⊕Nα⊕Nβ)/(α+β = δ) for some
δ ∈ M S,s , and this identification is unique up to exchange of α and β. The
sections α and β extend to an étale neighborhood of x(s) in π−1U . On this
neighborhood, we take Y to be the subfunctor of X where α is comparable
to π∗s∗α and β is comparable to π∗s∗β. (In fact, α 6 π∗s∗α if and only
if β > π∗s∗β, and α > π∗s∗α if and only if β 6 π∗s∗β, so that each
of these conditions is equivalent to the other. We include both so that the
construction is manifestly unchanged by exchange of α and β.) Now, note
that if x ′ is a smooth point of the same étale neighborhood then one of α
or β restricts to 0 and the other restricts to δ. But the elements π∗s∗α and
π∗s∗β restrict to s∗α and s∗β under the identification M X,x ′ ' M S,π(x ′),
and as s∗α + s∗β = s∗δ = δ, we determine that the restrictions of π∗s∗α
and π∗s∗β are already comparable to α and β, respectively, at x ′. That is
Y agrees with X away from the node.

Since these modifications are all locally pulled back from modifications of
families of toric curves, it is immediate that Y is representable by a family of
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Figure 14. The figure on the left shows a logarithmic curve X over S with a
section passing through a node in red. Above X is the logarithmic modification Y
in which the unique lift of the section factors through the smooth locus. On the
right are the tropicalizations.

logarithmic curves over S. It remains to lift x to a section of Y and verify it passes
through the smooth locus.

Each of the local considerations above involves the imposition of order between
local sections π∗x∗γ and γ of M X . As x∗π∗x∗γ = x∗γ and x∗γ are certainly
comparable in M S , the section x : S → X factors uniquely through a section
y : S → Y . In fact, y factors through the locus where π∗x∗γ and γ are equal;
as γ generates M

gp
X , and therefore also M

gp
Y , over M

gp
S in this neighborhood, we

conclude that M
gp
Y = π

∗M
gp
S near the image of Y . That is, y factors through the

smooth locus of Y over S.

Using the lemma, we may puncture Y : let j : Y0 → Y be the inclusion of the
complement of the section y, and let MY = OY × j∗OY0

O∗Y0
be the logarithmic

structure associated to the divisor y(S) in the total space of Y .
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REMARK 8.6. The section y is not a morphism of logarithmic schemes from S
to Y when Y is equipped with the logarithmic structure described above. It can
only be promoted to one if we replace the logarithmic structure of S with y∗MY .
Tropically, this corresponds to the choice of a distance along the leg of the dual
tropical curve that corresponds to y.

REMARK 8.7. The whole process can be repeated if we have more than one
section of X , with one crucial difference that has the effect of modifying the base.
Suppose that x1 and x2 are two sections of X over S. We apply Lemma 8.5 to
obtain Y → X and a lift of x1 to a logarithmic section y1 of Y over S that does not
meet any nodes or marked points of Y . However, x2 does not automatically lift
to Y . Indeed, Y was constructed (locally) as the universal object in which π∗x∗1α
and α are comparable. Thus x2 : S → X will factor through Y if, and only if,
x∗2π

∗x∗1α = x∗1α and x∗2α are comparable.
In general, x∗1α and x∗2α need not be comparable in S, but there is a universal

logarithmic modification S̃→ S in which they are. Writing Ỹ for the base change
of Y to S̃, we can then apply Lemma 8.5 to the section y2 induced from x2 and
find a universal Z → Ỹ with sections z1 and z2 lifting both x1 and x2.

One could approach this construction another way. According to Lemma 8.5,
there are modifications Y1 and Y2 of X such that the section xi of X lifts to a
section yi of Yi that lies in its strict locus, relative to S. One may attempt to find
a common modification Z = Y1×X Y2 of X , but Y12 is not necessarily flat over
S and neither of the yi necessarily lifts to Y12. However, there is a modification
S̃ → S (in fact, a universal one) such that the base change Z of Y12 is flat over
S̃ and the sections y1 and y2 lift to well-defined sections of Y12 over S̃. This is an
example of (toroidal) flattening [RG71, AK00, Mol].

8.3. Tropicalizing the universal curve. Let X trop
g,n denote the universal curve

over Mtrop
g,n and let X log

g,n denote the universal curve over Mlog
g,n . In this section, we

construct a commutative square:

X log
g,n

trop //

��

a∗X trop
g,n

��
Mlog

g,n

tropg,n // a∗Mtrop
g,n

In other words, for every logarithmic scheme S, and every logarithmic curve X
over S, we must give an S-morphism

X → S ×a∗Mtrop
g,n

a∗X trop
g,n .
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These are stacks, so it is sufficient to make the construction locally in S. We can
therefore assume that the map S → a∗Mtrop

g,n factors through a∗σ for some strict
map σ →Mtrop

g,n . With this reduction, Theorem 2 informs us that we require the
upper horizontal arrow of a commutative diagram

X
f //

��

a∗ Cone(Γ )

��
S // a∗σ

where Γ is the tropical curve associated to σ → Mtrop
g,n . The map f can be

constructed étale-locally in X , and the local construction is immediate from the
definition of Cone(Γ ) in Section 4 and the local description of logarithmic curves
in and following Theorem 7.1.

8.4. Stabilization and forgetting markings. Let S be a logarithmic scheme.
Suppose that 2g − 2+ n > 0 and that X is a family of logarithmic curves over S
that has n markings and fibers of genus g, but is not necessarily stable. Then the
underlying family of curves X over S has a stabilization τ : X → Y over S. We
give Y a logarithmic structure by defining MY = τ∗MX .

LEMMA 8.8. Let X be a logarithmic curve over S, and let τ : X → Y be a
morphism that contracts an unstable, connected subcurve of X to a point of Y .
Then MY = τ∗MX is a logarithmic structure on Y and it makes Y = (Y ,MY )

into a logarithmic curve over S. The tropicalization of Y is the stabilization of the
tropicalization of X.

Proof. First we verify that MY is a logarithmic structure on Y . We note that
τ∗OX = OY since τ is proper with integral fibers and reduced codomain, and
that therefore τ∗O∗X = O∗Y . The map

MY = τ∗MX → τ∗OX = OY

makes MY into a prelogarithmic structure. To show it is a logarithmic structure, we
need to verify that ε−1O∗Y → O∗Y is a bijection. We have a commutative diagram:

ε−1O∗Y //

��

ε−1τ∗O∗X

��

// τ∗ε−1O∗X

yy
O∗Y // τ∗O∗X
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Thus the horizontal arrows on the left side of the diagram are isomorphisms. The
horizontal arrow on the right side of the diagram is an isomorphism because τ∗
is left exact. The diagonal arrow is an isomorphism because MX is a logarithmic
structure, so we deduce that the vertical arrow on the left is an isomorphism, as
required.

Now we check that Y is a logarithmic curve. Since Y is proper over S with
connected geometric fibers, we only need to analyze the local structure at a
geometric point y of Y lying above a geometric point s of S. If the fiber is a point
there is nothing to show. The other possibilities are: (It is sufficient, by induction,
to assume that the τ−1 y is an irreducible rational curve, which simplifies the
subsequent argument somewhat. However, we feel that the argument, while
more complicated, is instructive concerning the relationship between logarithmic
geometry and tropical geometry. We are confident that a reader who prefers
the inductive argument can make the necessary substitutions and attendant
simplifications.)

(i) y is a smooth point of Y and the fiber is a tree of rational curves with no
marked points;

(ii) y is a marked point of Y , in which case the fiber is a tree of rational curves
with one marked point;

(iii) y is a node and the fiber is a tree of rational curves with two marked points.

In each case, we can compute using the exact sequence

0→ O∗X → MX → M X → 0.

By [AMW14, Lemma B.4], the formation of τ∗MX commutes with base change.
Restricting to the fiber over y and pushing forward via τ , we get another exact
sequence:

0→ O∗Y,y → MY,y → τ∗M X y → Pic(τ−1 y).

We can identify Pic(τ−1 y) with ZV , where V is the set of vertices of the dual
graph of τ−1 y, since line bundles on trees of rational curves are determined up to
isomorphism by their multidegrees.

Let s be the image of y in S and let Γ be the dual graph of τ−1 y. By this, we
mean that Γ has

(a) one vertex for each component of τ−1 y;

(b) one vertex for each node of Xs joining τ−1 y to the rest of Xs (note that
if τ−1 y is joined to a component Z of Xs by two different nodes then we
add two nodes to Γ ); in actual fact, we should have a dual graph with legs
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of finite length in this case. Rather than go through the effort necessary
to define such a thing, we add vertices at the ends of these finite length
edges.

(c) one leg for each marked point of τ−1 y;

(d) two vertices are connected by an edge if the corresponding components of
Xs are connected by a node.

This graph inherits a metric valued in M S,s from the dual graph of Xs .
We can identify τ∗M X y with the piecewise linear functions on Γ , valued in

M S,s , that are linear with integer slopes along the edges. The map

τ∗M X y → Pic(τ−1 y) ' ZV (13)

sends a piecewise linear function to the sum of the outgoing slopes at each vertex.
The kernel therefore consists of the piecewise linear functions that are linear on
the interior of the dual graph of τ−1 y where, by convention, linearity at a vertex
means that the sum of the outgoing slopes is zero, and the interior consists of
those vertices that correspond to components of τ−1 y.

(i) If y is a smooth, unmarked point of Y then τ−1 y has only one external
vertex and no legs, so it supports no nonconstant linear functions.
Therefore the kernel of (13) is M S,s . We deduce that MY,y = M S,s , and
therefore that MY,y is the pullback of MS,s in this case.

(ii) If y is a marked point, then τ−1 y has one external vertex and one leg. This
means that a piecewise linear function on τ−1 y that is linear on the interior
is determined by its value on the external vertex and the outgoing slope on
the leg (which must be a nonnegative integer). Thus MY,y = M S,s ⊕ N.

(iii) If y is a node then τ−1 y has two external vertices and no legs, so an
element of MY,y is determined uniquely by the two values at the external
vertices. These values are arbitrary, provided their difference is a multiple
of the distance, measured along the dual graph of τ−1 y, between the two
internal vertices. This allows us to identify the fiber of

MY,y =
{
(ρ, σ ) ∈ M S,s × M S,s

∣∣ ρ − σ ∈ Zδ
}

where δ is the length of the path connecting the two external vertices of
τ−1 y. This is precisely the form (iii′) of Section 7.2.

In each of the three cases, we get the appropriate local structure of a logarithmic
curve (see Section 7.2 above), as required.
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The following theorem is a consequence of Lemma 8.5 and Lemma 8.8.

THEOREM 8.9. Denote by X log
g,n the universal curve over Mlog

g,n . We have the
following commutative diagram:

X log
g,n

∼ //

trop

��

Mlog
g,n+1

//

tropg,n+1

��

Mlog
g,n

trop

��
a∗X trop

g,n
∼ // a∗Mtropg,n

g,n+1
// a∗Mtrop

g,n

We observe that Theorem 8.9 contains several statements: the commutativity
of the left square shows that in the logarithmic category the universal curve
over Mlog

g,n may be identified with the forgetful morphism π
log
g,n+1, and that this

identification commutes with tropicalization; the commutativity of the right
square asserts that the forgetful morphisms commute with tropicalization.

Proof. The universal curve X log
g,n over Mlog

g,n is an example of a logarithmic curve
with a section. The construction following Lemma 8.5 gives a morphism of
logarithmic moduli problems:

X log
g,n →Mlog

g,n+1.

The first part of Lemma 8.8 defines the morphism π
log
g,n+1, by forgetting the last

marked point and stabilizing the result; this allows to view Mlog
g,n+1 as a curve

over Mlog
g,n with a section (namely the image in the stabilization of the marked

point that is forgotten) and this constructs the inverse morphism

Mlog
g,n+1 → X log

g,n .

The last sentence in Lemma 8.8 implies the commutativity of the right square.
For the commutativity of the diagram on the left, it is sufficient to consider

geometric points. We analyze the logarithmic curve Y obtained by puncturing a
logarithmic curve X over a geometric point S at a section x :

(i) If x lies in the smooth locus of the underlying curve of X then puncturing
simply replaces the logarithmic structure of X with one having relative
rank 1 at x . The tropicalization of Y is therefore obtained from X ,
by attaching a leg to the vertex whose corresponding component of X
contains the image of x .

(ii) If x lies at a marked point of the underlying curve of X then the
canonical section α of M X,x pulls back under M X,x → M S to a section
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d of M S . Modifying X so that α is comparable to d subdivides the leg
corresponding to α at a distance d from the vertex to which it is attached.
Then we add a leg to the new vertex, as in the previous case.

(iii) Finally, if x lies at a node of the underlying curve of X then M X,x contains
two generators α1 and α2 that sum to an element d ∈ M S . These map,
under M X,x → M S to elements d1 and d2 of M S such that d1 + d2 = d .
Modifying X to make di comparable to αi has the effect of subdividing
the edge into two edges, of lengths d1 and d2. We then add a leg to the new
vertex, as in the first case.

In all cases, the tropical curve we get is the same as the one constructed in the
proof of Theorem 2, and the proof is complete.
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Appendix A. Étale specialization

Let S be a scheme. By definition, a geometric point of S is a point of the
small étale site. Naively, a geometric point is a morphism from the spectrum of
an algebraically closed field to S. However, we wish to identify two geometric
points Spec K → S and Spec L → S when the latter is induced from a field
extension K ⊆ L . This can be done rather efficiently by observing that a field
extension K ⊆ L induces an equivalence of étale sites ét(Spec K )→ ét(Spec L)
by pullback (both are equivalent to the category of sets). This observation justifies
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our definition of a geometric point S as a functor s∗ : ét(S)→ Sets that is induced
from a morphism s : Spec K → S, where K is the spectrum of an algebraically
closed field.

The geometric points of S form a category in which the morphisms are natural
transformations. By convention, the direction of these transformations is opposite
the usual direction for functors ét(S) → Sets. That is, a specialization from a
geometric point t of S to a geometric point s of S is a natural transformation
s∗→ t∗. A specialization of t to s is denoted t ; s.

It is worth noting that if U is étale over S and s is a geometric point of S then
s∗U is simply the fiber of U over s. If t ; s and ϕ : s∗→ t∗ is the corresponding
natural transformation then ϕU : s∗U → t∗U takes points of the fiber over s to
points of the fiber over t . Now suppose that U is an étale neighborhood of s, so
that we have a distinguished s ′ ∈ s∗U . Then ϕU (s ′) is a distinguished element of
t∗U . In other words, a specialization from t to s is a choice of point in t∗U for
every étale neighborhood U of s.

Passing to the limit over all étale neighborhoods of s, we obtain the strict
henselization OS,s of S at s. As we have just seen, a specialization t ; s gives
a factorization of t → S through each étale neighborhood of s in S, so it gives
a factorization through SpecOS,s . Conversely, it is straightforward to reverse the
reasoning and see that each such map gives an étale specialization.

Every étale specialization t ; s induces a Zariski specialization. Indeed, if t
lifts to every étale neighborhood of s then the image of t in S is contained in every
open neighborhood of s, since étale maps are open. However, a geometric point
can specialize to another in more than one way.

EXAMPLE A.10. For example, let S be an irreducible nodal curve. In the Zariski
topology there is just one specialization from the generic point of S to the node.
However, let s be a geometric point of S situated at the node and let t be a
geometric point situated at the generic point. If U is any sufficiently small étale
neighborhood of s then U is reducible, with two points above t . Therefore, there
are two specializations t ; s.
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