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1. I n t r o d u c t i o n . This note p r o v e s (in the t h e o r e m 
below) a c o n j e c t u r e m a d e by the author l a s t y e a r t h rough the 
p a g e s of the D e p a r t m e n t a l P r o b l e m Book. This a r o s e in 
connec t ion with s o m e o ther i n v e s t i g a t i o n s of a r i t h m e t i c func t ions . 

T H E O R E M . Let f(n) be an i n t e g e r - v a l u e d a r i t h m e t i c 
funct ion sa t i s fy ing : 

(1 .1 ) f(mn) = f(m)f(n) for a l l (m, n) = 1; 

(1 .2 ) f(n+k) = f(n) (mod k) for a l l 
p o s i t i v e i n t e g e r s n and k 

Then e i t h e r f(n) = 0 or f(n) = n for a n o n - n e g a t i v e i n t e g e r r . 

R e c e n t l y Leo M o s e r showed the au thor a proof, sen t h i m 
by Ron G r a h a m and c r e d i t e d [2] to Jon F o l k m a n for the s p e c i a l 
c a s e when f(n) i s a c o m p l e t e l y m u l t i p l i c a t i v e funct ion ( i . e . , 
f (mn) = f(m)f(n) for a l l m and n ) . Our proof g iven h e r e 
n a t u r a l l y invo lves s o m e a r g u m e n t s the need for which do not 
a r i s e in .Folkman 1 s s p e c i a l c a s e . 

2 . P r o o f of the t h e o r e m . If f ( l ) = 0, then 
f(n) = f(n)f(l) = 0 for a l l n . If f(k) = 0 for k> 1, g iven an 
i n t e g e r m , t h e r e ex i s t an infinity of p r i m e s p sa t i s fy ing 
(p, k) = (p, m) = 1. F o r e a c h such p, by D i r i c h l e t ' s t h e o r e m , 
t h e r e e x i s t s an infinity of p r i m e s q so tha t (q, k) = 1 and 
kq = m (mod p ) . Hence 0 = f(k)f(q) = f(kq) = f(m) (mod p) , 

After comple t ing th i s p a p e r , the au thor r e c e i v e d f r o m 
F o l k m a n a p roof of the t h e o r e m when f i s m u l t i p l i c a t i v e . 
His proof i s however on s o m e w h a t d i f fe ren t l i n e s . 
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a iv ins f(m) = 0. 

Suppose now tha t f(n) n e v e r v a n i s h e s . F r o m (1 .1 ) we 
have f ( l ) = 1. F o r a p r i m e p and a > 0 we can s e t 

a r 
f(p ) = m p w h e r e r >_ 0 and (m, p) = 1. C l e a r l y m = J- 1, 
for o t h e r w i s e , if q i s any p r i m e d i v i s o r of | m | , t h e r e i s by 
D i r i c h l e t ' s t h e o r e m a p r i m e t for which (t, p) = (t, q) = 1 

a 
and p t = 1 (mod q), and th is l e a d s to the a b s u r d i t y tha t 

1 = f ( l ) = f (p a t ) = mp1* f(t) (mod q) . 

We nex t show tha t for p f ixed, the v a l u e of m i s 
i ndependen t of a. Wri t ing , for a > 0, b > 0, 

f ( p a ) = m P r a ; f ( p b ) = m V b , d = | a - b | , R = | r - r J , 
a , D , a D 

a b , a b I 
the r e l a t i o n f(p ) = f(p ) (mod |p - p |) shows tha t r and 

a 
r a r e bo th = 0 or both > 0, and f u r t h e r e i t h e r 

b 
T* R d 

p m -m, or m -p m, i s = 0 (mod p - 1 ) . It fol lows tha t 
a b a b 

m - m for a l l a, b for which a - b | > 2, and hence for 
a b 

a l l p o s i t i v e a and b . 

Keep the p r i m e p f ixed . C o r r e s p o n d i n g to e v e r y p r i m e 
q 4 P> t h e r e i s a p r i m e t such tha t (t, p) = (t, q) = 1 and 
p t = 1 (mod q) . Thus 

m 2 p 1 (f(t))2 = (f(pt))2
 5 ( f ( l ) ) 2 = 1 

= f(p)f(t) = f(p 2 t ) f ( t ) = f (p 2 ) ( f ( t ) ) 2 

a 2 2 
= m 2 p (f(t)) (mod q) , 

so tha t for e v e r y p r i m e q 4 p> 

^ ^ * ^ / , K 

m p - m p E 0 (mod q ) . 

a 2 2 ^ a l 
I t fol lows tha t m p = m p . Since we a l r e a d y know tha t 

2 1 
2 

m = m , th i s shows tha t rn = rri4 and hence rn = m ^ = 1. 
1 £ 2 1 1 2 
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We also have a = Za . If now we suppose a = na for an 
Z 1 F ^ n 1 

integer n > 1 where f(p ) = p , we have for all primes q 4 P. 

an+l ,„, ..n+1 , . n+1 , ,„. ..n 
p (f(t)) = f(p t) (f(t)) 

= f(p )(£(t)) = p (f(t)) = (f(pt)) 

= 1 E ( f ( p t ) ) n + 1 ; p * (f(t))n+1 (mod q). 

This gives a = (n+1) a and proves by induction on k that 

a = ka for all k > 1. 
k 1 — 

To prove the theorem it only remains to show that if, for 
a b 

any two distinct primes p and q, f(p) = p and f(q) = q , 
then b = a. Assuming, for definiteness, p > q and writing 

d +k 
d = J a - b | , and N = p q - 1 > 1, where k is any integer 

d+k 
:> 1, we have p q = 1 (mod N), giving 

a(d+k) b £t d+k . £ t . A (d+k)a a , 
p q = f(p q) = f ( ! ) = i = p q (mod N ) . 

à d 
Hence q = 1 (mod N) . Now 0 < q - l < N s o that d = 0 , 
and the theorem follows. 

3. Remarks. I. Property (l.Z) is equivalent to 

(3.1) f(n-fpa) = £(n) (mod p
a ) , 

for a, n = 1, Z, 3, . . . , and all primes p. 

For, if p and q are distinct primes and a :> 0, b :> 0, we 
have, on using (3.1), 

f(n) = f(n+pa) = f(n+Zpa) = f(n+3p
a) = . . . = f(n+pa

q
b) (mod p

a ) 

and similarly 

f (n) E f(n+p q ) (mod q ) . 

Hence f(n) = f(n+p q ) (mod p q ) . An easy induction process 
extends this property to (1.2). The reverse implication is trivial. 
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II. The theorem fails if the multiplicative proper ty of 
f(n) is replaced by the proper ty that f(l) = 1 and f(mn) >_ f(m) f(n) 
for all m, n .> 1. This is shown by the counter example 

a a 
f(n) = n (2n -1) where a is any positive in teger . It is of 
in te res t to know if one can formulate a proper ty weaker than 
multiplicativity for which the theorem still holds . 

In Memory of my Teacher , Professor K. Ananda Rau. 
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