
RINGS OF QUOTIENTS OF GROUP RINGS 

W. D. BURGESS 

1. Introduction. The group ring AG of a group G and a ring A is the ring 
of all formal sums J^GZG &gg with ag £ A and with only finitely many non-zero 
ag. Elements of A are assumed to commute with the elements of G. In (2), 
Connell characterized or completed the characterization of Artinian, com
pletely reducible and (von Neumann) regular group rings ((2) also contains 
many other basic results). In (3, Appendix 3) Connell used a theorem of 
Passman (6) to characterize semi-prime group rings. Following in the spirit 
of these investigations, this paper deals with the complete ring of (right) 
quotients Q(AG) of the group ring AG. It is hoped that the methods used and 
the results given may be useful in characterizing group rings with maximum 
condition on right annihilators and complements, at least in the semi-prime 
case. 

We begin this paper with a few general remarks about modules over AG and 
AH, where H is a subgroup of G. Some injective ^G-modules and some 
essential and rational extensions of AGAG are found. Using these remarks it is 
seen that, for each normal subgroup H of G, the complete ring of quotients 
Q(AG) of A G may be regarded as a ring of functions from G/H to an injective 
hull of AHAH. The multiplication of these functions is examined. When H is 
central of finite index, Q(AG) is given explicitly in terms of Q(AH). A necessary 
condition is given for Q(AG) to be Noetherian and it is shown that, when 
Q(A) is regular, Q(AG) is semi-prime if and only if Q(A)G is. The main 
result is a characterization, for a large class of groups, of those group rings, 
whose complete rings of quotients are regular, that is, of those group rings 
whose singular ideals are zero. 

Some basic definitions and results are quoted for the convenience of the 
reader. The terminology and notation is that of (3). Throughout, rings have 
identity elements and modules are unitary. The complete ring of {right) 
quotients Q{R) of the ring R may be defined as the bi-commutator of the 
injective hull / of RR, and there is a unique copy of Q(R)R containing R and 
contained in / given by 

Q(R) = {i e I: for all h G HomB(J, J) , h(R) = 0 implies h(i) = 0}. 

Any ring containing R and contained in Q(R) is called a ring of (right) quotients 
of R. All rings of quotients of R have the same complete ring of quotients. 
A module MR is a rational extension of a module NB if N C M and for every 
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nti 9e 0 and m<i from M there is an r G R so that Wir ^ 0 and m2^ € N. Il S is 
a ring of quotients of R, SR is a rational extension of i?#. Q(R) is the largest 
rational extension of RR, unique up to isomorphism. A right ideal D of R is 
called dense if R is a rational extension of D. MR is an essential extension of NR 

iî N Q M and for every 0 9e m ^ M there is an r f i? with 0 9^ mr ^ N. A 
right ideal L of R is / a r ^ if i£ is an essential extension of L. The infective hull 
7 of a module MR is an injective module which is an essential extension of M. 
Such modules always exist and are unique up to isomorphism. 

The (right) singular ideal J(R) of a ring R is the set of elements of R whose 
right annihilators are large. This is an ideal. The following conditions on R 
are equivalent: J(R) = 0 and Q(R) is regular. 

A transversal of a subgroup H of G is a complete set of coset representatives 
for H in G. A partially ordered group G is a partially ordered set, where g ^ h 
implies kgk' ^ khk' for all k, k' G G. The positive cone of a partially ordered 
group G is {g G G: g > 1}. 

2. Modules over group rings. Since Q(R) can be represented as the 
bicommutator of the injective hull of RR} it would be useful to have some 
information about the injective hull of AGAG. We first consider some generali
ties about modules over group rings. Throughout, $JlR will denote the category 
of unitary right modules over a ring R. 

For any subgroup H of G there are two obvious functors from WflAH to $JIAG, 

namely ®AHAG and HomAH (AG, ). I t will be seen that in the present case 
these functors have convenient equivalent forms. 

Since AH A G is a free module with the elements of a transversal {gi}, i G A, 
of H as a basis ; M ® AHAG, M in WlAH, is A G-isomorphic to the set of functions 
with finite support from {gi}, i G A, to M. This module will be denoted by 
MHG and its elements will be written as sums m = Ysi^migu where 
nti = m(gi). The ylG-operation is defined as follows. 

2.1. mgig — mhgk and mgta = magi for m G M, g G G, a G A and gtg = hgk 

for some h G H. 

The isomorphism 6: M 0 ^4G —» M#G is given by: 

2.2. 0QT w, ® r<) = £ w ^ i for m, G -M and r< G ^4G. 

In particular, if M = AH, then ^ iJ^G = AG. 
Since AH^4G is free, standard properties of the tensor product (3, p. 131) 

yield: 

2.3. If M is AH-projective, then MHG is AG-projective, and if M is AH-flat, 
then MHG is AG-flat. 

Similarly, HomAG(AG, M) may be represented as the module of all functions 
from {gi}, i G A, to M. This module will be denoted by MHGœ and its elements 
as sums. The ^4G-operation is the same as for MHG. The correspondence takes 
/ G Hom(^G, M) to Zt^figr^gt. 
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2.4. If M is AH-injective, then MHGœ is AG-injective. 

2.5. If H is normal, then MAH is an essential extension of NAH if and only if 
MHG is an essential extension of NHG. In particular, the right ideal of AG 
generated by a large right ideal of AH is large in AG. 

Proof. Sufficiency. Let m = ntigi + . . . + mkgk £ MHG with m\,.. . , mk ^ 0; 
then there is an ri Ç AH so that 0 ^ m^i Ç N. Since H is normal, there is 
an f\ Ç H so that g\r\ = rigi. Now consider mri and repeat the process 
for its first non-zero term. Eventually we have an r 6 AH so that 
0 7* mr Ç NHG. Note that MHG is, in fact, an essential extension of NHG as 
an ^4i7-module. 

Necessity. Assume for convenience that 1 6 {gt} so that we may identify 
elements m Ç M with m = ml £ MHG. If Af is not an essential extension of N, 
there is 0 ^ m £ ikf so that for all 5 G ̂ 4i7 either m5 = 0 or W5 ? iV. However, 
there is an r £ 4̂ G so that 0 ^ mr Ç iV^G. This is a contradiction. 

Clearly, 2.5 may be generalized, but the present form is all that is required. 

2.6. If H is central, MHG is a rational extension of NHG if and only if M is 
a rational extension of N. In particular, the right ideal of AG generated by a 
dense right ideal of AH is dense in AG. 

Proof. Sufficiency. If 0 ^ Y^wiigi € MHG and 2Z m/gj 6 MHG, assume that 
Wi 7e 0. Then there is an s G A H so that m\S ^ 0 and m/s Ç N for all j . 
Thus, since H is central, J2 migts ^ 0 and X) m/gjs 6 NHG. The statement 
is true for MHG and NHG considered as ^4i7-modules. 

The converse is similar to that of 2.5. 

2.7. If H is normal and I is the infective hull of AHAH, we have AG C IHG C 
IHG^ as AG-modules, where IHG is an essential extension of AG and IHGœ is 
AG-injective. There is a copy of the infective hull of AGAG between IHG and IHGœ. 

We will ask when IHG is injective and when IHGœ is an essential extension 
of AGAG. 

2.8. If I is the injective hull of AHAH and H is normal of finite index, then 
IHG is the injective hull of AGAG. 

Proof. Since a transversal of H is finite, IHG = IHG^. 

If H = {1}, we write IHG = IG and IHGœ = IGœ. As a special case of 2.8, 
wre have the following well-known observation. 

2.9. If G is finite and I is the injective hull of AA, then IG is the injective hull 
of AGAG. In particular, if A is self-injective then so is AG. 

Continuing with H = {1}, a slight modification of a theorem of Connell 
(3, p. 162, exercise 7) yields: 
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2.10. If I is the infective hull of AA and IG is AG-injective, then G is locally 
finite. 

Next, if G is infinite, we shall see that IGm is never an essential extension of 
AG, and the following theorem indicates a submodule of IG^ which is in the 
complement of every copy of the injective hull of AGAG which lies between 
IG and IGœ. 

2.11. THEOREM. Let H be an infinite subgroup of G with a transversal 
{gi}, i 6 A, so that for all finite subsets $ of A, C^i^gi~lHgi is infinite, then a 
non-zero element of IGœ constant on the right cosets of H is not in any essential 
extension of AG in IGœ. 

Proof. Let H be such a subgroup and 0 ^ m = YLgeo m(g)g € IGœ be 
such that for all i Ç A, h £ H, m(gih) = m(gi) = m%. Then 

m = X) Z) ntigth. 

If m is in an essential extension of AG, there is an r £ ^LGsothatO ^ mr £ AG. 
Thus, for some g £ G, (mr)(g) ^ 0; i.e., 

n 

2 S nzir(h~1gl~
1g) = S 2 m^ih^gj^g) ?* 0, 

where the support of r meets Hg~l îor j = 1, . . . , n. Now, if Hg~lg = Hgj~
1gf 

for j = 1, . . . , n, then (mr)(g) = (mr)(gf). However, this means that 
grlg' € Hgflg for j = 1, . . . , n; or gfg~l £ gjHgj-1 for j = 1, . . . , w. Thus 
(mr)(g) = (mr)(gf) if g'g -1 £ Pl"=i gjHgf1' By assumption, this intersection 
is infinite. However, mr £ AG has finite support, which is a contradiction. 

As a corollary we have the following result. 

2.12. IGœ is the injective hull of AGAG if and only if G is finite. 

Every infinite normal subgroup satisfies the conditions of H in 2.11 ; however, 
H need not be normal. Consider the restricted symmetric group on an infinite 
set. The subgroup of permutations fixing a particular object is a non-normal 
subgroup satisfying the requirement of 2.11. 

3. The complete ring of quotients of AG. Let H be a normal subgroup 
of G, and I the injective hull of AHAH. We have seen that there are copies of 
the injective hull of AGAG between IHG and IHGœ. Assume that I (AG) is 
one of these and that IHG^ = I (AG) © N as an ^4G-module. The meaning 
of H, I, I (AG), and N will be fixed throughout the following discussion. 
There is a canonical, unique copy of Q(AG), the complete ring of quotients 
of AG, lying in I (AG), given by (3, p. 94) 

Q(AG) = {/ £ I(AG): for all AG endomorphisms h of I (AG), h (AG) = 0 

implies h(i) = 0}. 
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UR = UomAG(I(AG), I(AG)) and S = UomAG(IHGœ, IHGJ, then R = eSe, 
where e is the projection of IHG onto I (AG). Thus, we have the following 
result. 

3.1.Q(AG) = {me I (AG): for all s G S,ese(AG) = 0 implies ese(m) = 0} = 
{m e I (AG): for all s e S, s(AG) G N implies s(m) 6 N}. 

II T = HomAH(I, I), then there is a ring injection of T into 5 given by 
0: r—»5, where 0(0 Œ w<g<) = Y,t(™<i)gu where {g*},ï ÇA, is a trans
versal of 77. We assume below that Q(AH) is the copy given by I; Q(AH) = 
{m G 7: for all * G T, t(AH) = 0 implies t(m) = 0}. 

3.2. THEOREM. If £ ra^ G QC^G), *&e» eiJfor w< € QG4i7) for all i G A 
or mi i Q(AH) for infinitely many i. 

Proof. Assume that Y*,mfèi ê Q(AG) and that all but finitely many m, are 
in Q(AH) but that w, g Q(AH). Thus, there is a * G T so that t(AH) = 0 
but /(m,) ^ 0. I t follows that 6(t)(AG) = 0 but 0 j* 0(0 ( E ^ ^ 0 , and this 
has finite support. By 3.1, 0 (t) (Y, m igù G iV and non-zero elements of N 
have infinite support. 

3.3. If 77 is central, then Q(AH)HG QQ(AG). 

Proof. By 2.6, Q(AH)HG is a rational extension of AGAG contained in 
IRG C 7(.4G). However, Q(AG) is the unique largest rational extension of 
AG in I (AG). 

3.4. 7/ 77 has finite index, then Q(AG) Ç Q(AH)HG and if, in addition, 77 is 
central, then Q(AG) ^ Q(AH)HG. 

Proof. The first statement follows from 3.2, and the second from the first 
and 3.3. 

These inclusions are as ^4G-modules but this can be improved. Assuming 
only that H is normal, if X qtgi and ]£ q/gj are elements of Q(AG)HGco, then 
these may be formally multiplied 

(E,Qigt) * (HQ/ZJ) = ( Z ÇiZijgigj) > 

where q%jgi = £*<?/. The associativity of this formal multiplication is clear. 
Now the formal product is an element of Q(AH)HG if and only if for each 
k G A, the sum H2giffj€Hgk Qiqtj has only finitely many non-zero terms. 

3.5. THEOREM. If q, q' G Q(AG) H Q(AH)HGœ and q*qf G Q^HJ^G^, 
^^w ei//^r ^ * q' G QC4G) or g * q' = gg', ^ ^ r e the juxtaposition represents 
multiplication in Q(AG). 

Proof. We note first that the * multiplication and the Q(AG) multi
plication coincide when the right factor is in AG since both are just the 
.4G-action in the module Q(AH)HG; see (3, p. 94). Since q' G Q(AG), there 
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is a dense right ideal D of AG (3, p. 97) so that for all d G D, q'd G AG. Thus, 
(q * qr — qq')d = (g * g')^ — q(q'd) = q(qfd) — q(q'd) = 0. Therefore, 
q* q' — qq' is annihilated by a dense right ideal of AG; hence if it is in Q(AG) 
it must be zero. 

3.6. / / H is central of finite index, then Q(AG) = Q(A)HG as rings, where 
Q(AH)HG has * multiplication. In particular, if G is finite, then Q(AG) ~ 
Q(A)G. For any central H, Q(AH)HG C Q(AG) as rings. 

Although 3.5 gives a connection between multiplication in Q(AG) and the 
* multiplication, we shall see that elements of Q(AG) need not have * products. 
Improvements may be made by an appropriate choice of I (AG) in IG^ (we 
assume below that H = {1}). We need the following definition. 

3.7. An element q G Q(A)G has a * inverse if there is an s G Q(A)Gœ so that 
s*g = g * s = l £ AG. 

3.8. THEOREM. Assume that J (AG) = 0. If {st}, i G 3>, are elements of AG 
with inverses in Q(AG) and * inverses {si~1}, i G $, and if {s{~1}, i G $, forms 
a commutative semigroup under *, then there is a copy of Q(AG) in IGœ con
taining {sr1}, i G 3>, as a sub-semigroup of its multiplicative semigroup. 

Proof. We first note that £jÉ$ st~
lAG + AG is an essential extension of 

AG. In any ring R,\ir£R has a right inverse in Q(R), then rR is dense. For, 
if rq = 1, q G Q(R) and 0 9e s £ R, and / G i^, there is u £ R so that gsw ^ 0 
and qtu G i?, then su 9e 0 and /r = r(qtu) G nR. Now assume that 

o ^ / = Z $/-V, + ro G E *r ̂ c + AG. 

By (3, p. 96), 

L = Ô rr\s,AG) 
3=1 

is dense in 4̂ G (here / y ^ s ^ G ) = {̂  G ^4G: r̂ w G sy^4G}). If /L = 0, then 
(si. . . sn) * tL = 0. However, the s* commute with each other, hence 

n 

(si. . . sn) * t = X *i • • • ^ • • • Vj + si. . . snr0 G AG, 
j=i 

where Si . . . Sj. . . sn means the product Si . . . sn with the factor Sj omitted. 
Since L is dense, (si. . . sn) * t = 0 and, consequently, sr - 1 * (s± . . . sn) * / = 
(s2 . . . sn) * t = 0 and, ultimately, t = 0, which is a contradiction. Hence, 
tL 9e 0 and by the choice of L, tL ÇZ AG. 

From this it follows that there is a copy of the injective hull of AG con
taining {s^1}, i G 3>, lying in JGœ. Now each s/ - 1 is in the copy of Q(AG) in 
this copy of the injective hull. Let qt be the ring inverse of 51 in Q(AG) ; then 
(sf1 — qi)stAG = 0 and stAG is dense (and therefore large). Thus s*-1 = qt 

since no non-zero element of an essential extension of a ring with zero singular 
ideal can annihilate a large right ideal. By 3.5, sr1 * sf1 = si~

1sj~
1 for all 

i, j G $. 
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The following special case of a theorem of Neumann (4, Theorems 3.4 
and 3.5) yields many examples. 

3.9. If G is partially ordered and S is a totally ordered sub-semigroup of G not 
containing 1, then each element of the form 1 — s, where s G AG and the support 
of s is in Sy has a * inverse (1 — s)~x and these * inverses form a semigroup 
under *; the inverses are, in fact, in AGœ. 

3.10. Assume that G is partially ordered and S is a central totally ordered 
sub-semigroup of the positive cone of G. Let C be the centre of a ring A. Then 
T — {1 — s: s G CG}, with support in S, satisfies the condition of 3.8 if 
J{AG) = 0. 

Proof. By 3.9, elements of T have * inverses and these form a commutative 
semigroup under *. We need only show that 1 — s £ T has an inverse in 
Q(AG). I t suffices to show that 1 — 5 is a central non-zero-divisor in AG. 
However, 1 — s is central and if 0 i£ x G A G, then let g be minimal in the 
support of x and 

((1 - s)x)(g) = x{g) - X) s{h)x{k) = x(g) 

since the support of 5 is strictly positive and well-ordered. Similarly, 
X(l - S) 5* 0. 

As an example where * is not the multiplication in Q(AG)> take A to be a 
field and g G G central of infinite order, then 1 — g and 1 — g2 have inverses 
in Q(AG). However, 1 — g and 1 — g2 have * inverses 1 + g + g2 + . . . and 
—g~2 — g - 4 " " • • •» respectively. By the proof of 3.8, there is a copy of 
Q(AG) which contains the two * inverses but these clearly cannot be 
* multiplied. 

4. Properties of Q(AG). In this section we attempt to find necessary and 
sufficient conditions on A and G so that Q(AG) has certain properties. The 
representation of Q(AG) as a submodule of IGœ, where / is the infective hull 
of A A will be used throughout; elements of IGœ will be thought of as functions 
or formal sums, whichever is more convenient. 

4.1. If H is a locally finite subgroup of G, then 1 — g G J2neH (1 — h)Q{AG) 
if and only if g 6 H; and 1 — g G Y,h£H Q{AG) (1 — h) if and only if g £ H. 

Proof. If 1 — g = L l = i ? t ( l — A*)i {*i» • • • » M» a subgroup of H, then 
(1 — &) (fix + . . . + hn) = 0, and hence g G H. The other statement follows 
similarly because of 3.5. 

This is not true for all subgroups; take g G G central of infinite order, then 
1 — g is invertible in Q(AG). 

Thus, the partially ordered set of locally finite subgroups of G is mapped 
order monomorphically into the lattice of right (or left) ideals of Q(AG) by 
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assigning to the locally finite subgroup H the right ideal X^€# (1 "~ h)Q{AG) 
(the left ideal J^n^H Q(AG)(1 — h)). Consequently, we have the following 
result. 

4.2. If Q(AG) is right {left) Noetherian, then G has the ascending chain 
condition on finite subgroups. 

In general, q G Q(AG) may have values in / but not in Q{A) so that it is 
especially difficult to study left multiplication by elements of AG. This problem 
is eased if Q(A) = I and this occurs if the (right) singular ideal of A, J (A), is 
zero. 

4.5. If J (A) = 0, then Q(AG) left Noetherian (Artinian) implies that A is 
left Noetherian (Artinian). Assuming that A is commutative and J (A) = 0, if 
Q(AG) has maximum (minimum) condition on ideals, so does A. In any of 
these cases, Q(A) is completely reducible. 

Proof. This follows from the observation that, if an element a G Q(A) is 
representable in the form 

a= E ff*6i, ^ e Q(AG), bte Q(A), 

there are elements at G Q(A) such that a = ^ a fit. Simply take a t to be the 
value of gi at 1 G G. 

I f - B i C ^ 2 £ . . . î s a chain of left ideals of A, consider 

Q(AG)B1 C Q(AG)B2 C . . . . 

The chain in Q(AG) terminates at stage n, say, and the remark yields: 
Bn — Bn+i; similarly if Q(AG) is Artinian. The second statement follows in the 
same fashion. For the third statement, Q(A) has a chain condition, as above 
(using 3.6), and Q(A) is regular since J (A) = 0. 

4.4. If J (A) = 0 , Q(AG) semi-prime implies that the order of every finite 
normal subgroup of G is a non-zero-divisor in Q(A). That is, when J (A) = 0, 
Q(AG) is semi-prime if and only if Q(A)G is semi-prime. 

Proof. Let H = {hi, . . . , hn) be a normal subgroup of G and assume that 
na = 0 for some 0 ^ a G Q(A). We wish to show that 

a(Ai + . . . + hn)Q(AG)a(h + . . . + hn) = 0, 

and by 3.5, it suffices to show that 

a(h + . . . + hn)* Q(AG)a(h + . . . + hn) = 0. 

For q e Q(AG), 

n 

aifii + . . . + *„)* qaQi! + . . . + hn) = X) Z) ^{h^gh^ag. 
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However, for each j = 1, . . . , n, 

{hrlghj) i = 1, . . . , n) = {ghk: k = 1, . . . , n) 

since H is normal. Therefore, 

n n 

X) aq(hl
r~1ghj)a = n ]T) aq(ghk)a = 0. 

t , 7 = 1 Z : = l 

In any ring i£, R semi-prime implies Q{R) semi-prime. Thus, the second 
statement is an immediate consequence of the characterization of semi-prime 
group rings (Connell-Passman in (3, Appendices 2 and 3)) as those AG, where 
A is semi-prime and the order of every finite normal subgroup is a non-zero-
divisor in A. 

Next, we look for necessary and sufficient conditions so that Q{AG) be 
regular, or, equivalently, that J {AG) = 0. 

If H is a subgroup of G, there is a mapping $ of AG to AH defined by 
<t>(r) = r/H, r restricted to H. In terms of sums, <t>Ç£,g^G^gg) = ILQÇH agg> 

4.5. </> is an AH-AH-homomorphism. 

Proof. If r, r' G AH and 5 G AG, then for g G H, 

4>{rsrf){g) = £ r(h)s{k)rf{hr) {h, h' e H,k £G, and ftfeft' = g) 

= E r(h)<t>{s){k)rf{h') (h, k,h' e H and ftifeft' = g) 

= (r*(5)r')<g>. 

4.6. 4> preserves large and dense left and right ideals. 

Proof. The statement will be proved for dense right ideals, the others being 
similar. If D is dense in AG, 0 ^ r G AH, r' G AH, there is a w G 4̂G so that 
ru 9e 0 and r'w G D; u may be chosen so that <f>{ru) ^ 0. Then r<j>{u) = 
*(rw) ^ 0 and r'4>{u) = <j>{rfu) G <t>D. 

4.7. / / i ï is a subgroup of G, then J {AH) = 0 implies J {AG) C\ AH = 0. 

Proof. If r G ̂ 4# and L is large in AG with rL = 0, then 0(>L) = r$L = 0, 
hence r — 0. 

A necessary condition that J {AG) = 0 can be given immediately. 

4.8. THEOREM. / / J {AG) = 0, then J {A) = 0 awd £fee order of ez;er3> /mite 
normal subgroup of G is a non-zero-divisor in A. 

Proof. More generally, if H is normal in G, then J{AG) = 0 implies 
J {AH) = 0; for, if r G AG and rL = 0, where L is a large right ideal of AG, 
then rLAG = 0 and by 2.5. JL4G is large in AG. Thus r = 0. Furthermore, 
if J {AG) = 0, then Q{AG) is regular and hence semi-prime. Then, by 4.4, the 
order of every finite normal subgroup is a non-zero-divisor in Q{A), and in A. 

We next show that for a large class of groups, the condition of 4.8 is also 
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sufficient. A locally normal group is one in which every finite subset is con
tained in a finite normal subgroup. If R is regular, then J(R) = 0. 

4.9. If J (A) = 0, G is locally normal, and the order of every finite normal 
subgroup of G is a non-zero-divisor in A, then J {AG) = 0. 

Proof. Auslander, McLaughlin, and Connell (2; 3) have characterized 
regular group rings as those AG where A is regular and the order of every 
finite subgroup of G is a unit in A. Note that a central non-zero-divisor in 
any ring is a unit in its complete ring of quotients (3, p. 96). Thus, we see that 
Q(A)G is regular, and hence J(Q(A)G) = 0. However, by 3.3, Q(A)G is a 
ring of quotients of A G so that Q(A)G and AG have the same complete ring 
of quotients and J(AG) = 0. 

4.10. If G has a normal subgroup H so that G/H is totally ordered, then 
J (AG) =0if J (AH) = 0. 

Proof. Following Connell (3, Appendix 3), we order a transversal \gt}, i G A, 
of H and note that there is an ^LiJ-homomorphism from AG to AH given by 
representing r G AG by E I Ç A ^ ^ , rt G AH, and defining \}/(r) = rh where 
gj is the least gt so that rt ^ 0; if r = 0, then \f/(r) is defined as zero. Now, 
\p preserves large (also dense) left and right ideals. For, if L is large in AG, 
assume that xpL P\ B = 0 for some right ideal B of AH. However, BAG 
consists of elements of the form ]T rtgi with rt G B. Thus, if r G L C\ BAG, 
f(r) e ypL C\ B = 0, hence $(r) = 0 and r = 0. 

Assume that J (AG) 9e 0; then for some large L there is a 0 9e r G AG with 
rL = 0. Thus, for any 5 G L, rs = 0. Let r = 2 f*g*> s = 2 ^g* with ^(r) = rp 

and \f/(s) = sq. By the ordering of the transversal, rvgvsqgq = 0, and rPgp\l/(s) = 0 
for any s G i . I t follows that rpgp\{/L = 0 and if rpgp = gprp (rp exists since 
H is normal), then rpL = 0. However, rp ^ 0 if and only if rp ^ 0; hence 
rp 9^ 0, contradicting the assumption that J (AH) = 0. 

Summarizing, we have the following result. 

4.11. THEOREM. If G has a normal, locally normal subgroup H so that G/H 
is totally ordered, then J (AG) = 0 if and only if J (A) = 0 and the order of every 
finite normal subgroup of G is a non-zero-divisor in A. 

All totally ordered groups are in this class of groups and in (5) it is shown 
that all FC groups are in this class also (an FC group is one in which each 
element has only finitely many distinct conjugates). One would conjecture 
that the theorem holds for all groups. The development given above is 
analogous to that of the characterization of semi-prime group rings; all the 
steps are analogous and the only one missing in the present case is the analogue 
of the Passman theorem (3, p. 158). 
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