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A CRITERION FOR TAYLOR SUMMABILITY 
OF FOURIER SERIES 

BY 

A. S. B. HOLLAND,(1) B. N. SAHNEY,(2) AND J. TZIMBALARIO 

1. Let {ank} be a matrix defined by 

(1) n iv ' = E « • * ' ' for H<1 

u ~ w ; k=o 
and n taking only non-negative integer values. 

Let / ( X ) G L [ 0 , 27r] and be periodic with period 2rr outside this interval. Let 
the Fourier series associated with the function f(x) be given by 

X (an
 c o s nx + K sin nx) = X Ai(*) 

n = 0 n=0 

and let 

<P« = M * + 0 + / ( * - 0 - 2 s } , 

where 5 is a constant. 

DEFINITION 1.1. Given a sequence {sk}o, we say that {sk}Z is Taylor summa-
ble, if 

(2) < = X n̂k̂ k 
k=0 

tends to a limit as n-*o°, where 0 < r < l . 
It is well known that Taylor summability is regular for 0 < r < l [2]. The 
asymptotic behaviour of the Lebesgue constant for Taylor summability of 
Fourier series has been studied by K. Ishiguro [4], L. Lorch and D. J. Newman 
[5] and R. L. Forbes [1]. 

Since the sequence of Lebesgue constants is not bounded, it is interesting to 
study sufficient criteria for Taylor summability of Fourier series. The main 
result of this paper is as follows. 
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2. THEOREM. With the previous notations, if: 

(3) (i) 

and 

(4) (ii) lim 

\cp(u)\ du = o(t) as f ^ 0 + , 

|<p(r)-<p(r + ( l - r)7r /n) | 

( l - r ) i r / n r 
exp -

nrr 
2(1-ry 

df = 0 

where 17 is a positive constant, then the Fourier series off is Taylor summable to s 
at the point x. In order to prove the theorem we will need access to the following 
lemmas. Let us write l — relt = pe~ie. 

LEMMA 2.1 [1] 

« «, ( ^ ) -

and 

(6) (ii) (T-T 
LEMMA 2.2 [6] 

(7) 
e-

rt < 

A > 0 , 0 < r < 
77 

exp 
nrr 

2(1 -rf 
iBnt4; B constant, t>0. 

<ct ; 0<t< — , c constant. 

Proof of the theorem. If sk is the fcth partial sum of the Fourier series of / at 
the point x, then it is known [8], that 

(8) sk-s=- r*W s i n ktdt + o(l). 
77 J0 t 

The Taylor transform of {sk — s} is given by 

oo oo r 

0-n= X ank(sk~s)= X ank\ 
k=0 k=0 t 

sin kt dt + o(l)} 

Now 

(9) 

p
 r ^ I m { X anke

ikt\dt + o(l), 

(since the series converges uniformly), 

= P! + o(l), say. 

n _2 r<p(oTmf(i-rr+V"'] 
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and since we have written 1 — reil = pe~ie, then 

Pl=-
77 J, 

IT 
f " — ( — V sm{nt + (n + l)0}dt. 
b t \ p J 

Now let us denote 

(10) q = r ^ - , a(n) = — and i ( n ) = ( — X , with | < a < | . 
1 — r qn \qn 1 

Thus we may write 

( ID Pi = 
2 
7T 

•a(n) 

+ 
o J 

•b(n) 

+ 
a(n) J 

mTT 

bin) -1 

«pOO/1; 
r V p 

sin{nf + (rc + l)0}df 

= T71 + T72 + T]3, say. 

Consider r)1. Since 1 —r<p, and using Lemma 2.2, we have 

ra(n) MOI 
hil=sO(i) 

= 0(n) 

^ { l t f + (n + l)(cP+I?7)}* 
a(n) 

W(t)\ dt 

= 0(n)o( — ), (by hypothesis) 
\qn/ 

= o(l). 

347 

Consider 173. Using Lemma 2.1, we have 

| r ) 3 |<0(nO £)expI-A(n + l) 
qn 

MOI * 
'b(n) 

= 0(na)e Dnl 2", D a positive constant. 

Since a < | , then 

|Tfcl = 0(l). 

Bounds for |TJ2| will require a little more analysis and we proceed as follows: 

2 f b ( n ) <p(f ) / l - r \ n + 1 . r , , X / 0 
r\2 = - \ ^ M sin{nf + (rc + l)0} dt 
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Using Lemma 2.1 (ii), we have 

2 Çbin) k(0l [ B(n 4- \)f \sm{nt 4- (n 4- 1)0}| dt 
'a(n) 

3«^| rb(n) >| rb(n) 

W(t)\ 
J •'a(n) 

dr 

Thus 

where 

(12) 

Now 

2 
7T J, 

= 0(n)0 
l\qn 

= 0(n1-3(*-a) 

= o(l) since a > | . 

i72 = p2 + o(l) 

- » ^ e x p ^ _ ( n + l ) | \ s i n { n ( + ( n + 1 ) 0 } d f 

'a(n) 2(1 -rf 

sin{rtf + (rc 4-1)0} = sin(rc + l)(f 4 0)cos r-cos(n + l)(f + 0)sin f 

= sin(n + l ) ( r4 0) + O(f2) + O(O 

= sin(n + l)(f+0)4-0(0 

thus 

7T J 

b(n) MO 0(f)A = o(l) 
'a(n) 

is the error if we write (n + l)t for nf in (12). In a similar way we can replace in 
exp(-[(n + l)rt2]/[2(l-r)2]), the (n + 1) by n. If 

(13) 

then 

Since 

Ps-
rb(n) 

'a(n) 

<p(0 
exp -

nrr 
2(1 -rf 

p2 = p3 + o(l). 

sin n(t 4 0) df 

sin n(t + 0) — sin M 
1 - r 

<rc 

= n 

f + 0-
1 - r 

<cnf3, 0< r<7 r 
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by Lemma 2.2, then 
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Un) t \ 2(1 -rfl I W J Ja(n) 

2_ fb("> |<p(f)| 
77 

^(Xn1-2"-") 

= o(l) since a > § . 

Consequently, 

p3 = p4 + o(l) 

where 

(14) p4 = - ^ e x p 
7T Mn) X 

nrt* \ . ( f 1 i , , sin n£- af. 
2(1 - r ) ; 1-r 

We write as before, 1/(1 — r) = q, then 

np4 
Vit) 

Jain) * 
-exp 

nrr 
2 ( 1 - r)2 |sin nfq df 

qn> 
7T 

f+ 
qn 

exp 
nr / 7 T \ 2 \ . 

1-r ) 2 \ qn) ) 2(1 - r ) 2 

a ( n 1 e X P \ ~ 2 ( l - r ) 2 ' S m nf<} 

» > * ' + 

+ 

j-b(n) r y ' 

Ja(n) * 

4<n) ^ <?*»/ 

e X P ^2( î^ )" e X P ^ - -

lexp -

2 ( 1 - 0 

nr 

2(W)~2 

nr ( IT 

2 ( l - r ) 2 V t + ^ 
sin nfc? df 

,+ i^n 1 
(JH/ r 77 

r+— 

sin n£q at 

-r 
•to 

-<-»^'+J) 
exp 

nr I 77 V . . 
r̂  \ H ) jsmntqat 

t+-
2 ( l - r ) 2 \ qn! 

qn 

<p(t+ — 

+ 
fb(n) ^V qn) ( nr ( <rr\2\ . 

Jb(n)-a(n) r + J L V 2 ( 1 " r ) 2 V q * / / 

qn 
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By using the method similar to that of Sahney and Kathal [7] and Holland, 
Shaney and Tzimbalario [3], the five terms on the right hand side of the 
expression for 7rp4 are all o(l). 

Thus Tji, 172, and rj3 are all o(l) and the theorem is proved. 
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