BuLL. AUSTRAL. MATH. Soc. 20p10, 20N805
VoL. 49 (1994) [121-128]

ON CONNECTED TRANSVERSALS TO ABELIAN SUBGROUPS

MARKKU NIEMENMAA AND ToMAS KEPKA

In this paper we investigate the situation where a group G has an abelian subgroup
H with connected transversals. We show that if H is finite then G is solvable.
We also investigate some special cases where the structure of H is very close to
the structure of a cyclic group. Finally we apply our results to loop theory and
we show that if the inner mapping group of a finite loop Q is abelian then Q is
centrally nilpotent.

1. INTRODUCTION

If G is a group, H < G and A and B are two left transversals to H in G, then
we say that A and B are H-connected if a~b~'ab € H for every a € A and b € B.
This concept was introduced by the authors in [10] where it was used to characterise
multiplication groups of loops. Naturally, connected transversals are interesting in
group theory in their own right and the authors continued their investigations in [11]
where they managed to prove the following two results: (1) If G is a finite group which
has an abelian subgroup H such that there exist H-connected transversals 4 and B,
then G is solvable. (2) If, in addition, G = (A4, B), H is of prime power order and the
core of H in G is trivial, then Z(G) # 1. In the present paper (see Theorem 4.1) we
are able to prove (1) also in the case that G is infinite and H is finite (the argument
of [11] based on Sylow theorems has to be replaced by other arguments and the use
of Zorn’s lemma) and we prove (2) without the assumption that H is of prime power
order (see Proposition 6.3 and the remark after its proof). We also consider two special
cases where H =2 Cp(z) and H = C, x Cq(z) (here p and ¢ are two different prime
numbers). Finally, we prove several consequences of the above results in loop theory.
Perhaps the most interesting is the following result: If the inner mapping group of a
finite loop @ is abelian, then Q is centrally nilpotent.

2. PRELIMINARIES

Connected transversals are defined as in the first section. The core of H in G is
the largest normal subgroup of G contained in H and we denote it by Lg(H). If p is
a prime number then we write C, for the cyclic group of order p and C,,(z) =CpxCp.
In our proofs we need the following results.
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LEMMA 2.1. If A and B are H-connected transversals in G and Lg(H) =1,
then 1 € ANB and Ng(H) = H x Z(G).

LEMMA 2.2. Let H < G, A and B be H-connected transversals in G, C C
AUB and K = (H,C). Then C C Lg(K).

The proofs of results can be found in {10, p.113-114).

LEMMA 2.3. If H < G, A and B are H-connected transversals and Leg(H) =
1, then Z(G) C ANB. If N is a normal subgroup of G and N C AN B, then
N < Z({A, B)).

THEOREM 2.4. Let H be a cyclic subgroup of a group G. Then G' € H if and
only if there exists a pair A, B of H-connected transversals in G such that G = (A, B).

For the proofs, see [12, Lemma 1.4 and Theorem 2.2].

LEMMA 2.5. If H is a cyclic subgroup of a group G and there exist H-connected
transversals A and B in G, then G" < Lg(H).

PROOF: This follows directly from [12, Corollary 2.3). ]

In group theory our notation is standard. In Section 6 we give some applications
on loop theory. For the concepts and basic results in loop theory the reader is advised
to consult [1, 7, 9, 10, 11].

3. CONNECTED TRANSVERSALS

In this section we prove several lemmas which will be used later in Section.

LEMMA 3.1. Let K be a subgroupof G and let A and B be subsets of G such
that 1 €¢ ANB, ABC BK, A7'B C BK, BAC AK and B™'A C AK. Then
(A,B) C AK = BK.

PROOF: Now A C BK and thus AK C BK? = BK. Likewise, BK C AK? =
AK , hence AK = BK = E. Now denote F= AUBUA *UB™!. Clearly, A”/!CE
and B~! C E. Now AA C AE = ABK C BK? = BK = E and in a similar way
A'ACE. Thus FACE andnow F? = FF C FE = FAK C EK = E. By
induction, it is clear that F™ C E and thus (4,B) C E. 1]

From now on in this section we assume that H is a subgroup of G and there exist
H-connected transversals A and B in G. We write E = (4,B) and if H < K we
denote C = ANK, D=BnK, F=(C,D), V=HNF and W = HnN Leg(K).
Naturally, C and D are H-connected in K and V -connected transversals in F.
Moreover, F < Lg(K) by Lemma 2.2 and K = HLg(K). Finally, K/Le(H) = H/W .
In the following lemma we prove some technical results.
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LEMMA 3.2. (1) fV =1,then F=C =D C ANB. (2)If{ W =1, then
F=C=D=Lg(K)< Z(E). (3) HW =1 and H < K, then Z(E) > 1.

PRrROOF: (1) If a,b € C, then there exist elements ¢,d € C and ¢ € D such that
clab, d 'a! and e la are elements of H. Clearly, these three elements belong to
V =1 and thus ab = ¢, a™! = d and a = e. We have shown that C = D is a
subgroup , hence F=C =D C ANB. (2) Now W = 1 implies V =1 and by (1)
F=C=D. Clearly, D = Lg(K) and {D,A]< HND =1 and [D,BJ<HND =1,
hence D < Z(E). (3) This follows directly from (2). 0

LEMMA 3.3. Let G=(A,B), Lag(H)=1 and K = Ng(H). f HNLg(K) =1
then Z(G/Z(G)) =1.

ProoF: By Lemma 2.1, K = Ng(H) = HZ(G) and since H N Le(K) = 1, it
follows that Lg(K) = Z(G). By Lemma 3.2, AN K = BN K = Z(G). Now we write
G = G/Z(G). Since Lz(H) is trivial, it follows from Lemma 2.3 that AN B contains
Z(G). Then denote E = Ng(K). Since E = HZ(G), by Lemma 2.1, we conclude
that ANE =BNE = Z(G). But now ANE=ANE, hence ANE=BNE isa
normal subgroup of G and by Lemma 2.3, ANE < Z({4,B)) = Z(G). Thus Z(G) is
trivial and the proof is complete. g

LEMMA 3.4. Let H be an abelian maximal subgroup of G and assume that H
is not normal in G and 1 € AN B. Then AZ(G) = BZ(G) is a subgroup of G and
G # (A, B).

PROOF: It is easy to see that Ng(H) = H and Z(G) < H. If a € A, then
b~la € H for some b € B. Since a~'b~'ab € H it follows that b"'a € HNaHb ! =
HOBAG' =T. If Ng(T) = H, then be H and a = b = 1. If No(T) = G, then
Cg(T) = G, hence T < Z(G). Thus a € BZ(G) and we have shown that A C BZ(G).
In a similar way, B C AZ(G).

If a € A and b € B, then there exists ¢ € B such that ¢ 'ab € H. Since
a 'b7'ab € H and a~'c7lac € H, it follows that ¢ labeH = ¢ 'aabH = ¢ lacH =
aH. Thus a~'c 'aba € H, hence ¢c~'ab€ HNaHa™!. Asin the first part of the proof
we conclude that ¢~1ab € Z(G). This means that AB C BZ(G) and in the same way
BA C AZ(G).

If again a € A and b € B, then there exists ¢ € B such that ¢ 'a~'b € H. Now
¢ la 'baH = c a7 labH = ¢ 'acH = aH, hence a~'c"la"'ba € H. It follows that
c'a'b € HNaHa™!. As before, c"a'b € Z(G) and thus A~*B C BZ(G). Of
course, we also have B~'A C AZ(G). By Lemma 3.1, (4, B) C AZ(G) = BZ(G) and
now it is easy to see that AZ(G) is a subgroup of G. If G = (4, B), then G = AZ(G)
which means that H = Z(G). Since H is not normal in G, we conclude that (4,B)
is a proper subgroup of G. 0
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LEMMA 3.5. Assume that G = (A,B), H is an abelian subgroup of G and
1€ ANB. fR=({K:H< K <G} and H <R, then H is normal in R.

Proor: If H is not normal in R, then Ng(H) = H and Z(R) <X H. HT < H
and Ng(T) > H, then T < Z(R). Now we can proceed as in the proof of Lemma 3.4
and we can show that G = (A,B) = AZ(R) = BZ(R). Since Z(R) < H and A,B
are transversals to H in G we conclude that Z(R) = H. Thus H is normal in R, a
contradiction. 1]

4. MAIN RESULTS

THEOREM 4.1. Let H be a finite abelian subgroup of a group G such that there
exist H-connected transversals A and B in G. Then G is solvable.

PROOF: We show that there exists a mapping ¢ : N —» N such that G({") =1,
where n = |H|. From Lemma 2.5, it follows that we can put ¢(1) =1 and #(2) = #(3) =
3. For n > 4 our proof is by induction. We first write m = max{t(k):1 < k <n}. If
Lg(H) #1, then H/Lg(H) and G/Lg(H) satisfy the assumptions of our theorem and
thus G(™+1) = 1. Thus we may assume that Lg(H) = 1. This means that 1 € AN B.
Now we divide the proof into three parts.

(1) Assume that Z(G) =1 and HNLg(K) > 1 whenever H < K. By induction,
G(™ < Lg(K). If we write R = (\{{K : H < K < G}, then G(™ < Lg(R). If
R = H, then G™ < Lg(H) = 1. Thus we assume that H < R. Since Z(G) =1,
we have Ng(H) = H by Lemma 2.1. Thus H is not normal in R and Z(R) < H.
We write C =ANR and D = BN R. Then C and D are H-connected transversals
in R. By Lemma 3.4, CZ(R) = DZ(R) is a subgroup of R. It follows that [C,D] <
CZ(R)NH = Z(R). Clearly, Z(R) < Lr(H) and if we write R = R/Lr(H), then
R = CH, where C = D is an abelian subgroup of B. By the theorem of Ito [6,
p.674-675), B =1, hence R® = 1. Since G{™ < R, we have G(™+3) = 1.

(2) Now assume that Z(G) > 1 and H N Lg(K) > 1, where K = Ng(H) =
HZ(G). If we write G = G/Lg(K), then e™ -1 , hence G(™) < Lg(K) < K and
G(m+1) — 1,

(3) Now we write E = (A,B) and A={P<G:HP,PNA=PnNBisa
subgroup of Z(E)}. Now H € A, A is ordered by inclusion and clearly we can apply
Zorn’s lemma. Let F be a maximal element of A. Then C = FNA=FNBisa
subgroup of Z(E), C is naturally an abelian group and F = CH, hence F'" =1 by
Ito’s theorem. If Lg(F)N H > 1, then G{™ < Lg(F) < F and G(”‘+z) = 1. Thus
we can assume that Lg(F) N H = 1. Now we write G = G/Lg(F) and let K be a
subgroup of G such that F < K and L5(K)NH is trivial. Now H = F = H and since
Lg(F) < Lg(K), it follows that L5(K) = Lg(K) and Lg(F) < Lg(K)N F. On the
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other hand, from the fact that Lz(K)NH is trivial it follows that Lg(F) = Lg(K)NF
and thus Lg(K)NH = Lg(F)NH =1. By Lemma 3.2, KNA=KNB = Lg(K) <
Z(E) and we have shown that K € A, hence K = F. Thus it is clear that H N Lg5(V)
is not trivial whenever H < V < G. If Z(G) is trivial, then G " is trivial by (1)
of this proof, hence G(™+8) =1, If Z @ is not trivial, then G s trivial by (2)
and thus G(™*3) = 1. From the three parts of our proof it now follows that we can put
t(n) = m + 5. The proof is complete. 0

We put an end to this section by considering the case where H is elementary
abelian of order p?.

LEMMA 4.2. Let G = (A,B) and H < G such that H = C,¥, then G' <
Ne(H).

PROOF: We divide the proof into three parts. (1) If Lg(H) > 1, then H/Lg(H)
is cyclic and G' < H by Theorem 2.4. Thus we may assume that Lg(H) = 1 (then
1 € ANnB). (2) Assume now that Z(G) = 1. If H < K, then HN Lg(K) > 1
by Lemma 3.2 and HLe(K)/Lg(K) = K/Lg(K) is cyclic , hence G' < K. Thus
G' < R=(){K : K > H} and naturally R is normal in G. Now Ng(H) = H
and thus H < R and H is not normal in R. This is a contradiction to Lemma 3.5 ,
hence we may assume that Z(G) > 1. (3) Now consider T' = Ng(H) = HZ(G). If
HNLg(T) =1, then Lg(T) = Z(G) by Lemma 3.2. Thus the core of T/Z(G) in
G/Z(G) is trivial and by (2) of this proof Z(G/Z(G)) > 1. On the other hand, this is
not possible because of Lemma 3.3. Thus H N Lg(T) > 1 and then HLe(T)/Lg(T)
is cyclic and again by Theorem 2.4, G' < HLg(T) =T = Ng(H).

5. A SPECIAL CASE

In this section we consider the situation where G is a finite group, H is a subgroup
of G such that H = C,, x Cq(z) and there exist H-connected transversals A and B in
G (here p and g are two different prime numbers).

THEOREM 5.1. If G is a finite group, G = (A4,B) and H = C, x C,(?, then
Lo(H) #1.

PROOF: Assume by induction that G is a counterexample of smallest possible
order. Thus Lg(H) = 1. We first show that Z(G) #1. If Z(G) =1, then Ng(H) = H
by Lemma 2.1. If H < K, then HNLg(K)= R # 1 by Lemma 3.2. If H/R is cyclic,
then G' < HLg(K) = K by Theorem 2.4. If H/R is not cyclic, then H/R = Cq(z)
and G' < Ng(K) by Lemma 4.2. Thus G' < [\Ng(K), where K ranges over all
subgroups of G which properly contain H. If T = (K, then G' < Ng(T). Thus
Ng(T) is normalin G. If T = H, then Ng(T) = Ng(H) = H and H is normalin G,
a contradiction. Thus H < T and we now have a contradiction to Lemma 3.5.
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Thus we may assume that Z(G) > 1. Now let ¢ € Z(G) such that z # 1
and |z| = r, where 7 is a prime number and consider the group K = H{z). If
HNLg(K) =1, then Lg(K) < Z(G) by Lemma 3.2 and, in fact, Lg(K) = (z).
By induction, the core of H(z)/(z) in G/(z) is nontrivial. Hence we have a normal
subgroup D of G such that (z) < D < H(z). But now D € Lg(K), a contradiction.
Thus HNLg(K) > 1 and the order of Lg(K) is one of the following: pg®r, pgr, ¢*r,pr
or gr. If r # p and r # g then we immediately have the characteristic Sylow p-subgroup
(or the characteristic Sylow g-subgroup)in Lg(K) and since Lg(K) is normal in G,
we conclude that Lg(H) > 1, which is not possible. Thus »r = p or » = q. If
r = g, then the order of Lg(K) is one of the following: pg*,pq®,pg,q* or ¢3. In
the three first cases we can proceed by using the characteristic Sylow p-subgroup of
Lo(K). If |Le(K)| = ¢* or = ¢*, then HLg(K)/Lg(K) is cyclic and by Theorem
24, G' £ HLg(K) = K. Thus K is normal in G and the Sylow p-subgroup of
K is normal in G, hence Lg(H) > 1, a contradiction. Thus we may finally assume
that » = p and Z(G) is a p-group. Now the order of Lg(K) is one of the following:
p2q%,p%q,pq%,pq or p?>. In the four first cases we have the characteristic Sylow g¢-
subgroup in Lg(K) and this leads to a contradiction as before. If |Lg(K)| = p?,
then we write G = G/Lg(K). Now H = HLg(K)/La(K) = K/Lg(K) = C,®. It
L—G—@ is not trivial, then we can proceed as in the first part of the proof of Lemma
4.2 and we conclude that G' < HLg(K)= K. Now K is normal in G and K has the
characteristic Sylow g-subgroup, hence Lg(H) > 1. Thus we can assume that LE(I_I)
is trivial. Then by Lemma 2.1, NE(—H_) = —EZ(_G_) and _EDZ@ is trivial. By Lemma
4.2, G < Ngz(H), hence G' < T = Ng(HLg(K)) = Ng(K) and thus T is normal in
G. Clearly, Nz(H) =T, hence HZ(G) = T. Now we write N/Lg(K) = Z(G) and
thus KN =T. Now by Lemma 2.3, Z(G) C AN B and then ANT =BNT = Z2(G).
It follows that (ANT)Lg(K) = N. Let Q be the subgroup of order ¢?> in H. Now Q
is characteristic in K, hence Q is normalin T. Thus T=Q x N and Q < Z(T). On
the other hand, Z(T) = Cr(T) < Cr(H) < Nr(H) < Ng(H) = HZ(G). Since T is
normal in G, we know that Z(T) is normal in G and thus Q < Z(T) < Le(HZ(G)).
Since Z(G) is a p-group, it follows that Lg(HZ(G)) has a characteristic Sylow g¢-
subgroup @ and then Q < Lg(H). This is our final contradiction and the proof is
complete. g

6. APPLICATION TO LOOP THEORY

We say that a groupoid @ is a loop if @ has unique division and a neutral element
(thus loops are nonassociative versions of groups). The mappings L,(z) = az and

R,(z) = za define two permutations on @ for every @ € Q and the permutation group
M(Q) = (La,Ra : a € Q) is called the multiplication group of Q. By I(Q) we denote
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the stabilizer of the neutral element and I(Q) is called the inner mapping group of Q.
It is rather easy to see that the core of I(Q) in M(Q) is trivial and A = {L,:a € Q}
and B = {R, : a € Q} are I(Q) - connected transversals in M(Q). The concept of the
multiplication group of a loop was introduced by Bruck [1] and he used this concept to
investigate the structure of loops. Glauberman [3] and [4] studied very thoroughly loops
of odd order and Conway (2], Griess [5] and Liebeck (8] have investigated the connection
between certain finite simple groups and finite Moufang loops. In [10, Theorem 4.1]
Kepka and Niemenmaa gave the following characterisation of multiplication groups of
loops.

THEOREM 6.1. A group G is isomorphic to the multiplication group of a loop if
and only if there exist a subgroup H satisfying Lg(H) =1 and H-connected transver-
sals A and B satisfying G = (A, B).

By combining theorems 5.1 and 6.1 we get the following

COROLLARY 6.2. If @ is a finite loop then it is not possible that I(Q) =
Cp x Cq(z), where p and q are two different prime numbers.

REMARK. In [10] and [12] it was shown that J(Q) can not be a nontrivial cyclic group.
On the other hand, I(Q) = C; x C, is possible as was shown in {10, p.120].

Our next application deals with the central nilpotency of a finite loop Q. For
this concept and related results, we advise the reader to consult [1, 9, 11]. We first
introduce the following purely group theoretical result.

PROPOSITION 6.3. Let H be an abelian subgroup of a finite group G such
that there exist H-connected transversals A and B in G and assume that G = (A, B).
Then H is subnormal in G.

PROOF: Assume that G is a counterexample of smallest order. If Lg(H) > 1,
then H/Lg(H) is subnormalin G/Lg(H), hence H is subnormal in G. Thus we may
assume that Lg(H) = 1 (this means that 1 € AN B.) Then assume that Z(G) =1
and let H < K < G. By Lemma 3.2, HN Lg(K) > 1. Thus HLg(K)/Lg(K) is
subnormal in G/Lg(K) and since K = HLg(K), we conclude that K is subnormal
in G. Clearly, R=(){K : H < K € G} is subnormal in G. If R = H, then H is
subnormal in G. If H < R, then by Lemma 3.5, H is normal in R. Thus we may
assume that Z(G) > 1. Now HZ(G)/Z(G) is subnormal in G/Z(G), hence HZ(G) is
subnormal in G. But then H is subnormal in G and we are ready.

From the preceding proposition it follows that if G is a finite group, H < G is
abelian, Lg(H) = 1 and there exist H-connected transversals A and B such that
G = (A, B) then Z(G) # 1. This improves the result of Theorem 3.4 in [11] and now
proceeding as in Section 4 in [11] we can prove the following interesting result in loop
theory.
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COROLLARY 6.4. Let Q be a finite loop such that the inner mapping group
I(Q) is abelian. Then Q is centrally nilpotent.
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