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1. Introduction. The existence of a function g of h having the property that ph divides
the order of the automorphism group of a finite group G whenever pg divides the order of 6
was first established by Ledermann and Neumann [4], who showed that the least such function
g (h) satisfies the inequality

g(h) ^(h-lfp^+h.

Later Green [2] improved this estimate to

g(h) < JA(A+3)+l.

In the present paper this will be revised, for sufficiently large h, to

for h odd,
for A even.

The method will follow essentially the argument of Green, but a different lower bound
will be used for the order of the group consisting of automorphisms of G which reduce to the
identity on tr e factor group GJZ, where Z is the centre of the finite group G. In order to apply
this bound to the problem in question, it was found necessary to treat separately various
alternatives for the respective exponents of the groups Z and (?/(?'', G' being the commutator
subgroup of G.

2. Some results on finite Abelian groups. Continuing with the notation of Green,
we denote by F{G) the group of automorphisms of any group G, and by F{G : H) and F{G : G/K)
the subgroups consisting of the automorphisms which reduce to the identity on a subgroup H
and a factor group GjK respectively. The order of a group G we denote by | G | and, for any
primep, \ G \v is the highest power oip dividing \O \. Also we write OP for a Sylow ^-subgroup
oiG.

Automorphisms of an Abelian p-group A may readily be constructed by means of the
following result (see Ranum [5] and Shoda [7]).

LEMMA 2.1. For a given basis alt ...,ar of A, the, mapping y defined, for each i, by

t

ViY = S Vipj
i=i

is an endomorphism of A provided that each element a{y has order not exceeding that of a,-. An
automorphism is obtained if and only if the coefficients yw satisfy det(yw) ^ 0(modp).

Suppose that, for i = 1, ..., k, A has r ^ O 1) generators of order pnli], where
n[l] > ... > n[k] > 1. Thus if there are pNW elements of A with order not greater than

k
pnU\ then N[i] = 2 ri • ^(?&M, w[j])> where fj.(s, t) denotes the minimum of any two integers

i-i
s and t.
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It was shown by Ranum [5] that

\T(A)\ = h(pr*mh(l-F-')) (2.2)
t=i\ j=i /

a fact which we use to construct a Sylow ^-subgroup of F(A).
Suppose now that A has invariants (p"w, ...,pn(r)), where w(l) ̂  ... > n(r), and let

the basis element a£ have order pn('\ For each i, write Vt = {pau ...,pait a,+1 ar}, with
the convention that Fo = A, and if At is the set of elements of A whose order does not exceed
p"'*', let A\ = AtnVi. Now choose an element b{ from each A[ and consider the mapping 9
of A into itself defined by

afi =ai+b{ (i = l,...,r) (2.3)

By Lemma 2.1, 6 is an automorphism of A. As each bt ranges over a subgroup A'{, the set of all
such automorphisms forms a group, which we denote by A (A).

LEMMA 2.4. A (A) is a Sylow p-subgroup of F(A).

Proof. The order of A (A) is the product of the | A\ |. Now fix i and let the integer
j(0 <;ji ̂  i — 1) be determined by the condition n(j) > n(j + 1) <= ... — n(i) (with j = 0 if
n(i) = n(l)). Since each of the elements aj+1 ajl iesin.^, wehave^4j + V{ = F^andthere-
fore

AJA't = AJAinVt ~ (At + Vt)IVt = V^V,.

Hence, since | Vj/Vi \ =• p*-*, \ A\ \ = p^* \ A{ \ and comparison with the formula (2.2) yields
the result.

Note that, since A1 = A, we have | A[ \ = p~l. | A | and therefore

| r(A) \,>p-i.\A | (2.5)

However, provided that the exponent of A is sufficiently small, a closer bound may be derived.

COBOLLABY 2.6. / / A has order pn and exponent pn^l) and if 2n(\) < n, then

| r(A) \, > ̂ -» .
Proof. If m(2) = n(l), then | r(A) \v > p"-1 .pn~2 = p2n~s. If w(2) < n(l), then

n(3) > 1 and, since | A1 \ = pn, \A2\= p»W+n-nw a n d \AZ\ =

| r(A) \V^\A[\ \A'2\ \A'3\> p"-1 . _p«(2)+"-n(l)-l _ ^

_ p3n-2n(l)+2n(3)-4 -^ ̂ 2n-3

We now introduce some inequalities concerning the quantity L{s, t) which we define,
for 1 < s < t <; n, to be the minimum number of elements of order not exceeding ps in all
Abelian groups of order pn and exponent pl. If n = kt+d, where 0 < d < t -1, then it is
easily verified that

L(s,t) = y»+" (».<<>, (2.7)

H (8, d) denoting the minimum of the integers s and d.

LEMMA 2.8. (i) If 1 < s < « < « ' < n, then L(s,t)^ L(s,t').

(ii) For 1 < s < < < « , - 1 , L(s, t) < L(s + l, t + 1).

Proof. In each case we employ the formula (2.7).
(i) If n = kt +d = k't' +d' where 0 < d < t -1 and 0 < d' < t' - 1 , then, since t' > t,

https://doi.org/10.1017/S2040618500034109 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500034109


THE AUTOMORPHISM GROUP OF A FINITE GROUP 165

we have k' ^ k. If k' = k, then d' ^d and so

k's + n(s, d') = ks + fi(s, d') ^ ks + [i(s, d).

Alternatively, if k' < k, then

k's+ix(s, d') < (k -l)s+n(s, d') = ks+n{s,d') -s < ks +n(s, d).

(ii) Let n = kt +d = k^(t +1) 4-^, where 0 <; d =s; t -1 and 0 ^ ri^ =s: <; then, writing
E ~ ks +fj.{s, d) and ^ = fcj(s +1) +/x(« + 1, dj), we establish the inequality E < Ev

Consider first the case kt = k 3s 1. Then dx = d-k. Thus, if rft > s, then

/x(s, d) ^ s ^. [i(s + 1, dj).

If rfj < 5, then Ex = fe(s +1) + dt = ks+d^ E.

On the other hand, if fcx < k, then <(& -fcx) = kx +dx -d > 0 ; also, since t 5* s,

Thus, for rfj 3* s,

Ex-E 3s ^ ( s + l j + s - f o - d = fc1-s(A;-fc1)+3-cJ

Finally, if rfj < s, then

3sfc1 + (<-<(fc + fc1)-s)+rf1-d =A;1+<-(A;1+d1-d)-3+rf1-d =<- s3s<) .

3. Preliminary results concerning automorphisms. I t is known that, for any
prime p and finite Abelian group A with subgroups B and G,

| r(A : ̂ 4/J5) n r ( 4 : G) !„ 3* | -B, | jp \ Cv \, (3.1)

(see [2]). In [2] Green also showed that if a finite group G has centre Z and commutator
subgroup G', then, writing 77 = GjZ, there exists an Abelian group Q containing Z as a sub-
group, with QjZ s n/II', such that

r(G : GjZ) ~ r(Q : QjZ) nT(Q : G' nZ) (3.2)

and henoe, by (3.1),

\r(G:GIZ)\,>\Z,\lp.\Q'nZ,\.

It will now be shown that

\r(G:GjZ)\p>\r((ZIG'nZ)P)\v,

whioh, by (2.5), is a stronger result. We first quote a result which may easily be verified
(cf. Hughes [3]).

LEMMA 3.3. Let H and K be subgroups of Gfor which G 2 H 2 G' and Z ^> K and suppose
that wlt ..., wt are elements of Gfor which the w{ = wtH form a basis of GjH. If elements kt of K
are chosen so that, for each i, the order of k{ divides the order of wit (or equivalently that k{ is the
image ofw( under some homomorphism from GjH to K), then the mapping

, . (w^ = w^,
^•{H =A iovheH (3<4)

defines an endomorphism which reduces to the identity on both the groups GjK and H.
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Since the endomorphism j> is the identity on H, we have

COEOLLABY 3.5. The mapping <f> of (3.4) is an automorphism if and only if its restriction
to the factor group G/H is an automorphism.

Assuming now that both G/H and K are ^-groups for some prime p dividing the order of
G, automorphisms of G may be obtained by the following construction, similar to that used to
obtain the group A (A) of Lemma 2.4.

Let j3«(1), ...,2>a(t), where q(l) ^ ... ^ q(t), be the invariants of G/H. Choose elements
gt of G for which the cosets gt = gtH of order p"^ form a basis of G/H. For each i, write
Wt = {<7i, ..., g\, gi+1, ...,gt,H} and, if Kt is the group of all elements of K whose orders do
not exceed p"^, write K't = if,- nPFt. Now choose an element z( from each K't and consider
the mapping 8 of G into itself defined by

9fi = 9izi (i = 1» •••> Oil
h8 = h (forheH). / (3"6)

That 8 is an automorphism may be established by observing that, in its restriction 8 to
O/H (written additively), "gfi takes the form 0ilg1 + ... + 8itgt, where the coefficients 8(1 6it (-1

are each divisible by p and 8U = 1 (mod p), so that Corollary 3.5 and Lemma 2.1 may be applied.

LEMMA 3.7. The mapping 8 of (3.6) defines an automorphism of G which lies in

: G/K) nr(G : H).

Furthermore, the set of all such automorphisms forms a group.
The proof of this last fact amounts to no more than routine verification and is omitted.

COEOLLABY 3.8. / / , for i = 1, ..., t, Nf denotes the number of elements of K C Zv which
have order less than £>«(•>, then

| r(G : G/Z) \v >\T(G: G/K) | , > N, Nt.

LEMMA 3.9. | T(G : G/K) nr(G : H) \P > | r(K/K nH) \v.

Proof. Choose a subgroup D of K isomorphic to K/KnH. If D has invariants
pn^\ ..., p<r\ where n(l) > ... ^ n(r), then, since D is isomorphic to KH/H, a subgroup of
G/H, we have r < t and, for each i,

n(i) <g(i) (3.10)

Also DC.K implies that T(G : G/D) nr(G : H) c r(G : G/K) nr(G : H) and therefore, by
Lemma 3.7,

| r(G : G/K) nr(G : H ) \ V > f l I E'{ | (3.11)
t=i

where E\ = Et n W{, E{ being the subgroup consisting of those elements of D of order not
exceeding p*d). We now estimate | E\ \ in terms of [ Et \. Fixing the suffix i in the range
1 ^ i < t, let the integer j(0 ^j < i -1), be determined by the condition

(with j = 0 if q(i) = q(l)); then Ef c W, and
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EijE'i = E,JEtnWt ~ E^JWi c ElW,IWl = W,lWt.

Hence, since | W,IWt | = p*-*, \E\\> pi-* \Et\.
Choose a basis dx, ...,dr of D, the element dt having order #"<". For i in the range

1 < i < r, let D{ be the subgroup consisting of those elements of D whose order does not
exceed p^'l Writing D'i = D, n{rff,..., df, di+1 dr}, we have, by Lemma 2.4,

I r(D) |p - ft I D'i I
i—1

and thus, by (3.11), to prove the lemma it is sufficient to establish that, for 1 ^ i < r,

The integer i remaining fixed, let dk+1(0 < k < i -1), be the first of the basis elements
dlt ...,dr to have order pn<" ; then | D'i | = pk~{ \ Dt \. Suppose first that q(i) = n{i). Then
the integers k &ndj satisfy k ^j ; for if k > j , then n(k) > n(i) = q(i) = g(fc), contradicting
(3.10). Hence, since Dt = £,-, \D'{\ = p*-< | !>,-1 < Ps~' I ^ i I = I %'i I- On the other hand, if
g- ( t )>w( t ) , then q(i)^n(i) + l and thus, since \D{\ = i,*«xo+«(*+i)+ - +n(Dj w e h a v e

+n(r) = pk | £). | a n ( J g 0

I^J I >p'-i I ^ I >p'- i + f c i A i = P> i -D; I >
COBOLLABY 3.12. | T(C : G/Z) \p > \ r((Z[G' nZ)v) \p.

Proof. In the lemma, choose K = Zv and H Z3 G' such that

Then T((? : O/Z) 2 T((? : GjK) nr(G : H) and so | r(G : GjZ) \v is divisible by | r(KjK nH) \9.
But, since H/G' has order prime to p, G' n Z = H nK and hence

(Z/G' nZ)P ~ Z,/(G' nZ)P = ZJG' nZP = K/G' nK = KjHnK.

Applying the lemma to any two subgroups B and C of a finite Abelian group A, we have,
since BJBpr>Cp ^ (B/Br\C)p,

COROLLARY 3.13.

| r(A : A\B) nr(A :G)\V>\ F(AP : ApjBP) nr(Ap : CP) \, > | r«BlBnC),) \,.

It may be noted that, by (2.5), Corollary 3.13 is an improvement on the bound (3.1) and
it is clear that, used in conjunction with (3.2), (3.13) would yield (3.12).

4. Schur's multiplicator. The multiplicator M (77) of a finite group 77 may be defined as
the second cohomology group of 77 with coefficients in the additive group of real numbers
modulo 1 (see Eilenberg and MacLane [1]). We shall however, in this paper, revert to the
original definition of Schur [6] as follows.

Denote the elements of any group 77 by a, j3, y By & factor set on 77 we mean a collec-
tion {mA „} of complex numbers of unit modulus, defined for each ordered pair (A, ̂ t) of elements
of 77 and satisfying, for all a, j3, y e 77, the relation
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It is easily verified that if {«*.„} is a second factor set and if, for each pair (A, /i.) of elements of
77, we define gA/i = mAi(JraAj(J, then gA/J is also a factor set. Two factor sets mA i(4 and mA|(l

are said to be associated if there exist complex numbers ya, y^, yy indexed by elements of
77, such that, for each pair (A, n),

It may be shown that associativity in this sense is an equivalence relation and that the product
of two equivalence classes is formed unambiguously. Furthermore, the classes can be shown
to form an Abelian group under multiplication, and it is this group which is defined to be the
multiplicator of 77.

The following are results of Schur [6].

LEMMA 4.2. If K is a subgroup contained in the centre of a group G, then, putting IJ = GjK,

G' r\K is isomorphic to a subgroup of i f (77).

LEMMA 4.3. For any group 17, M(n)v is isomorphic to a subgroup of M(77,,).
Clearly the multiplicator of the identity is itself the identity group ; hence we have

COROLLARY 4.4. M (77P) is a p-group.

An upper bound for the order of If (77) has been established (see Green [2]).

LEMMA 4.5. / / | 77P | = p\ then \ M{TIV) | < p « w ) .
Concerning the exponent of the multiplicator, the next result is inherent in Schur's

paper [6].

LEMMA 4.6. The exponent of M (77) divides | 77 |.

Proof. In (4.1), let y range over the whole group 77; then, writing | 77 | = k, we have

ml, p n ™«3,y = n wa_Py. n *»PiV.
Y V Y

Now, as y ranges over 77, so also will /3y and hence, if for any A 6 77 we write yA = II mA,y>
y

then

This completes the proof.

m«.n • y«e = y*

COROLLARY 4.7. Let a group G have centre Z and ivrite 77 = GjZ; then, if exponent
is denoted by exp,

exp Z divides | 77 | . exp GIG'.

Proof. Clearly exp GjG' is divisible by exp Z/G' nZ, which in turn is divisible by
exp Z/exp G' nZ. Thus exp Z divides exp GjG'. exp G' c\Z which, by Lemma 4.2, divides
exp GjG'. exp i f (77). The result now follows on applying Lemma 4.6.

5. The lower bound.

THEOREM 5.1. For h > 12, write

m\ = / ^ 2 + 3) for h odd,
JW 1i(A2+4) fork even.

Then, ifpf^ divides the order of a group G, ph divides the order of its automorphism group F(G).
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Proof. Suppose first that for a fixed odd integer A S* 13, pW+V divides the order of a
group G. Write 77 = G/Z and let 177 \v = pk. Jik^h, then the order of the group of inner
automorphisms is divisible by pk and there is no more to prove. We therefore assume that
k < A - 1 or equivalently that \Z\V~^- pn, where n = \{h? -2h +5). Applying, in succession,
Lemmas 4.2, 4.3 and 4.5, we have

| G' nZ | , < | M(77) | , < | M{JIV) | < pW-

and hence, since | Z | c Ss pi(A'-2A+5)>

We denote the exponents of the groups {ZjG' r\Z)v, Zv and {GjG')v by p', p* and pm respec-
tively.

Suppose first that A s 1 (mod 4). Then £ (A + 3) is even and thus, if

exp

we have, by Corollaries 3.12 and 2.6,

| r{0 : G\Z)
On the other hand, if s~^ J(A+3)+l = J(A + 7) = «', say, then exp Zv =pi^p>' and
exp (G/G')v = p m ^ 21*'. Let there be p M elements of Zv whose orders do not exceed pm~x;
then, by Corollary 3.8, | T((? : G/Z) | , ^ i>M.

Consider possible values for the exponent of Zv. If t < s' + ft - 1 = J (5ft + 3) = <', say,
then, using the notation of Lemma 2.8 with n = \(ft2 -2ft +5), we have

pM > i ( m - 1 , 0 S= £(«' - 1 , <').

On the other hand, it t^ t' = s ' + A - l , then, by Corollary 4.7, m ̂  < - A +1 and so, by
Lemma 2.8,

pM 2* £(m - 1 , t) ̂  L(< - A, <) 3* £(*' -A,«') > i (a ' - 1 , «')•

It is sufficient therefore to establish that L(s' -\,t') ^ph. Now t' = J(5ft + 3) and, for
A 2*13,

W = 5ft + 3< | (A 2 -2 f t+5) = n

and hence, by (2.7), L(s' -1, t') > pW-» = p»+3.

If A = 3 (mod 4), then £ (ft +1) is even and, as before, it follows that if 5 <; J (ft +1), then
| P(G : G/Z) |P ̂  ph. Assuming therefore that s > J(ft +5) = a', then also t =̂ a' and m > a'.
We again investigate the number pM of elements of Zv whose orders do not exceed pm-\
Write t' = a' +f t -1 , that is t' = i(5ft +1). Then if t < t',pM > i ( m - l , t ) > L(s' -1, <');
and if t Js t', so that m ^ < - ft +1,

y S s I , ( m - l , i ) > £ ( < - M ) ^ £ ( < ' - M ' ) = £(«'-l ,<')-
For ft 5s 15,4«' < n and so, by Lemma 2.8, pM > p* C'"1) = ph+1. This completes the proof of
the theorem when A is odd.

The proof of the case where A is even is of the same pattern and is omitted.
It may perhaps be remarked here that it is possible to show, by using a more detailed

investigation, that the theorem remains valid for A ^ 6. Also, for large values of A, the bound
may be reduced slightly ; for example, though /(12) = 74, any group G with order divisible
by p73 may be seen to have an automorphism group with order divisible by p12.
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