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Abstract

We prove that two quiver operator algebras can be isometrically isomorphic only if the quivers (= directed
graphs) are isomorphic. We also show how the graph can be recovered from certain representations of
the algebra.
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1. Introduction

A quiver is a directed graph with n vertices {1, 2, ... , n} and C; arrows from j to i.
Here C; is a non negative integer (or possibly oo if the graph is infinite). Let A be
the C*-direct sum of n copies of C indexed by the vertices. For a finite graph we shall
view A as the algebra D, of all diagonal n x n matrices.

As we explain in the next section, one can associate with the quiver a correspon-
dence E(C) over A and this correspondence gives rise to a (non selfadjoint) operator
algebra, denoted 7, (C), that is referred to as the quiver algebra. Another algebra
associated with the quiver is H*(C), the w*-closure of 7, (C). (Here Cisthen x n
matrix {C;} associated with the quiver). In fact, 7, (C) is the tensor algebra asso-
ciated with the correspondence E(C). (See [12] for more about tensor algebras and
their relation to Cuntz-Pimsner algebras).

If C is the 1 x 1 matrix whose entry is n, we have E(C) = C" and the quiver
algebra Z,(C) is the non commutative disc algebra &, introduced and studied by
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Popescu ([14] and [15]). The algebra H°°(C) in this case was studied by Popescu
([14]) who denoted it F,° and by Davidson and Pitts ([6]) who wrote %, for it and
referred to it as a free semigroup algebra. We shall use the notation &/, and .%, for
these special quiver algebras. For more general (countable) graphs the algebra that
we write as H*(C) was recently studied by Kribs and Power ([8]). They denoted it
% where G is the graph (= quiver) and called it a free semigroupoid algebra.

In {15] Popescu proved that, if n # m then the algebras «, and &, are not
isomorphic. One can also show that, in this case, there is no isomorphism from .%,
onto .%,, preserving the weak topologies (that can be deduced from [6, Theorem 2.3}).
For the algebras 7, (C) and H*°(C) itis shownin [8, Corollary 10.5 and Theorem 10.1]
that, if the graphs are not isomorphic then the algebras cannot be unitarily equivalent.
{With respect to ‘regular representations’ of the algebras).

The purpose of this note is to relax the condition of unitarily equivalent and replace
it with isometrically isomorphic (for Z,(C)) and isometrically isomorphic via a
w*-w*-homeomorphism (for H*(C)). This is proved in Theorem 3.7 which is the
main result. Moreover, we show how to ‘read’ the quiver (that is, the numbers C;)
from the characters and certain representations of the algebra (justifying the title of
this paper).

All the graphs in this paper will be assumed to be countable. To simplify the
arguments we prove the main result for graphs with finitely many vertices (that is,
n < oc) but one can extend the arguments (with some care) to general countable
graphs.

The C*-analogue of quiver algebras is referred to as graph C*-algebras and these
have been studied extensively starting with the work of Cuntz and Krieger [5]. (See
also[4,7, 13,9] and others). Itis not true that, if two graph C*-algebras are isomorphic,
then the graphs are isomorphic. Somehow the non selfadjoint algebra preserves all
the data while the C*-algebra ‘forgets’ some. A similar phenomenon was observed
by Arveson for algebras associated with dynamical systems ([2]).

2. Preliminaries

We begin by recalling the notion of a W*-correspondence. For the general theory
of Hilbert C*-modules which we use, we will follow [10]. In particular, a Hilbert
C*-module will be a right Hilbert C*-module.

DEFINITION 2.1. Let A be a von Neumann algebra and let E be a (right) Hilbert
C*-module over A. Then E is called a Hilbert W*-module over A in case it is self dual
(that is, every continuous A-module map from E to A is implemented by an element
of E). Itis called a W*-correspondence over A if it is also endowed with the structure
of a left A-module via a normal *-homomorphism ¢ : A — Z(E). (Here £(E) is
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the algebra of all bounded, adjointable, module maps on E).

Given a W*-correspondence over A, we denote the A-valued inner product on E
by (-, -). The full Fock space over E will be denoted by # (E), so

FE)=AGESE® D .

(The tensor products here are internal tensor products, see [10]). The space % (E)
is evidently a Hilbert W*-correspondence over A with left action ¢, given by the
formula ¢, (a) = diag(a, ¢(a), ¢*?(a),...), where

PP (@) ®E®  ®&) =0@E ®E® - B &.

For ¢ € E, we write T; for the creation operator on % (E):

(6 ®6E® Q&) =EQREHBEP - Q&

Then T7; is a continuous, adjointable operator in £ (% (E)). The norm closed subal-
gebra of £ (& (E)) generated by all the T;’s and ¢ (A) is called the tensor algebra
over E and is denoted 7, (E) ([12]). Since ZF(E) is a Hilbert W*-module, it is
known that £ (& (E)) is a von Neumann algebra. We can now close 7, (E) in the
w*-topology. This w*-closed algebra will be denoted H*(E) and will be referred to
as the weak tensor algebra of E.

We will be interested in a certain class of W*-correspondences. First, let the algebra
A be the algebra D, of all diagonal n x n (complex) matrices (if n = co let A = l).
For a fixed n let C be a fixed n X n matrix with entries in Z, U {oo}. For each
1 <1i,j <n,let E(C); be a (complex) C;-dimensional Hilbert space. (We will
usually write it as C%, where C* is, of course, I; and C° will be understood as {0}.)
The space E = E(C) is the vector space of all n x n matrices £ with the property
that its 7, j entry, &;, is a vector in E(C);;. (If n = 00, we shall also require that
sup; 3 o I, 1> < oo holds.) This space can be viewed as an A-A bimodule via the
formulae:

¢ED); = (§)yd;, (p(D)E); =di(§)y,

where D = diag(d,, d, ...) lies in A. Also, E(C) has an A-valued inner product
defined by the formula ((§, n)); = Y., (&, n;). (Note that, since the A-valued inner
product on E(C) is linear in the second term, we shall use this convention also for the
inner products of the Hilbert spaces E(C);;.)

This makes E(C) a W*-correspondence over A. Given E(C) as above, we shall
write 7, (C) for Z,(E(C)) and H*(C) for H®(E(C)). Note that, when C is the
1 x 1 matrix whose entry is n, we can write E(C) = C". In this case the algebra 7, (C)
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is the algebra &, studied by Popescu in [14] and in [15], and the algebra H*(C) is
the algebra %, studied by Davidson and Pitts ([6]) and by Popescu in [14]. (Popescu
denoted it by F°.) For a general matrix C, the algebra H*(C) was studied recently
by Kribs and Power ([8]). They called it a free semigroupoid algebra and denoted it
by % where G is the (countable) graph associated with C. They also studied norm
closed algebras @7 ([8, Corollary 10.5]). These are tensor algebras 7, (E(C)) but, if
n = 00, one has to define the correspondence E(C) as a C*-correspondence over the
C*-algebra ¢ (or ¢p), not over ly,.

The representation theory for the tensor algebras was worked out in [12]. We now
describe some of the basic results.

DEFINITION 2.2. Let E be a W*-correspondence over A and let H be a Hilbert
space.

(1) A covariant representation of E on H is a pair (T, o), where

(i) o is arepresentation of A in B(H);
(ii) T : E — B(H) is a linear contraction;
(i) T is abimodule map in the sense that T(p(a)éb) = o (a)T(E)o (b) for& € E,
a,beA.

(2) We say that the covariant representation is completely contractive if T is.

(3) We say that the covariant representation is normal if o is a normal representation
and if T is continuous with respect to the o-topology of [3] on E and the o-weak
topology on B(H).

(4) We say that the covariant representation is isometric if, for all £, 7 in E,

T(€)'T(n) =o(&, n).

Given a covariant representation (7, o) of E on H, we can define a linear map T
from the algebraic tensor product E ©, H to H defined by T(¢ ® h) = T(§)h.
We have the following (see [12, Lemma 3.5 and Theorem 3.10] for the proof):

PROPOSITION 2.3. (1) If p is a contractive representation of J,(E) on H then,
setting o (a) = p(p(a)) fora € A and T(E) = p(T;) for & € E, the pair (T, o) is
a covariant representation of E.

(2) The map T defined above is bounded if and only if T is completely bounded.
In fact, | T|| = | Tl So that T is a contraction if and only if (T, o) is completely
contractive. In this case we view T as a map on the completion E ®, H.

(3) If (T, o) is completely contractive then the converse to part (1) also holds, that
is, there is a completely contractive representation p = T x ¢ of Z.(E) on H such
that o (a) = p(¢px(a)) fora € A and T(E) = p(T;) for§ € E.

In addition to the map T we also define the maps 7; : E® ® H — H by
T ® - - ®§) = T(&)--- T(5)h and then we have Ty = T(Ig @ T).
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Given a representation it of A on a Hilbert space Hy we can form the Hilbert space
F(E)®,, Hy (where the inner product is givenby (X ® h, Y g) = (h, mo({X, Y))g)
for X, Y in #(E) and h, g € H,) and define an isometric covariant representation
(V, ) of E on this Hilbert space by V(§) = T; ® Iy, and m(a) = ¢ (a) ® Iy,. Such
a representation is said to be induced.

The resulting representation V x w of Z,(E) is, in fact, the restriction to 7, (E)
of the representation induced by my of .Z (& (E)) on this Hilbert space given by the
formula

Wl (T =T®Ily, TeL(FE)).

This shows that, when (V, ) is a normal induced representation of E, the repre-
sentation V x m can be extended to a w*-continuous representation of H*(E). In
[11, Proposition 2.8] it is shown that, if (T, o) is a normal completely contractive
representation of E satisfying T,j}(* — 0 in the strong operator topology, then the
minimal isometric dilation (V, ) of (T, o) is an induced representation (and, thus,
the associated representation V x x of ,(E) can be extended to a w*-continuous
representation of H*(E)). Since T x ¢ is then a compression of V x &, if follows that
we can also extend this representation to a w*-continuous representation of H*(E).
We summarize this discussion as follows.

LEMMA 2.4. If (T, o) is a normal completely contractive covariant representation
of E such that T, T} — 0 in the strong operator topology, then the representation
T x o can be extended to a w*-continuous representation of H* (E).

Restricting to the case E = C" (and H®(E) = %£,), we have the following.

LEMMA 2.5, Suppose V = (V|, W5, ..., V,) is an n-tuple of isometries in B(H)
(where we allow n = 00) whose ranges are orthogonal and the sum of the ranges is
not all of H. Let p be the representation of 7,(C") (= &,) defined by V. Then the
following hold:

(1) There is a Hilbert space K and a unitary operator v : H — F(C") @ K such
thatvVv* =T, ® Ix (= 71(;?((")(7;,,)), where {e;} is the standard orthonormal basis
of C" and my is the obvious representation of A = Con K.

(2) vp(-)v* is the restriction of n(,g “ 40 Z.(C") (= o).

(3) p can be extended to a completely isometric isomorphism of £, into B(H) that
is a w*-w*-homeomorphism onto its image.

PROOF. In [14], n-tuples as above were called orthogonal shifts and part (1) follows
from Theorem 1.2 there. One can also deduce it from the above discussion since
(V, ) is an induced representation of E = C" (where 7 is the obvious representation
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of C on H). Part (2) follows immediately from (1) and for part (3) note that the
representation noy ) is the representation that maps S € B(Z(C")) to S® Iy in
B(Z(C") ® K). Since this representation is completely isometric and a w*-w*-
homeomorphism of the von Neumann algebra B(%# (C")) onto its image, the same

holds for the restriction to .%,. O

3. Isomorphic quiver algebras

In this section we prove the main results. We now fix n < 00 and an n x n matrix
C withentries in Z, U {00}. Let A be the C*-algebra D, of all diagonal n x n matrices
and let E(C) be the A-A-correspondence defined by C.

We start by identifying the characters of Z,(C) and of H*(C). In order to do it
we shall first embed &, in Z,(C) and %, in H*(C).

Write 7 for the usual representation of A on C* and write H for C". Let K(C)
denote the representation space of the representation 7 %€ induced by r, that is,

K(C)=F(E(C)®: H.

Forevery | < i < n with C;; # 0, write P; for the projection ¢ (¢;) ® Iy in B(K (C))
and K;(C) for its range. Hence

Ki(C) = pooler) (Z BE(O)* ® H) :

k=0

Forevery 1 <i < n, let {eff) : 1 <j < C;;} be an orthonormal basis for E(C);; and
view these vectors as elements of E(C). For1 <j < C, let V; be the operator on
K;(C) defined by

V, = n P EOD (D) Ki(C).

(Note that 7% E((¢Y)) vanishes on the orthogonal complement of K,(C).) We get
C,; isometries on K;(C) satisfying the conditions of Lemma 2.5. Letting ¥; be the
map p of that lemma (with H = K;(C)) composed with the embedding of B(K;(C))
into B(K (C)) (by defining the operator to be zero on the orthogonal complement of
K;(C)), we get the following. (Note that H*(C) can be identified with its image
under ¥ EO),

PROPOSITION 3.1. For every 1 < i < n with C;; # 0, there is a (non unital)
completely isometric isomorphism VW, of %, into H*(C) that is a w*-homeomorphism
(onto its image) and that restricts to a completely isometric isomorphism of &7¢,, into
T (E(Q)) (denoted also V).
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A character of ,(E(C)) is a one dimensional (completely) contractive represen-
tation and, as such, it is given by a completely contractive covariant representation
(T, 7) of the W*-correspondence E(C). Here 7 is a one dimensional representation
of A = D, and, thus, is §; for some 1 < i < n (where §; of a diagonal matrix
D = diag(d,, ds, ... ,d,)isd;). The map T is a contractive linear functional on E(C)
satisfying T(DED,) = 6;(D,)T(£)8;(D,). Hence it is in fact a contractive linear
functional on the C;-dimensional Hilbert space E(C);;. If C;; = Othen T = 0.
Otherwise, identifying E (C);; with C%, we associate with every such character a pair
(i, A) where 1 < i < n and A is in the closed unit ball G_B? of C% . If this character can
be extended to a w*-continuous character of H*(C) then, using the map W; of Propo-
sition 3.1, it induces a w*-continuous character on Zc,. It follows from Theorem 2.3
of [6] that A lies in the open unit ball. We summarize the discussion in the following
theorem. To simplify the statement, we shall assume that, whenever C; = 0, the
notation B¢, (or its closure) will be interpreted as {0}. When C;; = oo the balls B¢,
and B, are the balls of 12 equipped with the weak topology.

THEOREM 3.2. Let M(Z,(C)) be the set of all characters of the quiver algebra
T.(C) equipped with the w*-topology and let M(H*(C)) be the set of all w*-
continuous characters of H*(C) (also with the w*-topology).

Then we have the following homeomorphisms:

(1) M(Z.(C) =G, 1) : A eBg,1<i<n)

2 MH>CO) =GN 2 eBe, 1 <i<n)

(Each set on the right hand side is a disjoint union of n closed and open sets.) The
character, ¢ ,,, associated with (i, ) is equal §; on A and on T;, for £ € E(C), itis
defined by ¢ (Tz) = (X, &)

PrOOF. The identifications in both (1) and (2) were shown above. The fact that
these are homeomorphisms is easy to check. O

In the following we shall also interpret C™ and B,, as {0} if m = 0. Now fix
1<ij<n,i#jadk= (%) € Bg, x Bg, and define G(C, X, i, )
(respectively, Go(C, X, i, J )) to be the set of all contractive representations p of Z, (C)
(respectively, all contractive w*-continuous representations of H*(C)) on the space
C? satisfying:

(Gl) For D € A, p(D) = diag(8;(D), §;(D)).
(G2) The image of p is contained in T, the upper triangular 2 x 2 matrices.
(G3) For every S in the algebra, (0(S))11 = @i2)(S) and (0(S))22 = ¢ 1,)(S).

We now present examples of representations in G(C, A, i, J). Write o for the

representation of A on C? given by o (D) = diag(8,(D), §;(D)). For y in CC , define
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themap T, : E(C) — T, by

[ Puny &) (v, i) > _ ((Ai» &) (v, &) )
T = = 1.
o= 0 B.80) <"

Then the pair (7, o) satisfies T, (D& D;) = o(D)T,(§)o(D>) for all D, D, in A
and £ in E(C).

Before we proceed to show that this construction gives us a representation in
G(C, X, i, j) we observe that the converse holds.

LEMMA 3.3. Let p be a representation in G(C, X, i,j)andlet T(§)be p(T;) (in T5).
Then there is some y in C% with ||y ||*> + ||A)12 < 1 suchthat T = T,.

PROOF. Since p € G(C, A, i,7), it follows that T(§)), = @i (T:) = (Ai, &),
T() = (X;,&;) and, for D € A, p(¢po(D)) = o(D). Hence T(D\ED,) =
o (D) T(§)o(D,) (for D; in A) and it follows that T'(§),, depends only on £;. Since
this dependence is clearly linear and T is bounded, we find that T(£), is (y, §;) for
some y € C%. Thus T = T,. To show that ||y|* + [|Al1>? < 1 let § € E(C) be
defined by : &; = A;/llAill, & = y/llvll and &, = O otherwise. (The case where
either y or A, is zero can be handled easily.)

Then (£, &) is the diagonal matrix whose ith diagonal entry is ||&;]|> = 1, the jth
diagonal entry is ||£; ||* = 1 and all other entries equal zero.

Hence || T¢[| = [§]l = 1 and, consequently, | T, (§)|| = llo(Tp)l < 1. But

T, () = ((A.-,Oe,-.» <y,05,-,~>> _ (ugn ugn)

Thus 1 > [T, (&) = |12 + Iy )% O

Now recall that the pair (7}, o) defines a map T, from the algebraic tensor product
E(C) ®, C* to C? satisfying T,,(& ® h) = T,(&)h which is bounded (respectively,
contractive) if and only if 7, is completely bounded (respectively, completely con-
tractive). If Ty is contractive, then (using Proposition 2.3) the pair (7,, o) defines a
completely contractive representation 7, x o of Z,(C).

The proof of the following lemma is a straightforward computation and is omitted.

LEMMA 3.4. Let T, be as above (for some y € C%) and fix & in E(C). Then, for
k = (ki, k2)' and h = (h,y, hy)" in C* we have
5 (Aiy EiYhy + (v, Eu)hz)
) T,LE®h) = ( )
® Hean P
) Ty‘k =n® (:) where 1 is the element of E(C) with n;; = kiA, ny; = kiy,
n;; = kak; and all other entries are 0.
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= ce_ (IMIP D2 O
T,T = .
@ 3= (M
In part (2) of the following corollary we present the general form of the represen-
tations in G(C, A, i,j).

COROLLARY 3.5. (1) || 7;, | < 1 (thatis, it defines a completely contractive repre-
sentation p, = T, x o of the algebra F,.(C)) ifand only if |y ||* < 1 — [|A:{|%
(2) The representations in G(C, X, i, J) are all completely contractive and of the
form p, = T, x o (for some y in C% with ||[y||*> < 1 — ||A)12).
(3) When|ly|l*> < 1—||Al|% we have || i‘y_kﬂ — 0. Hence 7~"y defines a w*-continuous
representation of H*(C). Therefore, G(C, X, i,j) = Go(C, x, i,j)-

PROOF. Parts (1) and (2) follow from Lemma 3.4 and Lemma 3.3. For part (3),
fix y with |y|> < 1 — |A]|> and write T for T,. Recall that 7; is a map from
E® ® C? to C? defined recursively by 7; = T and Ty, = T(Ir ® T;). Hence
T T, = T @ TT*)T*. Thus, if 7 = (§9) then, for g = (g1, g2)" in C2,

N . a 0\\ -~ - a

where n;; = g1ki, 0y = g2v. n;; = &}, and i, = 0 otherwise. Hence

o Tr g = ((A.», gikia+ (, le)b) _ (glallkill2 +g1blly||2)
et Tt (Xj, &2A;)b &bl |1
_ (Clll)wll2 + bliy | 0 )
0 blir; 1I?
and
= = [alX?+blyI? 0
T T = ( 0 blIAI2)
Write g; = ||A;]|? and ¢ = ||y ||*>. Then the computation above shows that

ITI? = max{q, + 1, @2}, Tl = max{g] + 1q1 + 142, 43)
and, in general,
1Tl = max{gf + (g™ + g1 2@+ +437'). 43)-
If ¢ = max{qi, ¢} then ¢ < 1 and | ;||®> < ¢* + ktg*~' — 0. Using Lemma 2.4

we see that this implies that the representation p, can be extended to a w*-continuous
representation of H*(C). O
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We now equip the set G(C, , i, j ) with the topology of pointwise convergence. It
is then homeomorphic to a closed subset of the product space

[[{B(m:se g, s <1}

(equipped with the product topology), where B(T3) is the closed unit ball of 7;.
This shows that, in this topology, G(C, A, 1,j) is a compact set. For every 7 in

E(C); (2 CY9),
(v, n) = (Ty (g 8)) = (pV(Tﬁ))lz
12

where 1 = (g 6’) If p,, = p, in G(C, X, i, j) then, for every n € E(C)ij, (Yo, 1) —
(v, n), that is, y, — y in the weak topology (of E(C);). Since the map p, > y is
a bijection and the spaces are compact, we conclude that it is a homeomorphism. We
summarize it in the following proposition.

PROPOSITION 3.6. The set G(C, X, i.j), equipped with the topology of pointwise
convergence, is homeomorphic to a closed ball (of positive radius) in C% (equipped
with the weak topology).

THEOREM 3.7. Let C be in M,,(Z, U {o0}) and C' be in M,,(Z, U {o0}).

(1) Ifthe algebras 7, (C) and T, (C’) are isometrically isomorphic thenn = m and
there is a permutation T € S, such that C;; = Cyyc) forall i, j.

(2) If the algebras H*(C) and H>(C") are isometrically isomorphic via an iso-
morphism that is w*-bicontinuous then n = m and there is a permutation T € §, such
that C; = Gy forall i, j.

PROOF. We start by proving (1). Write A : 7, (C) — Z,(C’) for the isometric
isomorphism. The selfadjoint part of 7, (C), Z,(C) N Z,(C)*, is equal to g (A)
which is isomorphic to D,. Since A is an isometry, it maps the selfadjoint part of
. (C) onto the selfadjoint part of 7, (C’') ([11), thus inducing an isomorphism of D,
onto D,,. This shows that n = m and there is some permutation t € S, such that,
whenever D is in A,

A(¢oo(D)) = ¢o(t" (D))

where 1™ (diag(d,, . .. , d,)) = diag(z(d,), ..., t(d,)). Fix a character, ¢ = ¢ ;, in
M(Z,(C)). Then p o A is in M(Z,.(C)). Restricted to A, the character ¢ = ¢;,,
vanishes on diagonal matrices whose ith entry is 0. Thus ¢ o A vanishes on these
diagonal matrices whose t~!(i)th entry is zero. We can write

Vixy o A = Qu-10y0.
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In fact, it is clear from Theorem 3.2 (part (1)) that A — A’ is a homeomorphism,
denoted 0;, from E: onto Bc,-,(,,,,-.(i,- Hence, forevery 1 < i < n, C, ., = Cu-
Now fix i # j. For a representation p € G(C,0,i,j) (where 0 = (0,0)), po A
is a contractive representation of 7, (C) whose image is contained in 7,. For D =

diag(dl, dz, e d,,) n A,
p o A(D) = p(diag(t(dy), . .. t(dn))) = diag(8;(;(D), 8.4)(D)).
Also, for S € Z,.(C),

po A = p(AS) 1 = @u0(A(S)) = @r-1).6,0)(S)

and, similarly,

p o A(S)n = @r-1).60p(S).

Since 6; and §; are homeomorphisms of the closed unit balls and 0 is an interior point,
6;(0) and 6; (0) are in the open unit balls. We write A= (6:(0), 6;(0)) and conclude
that p o A lies in G(C, &, 7' (i), T71()).

Since the map p — p o A is a homeomorphism (with respect to the topology
of pointwise convergence) we get (using Proposition 3.6) a homeomorphism of the
closed unit ball in C<~'v.~'0» and the closed unit ball in C%. Thus

Ct"(l'),‘t"(j) = Cllj .

This proves part (1). The proof of part (2) is almost identical except that in the
argument showing C;; = C,; , We use open balls (and part (2) of Theorem 3.2)
instead of closed balls. The proof for i # j is the same due to the fact that every
representation in G(C, X, J ) extends to a w*-continuous representation of H>*(C)
(Corollary 3.5 (3)). O
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