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1. Let

jr c:(x)f = (i-

It is familiar that

(1)

In the addition theorem [3, p. 363]

— = r(v) f (v + n)J-^M Zr
where

w = (f2 + z2

take & = n and replace v by v - \. Since

we get

Ji(t + z) _T( n y f i y f i .

We now replace t and z by t(l—x2)* and z(l—x2)*, respectively, and use (1). The result is

'v = y ( i y v ~ ^ + r ( 2 v - 1 ) r ( l -^ 2 ) r

- o l v - i r!{(v+i)r}
2

OO ji
Z n

B ^^ n vv(2v+2r)n'
Comparing coefficients of Zmz" on both sides, we get, for v # £,

+ «\c:+n(x) =
 mi"^"> v - j + r (2v-l)r ( l -x 2 ) r C;+_f

r(x)C^Xx) f3 )

m 7(2v)m+B ,fo v - i r! {(v+±)r}
2 (2v+2r)m_r(2v+2r)n_;

For v = i we have, however,
min(m,n) /i _ 2y

r=i r!r!

where Pn(x) is the Legendre polynomial. Since [4, p. 329]

(4) may be written as
min(m, n)
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By taking v = q+i in (3) we get the identity

(m + n\ i*+ n +«(x) , 2 1 ^ m " i a ( 2 q + r)! P ( x ) f ; ( x ) ( „
V m yg!(2q + l ) m + n £o r! {m + 2q + r)\{n + 2q + r)\ w " '"

2. To invert (3) we require the formula

1 (2v + r+ l ) r Jv+r(t + 2) ,, y = ^ ^v(z)
+ r+l) r! {i(* + z)}»+'U ( |0 v {Wr!

Indeed, on making use of (2), it is clear that the left member of (7) is equal to

v (2v + r+l) f

v+n(0-/v+^) y (-Ds(2v+r+l)r(2v + 2r)5.
(|0v (iz)v ' +(|0 ( i ) r\s\

Now, for « ^ 1 the inner sum is equal to

r=0 —r r!s! n!r=o

since the «th difference of a polynomial of degree n — 1 vanishes. For n = 0, on the other hand,
the inner sum is 1/v. This evidently proves (7). Note that the formula holds for v = 0.

We now replace v by v—•£, t and z by f( l-x2)* and z(l-x2)*, respectively, and again
use (1). Then

m^o (2v)mn = o (2v)n r=o r! (v + ±),(v + i ) r n=o

Equating coefficients we get

CJx) Cl(x) =
 minfn) (2v + r)r (m + n

(2) (2) h !( i)( i)V(2v)m (2v)n rh r!(v + i)f(v + i)rV m-r ) 4' (2v + 2r)m+n_2r

or, if we prefer,

(2v)m+n r = o \ m - r / r!
_ (2v)m(2v)n "'"("• »> /m + n -2rVv)f(v) 2 +r

(2v)m+n r=o V m-r /r!(2v)r

In particular, for v = | , (8) becomes

m ) r=o \ m-r /(r!)3 2
More generally for v = q+$ we get

tninfm,

r=o \ m-r
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3. Note that (10) differs from the formula found by Bailey [2] for the product of associated
Legendre polynomials. Similarly (6) differs from the inverse formula found by Al-Salam [1].
However we shall now show that (10) does indeed imply Bailey's identity.

We recall that

- l ) ( n + 2v-2)Cn
v_2(x)-n(«-l)Cn

v(x). (11)

We shall show that generally

i r-s) r + 1 (2v)n_2 s

for 2r ̂  n. For r = 1, (12) evidently reduces to (11). Now assuming that (12) holds for the
value r, we get (replacing n by n — 2 and v by v +1)

4r+1(v)r+1(n-2r-2)! v2Y+ir»+r+i -v,— (1- , ) Cn_2r_2«

-r-s-l)r+1(2v)B_2s

-r-s-l)r+i(2v)n_2s

-25-l)(n + 2v-2s-2)C;_2f_2(x)-(n-25)(n-2s-l)C:_2l(x)}
r + l

s=o l\s-lj(n + v-r-s)r+i \sj(n + v-r-s-l)r+i)(2v)n.2s

<-r-s-l)r+2(2v)n_2s

so that (12) holds for the value r + l .
We remark that

"'""""VWW (13)
(2v)n+2r s=o

which is the inverse of (12), can also be proved by induction with respect to r.

4. Returning to (8) and making use of (12), we get

i-2r\ (2v + r\

- 2 s
-2r)! s=o \sj(m + r+v-r-s)r+l (2v)m+n_2s

s=o m + n + v-s (2v)m+n_2s

,s/r! (m - r)! (n - r)! (2 v)r(»J + n + v - r - s)r
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The inner sum is equal to

(v) min(m-s,n-s) / _ m , j \ / _ ( J i^Wy i g\

\Ji ^ _i in ill !z—
s ! ( m —s)!(n —s)!(2v)s(m + n + v —2s)s r=o r!(2v + s)r(l + 2s — m — n — v)r

(v)s _ f — m + s, — n + s, v + s ~|
- 2 s ) s

3 2\_2v + s,l + 2s-m-n-v]s!(m-s)!(n-s)!(2v)s(m + n + v-

= M, (v)m-/v)n-s(2v)/2v)m+n_s

s!(m-s)!(n-s)!(2v)s(m + n + v-2s)s (v)m+n_2s(2v)m(2v)n '

by Saalschutz's theorem. We therefore get

" } - 2 s ) !

s=o m + n + v-s s\(m-s)\(n-s)\ (v)m+n_s (2v)m+n_2s

For v = \, (14) reduces to

'" wi + n + j - — 2s AsAm_sAn-S

i :
s=o m + n+^-s Am+n.s

where

(15) is the familiar formula of Adams and Neumann. For v = q+\, (14) becomes

s=o m + n — g — s + i s!(m — g — s)!(n — <j—s)!

which is in agreement with Bailey's formula.
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