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Abstract

A Borel measure n on a compact group G is called /.^-improving if the operator TM: L2(G) —»
L2(G), denned by Tp(f) = fi * f, maps into L<>(G) for some p > 2. We characterize L"-
improving measures on compact non-abelian groups by the eigenspaces of the operator Tf, if Tf,
is normal, and otherwise by the eigenspaces of |7},|. This result is a generalization of our recent
characterization of I,*1-improving measures on compact abelian groups.

Two examples of Riesz product-like measures are constructed. In contrast with the abelian
case one of these is not Lp-improving, while the other is a non-trivial example of an Lp-
improving measure.

1980 Mathematics subject classification (Amer. Math. Soc): 43 A 05, 43 A 46.

0. Introduction

A Borel measure /i on a compact group G is said to be Lp-improving if for
some 1 < p < oo and e > 0, n * L" C Lp+e. Since n * Ll c L1 and
fi * L°° C L°°, an application of the Riesz-Thorin interpolation theorem [16,
page 179] shows that if fi is Lp-improving then for every 1 < p < oo there
exists e > 0 such that n * Lp c Lp+C. Examples of Lp-improving measures
include Lq functions for q > 1, the Cantor-Lebesgue measure on the circle
[9], and many Riesz products on compact, abelian groups [12].

Stein [15] posed the problem of characterizing //-improving measures in
terms of their "size". The purpose of this paper is to provide an answer to
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[2] Lp-improving measures on compact non-abelian groups 403

this question for compact, non-abelian groups G. For the abelian case this
was accomplished in [6] where the following theorem was proved.

THEOREM 0. Let fi be a Borel measure on a compact abelian group G with
\\n\\ < 1. Let G denote the dual group of G. For e > 0, let E(e) = {% e
G: \fi(x)\ > e}. Let L2

E{e) = {/ e L2(G): supp / c E(e)}. The following are
equivalent.

(1) fi is Lp-improving.
(2) For some a > 1 and p > 2,

(3) There is a constant c so that for every 2 < p < oo,

Let TM: L2(G) -> L2{G) be denned by T^f) = fi*f. We will show that
similar equivalences to those above may be obtained for a normal measure fi
on a compact non-abelian group G provided the space L\,t-, is replaced by the
subspace of L2(G) which is the direct sum of the eigenspaces corresponding
to eigenvalues A of T^ with \X\ > e. (If/i is not normal we consider instead the
eigenspaces of |7^|.) As the eigenvalues of a measure on a compact abelian
group are the complex numbers {£(#)L6<j, it is clear that our result, Theorem
1.1, generalizes Theorem 0.

In the second section we will construct two Riesz product-like measures
on specific compact non-abelian groups. Theorem 1.1 will be used to show
that one of these is a non-trivial example of an Lp-improving measure, while
the other, in contrast with the abelian case, is not Lp-improving.

1. Characterization of Lp -improving measures

Let n € M{G) and define fi* e M(G) by fi*(E) = fi(E~l) for every Borel
measurable set E c G. If T^: L2(G) —• L2{G) is the operator given by
convolution on the left with fi, that is, T^f) = fi * f, then its adjoint is
T^. An operator T is a normal operator if T commutes with T*. Thus TM

is a normal operator if and only if ft* * fi = /i* fi*, and in this case we will
also refer to fi as normal. We will be using the spectral theory for normal
bounded operators on a Hilbert space as found in [13].

For a complex number X and an operator T: L2 - • L2, let E{T,X) = {/ G
L2(G): Tf = kf), and for e > 0 let F(T,e) = ®W>EE(T,X). When the
operator T is understood we will write E{k) and F(e).
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As usual, G will denote the dual object of the compact group G, that is,
the maximal set of irreducible, inequivalent unitary representations of G.
For p e G, dp is the dimension of p, and for / e L2(G), f(p) is the dp x dp

matrix denned by f(p) = f f{x)p(x~') dx, where dx is the normalized Haar
measure on G. Any / € L2{G) can be expressed as Y,pe6 ^P Tr/(/>)/>(•*)> an(*
II/II2 = E o e c ^ T r f{p)f(p)*- A standard reference for representations of
compact groups is [7].

THEOREM 1.1. Let p. be a normal Borel measure on a compact group G,
IMIA/(G) < 1- The following are equivalent.

(1) p. is LP-improving.
(2) There are constants p > 2 and a > 1 such that

sup j { j ^ : / e F(7;,e)} = O(e~a).
(3) There is a constant c such that for all 2 < p < 00,,

REMARK 1. Recall that E c G (G abelian or non-abelian) is called a A(p)
set for some p > 2, if there is a constant c such that | | / | | p < c||/||2 whenever
/ € L2(G) and f(p) = 0 for p £ E. The least such constant c is called the
A{p) constant of E. If for each e > 0 there is a set X(e) c G such that
F(e) = {/ € L2{G): f(p) = 0 if p $ X{e)}, then (3) is equivalent to saying
X{e) is a A(p) set for all 2 < p < 00, with A(p) constant 0{\p-cXoiE). This
is the terminology used in [6]. If /i * f = f* p. for all / € L2{G) then .F(e) is
a closed two-sided ideal and hence is of the form described above.

REMARK 2. Although we have denned //-improving measures in terms
of convolution on the left, our results apply equally to measures acting by
convolution on the right. Indeed, for p. e M(G) let T* denote the operator
on L2(G) d e n n e d by T"(f) = f * p.. Since \\f * p.\\P = \\n* * f*\\P and
ll/lb = II/II2, T»:L2^LP for some p > 2 if and only if TM. :L2-+LP. By
duality 7 > : L2 — L" if and only if 7^: LP' -> L2, hence T>i:L1-+L? for
some /? > 2 if and only if ^ is Z/-improving.

PROOF. (1 => 2) Since p. is 1/-improving there exists some p > 2 and a
constant fc such that \\/i * f\\p < k\\f\\2 for all / e L2(G).

Suppose / e F(e), say / = Em>£ / b w»th /A e £(A). Since T^ is normal,
(Z , , / ^ = 0 if A ̂  ^, and thus \\f\\2 = EW>«IWIIi- Let * = E w > . ^
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Observe that

iisii! = £ iij2lL/ill2 < i||/ni.

and therefore g e L2(G). Also,

W ) EW>e W>e

and thus,

To prove (1 => 3) we need the following lemma, which is valid for measures
which are not necessarily normal.

LEMMA 1. Let fi e M(G), \\fi\\ < 1. Suppose p>2 and \\/i * f\\p < c\\f\\2

whenever f e L2{G). For a non-negative integer n let
nn+\

andfi" denote the nth convolution power ofji. Then \\nn+x *f\\P(n) < c5

for all f G L2{G).

PROOF. The proof is the same as for the abelian case [6].
We will continue to use the notation p(n), s(n) and fin denned in the

lemma.
(1 =• 3). Assume ||/i * f\\p < c | | / | | 2 whenever / e L2{G). Notice that if

/ € E{X) then fin+l * f = Xn+lf, thus F^.e) C F{T^,en+x). The proof
of 1 =>• 2, together with the lemma, shows that

Since p(n) —* oo as n —* oo, and | | / | | 9 < | | / | | p if q < p, elementary
arguments now complete the proof (cf. [6]).

(3 =• 2) is clear.
One of the differences in the proof of (2 => 1) from the abelian case is

the necessity of showing that the eigenspaces of 7^ span L2(G). For abelian
groups this fact is obvious. For the non-abelian case we were unable to find
a proof in the literature, and so we provide one below. Actually we prove a
more general result which we will make use of later.

We recall the definition of a multiplier. The operator T: L2{G) -»• L2(G)
is called a multiplier if, for all p € G, there is a dp x dp matrix Ap with
ff(p) = Apf{p). We will denote Ap by t{p).
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LEMMA 2. Let T be a normal operator on L2(G) which is a multiplier.
Then L2{G) = ®XeCE{T,X).

REMARK. If / e L2{G) and / = E / A where fk e E{T,X), then at most
countably many of the functions f\ are non-zero.

PROOF. Fix p e G. Since G is compact and T is normal, f(p) is a finite
dimensional normal matrix and thus has a complete set of eigenvectors {e,-}^,
corresponding to the eigenvalues {A,-}^,. Let E-tj be the matrix with e, its ,/th
column, and zero elsewhere. Observe that T(TrEijp(x)) = Tr f(p)Ejjp(x) =
XiTrEijpix), thus TTEUP(X) e 0 A e C £ ( r , A ) . Let / € L2(G). Since there
exist scalars c,7 such that /(/>) = £ j . = 1 c,,E,7, Tr f(p)p(x) e 0 A 6 C £ ( r . A).
By linearity and closure it follows that / <E (Bxec E(T> *•) a n d h e n c e Ll(G) =

LEMMA 3. Suppose L2(G) = A®A± and assume that for some p>2 and
constant c, s u p { | | / | | p / | | / | | 2 : f e A} < c. Let \/p + l/p' = 1. If P is the
projection onto A with kernel A1-, then, whenever f e L2(G), \\Pf W2 <

PROOF. The hypothesis implies that the identity map Id: A c L2(G) -*
LP(G) is bounded with norm at most c. Its adjoint, the quotient map
Q: L"' —> L2/A±, has the same norm. But

LEMMA 4. Let fi e M(G), not necessarily normal, and suppose {n* * fi)n is
Lp-improving. Then fi is Lp-improving.

PROOF. Let \TM\ be the positive square root of 7> T^ = \Tf,\2. For Re z > 0
we will let Sz = fa^T |2) Az" dE, where E is the spectral measure of the normal
operator J7^|2 and aQT^2) is the spectrum of \T^\2. Clearly, z •-> S2 is
continuous if Re z > 0 and analytic if Re z > 0.

Since <T(|7^|2) is a subset of R, (indeed a subset of R+), it follows from
spectral theory that S;+iySl+ly = |r^|4n, S*ySiy = / and S{l/2n) = \TM\.

Suppose a constant c and p' < 2 are chosen so that ||(jU**^)"*/||2 < c\\f\\2
pl

whenever / e L2(G). Then, for any / e L2(G),

\\Sl+iyf\\2
2 = (SUiySl+iyff) = \\ Wtf"f\\\

= \\(u**H)n*f\\l<c\\f\\),,.
Similarly, ||S;>/||?, - | | / | |2 .

https://doi.org/10.1017/S1446788700030895 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700030895


[6] W-improving measures on compact non-abelian groups 407

By Stein's analytic interpolation theorem [16, page 205] we may conclude
that for some q < 2 and constant k, WS^^fW2 ^ ^ll/ll? whenever / €
L2(G). But

\\SiU2n)f\\
22 = (\TM\2f,f) = \\n*f\\2

2,

so n is //-improving.

PROOF OF THEOREM 1.1, continued. (2 =• 1) Let En = ©2-"<|>i|<2-»+' &W
for n = 1 ,2 ,3 , . . . , and Eo = £(0). If \\fi\\ < 1 and X is an eigenvalue of n,
then clearly \X\ < 1. Thus Lemma 2 shows that L2(G) = (&%L0En.

Let / € L2(G), say / = £ ~ 0 / « , with /„ e En. By the assumption of (2)
there are constants p > 2, a > 1 and c so that whenever n > 1,

The spaces {En}%L0 are orthogonal, and thus by Lemma 3 ||/n||2 < 2"ac| |/ | |P '
whenever / e L2[G) and n > 1.

Let N be a positive integer and g e E{X). Then(fi**/u)N*g = \X\2Ng € E(k)
and hence the spaces {ft* * fi)N * En are orthogonal. Since (n* * n)N * f0- 0
it follows that

oo

*n)N *f\\l = '52
n=l
oo

2
n=l n=l

for some constant c', provided N is sufficiently large. Thus {/x* * ji)N is
//-improving for N sufficiently large and hence, by Lemma 4, so is /z.

COROLLARY 1.2. Let fi e M(G), ||/*|U(G) < 1- Let |7%| ^«o?e fAe oper-
ator on L2{G) which is the positive square root of T^ T^. The following are
equivalent.

{I) fi is Lp-improving.
(2) There are constants p > 2 and a > 1 so that

(3) There is a constant c so that for all 2 < p < co
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^ We remark that the operator S: L2(G) -> L2(G) denned by
Sf(p) = \MP)\f(P)> f° r \MP)\tne positive square root of fi(p)*fi(p), is a pos-
itive operator whose square is 7^. 7^. Thus S1 = |!TA| and so |7^| is a normal
operator on L2(G) which is a multiplier. Certainly ||jU*/||2 = || IT'/J/lh, hence
there exists some p > 2 such that p: L"' -> L2 if and only if 17^|: l / -+ L2

if and only if (by duality), \TU\: L2 -> Lp.
These comments, together with the method of proof of Theorem 1.1 (1 =>

2) yield (1 =• 2) of the corollary.
If \\p */ | |p < c| | / | | 2 for all / € L2(G) then the same inequality holds with

p. replaced by p* * p. Lemma 1 shows that

where p(n) and s(n) are as defined in the lemma. Thus (1 =>• 3) can be proved
in the same manner as it was in Theorem 1.1.

Certainly (3 =>• 2) is clear.
Since |7^| is a normal multiplier and Lemma 2 applies to normal multipli-

ers, similar arguments to those used in the Theorem for the proof of (2 => 1)
show that assumption (2) of the corollary yields that ir^l2^ = {pf * p.)N is
Lp-improving for N sufficiently large. Lemma 4 now shows that p. is Lp-
improving.

2. Examples

In this section we will consider two families of examples of measures which
correspond in some way to Riesz products. Theorem 1.1 will be used to show
that each of the measures in one family is LMmproving, while in contrast to
the abelian case, none of the measures in the other family is Lp -improving.

2.1. A non-L"-improving measure. Let Gn = 5(7(2), G = f l~ i Gn. For
each n = 1,2,... let un be an irreducible representation of G of degree n (cf.
[7, Section 29]). Let nn be the projection of G onto Gn and let an = unonn.
Let E = {ffn}^,. In [10] it is shown that E is a central Sidon set, hence there
exists a measure p. which commutes with all measures, (such a measure is
called central) such that p.{an) = In/2 for an e E, In being the n x n identity
matrix.

Now p. is a normal measure and

F ( 7 - , , | ) D { / e L 2 ( 6 ) : supp/CJ?}.

It is shown in [10] that E is not a A(4) set so Theorem 1.1(3) (see particu-
larly the remark after Theorem 1.1) is not satisfied. Consequently, no such
measure p. is Lp-improving.
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The set E is a central Sidon set because it satisfies an independence prop-
erty denned in [10], which independent characters in the dual group of a
compact abelian group also satisfy. A measure n on a compact abelian group
which satisfies fi(Xi) = j f ° r all Xi m a s e t °f independent characters is the
Riesz product ft = Y[[ 1 + j(Xi:ix)+Xj' (*))]. In [ 12] it is shown that this mea-
sure is //-improving. Thus our first example is in contrast with the abelian
case.

More generally, if G is a compact, non-abelian group whose dual object has
no infinite sets which are A(p) for all 2 < p < oo, then any central measure n
which is //-improving must satisfy fi(p) = cpl(jp with cp —> 0. This follows
from Theorem 1.1(3) since, if ^ is //-improving, {p: \cp\ > e} is a A(p) set
for all e > 0 and for all 2 < p < oo.

Of course not all central measures n satisfying ||/i(>o)||00 —> 0 are / / -
improving (for any compact infinite group G). Not even all central L1 func-
tions can be Lp-improving, for if so then a Baire category theorem argument
as given in [5, Lemma 1.5] and the closed graph theorem show that there is
some 1 < p < 2 and constant C such that

for all g e L" and all central Ll functions / . By taking f - fa where {fa} is
a central bounded approximate identity for Ll(G) we obtain a contradiction.

2.2. An //-improving Riesz product. An application of Young's inequality
shows that any Lq{G) function, q > 1, is //-improving. Such measures have
the property that ||/(/>)||oo —>• 0. We construct here a family of examples of
//-improving measures n with limsup ||/i(/?)||oo > 0.

Let Un be the group of unitary matrices of degree dn, and let G = 0 Un.
The projection nn: G —* Un defines an irreducible representation of G of
degree dn. It follows that if 0 denotes the tensor product, then

{n]\ <g> • • • <g> n •*: ix < i2 < • • • < 4 . e,•• = ± 1 f o r / = 1 , . . . , k}

are non-equivalent irreducible representations of G. Observe that n~x ~ 7t,
since ni{x) is unitary for every x G G and thus Tr7r~'(x) = Tr^,(x).

Let fN(x) = n ^ H + % T*[Ai7ti(x) + AMx)]] and suppose

^ 1/«/,-.

Since Tr(^,7r,(x)+^,S,(A:)) is real valued and | Tr(^,w,(A:)+^17r/(x))| < 2/dj,
/N is non-negative. Clearly fN(l) — I. It follows that {/AT}^=1 converges
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weak* to a measure ft where

(I ifp=l,

KP) =
j z A 6 ^ (g> • • • <g> A'* i f p = n ? ' <g> • • • <g> ft**, £ , = ± 1 ,

h < i2 < ••• < ik.

0 else.

Here we write A~l to denote Air

We will call such a measure fi a Riesz product as this is clearly a general-
ization of the notion of Riesz products on abelian groups.

THEOREM 2.1. Let Un be the group of unitary matrices of dimension dn

and let G — ©^L[ Un. Suppose sup,, dn < oo. Then any Riesz product on G is
Lp-improving.

REMARK. If sup dj is infinite and fi is the Riesz product defined by /i(7r,) =
I/(2dj), then limsup||/i(/>)|| = 0. If suprf, < d < oo and fi is defined in the
same manner, then limsup||/i(p)|| > l/(2d). This is the interesting case.

The proof of Theorem 2.1 follows from Theorem 1.1 and

THEOREM 2.2. Let Un be the group of unitary matrices of dimension dn

and let G = @™=x Un. Suppose supn dn < oo. Let k be any positive integer
and let

Then, for any integer s > 2, Xk is a A(2s) set with A(2s) constant at most
Akskl2 for some constant A independent ofk and s. The set U£=1 Xk is a A(2.s)
set with constant at most (2A)"s"/2.

We will first prove Theorem 2.1 assuming Theorem 2.2, and then we will
prove Theorem 2.2.

PROOF OF THEOREM 2.1. As was shown in the proof of Corollary 1.2,
\TM\A(p) = \KP)\, thus, since \A<\ ® • • • ® A%\ = \A^ | ® • • • ® \A%\,

Suppose \Tf,\f — Xf with X > \/2k. Because the eigenvalues of \At\ and \Aj\
are non-negative and at most one, (indeed, they are at most 1/</,•), supp/ c
Uf A>. Thus
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if a is chosen so that 4A < 2Q. Since (2) of Corollary 1.2 is fulfilled, fi is
//-improving.

The proof of Theorem 2.2 is very similar to the proof that {±3jl ± • • •
± 3 A : j \ < ji< < jk) is a A(2.s) set in Z with A(2s) constant Akskl2 [1].
We will state the necessary lemmas and sketch the proofs primarily indicating
the differences which arise in the non-abelian case. Our standing assumption
is that G satisfies the hypothesis of Theorem 2.2. We will let d — suprf,.

PROOF OF THEOREM 2.2. First we remark that the final statement of The-
orem 2.2 is immediate from the first part, since elementary calculations show
that the union of N A(p) sets with A(p) constants at most c, is a A{p) set
with constant at most 2Nc.

For a positive integer s, nj will denote rc, tensor product with itself s times.
The notation (y,fi) will denote fG Try(x)Tr fi(x) dx.

LEMMA 1. Let {s;} "=1 and {M™, be sets of positive integers. Let y = n^ <g>
• • • ® 7t£ and P = n£ <g> • • • <g> n'j"m, i{ < i2 < • • • < in, Ji<h<---< jm- Then
(y, f}) - 0, {that is, y and fi have no equivalent subrepresentations), unless
m = n, and upon some reordering, i^ — j k and s^ = t^ for all k = 1 , . . . , n.

PROOF. This can essentially be found in [4].

L E M M A 2. Let Ek = {nix ® • • • ® mk: i\ < ii < ••• < ik)- Then Ek is a
A(2s) set with constant at most skl2d5kl2.

REMARK. AS in the abelian case, Ek is a Sidon set if and only if k = 1
([3], [4]).

PROOF. Lemma 1 shows that for any representation y,

This result, together with the fact that sup^, = d < oo shows that we may
apply [2, Section 3] to obtain

\\f\\2s<d3k'2Sk'2\\f\\2

for all central polynomials / e L2
Ek{G). It follows from [11, Lemma 6] that

for any / e L\k{G), say / = TipeEk dpTxApp{x),

https://doi.org/10.1017/S1446788700030895 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700030895


412 Kathryn E. Hare [11]

Again using the fact that suprf, = d, one can easily see that for p e Ek,

WdpTrAppWW* < dk\\dpTrApp(x)\\2.

Combining these observations we have | | / | | 2 J < sk/2d5k/2\\f\\2 whenever / e
L2

Ek{G) which establishes the lemma.

LEMMA 3. There exists a constant A so that for each k e Z+ and for every
(o — (o)i) e G, there is a measure fiw e M{G) satisfying \\nw\\ < (4diA)k and
fiw(<S>i€j n]1) = <g),6J a>i whenever \J\ = k, e, = ±1.

PROOF. The method of proof of [8, 5.11] can be used to construct, for
given k e Z+ and a> e G, dm dimensional matrices z'm, I — 1 , . . . , k, such that
each entry of z'm is real and at most l/(2d3) in absolute value, and for each
set of indices / , | / | = k,

i0 m€J

Let fi'w = n m t l + dm1r[zl
m{nm(x) + nm(x))]]. The choice of z'm ensures

that nl
w is a Riesz product and | | /^| | < 1. Certainly ^ ( ® , € y n?) = ®i€J z\-

Let /*„ = ZloW^c,^.
One can see from [8, 5.11] that X)f=0|c/| < Ak for some A independent

of*. Thus \\fiw\\ < (4d*A)k and M®iej*'') = Xto^ 3 )*** ® / € / z\ =

PROOF OF THEOREM 2.2, continued. We now proceed essentially as in [8,
5.12]. Let / € L2(G), with f(p) = 0 if p <£ Xk and suppose f(p) ± 0 for
only finitely many p eG. For each co e G let fiw e M{G) be as in Lemma 3.
Define F o n G x G b y F(o),co') = nw * f(co').

If we let y/p = <g)lgy 7r, when p = <g)(gy nf then, since faw(p) = <2>,e/
 w i =

flco*f(O}')=
p€Xk

Pexk

dpTT(f(p)p(co'))V/p((o).
p€Xk

Let Fwi: G —» C be given by iv(a>) = F((o, a>').
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The display above shows that Fw>{p) = 0 if p £Ek and

£ Ap)p(co') £ f(p)p(co')

< 22kdy J2 Trf(p)p(co')p(wyf(py

= 22kdp £ Trf(p)f(py.

Thus | | iv| |2 < 2*11/112. The proof is completed as in the abelian case [8,
5.12].
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