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Abstract

A Borel measure 4 on a compact group G is called L?-improving if the operator T,: L%(G) —
L?(G), defined by Tu(f) = u * f, maps into L?(G) for some p > 2. We characterize L?-
improving measures on compact non-abelian groups by the eigenspaces of the operator T, if T,
is normal, and otherwise by the eigenspaces of |7;|. This result is a generalization of our recent
characterization of L?-improving measures on compact abelian groups.

Two examples of Riesz product-like measures are constructed. In contrast with the abelian
case one of these is not L?-improving, while the other is a non-trivial example of an L?-
improving measure.

1980 Mathematics subject classification (Amer. Math. Soc.): 43 A 05, 43 A 46.

0. Introduction

A Borel measure 1 on a compact group G is said to be L?-improving if for
some 1| < p<ooand e >0, u+LP C LP* Since u* L' C L' and
M* L C L%, an application of the Riesz-Thorin interpolation theorem [16,
page 179] shows that if x4 is L?-improving then for every 1 < p < oo there
exists ¢ > 0 such that u + L? C LP*¢, Examples of LP-improving measures
include L9 functions for g > 1, the Cantor-Lebesgue measure on the circle
[9], and many Riesz products on compact, abelian groups {12].

Stein [15] posed the problem of characterizing L?-improving measures in
terms of their “size”. The purpose of this paper is to provide an answer to
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this question for compact, non-abelian groups G. For the abelian case this
was accomplished in [6] where the following theorem was proved.

THEOREM 0. Let u be a Borel measure on a compact abelian group G with
llull < 1. Let G denote the dual group of G. For e > 0, let E(¢e) = {y €
G: |ia(x)| > e). Let L}, ={f € L¥(G): supp f C E(e)}. The following are
equivalent.

(1) u is LP-improving.

(2) For somea>1and p > 2,

LA 1lp . 2 — ) e—a
sup{”f”2 : f€ LE(E)(G)} = 0(g™%).

(3) There is a constant ¢ so that for every 2 < p < oo,

”f“p . 2 _ 1 —cloge
swp {71/ € (@)} = 0 (7).

Let 7,: L*(G) — L?*(G) be defined by T,(f) = u * f. We will show that
similar equivalences to those above may be obtained for a normal measure u
on a compact non-abelian group G provided the space L%E(e) is replaced by the
subspace of L2(G) which is the direct sum of the eigenspaces corresponding
to eigenvalues A of T, with |4| > &. (If u is not normal we consider instead the
eigenspaces of |7,|.) As the eigenvalues of a measure on a compact abelian
group are the complex numbers {2(y)} 26 it is clear that our result, Theorem
1.1, generalizes Theorem 0.

In the second section we will construct two Riesz product-like measures
on specific compact non-abelian groups. Theorem 1.1 will be used to show
that one of these is a non-trivial example of an L?-improving measure, while
the other, in contrast with the abelian case, is not L?-improving.

1. Characterization of L?-improving measures

Let 4 € M(G) and define u* € M(G) by u*(E) = u(E-!) for every Borel
measurable set E C G. If T,: L*(G) — L*(G) is the operator given by
convolution on the left with u, that is, T,(f) = u * f, then its adjoint is
T,-. An operator T is a normal operator if 7 commutes with 7*. Thus T,
is a normal operator if and only if u* * 4 = u * u*, and in this case we will
also refer to u as normal. We will be using the spectral theory for normal
bounded operators on a Hilbert space as found in [13].

For a complex number A and an operator T: L2 — L2, let E(T,1) = {f €
L¥G): Tf = Af}, and for ¢ > O let F(T,¢) = @3>, E(T,A). When the
operator T is understood we will write E(A) and F(¢).
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As usual, G will denote the dual object of the compact group G, that is,
the maximal set of irreducible, inequivalent unitary representations of G.
For p € G, d, is the dimension of p, and for f € L*(G), f(p) is the d, xd,
matrix defined by f(p) = J f(x)p(x~1)dx, where dx is the normalized Haar
measure on G. Any f € L2(G) can be expressed as Y s dp Tr f(p)p(x), and

1113 =3 2eG d, Tr f(p)f(p)*. A standard reference for representations of
compact groups is [7].

THEOREM 1.1. Let u be a normal Borel measure on a compact group G,
ullmG) < 1. The following are equivalent.

(1) p is LP-improving.

(2) There are constants p > 2 and a > 1 such that

AN . — O(e—0
sup{”f||2 : feF(T,,,e)} = 0(e™).

(3) There is a constant c such that for all 2 < p < o0,,

o[ <m0} -0t =)

REMARK 1. Recall that E ¢ G (G abelian or non-abelian) is called a A(p)
set for some p > 2, if there is a constant c such that || f]|, < c||f]|> whenever
f € L*G) and f (p) = 0 for p ¢ E. The least such constant c is called the
A(p) constant of E. If for each ¢ > O there is a set X(¢) C G such that
F(e) = {f € L¥G): f(p) =0 if p ¢ X(¢)}, then (3) is equivalent to saying
X(e) is a A(p) set for all 2 < p < oo, with A{p) constant O(%p‘“w’). This
is the terminology used in [6]. If u+ f = f+ u for all f € L2(G) then F(e) is
a closed two-sided ideal and hence is of the form described above.

REMARK 2. Although we have defined LP-improving measures in terms
of convolution on the left, our results apply equally to measures acting by
convolution on the right. Indeed, for u € M(G) let T# denote the operator
on L%(G) defined by T#(f) = f = pu. Since ||f * ||, = ||lu* * f*||, and
I1All2 = |lf*]l2, T#: L? — LP for some p > 2 if and only if T,.: L2 — L. By
duality 7,-: L? — L? if and only if T,: L* — L?, hence T*: L? — L” for
some p > 2 if and only if u is L?-improving.

ProoF. (1 = 2) Since u is LP-improving there exists some p > 2 and a
constant k such that ||u * f||, < k||f]|; for all f € L%(G).
Suppose f € F(e), say f = 32,35, fa, With f; € E(4). Since 7, is normal,

(fi,fs) = 0if 2 # B, and thus ||If]l} = X5, Il Let g = X5, 12
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Observe that : |
lellz =Y Wllflll% < e—zllfllﬁ,
[4]1>e

and therefore g € L%(G). Also,

1 1

Tug= Y TR = Y 3G =1
[A1=e [A[>e

and thus,

k
WA lp = 1l * 8llp < kligll2 < Z1IA -

To prove (1 = 3) we need the following lemma, which is valid for measures
which are not necessarily normal.

LeEMMA 1. Let u € M(G), ||u|| < 1. Suppose p > 2 and ||u* fll, < c||fl2
whenever f € L*(G). For a non-negative integer n let

P =20 sm=3 (2

j=0

and p" denote the nth convolution power of u. Then ||u™** x || piny < ¢™||fl2
for all f € L*(G).

ProoF. The proof is the same as for the abelian case [6].

We will continue to use the notation p(n), s(n) and u" defined in the
lemma.

(1 = 3). Assume ||z * f||, < c||f]|l> whenever f € L*(G). Notice that if
f € EQA) then u™t!' « f = A"+ f, thus F(T,, &) C F(T,,e"!). The proof
of 1 = 2, together with the lemma, shows that

ey 11l
sup {L200): € P} < sup { W80 £ € F(Tn o) |

< cs(n)g—(n+l)‘

Since p(n) — oo as n — oo, and [|f||; < ||fll, if ¢ < p, elementary
arguments now complete the proof (cf. [6]).

(3 = 2) is clear.

One of the differences in the proof of (2 = 1) from the abelian case is
the necessity of showing that the eigenspaces of T, span L%(G). For abelian
groups this fact is obvious. For the non-abelian case we were unable to find
a proof in the literature, and so we provide one below. Actually we prove a
more general result which we will make use of later.

We recall the definition of a multiplier. The operator T: L%(G) — L*(G)
is called a multiplier if, for all p € G, there is a d, x d, matrix 4, with

Tf(p) = 4,1 (p). We will denote 4, by T'(p).
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LEMMA 2. Let T be a normal operator on L*(G) which is a multiplier.

REMARK. If f € L%(G) and f = Y f; where f; € E(T, ), then at most
countably many of the functions f; are non-zero.

ProoF. Fix p € G. Since G is compact and T is normal, T'(p) is a finite
dimensional normal matrix and thus has a complete set of eigenvectors {e,-}f;1
corresponding to the eigenvalues {A,-}f;l. Let E;; be the matrix with ¢; its jth
column, and zero elsewhere. Observe that T(Tr E;jp(x)) = Tr T(p)E; ip(x) =
Ai TrE;jp(x), thus TrE;jp(x) € @,cc E(T, ). Let f € L*(G). Since there
exist scalars c;; such that fp) = f_‘}zl ¢i;jEij, Tr f(p)p(x) € D,cc E(T A).
By linearity and closure it follows that f € ,.c E(T, 1) and hence LYG) =
D,cc E(T 2).

LEMMA 3. Suppose L2(G) = A ® A+ and assume that for some p > 2 and
constant ¢, sup{||fllp/I|fll2: f € A} < c. Let {/p+1/p’ = 1. If P is the
projection onto A with kernel A+, then, whenever f € L*(G), ||Pf||2 < c|Ifllp-

PrROOF. The hypothesis implies that the identity map Id: 4 C L*(G) —
L?(G) is bounded with norm at most ¢. Its adjoint, the quotient map
Q: L? — L?/4*, has the same norm. But

I f1lL2/ar = inf{||g|l2: g — f € 4%}
= inf{||gl|l2: P(g — f) =0} = ||Pf]]..

LEMMA 4. Let u € M(G), not necessarily normal, and suppose (u* * u)" is
LP-improving. Then u is L?-improving.

PROOF. Let |T},| be the positive square root of T,,- T, = |T,|>. ForRez > 0
we will let S, = fa(mm A#" dE, where E is the spectral measure of the normal
operator |T,|? and o(|T,|?) is the spectrum of |T,|>. Clearly, z — S, is
continuous if Re z > 0 and analytic if Rez > 0.

Since a(|T,|?) is a subset of R, (indeed a subset of R*), it follows from
spectral theory that S}, Si.iy = |Tu|*", S8y = I and S(1/2n) = | T-

Suppose a constant ¢ and p’ < 2 are chosen so that ||(u**u)"+ f 13 < c|| |3
whenever f € L%(G). Then, for any f € L%(G),

IS4y S 13 = (SteiyStain s 1) = 1Tl 113
= [|(u* * )"+ f113 < c|IfI12.
Similarly, [|S;, f13 = || £13.
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By Stein’s analytic interpolation theorem [16, page 205] we may conclude
that for some ¢ < 2 and constant k, ||Sy/2, f|3 < k[|f]|2 whenever f €
L%(G). But

ISt /2m 113 = ATLAS 1) = |l = f113,

so 4 is LP-improving.

PrROOF OF THEOREM 1.1, continued. (2 = 1) Let E, = @;-n3j<2-n1 E(A)
forn=1,2,3,..., and Ey = E(0). If ||u|| < 1 and A is an eigenvalue of g,
then clearly 4| < 1. Thus Lemma 2 shows that L2(G) = @2, En.

Let f € L*(G), say f = Yoy fa, With f, € E,. By the assumption of (2)
there are constants p > 2, o > 1 and ¢ so that whenever n > 1,

(1 . na
sup{”f||2 feE, }SZ c.

The spaces { E, }2°, are orthogonal, and thus by Lemma 3 || f,||2 < 2"c|| f]|»
whenever f € L2(G) and n > 1.

Let N be a positive integer and g € E(4). Then (u*+u)¥+g = |A|*Ng € E()
and hence the spaces (u* * u)V * E, are orthogonal. Since (u* + )V * f5=0
it follows that

(™ * )™ * f113 ZI(# + )"+ foll3

o0
Z 4N(n 1 ||f"”2 <ZZ4Nn 1) 2%nec 2“f“p

n=
<c IIfII,,

for some constant ¢/, provided N is sufficiently large. Thus (u* * u)V is
LP-improving for N sufficiently large and hence, by Lemma 4, so is 4.

COROLLARY 1.2. Let u € M(G), ||ullm@) < 1. Let |T,| denote the oper-
ator on L*(G) which is the positive square root of T,-T,. The following are
equivalent.

(1) u is LP-improving.

(2) There are constants p > 2 and a > 1 so that

1A, . P
sup{”f“ feF(T, s)}—O(e ).

(3) There is a constant ¢ so that for all 2 < p < oo

wn{ [ <o) =0 ().
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PROOF We remark that the operator S: L2(G) — L2(G) defined by
Sf = |a(p)|f (p), for | 1(p)| the positive square root of ji(p)*i(p), is a pos-
itive operator whose square is 7. T,,. Thus S = |T,| and so |T,| is a normal
operator on L2(G) which is a multiplier. Certainly {|u*f|2 = || 1T4| f|]2, hence
there exists some p > 2 such that u: L?" — L2 if and only if |T}|: L? — L?
if and only if (by duality), |T}|: L2 — L.

These comments, together with the method of proof of Theorem 1.1 (1 =
2) yield (1 = 2) of the corollary.

If ||u* fl, < c||fll2 for all f € L%(G) then the same inequality holds with
u replaced by u* * u. Lemma 1 shows that

™ = )™ fllpmy = TP D fllpmy < <PAIf 2

where p(n) and s(n) are as defined in the lemma. Thus (1 = 3) can be proved
in the same manner as it was in Theorem 1.1.

Certainly (3 = 2) is clear.

Since |T,| is a normal multiplier and Lemma 2 applies to normal multipli-
ers, similar arguments to those used in the Theorem for the proof of (2 = 1)
show that assumption (2) of the corollary yields that |T,|?V = (u* « )V is
L?-improving for N sufficiently large. Lemma 4 now shows that u is L?-
improving,

2. Examples

In this section we will consider two families of examples of measures which
correspond in some way to Riesz products. Theorem 1.1 will be used to show
that each of the measures in one family is L?-improving, while in contrast to
the abelian case, none of the measures in the other family is L?-improving,.

2.1. A non-L?-improving measure. Let G, = SU(2), G = [[2, G,. For
eachn=1,2,... let u, be an irreducible representation of G of degree n (cf.
[7, Section 29]). Let n, be the projection of G onto G, and let 6, = u, o 7,,.
Let E = {0,}32,. In [10] it is shown that E is a central Sidon set, hence there
exists a measure 1 which commutes with all measures, (such a measure is
called central) such that ji(o,) = I,/2 for g, € E, I, being the n x n identity
matrix.

Now u is a normal measure and

F (T, 1) 2{f € LY(G): supp f C E}.
It is shown in [10] that E is not a A(4) set so Theorem 1.1(3) (see particu-

larly the remark after Theorem 1.1) is not satisfied. Consequently, no such
measure u is L?-improving.
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The set E is a central Sidon set because it satisfies an independence prop-
erty defined in [10], which independent characters in the dual group of a
compact abelian group also satisfy. A measure x4 on a compact abelian group
which satisfies fi(x;) = ; for all x; in a set of independent characters is the
Riesz product u = [][1+ %(xi(x)+x,-"(x))]. In [12] it is shown that this mea-
sure is L?-improving. Thus our first example is in contrast with the abelian
case.

More generally, if G is a compact, non-abelian group whose dual object has

“no infinite sets which are A{p) for all 2 < p < oo, then any central measure u
which is L?-improving must satisfy 2(p) = c,1;, with ¢, — 0. This follows
from Theorem 1.1(3) since, if u is LP-improving, {p: |c,| > &} is a A(p) set
foralle > 0and forall 2 < p < .

Of course not all central measures u satisfying ||2(p)}|loc — O are L?-
improving (for any compact infinite group G). Not even all central L! func-
tions can be L?-improving, for if so then a Baire category theorem argument
as given in [5, Lemma 1.5] and the closed graph theorem show that there is
some 1 < p < 2 and constant C such that

ILf * gll2 < ClIfIllgll»

for all g € L? and all central L' functions f. By taking f = f, where {f,} is
a central bounded approximate identity for L!(G) we obtain a contradiction.

2.2. An LP-improving Riesz product. An application of Young’s inequality
shows that any L9(G) function, ¢ > 1, is LP-improving. Such measures have
the property that ||f(p)|lcc — 0. We construct here a family of examples of
L?-improving measures g with limsup ||2(p)|}co > O.

Let U, be the group of unitary matrices of degree d,, and let G = @ U,,.
The projection n,,: G — U, defines an irreducible representation of G of
degree d,,. It follows that if ® denotes the tensor product, then

{nfl'®---®nf:: (1 <ip<- <y, gg==xlfori=1,...,k}

are non-equivalent irreducible representations of G. Observe that ni‘l ~ 7t
since 7;(x) is unitary for every x € G and thus Tr ni"(x) = Trm;(x).
Let fn(x) = 1'[?;,[1 + %L Tr[A;n;(x) + A;#;(x)]] and suppose

max{Tr|A4;|, Tr|4;|} < 1/d..
I

Since Tr(A;m;(x)+A;#;(x)) is real valued and | Tr(4;m;(x)+4:7i(x))| < 2/d,,
J/~ is non-negative. Clearly fy(1) = 1. It follows that {fy}%_, converges
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weak* to a measure u where

i ifp=1,
. w A ® - ® A 1fp-7:5'® @k, & =1,
alp) = hH<ip<---<lIy,

0 else.

Here we write A ! to denote A
We will call such a measure /4 a Riesz product as this is clearly a general-
ization of the notion of Riesz products on abelian groups.

THEOREM 2.1. Let U, be the group of unitary matrices of dimension dy
and let G = @, U,. Suppose sup, d, < co. Then any Riesz product on G is
LP-improving.

REMARK. If supd; is infinite and 4 is the Riesz product defined by i(n;) =
I/(2d;), then limsup ||a(p)|| = 0. If supd; < d < co and u is defined in the
same manner, then limsup ||2(p)|| > 1/(2d). This is the interesting case.

The proof of Theorem 2.1 follows from Theorem 1.1 and

THEOREM 2.2. Let U, be the group of unitary matrices of dimension d,
and let G = @, , Un. Suppose sup,d, < oo. Let k be any positive integer
and let

Xe={n]'® -®m*:ii<iz< - <iy, &=%1, i=1,....k}.

Then, for any integer s > 2, X, is a A(2s) set with A(2s) constant at most
Aks12 for some constant A independent of k and s. The set\J;_, Xy is a A(2s)
set with constant at most (2A)"s"/2.

We will first prove Theorem 2.1 assuming Theorem 2.2, and then we will
prove Theorem 2.2,

PrROOF OF THEOREM 2.1. As was shown in the proof of Corollary 1.2,
|Tu"(p) = |a(p)|, thus, since |4]' ® --- @ A¥| = |4} ® - ® | 4}*

17 =TT (1 + 5 Teila () + LA )

Suppose |T,|f = 1f with A > 1/2%. Because the eigenvalues of |4;| and |4;]
are non-negative and at most one, (indeed, they are at most 1/d;), supp f C
U x;. Thus

1 1ls 1 ek < o
sup {7+ £ < F (T ) | < 2 s 2
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if a is chosen so that 44 < 22. Since (2) of Corollary 1.2 is fulfilled, u is
LP-improving.

The proof of Theorem 2.2 is very similar to the proof that {£3/' £ ...
+ 3z j) < jy <0 < ji}is a A(2s) set in Z with A(2s) constant AKs*/2 [1].
We will state the necessary lemmas and sketch the proofs primarily indicating
the differences which arise in the non-abelian case. Our standing assumption
is that G satisfies the hypothesis of Theorem 2.2. We will let d = supd,.

ProOF OF THEOREM 2.2. First we remark that the final statement of The-
orem 2.2 is immediate from the first part, since elementary calculations show
that the union of N A(p) sets with A(p) constants at most c, is a A(p) set
with constant at most 2V¢.

For a positive integer s, 77 will denote x; tensor product with itself s times.
The notation (y, 8) will denote [ Try(x)Tr B(x) dx.

LemMma 1. Let {s;}]_, and {t;}], be sets of positive integers. Lety = 7;' ®

- @7 and B =7z;'l ®--~®7z}:, << <ipj1<ja<- < jm Then
(y,B) = 0O, (that is, y and B have no equivalent subrepresentations), unless
m = n, and upon some reordering, iy = j, and sy = t; forallk =1,...,n.

Proor. This can essentially be found in [4].

LEMMA 2. Let Ey = {n;, ® ---®m 1 iy < ip < --- < ix}. Then E; is a
A(25) set with constant at most sk12d>k/2,

REMARK. As in the abelian case, E; is a Sidon set if and only if k = 1

(131, [4D).
ProoF. Lemma 1 shows that for any representation p,
S sk)!
{P1®~-®ps: pi € Ex, <¢8}pi,y> #0} (S ¢ gt
i=

< —Z .
S ks =°

This result, together with the fact that supd; = d < oo shows that we may

apply [2, Section 3] to obtain

1S ll2s < 2542|112

for all central polynomials f € Li-k(G). It follows from [11, Lemma 6] that
for any f € L (G), say f = Y ek, dp Tr A,p(x),

1/2
[1f 1125 < s*72d%72 (Z I|deprP(X)II§s) :

PEE,
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Again using the fact that supd; = d, one can easily see that for p € E;,
ll1dp Tr App(x)|l2s £ dk“dp Tr 4,p(x)|]2-

Combining these observations we have || f||2s < s*/2d%%/2||f||, whenever f €
L% (G) which establishes the lemma.

LEMMA 3. There exists a constant A so that for each k € I+ and for every
w = (w;) € G, there is a measure u, € M(G) satisfying ||pol| < (4d>A)* and
1o(Qjcs mF) = @,y @i whenever |J| =k, &; = £1.

Proor. The method of proof of [8, 5.11] can be used to construct, for
given k € I* and w € G, d,, dimensional matrices zf,,, I=1,...,k, such that
each entry of z/, is real and at most 1/(2d3) in absolute value, and for each
set of indices J, |J| =k,

k
® m =30 @ zh
meJ 1=0 meJ

Let u!, = [1,,[1 + dm Trlz},(Am(x) + #m(x))]]. The choice of z/, ensures
that 4!, is a Riesz product and ||¢/,|| < 1. Certainly ;:Z,(@iej 1) = Qe 2zl
Let o, = Yi_o(4d?V il

One can see from [8, 5.11] that Y5 |¢;| < 4k for some A independent
of k. Thus [[uo|| < (4d*A)* and 4u(®,c, n%) = i o(4d*Ve/®,ey 2} =
Qics i

PROOF OF THEOREM 2.2, continued. We now proceed essentially as in [8,
5.12]. Let f € L%(G), with f(p) = 0 if p ¢ X, and suppose f(p) # O for
only finitely many p € G. For each w € G let u,, € M(G) be as in Lemma 3.
Define F on G x G by F(w, ®') = e * f(w').

If we let y, = @,c, m; when p = @, nf then, since fi,(p) = Q,c; Wi =
Yp(w),

po* f(@) =Y d,Tru(p)f(p)p(e)

PEX,

=2 4, Try, ()] (p)p(e)

PEX;

= 2_ 4, Tr(f(p)p(@)¥y(w).

PEXy

Let Fyr: G — C be given by F, (w) = F(w, ®').
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The display above shows that F,(p) = 0 if p ¢ E; and

*

dyTr|Ey (P =d, Tr [ Y- fp)o(e') | | X2 F(p)p(0)

Yo=Y Yo=Y
<2%*d, Y~ Tr f(p)p(a') p(w')* f(p)"
Yo=Y
=2%d, S Trf(p)f(p)*.
Vo=V

Thus ||F,||; < 2¥||f]]2. The proof is completed as in the abelian case [8,
5.12].
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