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Abstract. Let (T, M) be a complete local (Noetherian) ring such that dim T > 2 and |T| = |T/M|
and let {p; };cg be a collection of elements of T indexed by a set J so that |J| < |T|. For eachi € J,
let C; := {Qi1,...,Qin; } be a set of nonmaximal prime ideals containing p; such that the Q;; are
incomparable and p; € Qji ifand only if i = j. We provide necessary and sufficient conditions so
that T is the m-adic completion of a local unique factorization domain (A, m), and for each i € J,
there exists a unit ¢; of T so that p;t; € A and C; is the set of prime ideals Q of T that are maximal with
respect to the condition that Q N A = p;t;A.

We then use this result to construct a (nonexcellent) unique factorization domain containing many
ideals for which tight closure and completion do not commute. As another application, we construct
a unique factorization domain A most of whose formal fibers are geometrically regular.

1 Introduction

Given a complete local ring (T, M), it is natural to ask what kinds of subrings
(A, M N A) satisfy A=T. Throughout the completion R of a local ring (R, m) de-
notes the m-adic completion of R. When T has certain properties we know of specific
types of rings A whose completion is T. For example, Heitmann characterizes com-
plete local rings that are the completions of unique factorization domains (UFDs)
[4], whereas Loepp provides a characterization of complete local rings that are the
completions of excellent domains with characteristic zero [9]. Yet the question of
when a complete local ring is the completion of an excellent UFD remains open.
There is, however, a partial result. Given a complete local normal domain T and a
collection of prime elements { p; }icg C T that satisfy certain properties, the authors
of [1] constructed a UFD A so that (1) A=T, (2) if Q is a prime ideal of A such
that QT = p; T for some i € J, then the formal fiber over Q is geometrically regular,
and (3) all prime ideals of A with height at least two have geometrically regular for-
mal fibers. Thus “excellence” is ensured at these prime ideals of A. Specifically, the
authors in [1] showed the following theorem.

Theorem 1.1 ([1, Theorem 16]) Let (T, M) be a complete local normal domain con-
taining the rationals with |T /M| > |R|. Suppose P is a nonmaximal prime ideal of T
such that Tp is a regular local ring and that K is a set of height-one prime ideals of T
such that |K| < |T/M]|. Suppose also that {p;}icg, where J is an index set satisfying
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|9] < |T/M)|, is a set of height-one principal prime elements of T. Then there exists a

local UFD A contained in T such that

(i) A=T.

(i1) If Q is a nonzero prime ideal of A such that ht(Q) > 2 or QT = p;T for some
i €, then T @4 k(Q) is a field where k(Q) := Aq/QAq.

(iii) The generic formal fiber ring of A, T @4 k((0)), is regular, and the generic formal
fiberis {q € Spec(T) | q C P} UK.

(iv) IfIis an ideal of A such thatht(IT) > 2, then A/I is complete.

In [2, 3], the authors considered a different kind of property on A. Given a com-
plete local ring T and a set of prime ideals S := {Py, ..., P,} of T, the authors of [2]
gave necessary and sufficient conditions for T to be the completion of an integral do-
main A, where S is the set of maximal elements of the set {Q € Spec T | QNA = (0)}.
Along the same lines in [3], for an element p of T, the authors gave necessary and
sufficient conditions for T to be the completion of an integral domain A such that
p € Ais a prime element of A and S is the set of maximal elements of the set
{Q € SpecT | QN A = pA}. Specifically, in [3], the authors proved the follow-
ing theorem.

Theorem 1.2 ([3, Theorem 2.13]) Let (T, M) be a complete local ring, 11 the prime
subring of T, and S := {Py,...,P,} a finite set of non-maximal incomparable prime
ideals of T. Let p € (., P; with p # 0. Then there exists a local domain A contained

in T such that p € A, A = T and PA is a prime ideal whose formal fiber is semilocal
with maximal ideals the elements of S if and only if

(1) QNII[p] = (0) forall Q € Ass(T),

(ii) forevery P' € Ass(T/pT), P’ C P; forsomei € {1,2,...,k},

(iii) (P \ pT)TI[p)) N TT[p] = {0} foralli € {1,2,...,k}.

Taking motivation from these results, we seek to study the relationship between
a local ring A and its completion A by examining the formal fibers of the ring A.
The formal fiber ring of a prime ideal P € Spec A is defined to be A ®, k(P), where
k(P) := Ap/PAp. We call Spec(g ®4 k(P)) the formal fiber of A at P. This approach
is promising because there is a natural correspondence between the formal fiber of
A at P and the prime ideals Q € Specg such that Q N A = P. In light of this
correspondence, for such a prime ideal Q of X, we say, “Q is in the formal fiber of A
at P>

In this paper, we prove three main results. First, in Section 3l we generalize The-
orem [[2] by considering a set {p; }icg of elements in T over an index set J, where
|9] < |T| rather than just one element p. We also construct our integral domain A to
be a unique factorization domain. In particular, we prove the following result, which
appears as Theorem [B.2] of this paper.

Main Theorem  Let (T, M) be a complete local ring of dimension at least two satisfying
|T| = |T/M]|. Let {p;}icg be a countable (possibly finite) set of regular elements of T.
Foreachi € J, let C; := {Qi, ..., Qin} be a collection of nonmaximal prime ideals
of T intersecting the prime subring 11 trivially. Furthermore, suppose that the Q;; are
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incomparable, and that p; € Qji if and only if i = j. Finally, suppose that for each
i € Jandevery P € Ass(T/p;T), P C Upee, Q Let C:=J; Ci.
Then the following are equivalent:

(i)  There exists a local UFD (A,M N A) C T such that A = T with the following
properties:

(a) Foreveryi € J, thereis a unitt; € T such that p;t; € A and the formal fiber
of pit;A is semilocal with maximal ideals the elements of C;.
(b) The formal fiber rings of all prime ideals of height at least two are fields.

(ii) The following two properties hold:

(a) No element of I1 is a zero divisor.
(b) depth(T) > 1.

Second, in Section @] we use the main theorem from Section [3] to generalize
[10, Theorem 14]. Specifically, in Theorem [4.2] we construct a (nonexcellent) UFD
A satisfying the property that there are many principal ideals of A for which tight
closure and completion do not commute.

Finally, in Section 5] we use the main theorem from Section 3] to weaken the hy-
pothesis of Theorem [L1] In particular, we show that with the weaker condition that
each p; T is a radical ideal instead of a prime ideal, there exists an “almost excellent”
UFD A, whose completion is T, and A contains an associate p;t; of each p;. Further,
we obtain that the formal fibers over each prime ideal p;t;A are geometrically reg-
ular, as are the formal fibers over every prime ideal of height at least two. We then
prove some facts about the relationship between radical ideals and the construction
of excellent UFDs, as well as give necessary conditions for the construction.

Our proof combines the methods used in the papers [1, 3,4]. In particular, we
adapt the construction in [3] to the case when A is a UFD. We adapt the techniques
Heitmann introduced in [4], which are essential to our construction. Throughout
this paper, by a quasi-local ring, we mean a ring with exactly one maximal ideal. By
alocal ring, we mean a Noetherian quasi-local ring.

2 Preparation

The framework of our construction is taken from Heitmann [4]. We begin with a
subring R, of T with certain properties. We maintain these properties, while adjoin-
ing to Ry well-chosen elements one by one until we arrive at the desired subring. Our
construction, therefore, hinges on the definition of our starting subring (which we
call an NC subring), the types of elements we adjoin, and the lemmas necessary to
prove that our properties are maintained. We lay these out in this section. Through-
out this paper, we retain the following notation.

Setting 2.1 Let (T, M) be an infinite complete local ring. Let {p;}icy be a set of
regular elements in T indexed by the set J, where J is countable (possibly finite) or
|9] < |T/M)]. Foreachi € J,letC; := {Qj, . .., Qiy, } be a collection of nonmaximal
prime ideals of T. Further, suppose that the Q;; are incomparable, and that p; € Qjx

ifand onlyif i = j. Let C := (J;, Ci.
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Definition 2.2 Let R be a set. Then we define I'(R) := sup(Ry, |R|).

Definition 2.3 Let (R, MNR) be a quasi-local UFD contained in the complete local
ring (T, M). Then we call R an NC subring if R satisfies:

(i) |R| < T(T/M) with equality only if T/M is countable.

(ii)) QNR=(0)forall Q € Ass(T).

(i) Ifz € Tisregularand P € Ass(T/zT), then ht(PNR) < 1.

(iv) Foreachi € J,and forevery Q € C;, (Q\ p;T)RNR = {0}.

If R satisfies (i)—(iii), but not necessarily (iv), then R is called an N-subring in [4].

Property (iv) of Definition [2.3]is similar to the pT-complement avoiding property
from [3].

Definition 2.4 Let (R,R N M) be an NC subring contained in the complete local
ring (T, M). An A-extension of R is a ring S such that

(i) Sisan NC subring,

(i) RCSCT,

(iii) prime elements of R remain prime in S,
(iv) |S| <T(R).

Proposition 2.5 Let (R,RNM) be a UFD contained in the complete local ring (T, M),
and suppose R satisfies property (iii) of NC subring. Leta € R. Then alT N R = aR.

Proof We may suppose a # 0. Since aR C aT N R is clear, we need show only that
aTNR C aR. Letc € aTNR. First suppose that a is prime in R. Then, by property (iii)
of NC subrings, aR = PNR for every P € Ass(T/aT). Thusc € aTNR C PNR = aR.

Now suppose that aR is not necessarily prime in R. If a is not a unit of R, then a
is contained in some principal prime pR. Thenc € aTNR C pT N R = pR, and
thus ¢/p € R. Now ¢/p € (a/p)T N R. It, therefore, suffices to prove the result with
c replaced by ¢/p and a replaced by a/p. The Noetherian property of T guarantees
this factorization process must stop eventually. The element by which we replace ¢ is
a unit, and the result follows trivially. ]

Property (iv) of NC subring is sometimes cumbersome. In Proposition we
show that there is an equivalent condition that, on occasion, is more convenient to
use.

Proposition 2.6 Let (R, RN M) be a quasi-local UFD contained in the complete local
ring (T, M). Suppose that R satisfies properties (i)—(iii) of NC subring. Suppose that
i € Jsatisfies p; € R. Then (Q\ p;T)RN R = {0} if and only if QN R = p;R for all
QedC,.

Proof We first show the forward direction. Fix Q € C;. Since p; € Rand p; €
Q € Cj, one containment is clear. To see the other, take ¢ € Q N R. Suppose
q ¢ piR. By Proposition Z5l p;T "R = p;R. It follows that g & p;T, and so
q-1€ (Q\ piT)RN R = {0}, a contradiction.

Now we show the backwards direction. Suppose QN R = p;R, for all Q € C;.
Suppose there are Q € C; and f # 0 with f € (Q\ p;T)R N R. Then there exist
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q € Q\ p;T and g € R such that f = gg. Thus, by Proposition23l q¢ = f €
gT N R = gR. By property (ii) of NC subring, since g € R, g is not a zero divisor of
T. It follows that g € R. By assumption, g € QN R = p;R, a contradiction. ]

The proof of the following lemma is drawn from a similar lemma for pT-comple-
ment avoiding subrings in [3].

Lemma 2.7 Suppose R is a subring of T, and R is a (not necessarily local) UFD satis-
fying properties (1)—(iv) of NC subring. Then Ryng is an NC subring.

Proof First, Ryng is a UFD by [11, Theorem 20.5]. The first two properties of an
NC subring are also clear. Thus we need show only properties (iii) and (iv).

We first show property (iii). Let z € T be regular, and let Q € Ass(T/zT). Then,
since R satisfies the third property of NC subrings, Q N R = aR for some a € R.
We claim that Q N Ryjnr = aRpyAr- One inclusion is obvious. To see the other, let
f € QN Ryg. Then f = u/v for some u,v € R. Thenu = fv € QN R = aR, so
f € aRMnR.

Finally, we check that property (iv) of an NC subring is satisfied. Fixi € J. Let
Q € C;, and suppose that s € (Q \ p;T)Rynr N Ryngr. Writes = f/g = qf’/¢’
with f,g, f',¢’ € Randg,¢’inR\ (M NR)and g € Q\ p;T. Since R is a domain,
fg' =qf’g, and so clearly fg’ € (Q\ p;T)RN R = {0}. Since g’ is nonzero, f = 0,
and thus s = 0, so that (Q \ p; T)Rynr N Rvnr = {0}. [ ]

In order to build up a chain of NC subrings ultimately leading to our final ring,
we repeatedly adjoin elements and then localize. The previous lemma shows that
localization preserves the NC subring properties. The next two lemmas allow us to
adjoin elements under certain conditions. The first is a lynchpin of our construction.
It controls the intersections of ideals in T with our subring. The second allows us to
maintain an NC subring while adjoining these new elements.

Lemma 2.8 Let R be asubring of T. Let Q be a prime ideal in T. Suppose QNR = pR.
Then, ifx + Q € T/Q is transcendental over R/(Q N R), Q N R[x] = pR[x].

Proof One containment is clear. To see the other, take f € Q N R[x]. Then f =
Zf:o rix', where r; € R. Since x+Q is transcendental over R/(QNR), 7; € QNR = pR
for all i. It follows that f € pR[x]. [ |

Lemma 2.9 Letx € T and R be an NC subring containing all the p;. Then R[x]rixjnm
is an A-extension of R if the following condition holds:

* x+ Q € T/Q s transcendental over R/(R N Q) for all
QeCU{PeAss(T/rT)|re R} UAssT.

Proof Properties (ii)—(iv) of A-extension and property (i) of NC subring are clear.
Thus by Lemma it is sufficient to show that R[x] is a UFD satisfying the NC
properties (ii)—(iv). Since x + Q € T/Q is transcendental over R/(Q N R) for all
Qe {P € Ass(T/rT) | r € R} U Ass T, x is transcendental over R, and thus R[x] is
a UFD. Property (ii) follows immediately from the hypothesis and Lemma[R2.8 Thus
we need show only properties (iii) and (iv) of an NC subring.
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We first prove property (iii) of NC subrings. Let z € T be regular and let P €
Ass(T/zT). First suppose that PN R # (0). Then PN R = aR for some a € R, since
R is an NC subring. Now, PTp € Ass(Tp/zTp). Since depth(Tp) = 1, the maximal
ideal of Tp/aTp consists only of zero divisors. Hence P € Ass(Tp/aTp), and it follows
that P € Ass(T/aT). In light of the hypothesis and Lemma 2.8l P N R[x] = aR[x].
Now suppose PNR = (0). Then all nonzero r € R are inverted in the ring R[x]r[xnp-
Thus, if F is the fraction field of R, dim(R[x]r[xjnp) < dim(F[x]) < 1. Therefore
ht(P N R[x]) = dim(R[x]r[xjnp) < 1 and so property (iii) of NC subrings holds.

Finally, we show that R[x] has property (iv) of NC subrings. Fix i € J, and let
Q € C;. Thensince R is an NC subring, QN R = p,R by Proposition[2.6l Now, by the
hypothesis and Lemma[2.8l Q N R[x] = p;R[x]. Appealing to Proposition[2.6]again,
we have property (iv) of NC subrings. u

Proposition 2.10 Fixi € J from Setting21l If p; € R and x + Q is transcendental
over R/(QNR) forall Q € C;, then (Q \ p;T)R[x] N R[x] = {0} forall Q € C.

Proof In light of Proposition this is simply the content of Lemma[2.8] ]

For our construction, we use a proposition from [5] to ensure that our final sub-
ring has the desired completion.

Proposition 2.11 ([5, Proposition 1]) If (A, MNA) is a quasi-local subring of a com-
plete ring (T, M), A — T/M? is onto, and IT N A = I for every finitely generated ideal
I of A, then A is Noetherian and the natural homomorphism A — T is an isomorphism.

In light of Proposition 2.11] one sees that Lemma[2.12]is critical.

Lemma 2.12 Let R be a subring of T and suppose R is an NC subring such that p; € R
forevery i € J. (Here, J is from SettingR.1l) If I = (y1,...,ys)Risanideal of R, na
positive integer, and ¢ € ITNR, then there exists an A-extension S of R such that ¢ € IS.

The proof of Lemma[2.12]follows after some preliminary lemmas.

Lemma 2.13 ([4, Lemma4]) Let (T, M) be a complete local ring, R an N-subring of
T, I a finitely generated ideal of R, and ¢ € IT N R. Then there exists a ring S such that
R C S CT,Sisan N-subring of T, |S| = |R|, prime elements in R are prime in S, and
cels

Notes from Heitmann’s proof: In the proof of Lemma Heitmann inducts on
the number of generators of I. He first shows that if I is a principal prime ideal of
R, then the lemma holds. He then shows that one may reduce to the case where
I is not contained in a principal prime ideal of R. In this case the lemma follows
easily, if in addition I is principal. If I is generated by two elements, the proof is
much more difficult; Heitmann intersects two carefully chosen Krull domains and
shows that the result is the desired N-subring. When I is generated by more than
two elements, Heitmann adjoins an element 7 of T to R so that the image of 7 in
T/P is transcendental over R/(P N R) for every P € |J,cp Ass(T/rT). Since 7 is
transcendental over R, prime elements in R will remain prime in S.
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For the proof of Lemma[2.12] we adjust the proof above. We again induct on the
number of generators of I. By Proposition 2.5, Lemma[2.12lholds when I is principal.
We now show, in Lemma 2.14] that Lemma [2.12] holds when I is generated by two
elements.

Lemma 2.14 Lemmal2Z12lis true when n = 2.

Proof In this case, I = (y1, y») with y; # 0 and y, # 0. We first use the proof of
Lemma[2.13]to reduce to the case when I is not contained in a principal prime ideal
of R. Since ¢ € IT, ¢ = t1y; + t,¥,, where t1,t, € T. Then let x; := t; + ty, and
x := 1, — ty; for some t € T to be determined shortly. Note that c = x;y; + x,7>.

Define the set A := C U {P € Ass(T/rT) | r € R} U AssT. Then A is either
countable or |A| < |T/M]|.

In order to use the proof of Lemma we wish to choose t so that, for each
Q € A, either x; + Q or x; + Q is transcendental over R/(R N Q). In particular, we
choose t so that x; + Q is transcendental over R/(QNR) if y, ¢ Qand x, + Q is
transcendental over R/(QNR) if y; ¢ Q.

Notice that for every Q € A, y1, y, cannot both be in Q. Otherwise, the definition
of NC subring and Proposition 2.6 would imply that Q N R would be prinicpal and
then I C Q N R would imply that I is contained in a principal ideal, a contradiction
to the reduction above. Thus, for each Q, y; € Qor y, € Q. Also, if Q € C; and
yi & Q theny; ¢ Q' forall Q' € Cj, since Q' MR = p;R forall Q" € C by property
(iv) of NC subrings and Proposition 2.6

We choose t to meet these conditions as in the proof of Lemma For every
Q € A, either y; or y; is not an element of Q. First, suppose y; ¢ Q for some Q € A.
From the argument of the proof of Lemma[2.13} the number of choices for ¢ that yield
x, with x, +Q € T/Q algebraic over R/(RN Q) is either countable or strictly less than
|T/M]|. Similarly, if y, ¢ Q, the number of choices for t that yield an x; such that
x1+Q s algebraic over R/(RNQ) is either countable or strictly less than | T/M|. From
this it follows that there exists a t € T so that x, + Q € T/Q is transcendental over
R/(RNQ) forall Q € A satisfying y; ¢ Q and so thatx; +Q € T/Q is transcendental
over R/(RN Q) for all Q € A satisfying y, & Q.

With this choice of ¢, define S := (R[x;, yl_l] N R[x1, yz_l])N where

N := R[x, y7' 1 N Rx1, y3 11 N M.

To show that S satisfies properties (ii)—(iv) of an A-extension and properties (i)—(iii)
of an NC subring, we use the observation from [4, Lemma 4] that, for example,
if x, + Q is transcendental over R/(R N Q) for some Q € A, then Q N R[x,] =
(Q N R)R[x] = aR[x,], where a € R is such that Q " R = aR. Since x, =
(c—=x171)/y2 % € R[xl,y;l] and so ¢ = x1y1 + x, € IS. We now show that
S has property (iv) of NC subring.

Fixi € Jand let Q € C;. Then, by the choice of ¢, we may suppose that x; + Q
is transcendental over R/(Q N R) with no loss of generality. Now by Proposition 2.6
and Lemma[2.8] R[x, ] satisfies (Q \ p; T)R[x;] N R[x;] = {0}.

Claim ForR':=R[x;]and Z := (Q\ p;T)R'[y; ' NR'[y; '], Z = 0.
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If f € Z then f = qg where g € (Q\ p;T) and g € R'[y;']. Thus there
exists a non-negative integer n such that fy5 € R’ and gy5 € R’. It follows that
fyy =q(gyy) € (Q\ piT)R’ N R’ = {0}. Since f and y, are not zero divisors and
y2 # 0, f = 0. This proves the claim.

Thus, for each i € J and for each Q € C;, (Q\ p;T)BN B = {0} for either
B = R[xl,ygl] orB = R[xz,yfl]. Hence R[xl,ygl] N R[x27yf1] satisfies property
(iv) of NC subring. By Lemmal[2.7] S satisfies it as well. ]

Proof of Lemma[2.12] We follow the proof of Lemma except we use the set A
described in the previous lemma throughout the construction. Note that A is count-
able or |A| < |T/M]|. The construction in Lemma[2.13]yields an element  such that
f+Q € T/Qis transcendental over R/(RN Q) for all Q € A. Heitmann shows prop-
erties (i)—(iii) are satisfied [4, Lemma 4]. By Lemmal[2.9] property (iv) is satisfied as
well. ]

Lemma 2.15 Suppose dim T > 2 and R is an NC subring containing p; for alli € J.
Further suppose that
e Jisanideal of T,
* ueT, and
* JZ QforallQe A:=CU{P € Ass(T/rT) | r€ R} UAssT.
Then there exists an A-extension S of R meeting the following conditions:

(1)  u+J € n(S)wherer is the natural map w : T — T/ ].
(ii) Ifu € ], then, foreachQe C,SN ] Z Q.
(iii) For every finitely generated ideal I of S, IT N S = L

Proof For every P € A, let D(py be a full set of coset representatives ¢ + P that make
(u +t) + P algebraic over R/(P N R). Set D := | Jpcp D(p). Then there exists x € |
such that (# + x) + P is transcendental over R/(P N R), for every P € A [4, Lemmas
2 and 3]. Thus, by LemmaZ9 S’ := R[u + x]gu+x)nm 1S an A-extension of R.

Note that 7(u + x) = u + J. For every Q € C, u + x + Q is transcendental over
R/(QNR),andsou+x ¢ Q. Butifu € J,thenu+x € JNS'. Thus, JNS" € Q.
Our final ring S contains S, so the second property of this lemma holds.

Finally, to obtain the third property, we define the set

Q= {(I,c) | Iis a finitely generated ideal of S’ and c € ITN S'}.

Next we adjust the proof of [4, Lemma 7] using Lemma[2.12lin place of [4, Lemma 4]
to obtain the desired ring S. In particular, S = |J:°, R; where, for every positive
integer i, R;_; C R;, R; is an A-extension of R;_1, and IT N R;_; C IR, for all finitely
generated ideals I of R;_;. [ |

The following lemma is a slight modification of [4, Lemma 6].

Lemma 2.16 Suppose we have the following situation:

* Rpisan NC subring of T.
* is a well-ordered set with least element 0 such that either ) is countable or, for all
ace, {fe]f<al| <|T/M|.
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* y(a)=sup{feQ|f<al
* {R, | @ € Q} is an ascending collection of rings such that

R, is an A-extension of Ry ify(a) < «,
Ry = Upea Rs if y(@) = .

* S:=U,coRa

Then S satisfies all conditions of Definition2.3)for an NC subring of T except for (i), the
cardinality condition. Instead, |S| < sup(Ry, |Ro|, |2|). Furthermore, elements that are
prime in some R, remain prime in S.

Proof By [4, Lemma 6], S satisfies properties (i)—(iii) of NC subring, except that here
|S] < sup(Ro, |Ro, |€2]) and S satisfies the condition that prime elements in some R,,
remain prime in S. To see that S satisfies property (iv) of NC subring, fix i € J and
let Q € C;. Now, if f € (Q\ p;T)SN S, then f = qf’ for some g € Qand f’ € S.
Thus, there exists some « such that both f and f’ are in R, and, since R, is an NC
subring, we have f = 0. ]

3 Main Result

Recall that we wish to construct a UFD A containing an associate p;t; of each p; such
that the formal fiber of the prime ideal p;t;A is semilocal with the set of maximal
ideals equal to C;. The preparation section of this paper provides us with the tools
for the construction. The hardest part of the construction is finding an NC subring
that contains an associate of each p;. We begin this section by doing that.

Lemma 3.1 Let (T,M) be a complete local ring of dimension at least two such that
|T/M| = |T|. Let {p;}icg be a countable (possibly finite) set of regular elements of T.
Foreachi € J,let C; :== {Qi1, ..., Qin, } be a collection of nonmaximal prime ideals in
T. Furthermore, suppose that the Q;; are incomparable, and that p; € Qi if and only
ifi = j. SetC:=J,;Ci.

Suppose that the following conditions hold:
* QNII=(0)forall Q € C, where Il is the prime subring of T.
* Foreachi € Jandevery P € Ass(T/p;T), P C UQeC,- Q.
* No element of the prime subring of T is a zero divisor.

Then there exists an NC subring of T that contains an associate of each p;.

Proof The idea of the proof is to start with the prime subring II of T and then use
[8, Lemma 4] to find a set of units {t;} C T, so that we can safely adjoin the p;t; to
IT while maintaining the NC subring properties. This we now do.

Let Ry := IIynm. The hypotheses imply that Ry is an NC subring. By assumption,
QNRy = (0) forall Q € C. Assume inductively that R;_; has been constructed to be
an NC subringand QN R;_; = (0) forall Q € C; with j > i — 1. By [8, Lemma 4],
there exists a unit ¢; € T such that p;#; + Q is transcendental over R;_;/(Q N R;_)
for each prime ideal Q in the set

Ai:=JCcUAssTU |J Ass(T/rT).
k#i r€ER;_;
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Let S; := R;_;[p;iti], and define R; to be S; localized at S; N M. Note that QN S; = (0)
for all Q € C; with j > i. Indeed, suppose that f € QN S; = Q N R;_;[pit;] for
sucha Q. Then f = r,(pit;)" + -+ ro withr, € R;_; forall ¢ € {0,1,2,...,n}.
Since p;t; + Q is transcendental over R;_1/(Q N R;_;), each r, € QN R;—; = (0).
Hence f = 0 and so S; N Q = (0). It follows that R; N Q = (0) as well. Also, by
Lemma [2.9and Proposition 2.10] S; satisfies properties (i)—(iii) of NC subring and,
for each k # i and each Q € Cy, (Q\ pxT)S; N'S; = {0}. Now to complete the
inductive step, we show that (Q \ p;T)S; N'S; = {0} for each Q € C;.

By Proposition 2.6]it suffices to show that Q N S; = p;t;S; for all Q € C;. Clearly,
pitiSi € QNS;. ForQ € C;, QN R;—; = (0), as shown above. If g € QN S,
g = sy(pit))" + -+ +50,5; € Rj_;. Since g — 5o € (pit;))T C Q, sp € Q. Therefore,
so € QN R;—; = (0),and so g € p;t;S; as required.

We construct a sequence of NC subrings R; that are easily seen to be successive
A-extensions. Letting B := J;°, R;, we see by Lemma[2.T6] that B is an NC subring
containing each p;t;. ]

We now prove our main result.

Theorem 3.2 Let (T, M) be a complete local ring of dimension at least two satisfying
|T| = |T/M|. Let {pi}icy be a countable (possibly finite) set of regular elements of
T. Foreachi € J, let C; := {Qj,...,Qin} be a collection of nonmaximal prime
ideals of T intersecting the prime subring 11 trivially. Further, suppose that the Q;; are
incomparable, and that p; € Qjx if and only if i = j. Finally, suppose that for each
i € Jandevery P € Ass(T/p;T), P C Ugec, Q LetC :=J; Ci.

Then the following are equivalent:

(i)  There exists a local UFD (A,M N A) C T such that A = T with the following
properties:
(a) Foreveryi € J, thereis a unitt; € T such that p;t; € A and the formal fiber
of pitiA is semilocal with maximal ideals the elements of C;.
(b) The formal fiber rings of all prime ideals of height at least two are fields.

(ii)  The following two properties hold:

(a) No element of I1 is a zero divisor.
(b) depth(T) > 1.

Proof The implication (i) implies (ii) follows from [4, Theorem 1].

To show that (ii) implies (i), suppose the conditions in (ii) hold. Let Ry be the NC
subring constructed in Lemma 3.0l Let p;t; be the associate of p; contained in Ry.
With an abuse of notation we denote p;t; by p;. We justify this by noticing that Ry is
still an NC subring with respect to this new set {p;}. Thus, we are in the situation
of the preparation section of this paper, and may use its notation freely. For a ring R,
define

AR):=CUAssT U |J Ass(T/rT).
reR

To construct the ring A, we follow a construction similar to that in [4,9]. Define

Q:={u+]Je€T/J| Jisanideal of T}.
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Well order {2 so that each element has fewer than |2 = |T| predecessors. Let A
denote the first element of {2 and let the subring R, from above correspond to ;. We
define NC subrings R), for each A €  with A > ) in the following way. Suppose
inductively that NC subrings Rg have been defined for each 5 < A. Suppose that
7(A) < A. Thenif A = u + Jand ] is not contained in an element of A(Ry(y)), using
Lemma [2.T5] we construct a ring Sy that is an A-extension of R(y). Furthermore,
u+ J € 7(Sy), where 7 is the natural map 7: Sy — T/J,and ITN Sy, = IS, for each
finitely generated Sy-ideal I.

We are now ready to succinctly define Ry in general. If v(A) < A, and J is not
contained in an element of A(R,(y)), then define Ry := S,. If J is contained in such
a prime ideal, then let Ry := R,(y). It is clear that R, is an A-extension of Ry by
construction.

If v(\) = A, define B), := U,H</\ Rg, which is an NC subring. Suppose A = u + J.
If ] is not contained in an element of A(B)), define R to be the NC subring obtained
from B), using Lemma[2.T5 Otherwise, define Ry := B,.

Finally, define A := J, ., Rx. By Lemmal[Z16 A is a UFD satisfying all properties
of NC subring except the cardinality condition. Let J be an ideal of T so that J
is contained in no element of A(A). Then by construction, the map A — T/] is
surjective. In particular, the map A — T/M? is surjective by the depth condition.
Furthermore, since A is a union, it is straightforward to see that IT N A = I for every
finitely generated A-ideal I. Thus, A = T by Proposition .11l Note that p; € A for
alli € J.

We now prove property (i)(a) of the theorem. Fix i € J. Note that A has property
(iv) of NC subring and contains all the p;. By Proposition QN A = p;Aforall
Q € C;. It follows that each p; is prime in A and every Q € C; is in its formal fiber.
To see that the only elements in the formal fiber of p;A are contained in UQGC,- Q, let
P € Spec T with P ¢ Q for all Q € C;. We claim that PN A # p;A. There are two
cases to consider.

Casel P C Q' forsome Q" € Cj(j #i). ThenPNA C Q' NA = p;A. If
PN A = p;A, we would have a contradiction, for then p; € Q" € C;.

Case2 ForallQ € C,P ¢ Q. Suppose first that for alla € A, P ¢ Ass(T/aT) U
AssT. Let Q € C;. Then P gZ Q and hence, by construction (see the second conclu-
sion of LemmaZI5), PN A ¢ QN A = p;A. Thus P is not in the formal fiber of
piA. Suppose that P € Ass(T/aT) U Ass T. Then by property (iii) of NC subring,
PNA = cAis principal. If PN A = p;A, then cA = p;A. Thus ¢cT = p;T. It
follows that P € Ass(T/p;T), but, by hypothesis, P is contained in some Q € C, a
contradiction.

Thus, in either case, PN A # p;A, and so P is not in the formal fiber of p;A,
proving (a).

Finally, we prove property (i)(b). Let P be a prime ideal in A with ht P > 2. Then
if Q € Spec T is in the formal fiber of P, we claim that Q = PT. Indeed, let QNA = P.
We assume Q is not contained in an element of C, since then Q N A would be p;A for
some i € J. Similarly, for alla € A, Q is notin Ass(T/aT). Thus the map A — T/Q
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is onto, and so A/(AN Q) = T/Q. Since T/Q is complete, A/(QNA) is as well. Thus

T ~ A uT
(QNA)T  QnA  Q

Since (QNA)T C Q, (QNA)T = Q, and so PT = Q. This shows that the formal
fiber ring of P is a field. ]

Remark 3.3 To simplify the notation in the preceding proofs, the cardinality of the
set {p; }icg was chosen to be at most countable; however, the result remains true so
long as |J| < |T|. The only modification is that the inductions in Lemma [B.I] must
be taken to be transfinite in a way similar to that of Theorem[3.2]

4 An Application to Tight Closure

Our first application of Theorem [3.2] is to construct a UFD A for which there are
many principal ideals of A, where tight closure and completion do not commute. For
an introduction to the theory of tight closure, see [6].

In [10], the authors constructed a (nonexcellent) local UFD A that contains a
height-one prime ideal P such that if y is a nonzero element of P, then there is a
natural number r such that, for the ideal y"A, tight closure and completion do not
commute (see [10, Theorem 14]). In this section, we generalize this result, so that
instead of one such height-one prime ideal P of A, there are many. If I is an ideal
of a ring of positive prime characteristic, we use the notation I* to denote the tight
closure of I.

Proposition 4.1 ([10, Proposition 2]) Let (A, m) be a local normal domain of prime
characteristic. Assume that A is an integral domain and not normal. Suppose there is a
height-one prime ideal P of A such that A is not normal and such that PNA = P # (0).

Then, for every y € P — (0), there is a natural number r such that y’g # (yrg)*. In
particular, for this ring A, tight closure and completion do not commute.

By [6, Example 1.6.1], every principal ideal of A in the above proposition is tightly
closed. Armed with Proposition[4.Iland Theorem[3.2] we are now ready to construct
the desired UFD A. Since the UFD A we construct is normal, but its completion is
not, A is not excellent.

Theorem 4.2 Let (T, M) be a complete local domain of prime characteristic. Suppose
T has dimension at least 2 and satisfies |T/M| = |T|. Let {p;}icy be a countable
(possibly finite) set of regular elements in T satisfying the property that every prime
ideal in Ass(T/p;T) is minimal over p;T. Foreachi € J, let C; := Ass(T/p;T) and
let C := |J; Ci. Suppose that p; € UQecj Q if and only if i = j, and that for every
Q € C, Tq is not normal. Then there exists a local unique factorization domain A such
that A = T and ifQ € C; then QN A = (p;t;)A for some unitt; € T. Moreover, for
every nonzero y € QNA = (pit;)A, there is a natural number r with y'X #* (y'X)*. In
particular, for the ring A, tight closure and completion do not commute for these ideals
y'A of A.
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Proof Use Theorem[3.2]to construct A. The result now follows from Proposition[4.1]
|

Example 4.3 Define S := K([y1,¥2,---, Yu,21,22,- - - , Z4]], where K is the quotient
field of the ring 7;[[x]], and n € N with n > 2. Let I be the ideal of S given by
I:'=03—2,93—25,...,y2 —22). Then T := S/I and p; := y; fori = 1,2,...,n
satisfy the conditions for Theorem [£2] For this example, C; = {(y;,z;)} for every
i=1,2,...,n By Theorem[42] there exists a local unique factorization domain A
such that A = T and (yi,zi) NA = (yit;)A for some unit t; € T. Moreover, for every
nonzero w € (y;,zi) N A = (y;t;)A, there is a natural number r with WA #* (er\)*.
In particular, for the ring A, tight closure and completion do not commute for these
ideals w"A of A.

5 Almost Excellent UFD’s

The second application of the main result is related to the construction of excellent
UEFDs. Let T be a complete local ring. We seek conditions on T such that there is
a subring A of T with A an excellent UFD and A=T. In light of [4, 9], we see
that a necessary condition for this to occur is that T' be normal. Due to results of
Lipman [7], requiring that T be a UFD is too strong a condition. A natural question
to study is “Which elements of T can be chosen to be elements of A?”. In this section
we discuss some of the necessary conditions, and, using our main result, construct
an “almost excellent” UFD A whose completion is T.

Definition 5.1 Let p € T be a regular element. Then we call p radical if \/pT =
pT.

Radical elements are closely related to those elements of T that can be chosen to
be elements of our excellent UFD A. The following two lemmas help establish this
relationship.

Lemma 5.2 Suppose p € T is regular and pT has no embedded associated primes.
Then p is radical if and only if pTp = PTp for all P € Ass(T/pT).

Proof Let pT = Q; N ---N Qy,, where # is a positive integer, be a minimal primary
decomposition of pT, with 1/Q; = P;. Suppose p is radical. Then

pTp, = (\/pT)p, = (PrN---NP,)Tp, = P;Tp,

foralli=1,...,n.

Suppose pTp = PTp for all P € Ass(T/pT). Clearly, pT C +/pT. Now we show
that /pT C Q;foralli =1,...,n. Letr € \/pT = P;N---NP,. Thenr € P;Tp, for
all i. Since pT has no embedded associated primes, Q; ¢ P; forall i # j. It follows
that

PiTp, = pTp, = (QiN---NQu)Tp, = QiTp,.

Therefore r € Q;Tp, for all i. By a basic fact of localization (see [12, Lemma 5.29]),
we conclude that r € Q; for all i. It follows that r € pT, and \/pT = pT. ]
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Lemma 5.3 Suppose T is a normal complete local ring with dim T > 2, and A is an
excellent UFD such that A = T. Let Q be a height-one prime ideal of A. Then Q = pA,
where p is a radical element of T.

Proof Since Q is a height-one prime ideal of a UFD, Q = pA for some nonzero
p € A. Since A is excellent, B := T ®4 k(pA) is a regular ring. Therefore, when we
localize at a prime ideal of B, we get a regular local ring. Since T is normal, ht P = 1
for P € Ass(T/pT). Therefore ht(PN A) < 1. Since p € PN A, PN A # (0), and
it follows that PN A = pA. Now P corresponds to a prime ideal of B, and so Bp is a

regular local ring. Then
(l) ~ Tr
pT/p  pTp’

1/ T
Br= (A\ pA (—)
P ( \ P ) pT/p
where A — pA:= {n(a) |a € A— pA} andn: T — T/pT is the natural map. Since
T is normal, and ht P = 1, Tp is a DVR, and so it has exactly two prime ideals, (0)
and PTp. But, if % is a regular local ring, then it must be a domain, and so, since
pTp # (0), pTp = PTp. By Lemma[5.2] p must be radical in T. [ |

1%

As shown above, if A is an excellent UFD whose completionis T, and p € Aisa
prime element, then p must be a radical element of T. The following application of
the main result of Section[Blshows a partial converse.

Corollary 5.4 Let (T,M) be a normal complete local ring containing the rationals.

Suppose dim T > 2 and |T| = |T/M)|. Let {p;}icg be a countable (possibly finite) set

of radical elements that share no associated prime ideals. Then there exists a local UFD

(A,MNA) C T containing an associate p;t; of each p;, wheret; € T is a unit, with the

following properties:

(i) A=T

(ii) Foralli € J, p;t; is prime in A.

(iii) The fiber over (0), fibers over the prime ideals (p;t;)A, and fibers over all prime
ideals of height at least two, are geometrically regular.

Proof We first use Theorem 3.2l with C; := Ass(T/p;T) to construct a ring A satis-
fying items (i) and (ii). We now show the third property. We first study the fiber over
(0). Since T contains the rationals, k(0) is a field of characteristic zero. Hence, to
show that the fiber over (0) is geometrically regular, it suffices to show that T ®4 k(0)
is a regular ring. Since T is normal and local, Ass T = {(0)}. Also, T satisfies Serre’s
(S2) condition, and therefore, for each i € J, all elements of Ass(T/p;T) have height
one. It follows by construction (see Lemma 2.15)) that S N J # (0) for all primes J
that are height at least two. Thus the only primes that intersect to (0) are prime ideals
of height at most one. Therefore a maximal ideal of the ring B := T ®4 k(0) corre-
sponds to a height-one prime ideal Q of T. It follows that B localized at a maximal
ideal is isomorphic to T for some height-one prime ideal Q of T. But T, is a regular
local ring since T is normal and so satisfies Serre’s condition (R;). Hence, the fiber
over (0) is geometrically regular.

Next we show that the formal fibers over the prime ideals (p;t;)A are geometrically
regular. Since T contains the rationals, k((p;t;)A) is a field of characteristic zero. It
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follows that we need show only that, for each i € J, the ring B; := T ®4 k((piti)A)
is a regular ring. By Theorem [3.2] the maximal ideals of B; are in one-to-one corre-
spondence with the elements of C; = Ass(T/(p;t;)T). By Lemma5.2 p;Tq = QTq
forall Q € C;. Since QN A = (piti)A,

(Bi)g = (A\ (piti)A) 71(@%) Q = (piTT) Q = p?Q = QL;Q.

Since QT is the maximal ideal of Ty, (B;)q is a regular local ring. Hence, the formal
fiber of (p;t;)A is geometrically regular.

Finally, since the formal fiber rings over all prime ideals of height at least two in A
are fields by Theorem[3.2} these formal fibers are also geometrically regular. ]

Since T is an integral domain, it is also equidimensional, and so we get that A
in Corollary [5.4] is universally catenary. Therefore, Corollary [5.4] gives an “almost
excellent” UFD A. The obstacle in proving that A is excellent, of course, is that the
fibers over the remaining height-one prime ideals may not be geometrically regular.

Suppose A is an excellent local UFD with completion T. We know several neces-
sary conditions that elements in A must satisfy. For example, recall from Lemma
that prime elements in A must be radical in T. In fact, as we show in Proposition[5.6]
all elements q € A satisfy 1/qT is principal. Furthermore, in Proposition we
describe how elements in A factor in terms of radical irreducible elements of T

Lemma 5.5 Letp,q € T be regular elements such that pT and qT have no embedded
associated prime ideals. Then pq is radical if and only if both p and q are radical and
Ass(T/pT) N Ass(T/qT) = @.

Proof Throughout the proof, we use the equivalent characterization of radical sup-
plied by Lemmal5.2l Suppose pq is radical but p is not radical. Then pTp # PTp for
some P € Ass(T/pT). If g € P, then pq € P2, and so pqTp # PTp, a contradiction
since pq is radical. If ¢ € P, then g/1 is a unit in Tp, and so pTp = pqTp = PTp.
This is also a contradiction, since we chose P such that pTp # PTp. Therefore,
p must be radical. By a similar argument, g must also be radical. Now suppose
Ass(T/pT) N Ass(T/qT) # &. Then there exists P such that p, g € P. It follows that
pq € P2, implying that pqTp # PTp. This contradicts the fact that pq is radical.
Now suppose p and g are radical and Ass(T/pT) N Ass(T/qT) = @. Let P €
Ass(T/pqT). Then P € Ass(T/pT) U Ass(T/qT). The associated prime ideals of
p and g are disjoint and so, without loss of generality, assume p € P and q ¢ P.
Then g/1 is a unit in Tp and, since p is radical, pqTp = pTp = PTp. It follows from
Lemma[5.2]that pq is radical. [ |

Proposition 5.6 Let A be an excellent UFD such that A=T. Ifa € A thena
factorsin T asa = uc)™ - - - i, where u is a unit in A, and the ¢; are irreducible radical

elements in T with Ass(T/c;T) NAss(T/c;T) = @ foralli # j. In particular, elements
of A have principal radicals in T.

Proof Since A is a UFD, factor a in A as a = ub{" - - - b, where u is a unit in A,
and the b; are distinct primes in A (and radical elements by Lemma[5.3)). Since T is
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Noetherian, we can express each b; = b;; - - - bj,, as the product of irreducibles in T.
Since the b; are radical, the b;; are all radical. Also, since the b; have distinct associated
primes, the b;; have distinct associated primes. Thus,

a=ulby - bip)™ - (byy - by, )™,

and relabeling, we get the desired result. ]

We end with an example tying together our applications.

Example Let T := Cl[x, y,z,w]]/(xy — zw). The elements a,, = x" — y are prime
in T. Define p,, := da,a2,+1. Then, using Lemmas[5.3]and 5.5, we apply Corollary[5.4]
to yield an “almost excellent” UFD A containing an associate of each p,,.
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