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EXPANSIVE FLOWS AND THEIR CENTRALIZERS

MASATOSHI OKA

1. Introduction and preliminaries

R. Bowen and P. Walters [2] have defined expansive flows on metric
spaces which generalized the similar notion by D. Anosov [1]. On the
other hand, P. Walters [4] investigated continuous transformations of
metric spaces with discrete centralizers and unstable centralizers and
proved that expansive homeomorphisms have unstable centralizers.

M will denote a compact connected C°° manifold without boundary.
We assume that we have some fixed Riemannian metric | | on M. We
denote by d{x, y) the distance between x,y e M given by this Riemannian
metric. C\M) (resp. C°(M)) will denote the set of all C1 (resp. continuous)
functions on M.

X will denote a compact connected metric space with metric func-
tion d(x9y) which denotes the distance between x,yeX.

R denote the additive group of real numbers.
A map F:R x X-+X is called a continuous flow on X if F is con-

tinuous and Fit + s,x) = F(t,F(s,x)),F(0,x) = x for every t,seR and

x e X. We shall sometimes use the notation ftix) = F(t, x) and write {/J
for the flow instead of F.

DEFINITION 1. A continuous flow F on X is called an expansive
flow if it has the following property (*)

(*) For any ε > 0, there exists d > 0 with the property that if there
exist a pair of points x,y eX and a continuous map s: R-*R with s(0)
= 0 such that d(ft(x),fsit)(y)) < d for every t e R, then y = ft(x) for some

Let v be a, C -̂vector field on M and {ft} be the one-parameter group
of C^-diffeomorphisms ft of M generated by v. We shall sometimes use
the notation f(t, x) = ft(x) for every t e R and x e M. A C1-vector field
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Δ MASATOSHI OKA

v(ov {ft}) on M is sometimes called a Ĉ -flow on M.
V(OY {ft}) is called a (^-expansive flow on M if {ft} satisfies the

property (*),

DEFINITION 2. Let v be a (^-vector field on M. A (^-vector field
w on M is called C^-commutative with v if [v w] = 0, where [ ] is Lie
bracket. Let {ft} be a continuous flow on X, then a continuous flow

on X is called commutative with {/J if ftogs = gsoft for every ί,

Cent (F) (resp. Cent (v)) will denote the centralizer of F (resp. v), i.e.
the set of all continuous flows (resp. C -̂vector fields) (CO-commutative
with F (resp. v).

DEFINITION 3. Let v be a Ĉ -flow on M. v is said to have an un-
stable centralizer if it satisfies the property that w e Cent (v) if and only
if w = h-v with h e C\M), v(h) = 0.

DEFINITION 4. A continuous flow F on X is said to have an un-
stable centralizer if it satisfies the property that G is in Cent (F) if and
only if there exists a continuous function A on X such that

G(ί, α?) = F(A(x)t, x) , A(a>) = A(F(fi, x))

for every teR and a e ί .
For a continuous flow F on X, we put

εo(F) = inf {t > 0 F(ί, a?) = a? for some xeX}

in the case when there exists a periodic (or fixed) point of F. When
there is no periodic point we put εo(F) = +oo.

In this paper, as an analogue of the case of expansive homeomor-
phisms, we shall prove that expansive flows have unstable centralizers.
K. Kato and A. Morimoto [3] proved the above fact for the case of Anosov
flows by using the topological stability.

Next, we shall prove that the set of all expansive flows in Cent(F),
where F is an expansive flow on X, is an open subset of Cent (F) with
respect to C°-topology.

In the section 4, we shall prove that a flow commutative with an
Anosov flow is an Anosov flow if it is a ^-expansive flow on M.

The idea of the proof of Lemma 3 was inspired by that of Theorem
B [3].
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The author wishes to express his sincere gratitude to Prof. A.

Morimoto for his many valuable advices.

2. Unstable centralizers

In this section, we shall prove the following Theorem 1.

THEOREM 1. Expansive flows on X have unstable centralizers.

To prove Theorem 1, first, we shall prove the following Lemma 1

and Lemma 2.

Remark. An expansive flow F on a connected metric space X has

no fixed points (cf. [2]). Further, if a continuous flow F on X has no

fixed points, then εo(F) > 0.

LEMMA 1. Let F be an expansive flow on X and G e Cent (F).

Then for any 0 < ε < εo(F)/3, we can find μ > 0 such that there exists

uniquely a function z on [—μ,μ] X X satisfying

G(s, x) = F(z(s9 x), x) , \z(s, x)\ < ε ,

for any (s, x) e [—μ, a] x X.

Proof. For any ε > 0, we have δ > 0 such that if d(ft{x),ft(y)) < δ

for every teR, then y = ft(x) for some \t\ < ε. Since I is a compact

manifold, there exists sufficiently small μ > 0 with

max{d(go(x),gt(x));te[-μ,μ],xeM} < δ .

Since ftogs = gsoft for every t,seR, we get

d(ft(x),ft(gs(x))) = d(ftoglχ)Jtogs(χ))

= d(go(ft(x)),gs(ft(x)))<δ

for any xeM and every t,s e R with \s\ ^ μ.

Therefore we get

gs(x) = F(z(s9 x), x) , \z(s, x)\ < ε .

Let ε > 0 be sufficiently small and ε < εo(F)/3, then

Ffe(s, x)y x) = Ffe(s, x), x)

implies z^s, x) = z2(s, x). Hence, we know that z(s, x) is unique.

Q.E.D.
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LEMMA 2. Let F be a continuous flow on X without fixed points.

Let G be a continuous fiow on X such that for fixed μ > 0, there exists

a function z on [—μ,μ] x X, and

G(s, x) = F(z(8, x), x) , \z(s, x)\<e,

where 0 < e < eo(F)/3. Then we get (i),(ii);

( i) z is continuous on [—μ,μ] X X>

(ii) if t,s,t + se [—μ9μ], then

z(t + 8,x) = z(t, x) + z(s, G(t, x))

for any xeX.

Proof. We shall prove (i). If z is not continuous, there exist (s, x)

e[-μ,μ] X X and {(sn,xn)}%=1 c [-μ,μ] x X such that (sn, xn) -+ (s, x)

and {z(sn, xn)}%ml does not converge to z(s, x) as tι->oo. Therefore, we

have <50 > 0 and subsequence {(βm9xm)} with \z(sm9xm) — z(s, x)\ ^ d0 for

any positive integer m. {z(sm, xm)} is bounded, hence there exists dλ > 0

such that

δί ^ d(F(z(sm, xj, x), F(z(s, x), x))

for any m.

Whence we get

δx ^ d(F(z{sm, xj, xm), F(z(sm, xj, x))

+ d(F(z(sm, xj, xm), F(z(sf x), x)) .

From G(sm, xm) -> G(s, x) as m -> oo, we get

d(F(z(sm, xj, xj, F(z(s, x), x))->0 as m -» oo .

Since {z(sm, ίcm)} is bounded, there exist tQeR and subsequence

{z(βk> %k)} with lim z(sk, xk) = t0. Therefore

d(F(z(sk, xk), xk), F(z(sk9 xk), x)) -» 0 as fc -> oo .

This contradicts to (1).

Next, we prove (ii). We can calculate as follows.

= F(z(t,gs(x)),gs(x))
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= F(z(tfg9(x))fF(z(89x)fx))

= F(z(t, gt(x)) + z(s, x), x) ,

on the other hand

G(t + s, x) = F{z(t + s, x), x) .

Hence we have

z(t + s, x) = z{t, gs(x)) + z(s, x)

for t, s, t + s e [—μ, μ] and xeX.

Q.E.D.
Using Lemma 2, we shall prove the following:

LEMMA 3. Let F be a continuous flow on X without fixed points.
Let G be a continuous flow on X such that for fixed μ > 0, there exists
a continuous function z on [~μ9μ] X X, and

G(s9 x) = F(z(s, x), x) , \z(s, x)\ < ε ,

for every s e [—μ, μ] and xeXy where 0 < ε < εo(F)/3. Then there exists
a unique continuous function p: R x X -> R such that

G(t, x) = F(p(t, x), x)

for (t, x) e R X X, and p = z on [—μ, μ] X X.

Proof. Take a positive integer iV so large as 1/2^ ^ μ.
First, we define a continuous function zx on [1/2*, 2/2*] x l b y

^(ί, a?) = s(t - 1/2*, x) + z(X/2N, Git - 1/2*, x))

for (ί,£)e[l/2*,2/2*] x Z.
We shall prove the following equalities;

(a) ^(1/2*,x) = z(l/2N

9x) for anyα e l ,

(b)

for any (t,a?)e [1/2*, 2/2*] x Z.
(a) is clear from the definition of zx.
To prove (b), first, we can calculate from Lemma 2 as follows;

O = * ( l / 2 * - 1/2*, gt(x))
x)) + z(-l/2N,gt(x)) .
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Therefore we get

z(-l/2* gt{x)) = -2(1/2', Git - 1/2* a>))

for t e [1/2*, 2/2"] and cceX. Hence,

F(-z(l/2*, Git - 1/2*, a;)), /?(«,(*, a?),»))

= Fizit - 1/2*, as), α)

= Git - 1/2*,»)

= Gi-l/2»,gtix))

= F(z(-l/2»,gt(x)),gt(x)).

Whence we get

Git, x) = Fiφ, x), x)

for (ί, x) e [1/2*, 2/2*] χ l
Next, we define a continuous function g, on [—2/2*, —1/2*] x l b y

2,(t,aO = zit + 1/2* x) + 2(-l/2*,G(ί + 1/2*, a;))

for it, x) e [-2/2*, -1/2*] x X.
We shall prove the following equalities;

(c) 2.C-1/2*, as) = zi-1/2", x) for x e X ,

(d)

for it,x) e [-2/2*, -1/2*] x X.
(c) is clear from the definition of zx.

To prove (d), we can obtain the following equality from Lemma 2,

2(1/2* gt(x)) = -z(-l/2*,(?(ί + 1/2*, a;))

for t e [-2/2*, -1/2*] and xeX. Hence,

* Git + 1/2*, aθ), F^ί ί , *),

= F(z(t +1/2", x),x)

= Git + 1/2", x)

= F(zQ./2N,gt(.x)),gt(x)).

Therefore, we get

Git, x) = F&it, x), x)
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for (t,a>)e [-2/2*, -1/2*1 X X.

Now, for any positive integer k we define a continuous function zk

on [fe/2*, (k + l)/2*] X X by

z»(ί, a;) = z(jt - fc/2*, α) + Σ «fl/2*, G(ί - i/2N, x)) .
i = l

We shall prove the following equalities;

(e) zk((k + l)/2*, x) = zk+M + D/2*, a?) for x e Z ,

(f) «t(ί, α) = «»_»(« - 1/2*, x) + z(l/2N, G(t - 1/2", a;))

for (ί, a;) e [fc/2^, (fe + 1)/2ΛΓ] x Z,

(g) G(t,x) = F(zk(t,x),x)

for te [k/2N,(k + l)/2iV] and ^ e l

In fact, the right-hand side of (e) is Σϊ=ozQ-/2N,G(i/2N,x)), while

left-hand side of (e) is

k

Next, we shall prove (f) as follows;

zk{t, x) = z{t - 1I2N ~{k- 1)I2N, x)

+ Σ z(l/2*, G(t - 1/2* - (i -
i = l

= «(l/2*, G{t - 1/2*, x)) + «(ί - 1/2W - ik - 1)/2JV, a;)

+ 2 2 ( 1 / 2 ' , (?(ί - 1/2* - t/2*. x))
i = l

= 2(1/2*, G(ί - 1/2*, a?)) + «»_,(t - 1/2*, a?) .

We shall show (g) by induction. We have already proved (g) for

k = 1. From (f),

- 1/2*, x)),Fiztit, x),»))

= G(ί - 1/2*, a;)

= Gi-l/2»,gtix»

= F(z(-l/2N,gt(x)),gt(x))

= F(-2( l/2*, G(ί - 1/2*, a;)), flrt(a;)) .
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Whence we get

G(t,x)=F(zk(t,x),x)

for t e lk/2", (k + ΐ)/2N] and x e X.
Next, we define a continuous function zk, where k is a positive in-

teger, on [-(fc + l)/2", -/b/2ΛΓ] X X by

gΛ(t, x) = z(t + k/2N, x) + Σ z(—l/2N, G(t + i/2N, x)) .

We can verify the following (h), (i), (j) in the same way as the proof

of (e),(f),(g).

(h) zk(-(k + l)/2", x) = 2*+1(-(fc + l)/2*, x) for x e X ,

(i) sfc(t, α;) = zkΛt + 1/2^, α) + 2(- l/2" , G(ί + 1/2^, x))

for (t, a?) 6 [-(fc + D/2^, -fc/2iV] x X

(j)

for t e [-(Λ + l)/2^, -fc/2^ and a e l

Consequently, we can define the function p(t, x) on R x Z by

~~ W t , x) ifte [ -

for ifc = 0,1,2, , where z0 = z. Using (e), (h), we see that p is a con-

tinuous function on R x X and from (g), (j), we know

G(t, x) = FCp(ί, a), s)

for every £ e R and # e X.

It is clear that p(t9x) = z(ί,^) for every ίe[—jw,^] and xeX.

Finally, we shall prove the uniqueness. We assume that there exist

two functions plfp2 such that

G(t, a) = F(p4(t, a), a)

for (t,x)eRχ X and pt = z on [—μ,μ] X X(i == 1,2). Put <*(£,#) =

2>i(*>̂ ) — P2(έ>^) and Γ̂ . = {t ei? a(t,x) = 0} for fixed a e l Then, since

F(α<£, x), x) = x holds for (ί, x) e R x X, we see that Γ* is a non-empty,

open and closed subset of R. Therefore we get Tx = R for any xeX

which implies px = p2- Q.E.D.
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Proof of Theorem 1. Let F be an expansive flow on X and let
GeCent(F). By Lemma 3, we can calculate as follows;

Git, Fis, x)) = gt of8(χ) = fs o gt(χ)

= Fis, Git, x)) = Fis + pit, x), x) ,

on the other hand

Git, Fis, x)) = Fipit,fsix)),fsix)) = Fipit,fsix)) + s,x) .

Therefore, for sufficiently small μ > 0, we have

for every ίe[—μ, μ] and sel?. From the uniqueness of the function p
and using (f), (i) in the proof of Lemma 3, we can prove by induction
that

p(t,x) = p(t,fs(x))

for every t,seR.
Now, we get

G(t + s, x) = G(t, G(β, a?)) = F(p(jt, gs(x)) + p(s, x), x) ,

on the other hand

G(ί + β, a?) = F(p(ί + s, a?), a?) .

Hence, for sufficiently small μ > 0, we get

pit + s, x) = p(ί, a?) + p(s, a?)

for every t,s9t + se[—μ9μ] and a e Z . From the uniqueness of the
function p and using (f), (i), we can prove that

pit + s, x) = p(ί, a;) + pis, x)

for every t,s eR and # e-X". Therefore, we can write

p(t, x) = A(a ) ί

for teR and a e l , where A(x) is a continuous function on X. Since
p(t,a;) = pit,f8ix)) for any s e R , we get A(a?) = AiFis,x)) for every seR.

Conversely, if G is a continuous flow on X and there exists a con-
tinuous function Aix) on X such that
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G(t, x) = F{A{x)t, x) , A(x) = A(F(s, x))

for every t,seR, then it is clear that G is in Cent(F). Q.E.D.

COROLLARY 2. Cι-expansive flows on M have unstable centralizers.

Proof is omitted.

COROLLARY 3 (K. Kato and A. Morimoto). Anosov flows on M have

unstable centralizers.

3. Expansive flows in Cent(F)

For continuous maps /, g: X -> X, c£0(/, g) is defined by

do(f,9) = max{d(f(x)>g(x)) xeX} .

First, we state the following:

LEMMA 4 (R. Bowen and P. Walters). Let F be an expansive flow

on X and let G be a continuous flow on X. If there exists a continuous

function p: R x X -* R such that G(t, x) = F(p(t9 x), x) for every teR

and xeX, and px: R -> R is a homeomorphίsm of R with px(0) = 0 for

any xeX, where px(t) = p(t,x). Then G is an expansive flow on X.

For the proof, see [2] Corollay 4.

THEOREM 4. Let F be an expansive flow on X, and let G e Cent(F).

Then there exist ε > 0 and δ > 0 such that if do(ft9 gt) < e for any t e [0,6]f

then G is an expansive flow on X.

Proof. Put δ = εo(F)/2, and

Q(s) = max {d(x,ft{x)) t e [0, δ]}

for any xeX. Since F has no fixed points, Q(x) > 0 for every xeX.

Moreover, for any x e X, there exist δ^x) > 0 and a neighborhood U of

x with Q(y) ^ δ^x) for ysϋ. Therefore, we get ε = inf {Q(x) x e X] > 0.

Now, if do(ft,gt) < e for every t e [0,5], then G is an expansive flow.

In fact, if G is not an expansive flow, then by Lemma 4 there exists

xQeX with A(xQ) = 0, where A is a continuous funtin on X such that

G(t,x) = F(A(χ)t,x) for every teR and # e X . Hence, Git,x0) = #o for

teR. We can estimate as follows;
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ε ^ Q(x0) = d(xo,f8(xo)) = d(g8(xώ,f8(xά)

^ do(giffa) < ε

for some se[0, δ]. This is a contradiction. Therefore, G is an expan-
sive flow on X. Q.E.D.

THEOREM 5. Let F be an expansive flow on X. In Cent(F), the
set of all expansive flows on X is open with respect to CQ-topology.

Proof. Let G be an expansive flow on X such that Ge Cent (F).
Let H (or {ht}) be a continuous flow in Cent (F) and dQ(gt, ht) < ε(G) for
every ie[0,3(G)], where ε(G) and δ(G) are positive numbers which are
obtained in Theorem 4. By Theorem 1, there exists a continuous func-
tion B on X such that

H(t, x) = F(B(x)t, x) , #(&) = β(F(t, x))

for ίei? and a e Z . On the other hand, we can write

G(t, x) = F(A(x)t, x) , A(x) = A(F(t, x))

for ί e R and a; e X, where A is a continuous function on X. Therefore,
we get

ht o gs(x) = ht(F(A(x)s9 x))

= F(B(x)t,F(A(x)s,x))

= F(A(x)s,F(B(x)t,x))

= gs(F(B(x)t, x))

= ^ s ° Λt(a?)

for every t,seR and a e l Hence, by Theorem 4 H is an expansive
flow on X. So we see that in Cent(F) the set of all expansive flows on
X is an open set with respect to C°-topology. Q.E.D.

EXAMPLE. Let S1 be the unit circle. We consider S1 as a compact
connected C°° manifold by polar coordinates. Let a Riemannian metric
d(eu, eu) on S\ where i = V — 1, be defined by

d(eu, eίs) = \t - s\ , -π < t - s < π (mod 2nπ) .

A continuous flow F(t, eίs) = em+s) is an expansive flow on S1.
By Theorem 1, we get that for any continuous flow on S1 G e

Cent(F), there exists a unique constant aeR with G(t,x) = F(a t,x) for
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t e R and x e S1. Consequently, we know that G e Cent (F) is not an ex-
pansive flow on Sι if and only if Git, x) = x for every t e R and xeS1.

4. Anosov flows

TM will denote the tangent bundle of M and F W ) (resp. V\M))
the vector space of all C1 (resp. continuous) vector fields on M. A dif-
feomorphism / of M induces a linear automorphism F = F(f) of V\M)
defined by Fiy) = dfovof-1 for v e V°(M)9 where df denotes the differ-
ential of /.

DEFINITION 5. A vector field v e V\M) or the flow {/J generated
by v is called an Anosov flow on M if v(x) ̂  0 for x e M and if there
exist a Riemannian metric | | on M, constants C > 0 , 0 < ^ < l and a
decomposition of the tangent space TXM — El®E%®El into three sub-
spaces, which vary continuously with x on M satisfying the following
conditions

(0) E% = R.v(x),
(1) dft leaves invariant the subbundles Es and Eu respectively, where

\dftw\ ^ Cλι \w\ for
\dftw\ ^ Cλ-t \w\ for weEu,t^0.

The splitting TM = EQ®ES® Eu, EQ = LUaf E%, is the continuous
Whitney sum.

Now, the vector space V°(M) becomes a Banach space with the norm

\\v\\ = sup{|ι;(αj)|;ajeAf}

for v e V°(M). An equivalent way of defining an Anosov flow is as fol-
lows; v or {ft} is an Anosov flow if there exist a Riemannian metric
I I on M and constants C> 0, 0 < λ < 1, such that V\M) = V°φ Vs Φ Vu

(vector space direct sum), where we have put V° = {h-v heC°(M)},
FιVa = Va (te R), a = s,u, and the restriction F*a = Fl\Va, a = s,u, satis-
fies

linil ^ σr* ί ̂  o ,
where we define Fι{w) = dftowof_t for we F°(M) and the norm

TO = sup{||F'(w)||; we 7 ,||w|| ^ 1} , or = s,u .
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LEMMA 5. Let v (or {ft}) be an Anosov flow on M and let {gt} be
a Cι-flow on M such that {gt} e Centty). Let V°(M) = 7° 0 Vs ® Vu be
the decomposition of V°(M) with respect to v. We decompose the oper-
ator Gι(w) = dgtowog_t into

\Glo G*us

according to its components in V°, Vs and Vu. Then

Glβ — O if a ̂  β .

Proof. Since frogt = gtofr for t,reR, we get

for every t,reR. Hence we have

(1)

(2)

(3)

(4)

(5)

(6)

By (5), we can estimate as follows;

for every t,reR. Since C2λ2r < 1 for sufficiently large r > 0, we get
GL, = 0 for every t e R. Similarly from (6), we get G\u = 0 for t e R.

Now, put M1 = m&x{\v(x)\; xeM}, mx = min{|^(^)|; xeM}. Then
since F rO) = v and Fr(h-v) = hof_r v for heC\M) and rei?, we get
IIFJH ̂  MJm!. Therefore, from (1), (2), (3), (4), we have Gl == 0 and G ô

= 0, α = s, w, for ί e R. Q.E.D.

THEOREM 6. Let v (or {ft}) be an Anosov flow on M and let {gt}
be a Onflow on M such that {gt} e Cent (v). Then {gt} is a Cι-expansive
flow on M if and only if {gt} is an Anosov flow on M.
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14 MASATOSHI OKA

Proof. Since "if" has been proved by D. Anosov [1] (cf. [2]), we
shall prove "only if". From Theorem 1 and v(x) ^ 0 for any xeM,
there exists a C^-function A on I such that

g(jb, x) = f(A(x)t, x) , A{x) = A(/(ί, a?))

for ί € R and as € ilί. Since M is connected and {gt} has no fixed points,
A{x) > 0 for any xeM or A{x) < 0 for any xeM.

We assume that A{x) > 0 for a?eM and put M2 ='max{A(x) xeM}
and m2 = min{A(a?) ^ e l } .

Now, let V\M) =zV°®Vs®Vu be the decomposition of V\M) with
respect to v. To get the norm of Gls, G

ι

UVt, we calculate as follows. Fix
x0eM9weVs,teR and heC\M)9 then we get

Take a neighborhood of g.t(
χo) with local coordinate system {#!, - ,2/TO},

and put

w(g_t(x0)) = fj^iO/^α-^β) »

where % = dim M and αx, , an are Cx-f unctions defined on the neigh-
borhood of fir_ί(^0). We put y0 = #_ί(#0)

t-i * L ds ls=A(yO)t L dyi lv=ι

t,y)~\
\y=vo

= t w(A)(y,) v(f(A(yo)t,yo))h + w(yo)(hc f(A(yJt,y))

= [(t-w(A)og_t).v

Therefore we get

GIMx) = FMxnw(x) , w(A) = 0

for xeM and we Vs. For any we Vs, \\w\\ ^ 1, t ^ 0, we have
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EXPANSIVE FLOWS 15

= sup {|GJ.w(a?)| a? e Λf}

= sup{\FMx)tw(x)\; x eM}

^ sup {CλMx)t \w(x)\; xeM}

^ sup {Cλm2t \w(x)\ x + M}

Hence we get

\\G*tt\\ ̂  c(λ*»y t ^ o .

Similarly we get

Gι

uuw(x) = FΛ{x)tw(x) , w(A) = 0

for xeM and w e Vu. Whence we have

II i^t II <*" /'"VίmaΛ —δ f <r" f l
||VJr

WM|| ^ L/^Λ y 6 Γb; \) ,

In the case of A < 0, we get

f )' ί ^ 0 .

Consequently, in either case, using Lemma 5 we see that {gt} is an
Anosov flow on M. Q.E.D.
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