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Abstract

We prove the unimodality of some coloured g-Eulerian polynomials, which involve the flag excedances,
the major index and the fixed points on coloured permutation groups, via two recurrence formulas. In
particular, we confirm a recent conjecture of Mongelli about the unimodality of the flag excedances over
type B derangements. Furthermore, we find the coloured version of Gessel’s hook factorisation, which
enables us to interpret these two recurrences combinatorially. We also provide a combinatorial proof of a
symmetric and unimodal expansion for the coloured derangement polynomial, which was first established
by Shin and Zeng using continued fractions.
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1. Introduction

Let [ be a fixed positive integer. Consider the wreath product C;! S, of the cyclic
group C; of order [ by the symmetric group S, of order n. The groups C;! S,
are also known as the coloured permutation groups. In case [ = 1,2, they are
respectively the symmetric groups (or permutation groups) S, and the type B Coxeter
groups B,,. Various statistics on permutation groups have been generalised to coloured
permutation groups, including the four classical ones in the literature: inversions,
descents, excedances and the major index (see [1-3, 7, 10, 17] and the references
therein).

An element of C; S, is called a coloured permutation and can be viewed as an
ordered pair (7, €), withm=m,---m, € S,and e =€, ---¢, aword on {0, 1,...,/— 1}
of length n. For convenience, we usually write (7, €) in one line as nil 7r§2 .. Now
define the excedance number, exc(n, €), the major index, maj(n, €), and the number of
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fixed points, fix(r, €), of a coloured permutation (7, €) € C; ¢ S, by
exc(me):=#{1<j<n-1:7;> jand ¢ = 0},
DES(m,€) :={1 < j<n—1:either €; < €j41,0r €j = €j,1 and ; > 7j,1},
maj(m, €) := X jepES(r.e) J»
fix(m,e) :=#{1< j<n:nm;= jand ¢ = 0}.

For example, if (7, €) = 6932124959218979 € C5 1 &g, then exc(rm, €) = 2, DES(m, €) =
{1,2,5,7}, maj(m,e) =1+2+5+7=15 and fix(x, €) = 2. Bagno and Garber [1]
introduced the flag excedance of (r, €), denoted fexc(, €), as

fexc(m, €) :=1-exc(m, €) + Z €;.

=1
Our main focus is the coloured (q, r)-Eulerian polynomial Ag)(t, r, q) defined by
A(l)(t r CI) o— Z lfexc(n,e)rﬁx(n,e) q(maj—exc)(n,e)
St rq): .
(m,e)eCpS,
By convention, Ag)(t, r,q) = 1. Clearly, Aﬁll)(t, 1,1) = A,(¢), where A, (¢) is the classical
nth Eulerian polynomial (see [4]). The values of Aff)(t, r,q)for1 <n <3 are
A(lz)(t, r,q)=r+t,
APt =+ (L+r+rQt+ Q2+ + 1,
AP =P + [+ (L + g+ @)+t + 1+ (1 +q+ g2+ 2r + rq)lF
+[1+(1+g+PHB+r+@If + (B +2q+ 24 + 1.

Let (¢; @), := 12,1 - q") for n> 1 and (q; q)o = 1. The g-exponential function
e(z; q) is defined by e(z; @) := X0 7" /(q; @)n. The following elegant expression for the
exponential generating function of A(z, , ¢) can be derived from the work of Foata
and Han [7, Theorem 1.3] or Hyatt [10, Theorem 1.4]:

A([) " 7 _ (1 _t)e(VZ;C]) . 1.1
; DD, e(t'z;q) — 1e(z: q) b

Let us recall some necessary definitions. Let Q[g] be the ring of all polynomials in
g with rational coeflicients. Define the partial order relation on Q[g] by

f(@) <, 8(q) © g(g) — f(g) has nonnegative coefficients.

A polynomial h(f) = Y} _, ai(q)t* € Q[q][t] is symmetric (with centre of symmetry n/2)
if ar(q) = a,-1(g) for all 0 < k < n and it is unimodal if there exists a ¢, 0 < ¢ < n, such
that
ao(q) <q ai(q) <q g ac(q) 2q ac+1(q) 24 2g a,(q).
It is well known [16] that the Eulerian polynomial A, (#) is symmetric and unimodal.
A coloured permutation (7, €) € C;? S, is called a derangement if fix(sm, €) = 0. In [20],
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Zhang proved that the roots of the type A derangement polynomial AE,D(I, 0, 1) are all
real, which implies its unimodality. Shareshian and Wachs [13] proved the symmetry
and unimodality of A 1)(t 1,q) and A(D(t 0, ). Recently, Mongelli [12] noticed that
A(z)(t 0, 1) has nonreal complex roots and conjectured that the type B derangement
polynom1al A( )(t 0, 1) is unimodal for any n > 1. Motivated by this conjecture and the
above results, we will investigate the unimodality of A )(t, 1,¢q) and A(l)(t, 0, g).

The first result confirms the unimodality conjecture of Mongelli.

Tueorem 1.1. For all n,1 > 1, the coloured q-Eulerian polynomials Ag)(t, 1,q9) and
A,(f)(t, 0, q) are symmetric and unimodal.

Theorem 1.1 generalises parts (3) and (4) of [13, Theorem 5.3] from permutations
to coloured permutations. Our approach is slightly different, being an easy application

of the recurrence relations for Ag,l)(t, r,q) in Theorem 1.2.
For n >0 and 0 <k <n, define [n], := (1 -¢")/(1 —¢g) and the g-binomial
coefficient

[n] . (q; Pn
kl," (@G Dok

THEOREM 1.2. Forn >0, A(l)(t r, q) satisfies the two recurrence relations:

AD (tr.g) =1 +§]“J]”urme4—m—m, (1.2)
q
n—1
A%ar@—v+m—mmeanﬂm§Hﬂqmﬂmmmﬁquyaa
k=0

Remark 1.3. When [ = 1, these two recurrence relations reduce to the recurrences
in [13, Corollary 4.3] and [11, Theorem 2], respectively.

A nice property that is stronger than the symmetry and unimodality of a polynomial
is the so-called y-positivity. For each permutation 7 =m---m, € S,, a double
excedance is an index i such that i < m; < m,,. Let cda(rr) be the number of double
excedances of n. Shin and Zeng [14] proved the y-positivity of the derangement
polynomial AE,I)(t, 0,1):

ln/2]
AP0, 1) = Yyt (L + 1, (1.4)
k=1

where 7y, 1= #{r € S, : fix(w) = cda(n) = 0, exc(m) = k}. Very recently, using the
machinery of continued fractions, Shin and Zeng [15, Theorem 3] generalised their
result from derangements to coloured derangements, by obtaining the following
symmetric and unimodal expansion of Af,l)(t, 0,1).

Tueorem 1.4 [15]. Foralln,l > 1,

AP0, = ) (';)yn_i, A+ 02 = 1T (1.5)

1<i+2j<n
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When [ = 2, expansion (1.5) becomes

AP0,y =y (Z (';)yn_,», ,)t"(l T (1.6)

1<k<n i+ j=k

which implies the y-positivity of Af)(t, 0, 1). Note that expansion (1.5) also implies
the symmetry and unimodality of Ag)(t, 0, 1), since each summand on the right-hand
side of (1.5) is symmetric and unimodal with the same centre of symmetry at %ln. We
will provide a combinatorial proof of expansion (1.5).

The proofs of Theorems 1.1 and 1.2 are given in the next section. The combinatorial
interpretation of the recurrences in Theorem 1.2 inspired us to find the coloured
analogue of Gessel’s hook factorisation [8], which is developed in Section 3. In
particular, we obtain another interpretation of Af,l)(t, r,q). In Section 4, we give the
combinatorial proof of expansion (1.5). We end with some remarks and a conjecture.

2. Proofs of Theorems 1.1 and 1.2

We first prove Theorem 1.2 and derive Theorem 1.1 from it. For simplicity, set
An(t,q) = Au(t, 1, q).

Proor oF THEOREM 1.2. We first prove recurrence relation (1.2). By (1.1),

A1 g)—— = — '
; D D 1= Do tlin — 11,2/ @

Multiplying both sides by 1 — ., #[In — 1],2"/(q; ¢)» and taking the coefficients of
Z*1/(q; @)ns1 gives the following recurrence, which is equivalent to (1.2):

S+ 1
Aizli1(t’ rq) - Z [ X ] AZI)(I, rtllin+1-k) — 1], = r*.
=0 q

Next, we prove (1.3). Let ¢, be the Eulerian differential operator defined as

5.(f(x) = M

for any f(x) € Q[q][[x]], the ring of formal power series in x over Q[¢]. It is not difficult
to show that, for any variable y,

0.(e(yz; q)) = ye(yz; q).

Now, applying ¢, to both sides of (1.1) and using the above property and the quotient
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rule for the differential operator (see [11, Lemma 7]),

0 (1 - ne(rz; )
;A 1(”q)( ‘D (e(t’z;q)—te(z;q))

_ A -netzg) (1= Delrzg; q)le(z q) — e’z )
e(l'zg) —te(ziq)  (e(i'qz: q) — te(qz: @) e(t'z: q) — te(z: q))
_ r(1 —t)e(rz; q) . (1 =1De(rzq; q)
e(tlz;q) —te(z;q)  e(t'qz; q) — te(qz; )
(t’e(z; Q) —fellzq)  te(zq) — e q))
e(tlz;q) —te(z;q)  e(t'z; q) — te(z; q)

(Z AD(t,r, g (CI.Z))H)

n>0

x(@eee+ “)ZA(’)( Do +ZZ

n=0 n>1
+r Z A(l)(t r,q)

n>0

()n

Taking the coefficient of z"/(g; g), on both sides of the above equality, we get (1.3).
This completes the proof of Theorem 1.2. O

We shall apply the following fact [16, Proposition 1] to prove Theorem 1.1.
Lemma 2.1. The product of two symmetric and unimodal polynomials in Q[q][t] with

respective centres of symmetry c| and cy is symmetric and unimodal with centre of
symmetry c| + Cp.

Proor orF THEOREM 1.1. We will show that Theorem 1.1 follows from recurrence
relation (1.3) and Lemma 2.1 by induction on n. A similar discussion is also available
with recurrence relation (1.3) replaced by (1.2).

For n = 1, the result is clear, as A(ll)(t, rq)=r+t+t>+---+ 1! Suppose that
Theorem 1.1 is true for all n < m. Setting r = 1 in (1.3),

m—1

AD,((t,q) = (1 + 1l = 1gMAD (1, q) + 1), ) m ¢A @ A, (1, 9)
k=0

m—1
= (= 11" + [+ 1AL ) + ) [ k] Ui A (1, A, (1, ).
k=1 q

By the induction hypothesis and Lemma 2.1,
1 - 1Ng" + [+ 110A%(1,q) and  1[N:¢"A (6, AL (t,q) (1 <k <m)

are all symmetric and unimodal with the same centre of symmetry at é(l(m +1)—1).
Hence, A( w1 (> q) is symmetric and unimodal with centre of symmetry 2(l(m +1)-1).
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Similarly, setting r = 0 in recurrence (1.3),

m—1

m
AD,(£,0,q) =11 = 11,4"AD(t,0,9) + 11, ) | [ k} qAD (6 PAL(1,0,9). (2.1
k=0 q

Now, by the induction hypothesis and Lemma 2.1, all the polynomials

m
1= 1114"A})(t,0.q)  and r[l],[ k] 7 AL (L DAL (1,0,9) (0 <k <m)
q
are symmetric and unimodal with centre of symmetry %l(m + 1), which implies the
same for Aff:H (t,0, ) in view of (2.1). This completes the proof by induction. O

3. Hook factorisation of coloured permutations

In this section, we introduce the hook factorisation of coloured permutations and
give combinatorial interpretations of the two recurrences in Theorem 1.2.

Let us first recall the hook factorisation of permutations due to Gessel [8]. A word
w=ww;---w, over N is called a hook if w; > w, and either m = 2, or m > 3 and
wy < wsz <.+ <wp,. As shown by Gessel [8], each permutation 7 admits a unique
factorisation, called its hook factorisation, pt|7; - - - 7,, where p is an increasing word
and each factor 7y,7;,...,7, is a hook. The hook factorisation has applications in
various combinatorial problems (see [6, 9, 11, 19]).

We can extend the hooks to coloured hooks. Let

I._ 410 11 =1 A0 Al -1 0 .1 g1
N={1°1, ..., 17,2 2", . .2 0, 0, L)

A letter i* € N is called a k-coloured letter and k is referred to as the colour of . Let
i :=i. A word w = wiw; - - - w,,, over N is called a coloured hook if:

e m=>2 and [w|:=|wi|lws|:--wy,| is a hook in which only w; may have positive
colour; or
e m > 1and |w|is an increasing word and only w; may have positive colour.

As in the permutation case, each coloured permutation (rr, €) € C; ¢ S, admits a unique
factorisation, called its coloured hook factorisation, pt 7, -- - 7,, where p is a word
formed by 0O-coloured letters, |p| is an increasing word over N and each factor 7y, 75,

.., T, 1s a coloured hook. To derive the coloured hook factorisation of a coloured
permutation, one can start from the right and factor out each coloured hook step by
step. Clearly, coloured hook factorisation of coloured permutations is a generalisation
of hook factorisation of permutations.

For example, the coloured hook factorisation of

204951803070 101 199%6! € ¢, 1 &4 (3.1)
is 2049511803979 10! 19996,
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Ifw=wiw; --w, is a word over N, define the inversion number inv(w) of w by
inviw) :=#(, j) 1 i < jw; > w;}.
For a coloured permutation (7, ¢€) € C;! S, with coloured hook factorisation
pTiTy - T, We define

inv(rm, €) :=inv(r) and lec(m, €)= Z inv(|7;)).
i=1
We also define

flec(m, €) := [ - lec(rm, €) + ¢ and pix(m, €) := length of p.

n
i=1
For example, if (m,€) is the coloured permutation in (3.1), then inv(m, €) = 16,
lec(m, €) = 4, flec(mr, €) = 11 and pix(rm, €) = 2.

The following result generalises [5, Theorem 1.4] from permutations to coloured
permutations.

Tueorem 3.1. Forn > 1,
Ag)(t, r, q) — Z tﬂec(n,e)rpix(rr,e)q(inv—lec)(ﬂ,e). (32)
(m,e)eCrS,
Proor. By the same discussions as in the proof of [6, Theorem 4], we can show that
the exponential generating function for ¥ ¢cc s, 11O Pixme gl =le)re) jg exactly
the right-hand side of (1.1). We leave the details to the reader. O

Remark 3.2. This result answers a question of Han et al. [9] and leads to a
combinatorial interpretation of a coloured symmetric g-Eulerian identity.

For the interpretations of the two recurrences in Theorem 1.2 by means of (3.2), we
need the following well-known interpretation of g-binomial coefficients:

n .

[ :| — Z qlnv(ﬂ,B)’ (33)

9 (AB)

where the sum is over all ordered partitions (A, B) of [n] such that |A| = k and
inv(A,B) :=#{(, j):ie A, je Bwithi> j}.

3.1. A combinatorial interpretation of (1.2). Note that a coloured hook of length &
may contribute 1,2, ..., Ik — 1 to the ‘flec’ statistic of a coloured permutation. Consider
the last coloured hook (possibly empty) of each coloured permutation. This gives

n+1
tﬂec(n,s)rpix(n,e)q(inv—lec)(n,e) — tﬂec(n,e) rpix(n,s)q(inv—lec)(n,s)
(1,€)€CSs1 k=0 o=pr| -7y
#rp=n+1-k
S [n+1
— ol Z[ L ] fin+1—-k) - 1], Z tﬂec(n,s)rplx(n,e)q(mvflec)(n,e)’
k=0 q (m,e)eCpSy

where we apply (3.3) to the last equality. This shows that the right-hand side of (3.2)
satisfies recurrence relation (1.2).
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3.2. A combinatorial interpretation of (1.3). Recall that, to derive the hook
factorisation of a coloured permutation, one can start from the right and factor out each
hook step by step. We distinguish two cases according as 1 appearing in a coloured

permutation is 0-coloured or not. For this purpose, we write A(Z)(t, r,q) as

(l)(t r,q) = (l)(t r,q)+ C(l)(t r,q), (3.4
where
Bg)(l‘, r, C]) — Z tﬂec(ﬂ',e) rpix(ﬂ,e)q(inv—lec)(n,e)
(m,e)€ CSyyy
1 is O-coloured
and

Csll)(t, r, q) - Z tﬂec(ﬂ',e) rpix(ﬂ,e)q(inv—lec)(n,e).

(me)e CSyy
1 is not O-coloured

Case 1: 1 is O- coloured in (m,€) € C; S,41. Then the coloured hook factorisation of
- fl... 10,542 L e AR 4 A
(me) = 7r] 17r 1 USRS is pty -7 7, where pty---7oand 7] - T,

are coloured hook factorisations of 7' - 7r]’_ , and 7 ’10 6’;; -, respectively.
When 1 < j < n, it is not difficult to see that

flec(r/ 1755 - mit) = 1+ flec(rnl5 - 7,
(inv —lec)(n 19753 - mi}) = (inv —lec)(x /w5 - - myre}
and
. _ . €] E, 1
pix(m, €) = pix(m' - - -7 ")).
Thus, by (3.3),
n—1 n
BY(tr,q) = rAD(trq) +1 ) [ k] FA @A) (1,1,9). (3.5)
k=0 q

Case 2: 1 is not O-coloured in (71, €) € C; 1 S,y 1.
For (m,€) =nf{' ---7. GRS g% with €; > 1, the coloured hook factorisation of

] 1 ]+1 n+1
(m,€)is pTl T4 -+ T,, where pty---7yand 7| - - - 7} are coloured hook factorisations
of nif! - and lsfﬂ'j:i -, respectively. Now
flec(197 ;) gy = € + flec(n; FNRERE )

(inv —lec)(lffn;’:i e = (inv — lec)(m )} L )

and
pix(r, €) = pix(x}' 72';': D-
Therefore, again by (3.3),
= [n
cOt,rq) =1l - 1], Z [k] AV gAY (1,1, 9). (3.6)

k=0
Substituting (3.5) and (3.6) into (3.4), we get (1.3).
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4. Combinatorial proof of expansion (1.5)

The symmetric and unimodal expansion (1.5) can be obtained by using (1.4) in the
following relationship between derangement polynomials and coloured derangement
polynomials.

Prorosition 4.1. Foralln,l > 1,

n

AD@,0,1) = Z (rl_l)(t[l —1)'1"A (1,0, 1). (4.1)

i=0

In [18], Sun and Wang introduced a group action on derangements and
provided a combinatorial proof of (1.4). Therefore, to provide a combinatorial
proof of expansion (1.5), we just need to give a combinatorial interpretation of
relationship (4.1).

COMBINATORIAL PROOF OF (4.1). Let Dg) ={(m, ) € C; S, : fix(m, €) = 0} be the set of
derangements in C; ¢ S,,. We will use the following interpretation:

Ag)(l, 0,1) = Z tfexc(;r,e).

(n,e)ebi,“

Anindex j is called a coloured fixed point of (r,e) € C;1 S, if mj = jbute; # 0. Let
Df,l)l be the set of derangements in DE,I) with i coloured fixed points. We claim that

floxero (’Z)(r{z = )AL (1.0.1), 42

(n,e)eD“)

ni

from which we get (4.1). So, it remains to prove this claim.
For each (7, €) € C; 1 S,,, we define the function

l . .
t ife;=0andn; > j,
ti(me) =1 S iz
t% otherwise.

Clearly, ffexcme = [Tj. tj(m,e). Let S,;:={r€ S, : fix(x) =i}. For a fixed
permutation o € S,,; with exc(o) =k,

Z tfexc(U',E) — Z ﬁ l‘j(O’, €)

(0.ed?), (00D, j=1
= ﬂ(t+t2+-~-+t’)1—[(1 +t+-~~+t"1)1_[(t+-~~+t"1)
oi>j oi<j oi=j

= (D)l - 11,)'
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It follows that

Z tfexc(ﬂ,e) _ Z Z fexc(n,e)

U} (0]
(me)eD,) TE€Cni (,e)eD?

=
—_

g i LN [ = 10,)

‘TT
- o

A L= 100,

=~
S

where d, x; = #{o € S, : exc(o) = k}. Our claim (4.2) then follows from the above
expression and the simple fact that

dori = (n) {mre D(l) s exc(m) = k}.
i

This completes the proof of (4.1). O

RemMark 4.2. Proposition 4.1 in the special case / = 2 was first proved by Mongelli [12,
Proposition 3.4]. It can also be proved analytically using generating functions. In fact,

from (1.1), |
> 4%, 1)—: -t 43)

1z
=0 el — tet

Setting [ = 1 and then substituting z « [[],z yields
/ 1-¢ 1-¢
ZA(l)(t 0, 1)([ ];Z) _

el[l]rZ — te[l]rz (et’z _ teZ)et[l_llzZ '

n>0
Comparing with (4.3),
10X AL, 0, 1)[1]" = > A%,0, 1)—
n>0 n>0

Identifying the coefficient of 7" /n! on both sides gives (4.1).

5. Final remarks

Let By = {f*(1 + t)d‘2k}l£‘i/02 I Using an unpublished result of Gessel, Shareshian

and Wachs [13, Remark 5.5] proved the result of g—y-positivity: AE,D(Z, 1,9
(respectively Af,')(t, 0, ¢)) has coefficients in N[g] when expanded in B, (respectively
B,,_1), which implies the / = 1 case of Theorem 1.1. In view of (1.6), one may wonder
if there are similar g—y-positivity results for the type B groups. This is not the case,
because

APt 1,9) = 1+ 0% + (g - D1 +1)

and
AD(1,0,q) = 11 + " + 2q +2¢* = DA + 1) + ¢°F,

neither of which has all y-coeflicients in N[g].
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Recall that a polynomial A(f) = };_, ait* € Q[f] is said to be log-concave if at.z >
a;_1a;41 for all 1 <i < n— 1. If the coefficients of h(¢) have no internal zero, that is,
there do not exist integers 0 <i < j < k < n such that g; # 0,a; = 0, a; # 0, then the
log-concavity of A(f) implies its unimodality.

PropositioN 5.1. For all n,1 > 1, the coloured Eulerian polynomial Aff)(t, 1,1) is log-
concave.

Proor. It was shown by Foata and Han [7, (5.15)] that
AP LD =+t 4+ + 7 AP 1, 1),

The result then follows from this relationship and the known fact [16, Proposition 2]
that the product of two log-concave polynomials with nonnegative coefficients and no
internal zero coefficients is again log-concave. O

Actually, in [12, Conjecture 8.1], Mongelli also conjectured that the type B
derangement polynomial A(nz)(t, 0, 1) is log-concave. His conjecture can be extended
to the coloured derangement polynomials.

CongecTure 5.2. For all n,1 > 1, the coloured derangement polynomial A,(f)(t, 0,1)is
log-concave.

It is well known that a polynomial with nonnegative coefficients and with only
real roots is log-concave; thus, the / = 1 case of Conjecture 5.2 follows from Zhang’s
result [20] that the roots of AE,I)(I, 0, 1) are all real.
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