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An analogue of Banach’s contraction

principle for 2-metric spaces

S.N. Lal and A.K. Singh

In this paper we establish a fixed point theorem for 2-metric
spaces. OSome interesting particular cases of this theorem are

also obtained.

1.

Just as a metric abstracts the properties of the length function, a
2-metric space has its topology given by a real function of point triples
which abstracts the properties of the area function for euclidean
triangles. Let X Dbe a set consisting of at least three points. A
2-metric on X is a mapping p of X X X X X into the set of real

numbers R that satisfies the following conditions:

(1.1) if at least two of a, b, ¢ are equal, then
pla, b, e) =0 and, for any a # b , there exists a

point ¢ such that pla, b, e) # 0 ;

(1.2) pla, b, ¢) = pb, ¢, a) = ple, a, b) for all a, b, e in
X

A

(1.3) pla, b, e) = pla, b, d) + pla, d, e) + p(d, b, e¢) for all
a, b,e,d in X .

The pair (X, p) is called a 2-metric space. A sequence (xn) in
(X, p) 1is said to be a Cauchy sequence if pﬁﬁ", z s a) +0 as m and
n +o for every a € X . The sequence (xn) is said to converge to the
point £ € X if 1im p(xn, x, a) =0 forevery a € X . A 2-metric
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space (X, p) is said to be complete if every Cauchy sequence in it is
convergent. Further the 2-metric space (X, p) is said to be bounded if
there exists a constant X such that pla, b, ¢) = K for all a, b, ¢ in

x ([21, 050).

2.

As is well-known, there are a large number of generalisations of
Banach's contraction principle and analogous results in the literature (see
for example [1], [3], (61). 1In this paper we establish the following

analogue of Banach's contraction principle for 2-metric spaces.

THEOREM. Let (X, p) be a complete 2-metric space and &) and °,
two self-maps on X such that for all =z, y, a in X,
(2.1) p(q)l(x), 4)2(.2/): a] = alp(x, @l(x), a) + azp(y, 4’2(3/), a)

+ a3p(x, ¢2(y), a) + ahp(y, ¢l(x)’ a] + asp(xa Y, a) K]

where a._, a,, a3, a, and a_ are non-negative numbers such that

1 5

5
a.<1 and \a,-a j\a.-a,) 2 0. Then & oand 9%, have a unique
o e 17%27 ¥3™ 1 2

cormon fized point.
3.

Proof of the theorem. Let [x] denote the integral part of x and

write

a,ta.,fa a ta,ta
A5y e 245 g
l—a2—a3 l—al-ah

Take any zy € X and define

Topel = (Dl(xen) and =z, ., = <I>2(9:2n+1) (n=0,1, 2, ...)
For any non-negative integer »n we have
(205 Zope1> Topea) p(q’l (xzn) » 9 (x2n+]_) s Tp,)
= ax0(p410 Topnazs T2

using {1.1) and condition (2.1) of the theorem. As a, <1, in view of

https://doi.org/10.1017/50004972700007887 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007887

Banach's contraction principle 139

(1.2) the above inequality gives

(3.1) p[xen, Toral> x2n+2] =0,

Similarly
(3.2) 0(@one1> Fapear Tones) =
For any a € X ,
p(:czm_l, Ty and a) s alp(x2n’ Lo i1 a) + a2p(32n+l’ Tpip a)

+aglelzy,s #5000 @0(@0, Touine Topi) *0(%ap410 Topezr A1
*ap(@on> Toperr 9 * a50(Tpy Tpps @)
and therefore, using (3.1),we get
p[x,mﬂ, Ty 0 a) = ap[xzn, Tpa1? a)

Similarly, using (3.2), we get

P(Zonszr Tonaz @) = B0(Zani1s Topans 9)

With the help of the above two inequalities it follows that

p[x2n+1, Ty 400 a) = (1+a)(a6)[(2n+l)/2]p(xo, z s a) ,
and
n+2)/2
{2y, 400 Tppszr @ S (lm)(ae)[( +2)/ ]p(:co, x> a
Hence
(m/2]
(3.3) olz,> T, @ = (14a)(aB) plzy> 2,5 )
Note that
(3.4) p(:co, z s .'x:m) =0
for m=0,1, 2, ... . This is true for m =0 and m =1 . Suppose now

that it holds for every m in 2 <m < k-1 . Using (1.3) we have

plags 2> m) = plags 210 )] *0(5gs 7y 7 * ol s 7, =)
)[(k—l)/Z][p(:c

IA

(14a) (a8 02 &0 T wlzys z, %))
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and this proves (3.h4).

Since

[m/2]
p(xm, .'L'm+l, xn) = (l"ﬂ)(ClB) D(xo, xly -rn) )

it follows that
(3.5) p(xm, z L1 :cn] =0,
for all non-negative integers m and »n .

Note that for any a € X and m < »n we have

ple,> =5 a) =ofz,x 1,0 +ole .z .2) +ole .24
and therefore in view of (3.5) and (3.3) we have

plz,. . a)

A

pGﬁn’ 1’ a) * p[xm+l’ L a] oo ¥ p(xn-l’ Ty a)

(lm)((as)[m/zl + (GB)[(m+l)/2] ...+ (aB)[(n-l)/zl]p(xo, xl, a) .

IA

As aB <1 , the right hand side of the above inequality tends to zero as

m > e« . Hence (xn) is a Cauchy sequence and it converges to some
x €X .

Since
olz, ¢,(x), a) = o(x,, .0 @ o (z)) + p[xzn*_e, z, a) +ap(z, ¢(x), a)
+a0(Tn,10 Topepr @) *ap(zy,0 25 d)
+ ah{pLx2n+l, ¢, (x), x)+p@rzn+l, z, a)+p(z, ¢, (z), a)}l + asp(x2n+l, x, a ,
taking the limit as 7n + = , the above inequality gives

p(z, ¢, (x), a) < (almh]p(x, Ql(x), a) ,

and therefore

plx, ¢l(x), a) =0,

for all a € X . Axiom (1.1) now gives <[>l(x) =x . Similarly d>2(x) =zx.

If y is a fixed point of ¢ then using (2.1) we get pl(x, y, a) =0

2 k]

for all a € X . Hence x =y . This proves that x is a unique fixed
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point of @l and similarly it is a unique fixed point of @2 as well.

Hence the theorem.

4.

A point is an unique fixed point of amap ¢ : X » X if and only if
it is an unique fixed point of any positive power of & . This observation

leads us to the following:
THEOREM A. ret (X, p) be a complete o-metric space and <1>l and

<I>2 two self-maps on X such that for all x, y, a in X and positive

integers p, q ,

p|#F(z), #d(y), a) s alo[x, R a] + azp[y, ¥ly), a)

+ a3p[x, Qg(y), a] + ahp[y, @g(x), a) + asp(x, y, a),

where as a,s a3, a, s and a_ are non-negative constants such that

5
5 .
122=:1 a; <1 and (a -a, (a3—ah) 20. Then & and ¢, have a unique and

common fized point.
COROLLARY 1. rLet (X, p) be a complete 2-metric space and f;

(£ =1, 2, 3, ...) a fanily of mappings of X into itself. Suppose there

exists a sequence of positive integers Cm.) and non-negative numbers

a such that for all =z, y, a in X and every pair

10 s a3, ay» a5

i,d, t#J,
mi m., ”Ii m.

p|f; (=), fJ-J(y), a) = alo[x, f; (@), a) + ago[y, fJ-J(y), a)

m. m.
+ a3o[x, fJ-J(y), a] + aho[y, fiz(x), a) + asp(x, ¥, a)

>
where ) a, <1 and (al-ag) (a3—ah) > 0 . Then the sequence of mappings
i=1

Cf;? has a unique common fixed point.

It is interesting to note that the particular case al = a2 =a ,
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a3 =q = 0 and a5 = B of this result has been recently established [4]
with the additional assumption that the 2-metric space is bounded.
Proof. Take any pair < # j . Then, by Theorem A, f; and f3 have

an unique and common fixed point. Since 7 and J are arbitrary, the

corollary follows.
COROLLARY 2. rLet (X, p) be a complete 2-metric space and o, and

¢, two self maps on X satisfying the following conditions:

(a) there exist non-negative constants as a, s and a3 such

that 2[a1+a2) +a; <1 and

o|ella), Elly), a = a{ole, Pela). afvoly, Fely), o]}
v afole, o), afsoly, Eelie), o} + ajola v, @),
for all =z, y, a in X and any positive integers p and
qs
(b) ¢1 and o, commte.

Then ¢, and &, have a unique common fixed point.

2

Proof. By our theorem of Section 2, the map ¢§¢g has a unique fixed

point say u . Now
6 (u) = q>l[q>l{o‘27(u)) = ofel(o, () ,

for @l and ¢2 commute. Hence Ql(u) is a fixed point of ¢§¢g and
so Ql(u) =y . Similarly ¢2(u) =u Observe that if x is a common

fixed point of ¢ and &, then xz is a fixed point of <1>§<pg and so

x = u . Hence the result.
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