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OSCILLATION OF SEMILINEAR ELLIPTIC
INEQUALITIES BY RICCATI
TRANSFORMATIONS

E. S. NOUSSAIR AND C. A. SWANSON

1. Introduction. A generalized Riccati transformation will be utilized
to derive a Riccati-type inequality (3) associated with a semilinear
elliptic inequality yL(y;x) < 0 possessing a positive solution y in an
exterior domain in Euclidean n-space. On the basis of (3), general suf-
ficient conditions for the elliptic inequality to be oscillatory are developed
in §3. The matrix of coefficients of the second derivative terms in
L(y;x) (i.e. (4,;) in (1)) is not restricted in any way beyond the usual
ellipticity hypothesis (iv) below, and thereby one of the diffculties
mentioned in [9] and inherent in the method there is resolved. Further-
more, the nonlinear term B (x, y) in (1) is not required to be one-signed.

In § 4 the results are specialized to the case that L(y; x) is a perturba-
tion of a linear elliptic operator, without sign restrictions. The theorems
are not deducible via comparison theorems since the coefficients are not
uniformly one-signed. Several corollaries yield sharper oscillation criteria
than those known previously, even in the case of linear Schrodinger
operators. Examples are given of oscillatory operators by our criteria for
which earlier criteria give no information.

The superlinear results in § 5 are obtained by first establishing a priori
lower bounds R(r) for positive solutions, and then applying our Com-
parison Theorem 10. In particular, the theorems of §§ 3 and 4 can be
applied to yield new superlinear oscillation criteria, thereby extending
earlier results of the authors [9] for Schrodinger inequalities to the case
that A4 is not the identity matrix in (1). Some of these criteria are of
Allegretto’s type [1, 2], but are sharper and more specific under the inter-
section of his and our hypotheses. The sublinear result in § 6 improves
a recent result of Kitamura and Kusano [6] in the 2-dimensional Schro-
dinger case. Some limitations and open questions are mentioned in the
conclusion.

2. Preliminaries. Points in #-dimensional Euclidean space £" will be
denoted by x = (x1,...,x,), the Euclidean length of x by |x|, and
differentiation with respect to x;, by D, ¢ = 1, ..., n. Let S, denote the
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sphere of radius a, G(a, b) the annulus between spheres of radii a and b,
and G, the complement in E” of the closed ball of radius a:

Se=1{x € E~ x| =a},a>0
Gla,b) = {x € E*: a < |x| < b}
G, = G(a, ).

Let (r,8) be hyperspherical coordinates of a point x in E* 7 = |x|,
6 =6y, ...,0,1 The measure on S, and .S, will be denoted by s and w,
respectively; thus ds = a"~dw, s(S,) = a"'w(S1). The outward unit
normal v to S, at x € S, has components »; = x,/a, i = 1,...,n. For
an exterior domain € in E”, there exists a positive number ¢ such that
G, C Q.

The partial differential inequality under consideration is yL (y; x) < 0,
where

1) L{y;x) = 1ZID1~[A () Dyl + Bz, y)
V=
under the assumptions listed below.

Assumptions.
(1) B(x, t) is continuous in @ X E;
(i1) B(x, t) = p(x)¢(t) for all x € Q and for all t = 0, where p is con-
tinuous in €, ¢ € C0,00),and ¢{¢t) > 0if ¢t > 0;
(i1} Blx,t) £ —p1(x)¢1(—1) for all x € @ and for all t < 0, where
p1is continuous in @, ¢ € C'(0,00) and ¢:(¢) > 0if ¢ > 0.
(iv) Each 4 ,; involved in (1) is a real-valued function of class C'(Q),
and the matrix 4 = (4,;) is symmetric and positive definite in Q
(ellipticity condition).

Motivated by the one-dimensional and matrix Riccati transformation
used by Coles [3], Howard [5], Reid [11] and others, we employ a general
Riccati transformation defined in terms of an arbitrary positive abso-
lutely continuous function « in [0, co ). This transformation maps positive
C" functions y in @ into n-vector functions w defined by

@ wk) = — (—#%'(x;'))—) (AV) ).

Matrix notation will be used throughout; in particular 4! denotes the
inverse of 4 and * denotes the transpose.

LemMma 1. If y is a positive-valued solution of L(y;x) < 0 in Q, under
the preceding assumptions (1)—(v), then the n-vector function w given by
(2) satisfies the Riccati inequality
3)  dive®) 2 ap@) + L0 @ra) @) + LD we @),

a(r) a(r)

where v(x) = x/r is the outward unit normal to S,, r = |x|.
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Proof. Differentiation of the i-th component of (2) with respect to
X, gives
@AYy, aln)

Daw;, = —a'(r)Dy [‘1)(3’) Z Di(Ad4,Dy)

o(y) o () 7
— o' () ZAuDz‘yDjyr
fori=1,...,n. Since Dyr = x;/r = vy, summation over 7 and use of
(1) leads to
: "(r) a(V)B(x, )
1) divw = — % AVy) w, B2
@ divez = S0y 2 Vet TR
a(r) ¢’ (y) "
+ () (Vy) 3
In view of hypothesis (i) we obtain
divw = — ?b—(%g (AVY)* + a(r)p(x) + ?Z(LX)Z (A '"w)* 44w,

which is equivalent to (3).

We note that Lemma 1 is considerably simplified in the case of a
linear elliptic differential equation

Z Di[A,;(x)Dy] + px)y = 0.

i, j=1

(3) Ly

il

Lemya 20 If vy is a zero-free solution of (5) in Q where p 1s continunous in
Q and assumption (iv) holds, then the n-vector function w = —ay AV y
satisfies the Riccati equation below in Q:

6) divwx) = a@)plx) + —< 3 (w*A " 'w) (x) + Z’—((:)l w* (x)v (x).

(

[nfact, equality occursin (4) onaccountof (5), ¢(v) = v, and B{x,y) =
p(x)y; consequently (4) implies (6) if v is a positive-valued solution of
(5). The same is true if vy is negative-valued since ¥V = —y is a positive-
valued solution of (5) and

Yy 1ATy = VAV Y.

3. The main theorems. The Riccati inequality (3) will be used to
derive sufficient conditions for the nonexistence of positive solutions of
L(y;x) =0, and hence oscillation criteria for elliptic differential in-
equalities. Our approach is a (considerable) amplification of the method
used by Coles |3]in the one-dimensional case of (1). Various specializations
of Theorems 1 and 2 give new oscillation criteria for a class of nonlinear
inequalities ¥L(y;x) = 0 and also sharpen known linear oscillation
criteria.
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Let Mx) denote the largest (necessarily positive) eigenvalue of the
matrix (4 ,;(x)) and let f be any piecewise C! function in (0, ) satisfying
f(?’) ; maXi;|=r >\(x)

TaEOREM 3. The elliptic inequulity Ly, x) =0 hus no eventually
positive solution y in an exterior domain Q of L if there exists « positive
absolutely continuous function o in |0, ) and positive numbers a and k
such that the following conditions are satisfied:

(7)y ¢ (t) Z kforallt>0;

(8) 1mlf [ (fc)p (x) — __*4’?‘1%[_]()‘20‘)} dx

LSOO () | =

and

I
o [ =

(0

where w(S1) denotes the area of the unit sphere in E".

Proof. Suppose to the contrary that y is a positive solution of
L{y;x) £0in QM G, for some b = 0. Since Q is an exterior domain, we
can assume that b is large enough so that G, C @, @M G, = G,; then the
Riccati inequality (3) holds in G,. Since A~!(x) is the smallest (neces-
sarily positive) cigenvalue of 4~!(x),

(10)  (w*A~'w)(x) = N WEz L)) w2

Since ¢’ (y(x)) = & by hypothesis (7), inequalities (3) and (10) imply

that
(1) divek) = a()pk) + i’g’:%);‘)— + Ci@iié”g)—@ .
Define

(12) W) = wlx) + 20 -F()a (), * € G,
An easy calculation using (12) transforms (11) into
I "

Ao + - fW w,

where the dependence on x € G, has been suppressed in the notation.
Integrating (13) over G(b, r) and using the divergence theorem we
obtain

13) divWW =z dlvf()ky +ap —

(14) div W(x)dx =f WHvds — WHvds ;f fk ds
Sy s, Sy

G(b,7)

— ‘7k d.S +f g(x)dx + R(r)
Sy &
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where

(19) 56 = apl) — GL s

(16) R(r) = f br . FWEW ),

s, a)f()
and consequently

dR E .
dr ~ a(nfr) J s, WH* () W (x)ds.

An application of the Cauchy-Schwarz inequality gives

1-n

ary By __E

dr = w(S)a(nf(r)

In view of hypothesis (8), it is seen from (14) that there exists a number
71 = b such that

f W*(x)v (x)ds

(18) fs W*(x)v(x)dS > R(#) =2 0

for » = 74, and consequently (17) implies that

iR BTRG)
dr = w(Spa(r)f(r)’

It follows from (16) and the Cauchy-Schwarz inequality again that

(19)

[ f § W*(x)v(x)dsT < () f W

20) R(r) gf;M% [f W (x)v(x)ds] dr

and therefore R(r) > 0 from (18) whenever r = r,. Then integration of
(19) over (ry, 7) gives
1 " R (r)dr S _k Ty

R("l) 1 R2(7) = w(51) k8 a(r)f(r) '

This proves that the right side is a bounded function of 7, contradicting
hypothesis (9).

A function f:Q — E' is called (weakly) oscillatory in Q if, and only if,
f(x) has a zero in @M\ G, for all b = 0. The inequality yL(y;x) < 0 is
called oscillatory in @ whenever every solution y of the inequality is
oscillatory in Q. Define

21) $(x) = min {p(x), p1(x)}, « € .
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THEOREM 4. The inequality yL(y;x) = 0 s oscillatory in an exterior
domain Q of E" if there exists a positive absolutely continuous function a in
[0, 0 ) and positive numbers a and k such that (7), (9), and the following
conditions are fulfilled:

(22) ¢/ (t) = k for allt > 0y
| ey & (DI
@) tm [ |aenpe - LD |,

RSO0 | = o

Proof. Since p(x) = p(x) for all x € @, (23) implies (8), and hence no
solution y of the differential inequality can remain positive in @ M G, for
b =z 0 by Theorem 3. If ¥ were a negative-valued solution of L(y;x) = 0
throughout @ M G, for some b = 0, then by (1) and assumption (iii),

z = —v would be a positive-valued solution of
2 Dl4,@)Dpe] £ Blx, —2) £ —p1(x) ¢1(2).
77
This has the same form as the inequality in Lemma 1 and Theorem 3 with

p and ¢ replaced by p; and ¢,, respectively, and therefore Theorem 3 is
contradicted in view of the hypotheses (22) and (23).

4. Linear and perturbed linear equations. The results of § 3 will
now be specialized to the case that B(x, y) in (1) has the form

(24) B(x,y) = qi(x)y + qu(x)wj(y), X EQ

j=2

under the assumptions listed below.

Assumptions.

(v) Each ¢, is a continuous real-valued function in ;7 = 1,2,...,J;

(vi) Each ¢; is an odd C! function in (—o0, o0 ) with ¢;(t) > 0 and
g/ () 2 0fort > 0.

It is not required that any of the functions ¢; be everywhere positive in
Q. Define

(25) p(x) = min{gi(x), ¢2(x), . . ., ¢, (x)]
(26) o) =+ Z_;, ¥, ().
Then B(x, y) = p(x)o(y) forall y > 0 and for all x € @, and

B(x,v) £ —p(x)p(—y) forally < O0and x € Q.

Consequently the basic assumptions (ii) and (iii) of § 2 are satisfied with

p1=pand¢1=¢.
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If each ¢,;(x) > 0 throughout @ (j = 2,...,J) then a solution y of
yL(y; x) £ 0 satisfies

27) Qilx) = qulx) + ; ;@)Y @)Y, () > qu(x)

for all x € @ with vy(x) # 0, and oscillation criteria for L(y;x) =
follow from known nodal oscillation criteria for linear (only) differential
equations

(28) L(y;x) = Z D[4 ,,(=)Dy] + 1)y = 0.

i, j=1

The latter criteria, sufficient for the existence of a nontrivial solution of
(28) with a nodal domain in @ M G, for all « > 0, have been known for
some time |4, 8]. If a one-signed solution of yL(v;x) =< 0 existed under
such nodal oscillation criteria, then ¥(x) would satisfy a linear inequality
of type (28) with ¢; replaced by Qi. In view of (27), a standard lincar
comparison theorem would yield a contradiction. However, this argument
cannot be accomplished in any straightforward way when the functions
g, in (24) change sign in Q.

Since assumptions (ii) and (iii) are satisfied under the structure (24),
and (7), (22) hold with £ = 1 by (26), conditions (9), (23) of Theorem
4 (or (8), (9) of Theorem 3) with £ = 1 are oscillation criteria for the
perturbed lincar inequality yL(y; x) =< 0. Specializations of these results
to the cases a(r) =logr (r > 1) if n = 2 and a(r) = 2" (r > 0) if
n = 3 are as follows:

THEOREM 5. The perturbed lineur imequality yL(y,x) =<0 gien by
(1), (24) ds oscillatory in an exterior domain Q of E? under assumplions
(iv), (v), and (vi) if the largest eigenvalue N(x) of A (x) satisfies

(29) max|, =, Mx) = Cllog (log 7)}%, r > ¢

for some numbers C > 0 and 6,0 < 6 < 1, and

e [ | ogrputn - 10

« 4rlog7J dr =+

Jor some a > 0, where py (v} denoles the spherical mean
B on) = = [ peya
= T AN w.
M w(S1) Vs
THEOREM 6. The perturbed lineur inequality yL{(y;x) = 0 given by (1),

(24) is oscillatory in an exterior domain of E* (n = 3) under assumptions
(iv), (v), and (vi) if

(32) max),—, Ax) £ Clog7)b, r > 1
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for some numbers C > 0 and 6,0 < § £ 1, and

@ [ X [rpMm - (”Aif—)g-l@]dr S

for some a > 0, where P (r) is given by (31).

Proofs. Forn = 2, weset k = 1l and a(r) = logr» (r > 1) in (23) and
note that (9) is satisfied for f(r}) = C[log (log#)]?, C > 0,0 < 6§ < 1:

= iy I dr
J a(r)f(ﬁ:_(ff log rllog (log N]* ~ T

The first term on the left side of (23) reduces to

lim fﬂ fs1 [p(x) logr — Zr%{gﬁ]rdw dr,

-0

which diverges to 4o by (30) and (31). The conclusion of Theorem 5
then follows from Theorem 4.

Forn = 3wesetk = 1land a(r) = >~ in (23) and again sce that (9)
is satisfied in view of (32), and (23) is satisfied because of (33). Theorem
6 then also follows as a special case of Theorem 4.

The case that 4 (x) is bounded above is included in Theorems 5 and 6,
and the case of a constant matrix 4 leads to the following simplification.

COROLLARY 7. For « constant matrix A, the inequality yL(y;x) <0
gven by (1), (24) is oscillatory in an exterior domain Q of E" under assump-
tions (iv), (v), and (vi) if

@ A
f {Hog rpa(r) — Zr_log ’Jdi’ =+, n=2

[eed o\ 2
f [rpM(r) - @%ﬁl‘]dr = 40w, =3

@

for some a > 0, where N denotes the lurgest ergenvalue of A.

If the growth condition (29) or (32) fails, oscillation criteria are still
available by different choices of a(r) in Theorem 4. The following is
obtained for a(r) = 1 identically.

THEOREM 8. The perturbed linear imequality yL(y; x) = 0 is oscillatory
in an exterior domain Q of E' under assumptions (iv), (v), and (vi) if

(34) fﬂp(x)dx = 4w

and

w 1—n
fa rf(rt)irz +coo,  for somea > 0.
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Theorems 4, 5, 6 and 8 give new oscillation criteria even in the case of a
linear equation (28) or inequality yL(y; x) < 0. The first reason for this
is that p(x) = ¢:(x) in (28) is allowed to change sign in @, and the second
reason is that (30) and (33) are sharper than the usual criteria, e.g. those
in [9]. For example, (30) is satisfied if (28) is the Schrodinger equation
Ay + p(x)y = 0 and if either

lim inf #*pa () (log 7)* > 1

T

or

1 ¢
p,’\! (7) ~ 472 logg ¥ + 7’2 log‘Z 7[10g (Iog r)}5

asr — o0 forsome C > 0,0 < § £ 1. The standard criterion [9]

f rlog r)’pac(r)dr = +oo0, p <1

{and also the criterion (34)) are stronger than (30) and are not always
fulfilled in the preceding examples. Similar remarks can be made attesting
to the sharpness of (33) in dimensions n = 3.

5. Superlinear inequalities. In this section results similar to those in
§ 4 will be obtained for yL(y;x) = 0 under the superlinear hypotheses
below.

Superlinear Assumptions.

(vii) The functions p and p, in assumptions (ii) and (ii1) are identical
and everywhere nonnegative in Q;

(viii) The functions ¢ and ¢; are identical and ¢ (f) = ¢(¢)/t is non-
decreasing for all 1 > 0.

Theorem 4 cannot be applied since ¢ does not satisfy condition (7):
¢ (t) Z k> 0forallt> 0.

For example, (7) fails for the superlinear prototype ¢(t) = 17, v > 1.
Instead Lemma 9 below will be employed, replacing (7) by an a priori
lower bound ¥ (¢)R{(|x|) on any positive solution y(x) of L(y;x) £ 0
in ©, where Y(¢) and R(r) are defined by (38) and (37) below, respec-
tively. The superlinear oscillation criteria can then be deduced from the
linear results in § 4. Alternatively, we could have employed the Riccati
inequality (3) directly to obtain analogues of Theorems 3 and 4 when
(7) is replaced by the a priori bound in Lemma 9.
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The following notation will be used:

(35) Lo(y;x) = élDi[A S@)Dy]
(36) p(r) = stlljgr {L0(|x|,x)|[; A“(x)Dilx|Dj{x(]_

S(r;b) =frbexp [fl —p(s)ds]dt, a Z2r b

R(r;b) = S(r;0)/S(a; b)
(37) R(r) = lim,,, R(r; b)
(38)  Y(a) = infiz-q y(x).

LEMMA 9. Every positive solution y of Lo(y;x) = 0 for |x| = a satisfies
the inequality y(x) =2 Y(a)R(|x|) for x| = a.

Proof. The function u defined in |¢, b] by u(r) = V{(¢)R(r;b) is the
unique solution of the ordinary boundary problem

W' (r) — pMW () =0,a 2r =)
(39) {u(a) — V), u(b) = 0,

as is well-known and easily checked by direct substitution. We define
v(x) = u(|x|) = u(r) and compute L¢(z; x) using (35), (36), and (39):

Ly(v;x) = Z (A DaDi)u' (r) + ZDi(A D ru’(r)
= Z (A;DaDryu” (r) + Lo(Jx|; x)
2 [;A”DJD]»T] W'y — p()lu' (@) = 0.

Then v(x) is a solution of the boundary problem

fLo(v;x) =20ine=r=b
v(x) = Y(a) on |x| = «;v(x) = 0on |x| = b.
However y(x) satisfies

{Lo(y;x) S0inae=r=2)
y(x) = Y(a) on lx| = a; y(x) > 0on |x| = b,

and it follows from the Hopf maximum principle [10] applied to the
annulus G(a, b) that y(x) 2 v(x) = u(|x}) throughout ¢ £ |x| = b, i.e.,

y(&) 2 Y(a)R(r; b).

Since this is valid for arbitrary b > «, the proof of Lemma 9 is complete.

https://doi.org/10.4153/CJM-1980-069-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-069-8

918 1. S. NOUSSAIR AND €. A. SWANSON

TuroreM 10. Under assumptions (1)—(1v), (vii), and (viil), the super-
linear inequality yL(v; x) = 0 1s oscillatory in an exterior domain Q of E'
if the linear inequality

(40)  Lo(y; %) + pe)¥(eR(x]))y =0

has no eventually positive solution in Q for uny positive number e.

Proof. 1f y(x) is a positive solution of ¥L(y; x) £ 0 throughout G, for
some b > 0 (chosen large enough so that G, C Q@ without loss of gener-
ality), then

02 Lo(y(x);x) + Blx, y(x))
Lo(y(x);x) + p)(y(x))y(x)
Lo(y(x); x) + p)(Y(a)R(|x]))y(x)

on account of Lemma 9 and the nondecreasing hypothesis (viii) on .
This means that y(x) satisfies (40) with ¢ = V{a) > 0, and so y(x)
cannot be eventually positive.
If y(x) were a negative solution of L(y;x) = 0 throughout G,, then
z(x) = —y(x) would be a positive solution of
0 < Loy(—z(x);x) + B(x, —z(x))
—Ly(z(x); x) — ple)y(a(x))z(x)

and consequently

2 Lo(z(x);x) + pe(Z()R([x]))z(x),

which is impossible by the first part of the proof.

v v

A TIA

COROLLARY 11. Under the sume assumptions, the superlinear inequality
yL(y;x) £ 01s oscillatory in an exterior domain E" if there exists a positive
absolutely continuous function a in [0, 00 ) and positive number « such that

(41) hmlf [adxr)p(xw(eR(lxi)) *_Ta(|x|) ’“]

00

+ 3u(S)r" (e () } =

and

o l_ndi’
42) f «Of) = T
Sfor all € > 0.

Proof. The linear elliptic inequality (40) is of the type considered in
Theorem 3 in the special case ¢ (¢) = {,s0 (7) and (8) hold for £ = 1, with
p(x) replaced by p (x)¢(eR(|x])).

COROLLARY 12. Under the same ussumplions and (29) in addition, the
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superlinear inequality yL(y;x) < 0 s oscillalory in an exterior domain
Q of E? if there exists a positive number a such that

f(r) }

[ |rog reerNpute) - L0 Nar < oo

Jor all € > 0, where py(r) denotes the spherical mean (31).

CoROLLARY 13. Under the same assumptions and (32) in addition,
yL(y;x) £ 0 is osctllatory in an exterior domain of E* (n 2 3) if there
extsts « positive number « such that

an [T et - CTBIO g -

for all ¢ > 0.

Proofs. For n = 2 we choose afr) = logr (r > 1) in Corollary 11
and note that (42) is satisfied for
|

flry = g (log7)]5, C>0,0<86 = 1.

Furthermore (41) is satished by assumption (43) as in the proof of
Theorem 5. For n 2 3 we choose a(r) = #*~"in (41) and (42) and argue
similarly.

The next corollary is a specialization to the Kmden-Fowler prototype
(45) L(y;x) = Ay +px)y =0,y > 1
where v 1s a quotient of odd integers.

COROLLARY 14. Under the sume assumptions, (45) is oscillatory in un
exterior domain in E* if lhere exists a postlive number a such thai

(46) f [er log 7P (r) — Z;‘llgg—‘;]dr +o0 (n=2)

I P R B P )

for all € > 0, where o = (n — 1) — v(n — 2).

Proof. In the case Ly(y;x) = Ay, one checks from (37) that R(r) =
(a/r)* 2, m = 2. For f(r) = land ¢ (e.R(r)) = "' = ¢, (43) specializes
to (46). For f(r) = 1 and

n—2 |y—1
V(e R()) = [61( (—:) ] =~ Mo

where ¢ = (e1¢"72)71, and consequently
W(aR(r)) = a0 =n—1—v(n —2),
(44) specializes to (47).
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The criteria (46) and (47) are very similar to those obtained by the
authors [9] using the totally different method of spherical means and
ordinary differential inequalities.

6. A sublinear oscillation criterion. The Riccati method will be
illustrated in the case that (1) reduces to the Schrodinger operator

(48) Llyix) = Ay + B(x,%), A= 2.DD, x¢E"
i=1
The assumptions are (1)—(iii) and the

Sublinear Assumption.
(ix) The functions ¢ and ¢, in (i1), (iii) are identical, ¢'(¢) > 0 for all
t > 0,and ®(t) < oo for all £ > 0, where

@ o0 =], 55

If ¥ is a positive solution of ¥yL(y;x) < 0, then Ay = —px)p(v) by
(48) and assumption (ii), and hence (49) gives

¢’ (y) Dy _
— 5=t ——== < —p(x).

5 ) s = TP

The oscillation theorem below is stated in terms of the spherical mean

(B0) A®(y) = [Vayl* +

27
(1) ﬁM(T) = ?}; fo 13(73 0)dg, r>0

where p(r,8) = p(x) is given by (21).

THEOREM 15. Under assumptions (1)—(iii) and (ix), the sublinear
inequality vL(v;x) = 0 given by (48) s oscillatory in an exterior domain

of E*1f
(52) limf pbu(p)dp = +oo

for some ry > 0.

Proof. Suppose to the contrary that y(x) is a positive solution of
L(v;x) = 0in G, for some a > 0. Define

(53) m, (r) =fs V(v (x))uds =fﬂ‘1’~(y§—“’ﬁ df

for « <7 < w. Let w(x) be defined by (2) with a{r) = 1 identically.
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Then (3) can be integrated over G(a, r) to give

(54) fm , div w(x)dx gf p(x)dx.

G, r)

Let p, 6 denote polar coordinates of x, « < p = |x| < r. Since
(w*») (x) = —a®(y(p, 0))/0p

by (2) and (49), application of the divergence theorem to (54) gives

my,(r) —m,(a) < —27rfrpﬁu(p)dp-

i

By hypothesis (52), there exists a number b = « such that m,(r) =
K, < 0 for all r =2 b, and consequently

j:[¢@00»——¢@00» f j"3¢@@ﬂ)dd9

:f mz/(P) éB <K, IOg/K
b p )

whenever » = b on account of (53). Then

lﬂhéggﬁ»w

would become negative for sufficiently large 7, contrary to the hypothesis
that ¥(x) > 0 throughout G..

If y(x) <0 and L(y;x) = 0 throughout G, for some a > 0, then
z(x) = —y(x) would be a positive solution of

— Az + Bx, —2) £ —Az — p1(x)¢1(z)

by assumption (iii), or equivalently Az £ —p(x)¢(z) by (ix). Since
this is exactly the inequality leading to (3), a contradiction is obtained
as in the first part of the proof.

We remark that none of the functions B(x, t), p(x), and pi(x) are
required to be everywhere positive for Theorem 15. A similar result was
obtained recently by Kitamura and Kusano [6] in the case of a Schré-

dinger equation Ay + p(x)é(y) =

7. Conclusion. The Riccati partial differential inequality (3) has led to
new oscillation criteria for several types of nonlinear elliptic operators,
especially perturbed linear and superlinear operators. Specialization to
linear problems actually sharpened and extended earlier results. Several
open questions stated in [9] have been resolved: (1) The matrix 4 (x)
in (1) is not required to have constant entries, as in [9], etc; (2) The usual
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sign restrictions on B{x, t), p(x), etc. are relaxed; and (3) Sublinear and
perturbed linear problems are treated. Also, unbounded domains @
which are not exterior domains could easily be treated formally, as in
[7], by simply adjoining the boundary condition Vy*» = 0 on Q2 M G,
for some ¢ > 0, e.g. the Robin condition Vy*» = Ay for a nonnegative
boundary function A. This approach, however, shows the existence of an
oscillatory solution of yL(y; x) = 0 only if a solution satisfying the above
boundary condition is known to exist. A more realistic approach offered
recently by Allegretto [2] proves that all solutions oscillate in a class of
unbounded domains under suitable conditions, but sharp and explicit
oscillation criteria of our type here are still lacking.

The sharpness of our criteria can be seen by considering the known
one-dimensional results: Llither the radial ordinary differential equation
associated with L can be examined, or the authors’ differential inequality
approach [9] can be compared. It turns out to be true, in fact, that (46),
(47) are very close to necessary and sufficient conditions for oscillation of
superlinear operators. These results will appear elsewhere. { Indiana Univ.
Math. J. 28 (1979), 993-1003]

Some open questions are:

(1) As already mentioned, are there sharp and/or explicit criteria
(similar to linear ones) guaranteeing the existence of an oscillatory
solution in a nonexterior unbounded domain?

(2) In view of the sharpness of the superlinear criteria, is it possible
to obtain analogous sublinear criteria? (The result derived in § 6 and in
[6] would seem to be not sharp in view of the well known necessary and
sufficient condition for oscillation in 1 dimension.)

(3) How can one obtain sublinear criteria when 4 is not the identity
matrix?

Added 1n proof. Lemma 9 1s closely related to a result of Allegretto
(1, p 935].
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