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A RELATION BETWEEN THE 2-PRIMARY PARTS 
OF THE MAIN CONJECTURE AND 
THE BIRCH-TATE-CONJECTURE 

BY 

MANFRED KOLSTER 

ABSTRACT. It is shown that for totally real number fields the Main 
Conjecture in Iwasawa-Theory for p = 2 proposed by Fédérer implies the 
2-primary part of the Birch-Tate-Conjecture in analogy with the case p 
odd. 

Let F be a totally real number field with ring of integers o. If p is an odd prime, 
FQO the cyclotomic Zp-extension of E((p) and A^ the minus-part of the /^-primary 
component of the class-group of FQQ, the Main Conjecture relates the characteristic 
polynomial of the Pontryagin dual of A^ to p-adic L-functions. Coates ([1], [2]) has 
shown that this conjecture implies the /^-primary part of the Birch-Tate-Conjecture, 
which relates the order of the tame kernel A^(0) to the value of the (̂ -function of E 
at - 1 . 

In [4] Fédérer proposed an analogous Main Conjecture for the prime 2. The purpose 
of this note, which is an addendum to [7], is to show that similarly this conjecture 
implies the 2-primary part of the Birch-Tate-Conjecture. 

Whereas the Main Conjecture for odd primes has been proved at least for abelian 
number fields by Mazur-Wiles [9], Fédérer's analog is still open, although some 
evidence was given in [4]. On the other hand the 2-primary part of the Birch-Tate-
Conjecture holds, whenever the 2-Sylow-subgroup of ^2(0) is elementary abelian 
([6]), so that the relation between these conjectures may give further evidence to both 
of them. 

Let Fo = £(£4) and e ^ 2 be maximal with FQ = F ^ O - If we define Fn = F(Ç2n+0> 
n ^ 1, and F^ — \Jn Fn, the fields Fn are the n-th layers in the cyclotomic Z2-extension 
FQO of Fo- Each Fn is a CM -field with maximal real subfield F+ and F ^ = \JnF+ 
is the cyclotomic Z2-extension of F. Let T = Gal(Foo/Fo) = Gal(F^/F) = Z2 and 
choose a topological generator 7o of T. We define W = lim/x2« and u e Z^ via the 
action of 7o on W : 7o(0 = C"- Note that by definition of e we have u = 1 + Ie • e 
with e e Z\. 

The ring of integers in Fn (resp. F+) is denoted by on (resp. o„) and the group 
of units by Un (resp. U„). Let An (resp. A*) denote the 2-primary component of the 
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class-group of Fn (resp. F+), and An the kernel of the (surjective) norm map from An 

to A+
n. Passing to the limit we let U^ = lim£/+, A^ = \imA~.(T = \imfi2" denotes 

the Tate-module. 
The compatibility of the conjectures is based on the following result: 

THEOREM 1. The order of the 2-primary part of the tame kernel is given by 

\K2(o){2)\ = 2[£:Q] 

z2 

PROOF. It was shown in [7], Theorem 3.7, that there is an exact sequence of finite 
groups 

hence our claim is equivalent to 

/i2®<£, 2(£:Q] . //'(r>2<g)t/+ 

Let £<£ = U^/^2 he the free part of U^. The cohomology sequence attached to the 
exact sequence 

0 — /i2 (8) M2 - • M2 (8) ^ — M2 (8) ^ — 0 

yields 

M2<g>Z^ M2 0 Z ^ ) 

//'(r, M2 0 z ^ Z "^oo //>^r,^2(8)z^ 

Since 2^, is free abelian, squaring yields an exact sequence 

0 -»Œ£ — 2 £ - > / i 2 ® î £ — 0 , 
z 

hence an exact sequence in cohomology 

o —££ r-»î£ r—U2®ç£) ^ / / ' ( r , ^ ) 

. //'(r, o -> //' (r, M2 <g> ^ - //2(r, o -i //2(r, o -» 0. 

The structure of the cohomology groups H'(V, T,^), i = 1,2, has been revealed by 
Iwasawa ([5], Proposition 2) 

Hl(T, O = # © (Q2/Z2) r ,S fin. group 

H2(T, ££) <* (Q2 /Z2) ' - ' 
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for some r, 1 û r û d, where d is the number of dyadic primes in FJ>. 
Let 2s — \2B\ = \B/2B\. Since multiplication by 2 is onto on the divisible part of 

/ / ^ r , ^ ) , we obtain 

fi2 <g)z £ ^ r 

a n d | / / , ( r , / X 2 ® z O I = 2 5 + r - 1 . 
Now *E£ is the free part of the group of units in E, hence by the unit theorem 

p,2 ® z *L^ has order 2[£:Q1~1, which yields the claim. 
Let A = Z2[[Y]] and let f(T) be the characteristic polynomial of the Pontryagin 

dual Â^ = HomZ2(Aœ,Q2/Z2) of Aœ. Then/(w_1(l + T) — 1) is the characteristic 
polynomial of the dual ATO(—1) of T (8)z,^rô (°f- [8], Lemma 4.1). Since ,4^ has 
no non-trivial finite A-submodules (cf. [4]), the order of (T ® z ? A^) r , which is the 
same as the order of (i4^0(—l))r, is as usual determined by evaluating the characteristic 
polynomial at T — 0. Hence, if we use the notation a ~ b for two 2-adic integers 
having the same 2-adic valuation, we obtain 

LEMMA 2. |(T ® Z 2 A~) r | - / ( n " 1 - 1). 

Let xo denote the trivial character of Gal(Fo/£). There is a unique power series 
G(T), such that the 2-adic L-function L2(xo, s) is given by 

L2(xo,*) = G(M* - \)/us - u (cf. [41, [2]). 

Furthermore from [3] it is known that G(T) is contained in 2f£:QJ -A. This motivated 
the following Main Conjecture for p = 2 (cf. [4]): 

Conjecture 3 (Fédérer): G(T) and 2 l£ :Q] -f(T) generate the same ideal in A. 

Let CE denote the £-function of E and let w2(E) be the maximal natural number 
n, such that Gal(E(£w)/E) has exponent 2. The 2-primary part of the Birch-Tate-
Conjecture states: 

Conjecture 4 (Birch-Tate): 

\K2(o)\~w2(E)>ÇE(-\). 

The relation between these conjectures is given by 

THEOREM 5. Conjecture 3 implies Conjecture 4. 

PROOF. By definition of the number e we obtain w2(E) ~ 2 e+\ — u. Since 
Mxo , - 1 ) ~ U-D, we get w2(E).ÇE(-\) ~ G{vTx - 1 ) ^ 2 ^ 1 ./(u'1 - l ) ^ ^ • 

I(rr®z,^)rl(!)l^2^)|- • 
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