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1. For an entire function/(z) = £n°^o anz
n, let M(r,f), n(r,f), and v(r,f) 

denote the maximum modulus, the maximum term, and the rank for \z\ = r, 
respectively. Also, let 

/ 1 f»2r \ l / 2 

M2(r,f) = ^ J o \f(ret9)\% dO) , 

L(f) = limsup — ^ — 7? _ \-HLZ1 
n ~ \ a 

and X(r) the lower proximate order relative to log M(r,f). For the properties 
of the lower proximate order, we refer the reader to the paper by Shah (1). 

2. We prove the following theorems. 

THEOREM 1. For an entire function f(z) = J^n=o anz
n> 

sup jx(rj)_ _ . sup fijrj1) 
inf M(r,f) ~ inf M(r,f)' 

where p{r,fl) and M(r,fl) correspond to fl(z), the derivative of f(z), provided 
(n + l)Rn < nRn+1, when L(f) > 1. 

I t is well known that M2(r,f) S M(r,f). We now obtain an inequality in 
the opposite direction. 

THEOREM 2. Let e > 0. For an entire function f(z) of non-null and finite 
order p, 

(M2(r,/))2(2r'+* + 1) + 0(W(r,f)) ^ (W(r,f))* ^ (M{r,f))\ 

where W(r,f) = £P^=O \ap\r
p. 

THEOREM 3. Let G(z) = Gi(z)G2(z), where Gi(z) = ^2Z=o(inz
n and G2(z) = 

J2£=obnz
n are two entire functions, such that M(r, G) = 0(M(r, G\)M(r, G2)). 

If \an-i/an\ is a strictly increasing function of n, and L(G\) = 1, then 

v »(r,G) n lim —v ' = 0. 
r^ M(r, G) 
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THEOREM 4. (i) If f(z) = Y,n=o anz
n is an entire function of lower order 

A = 0, then 

lim inf ^P- = 0. 

(ii) If f(z) = £»JLo0ns
n w aw entire function such that 

lim inf. y 1]M-~K = °° » ^ œ log M (r J) 
then p = oo. 

3. Proof of Theorem 1. Case 1. L(f) = 1. The maximum term M(P,/) = 
Supre |aw|rw. Let wi, «2 «t be the values assumed by v(r,f). Hence, if wA 

denotes the rank of the maximum term for \z\ = r, then it is obvious that 

gm — m log r ^ gn* - ?** log r, 

where gw = — log |am|, w F^ W*. Hence, on letting ni = nk — 1, we have that 
Rnk = r- Since the term which has the greatest rank is usually called the 
maximum term (even when there is more than one term which is equal to it), 
we obtain Rnk+i > r by letting m = nk + 1. Hence, for Rn]i S r < Rnk+u we 
have that n(r,f) = \ank\r

nk and v(r,f) = nk. Clearly, 

/ oo \ l / 2 

M%(r,f) = ( £ \an\V
n) . 

Thus, for Rnjc g r < RH+ij we have that 

\Rnk+i/ ' * " \(Rnk+1)
pLi / 

>p-

since Rn+i < LxRn for n 2; w0, where Li > 1. Since Li can be chosen as close 
to 1 as possible and p arbitrarily large, we have that 

l i m ^ # = ~ . 

Hence, a fortiori 

lim / 'i/ = oo. 

Furthermore, LC/1) = 1. Hence, proceeding as above, we have that 

lim * £ # = « , 
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Thus, the result is true when L(J) = 1. 

Case 2.L(f)> 1. Clearly, for £ t = i 2 » t g r < i?% + 1 , 

(3.1) fafiz'kiÛi&û. 

Also, for Fk = ((«* - l)/nk)Rnk ^ r < (nk/(nk + l))Rnic+1, 

(3.2) M ( r J i ) ^ £ ^ f c / ) . 

Since L(f) > 1, 4 is contained in EkFk, where 

tk = Rnk ^ r < w I j -Rfit+i-

Hence, for all points r in /*, v(r,fl) = p(r,/) = rc*. Thus, from (3.2) we 
have that 

(3.3) M ( f f / ) S ^ L ^ Û . 

Let ^ be the segment in which the variation of log r is less than Kv(R/k,f)~1/12 

(r > R). Also, let £ = ^k=i sk, and GS be the complement of S. For points 
r i n C S (2, p. 105), 

(3.4) rM(r,F)~M(r,f)v(r,f). 

Clearly, the total variation of log r in tn tends to infinity with n. Let 
T = JlLih. Thus, for all points r in TC5, (3.1), (3.3), and (3.4) hold. 
Therefore, the result follows from (3.1), (3.3), and (3.4). Hence, this completes 
the proof. 

Proof of Theorem 2. From a well-known inequality of Cauchy we obtain 

v2 

(3-5) (ÈK\*r2*)(n+l)^(± MA* 
Therefore, 

((M2(r,f))2 - Ë \aP\Vv\n+ 1) ^ (w(r,f) - £ M^Y. 

This yields 

(W(rJ)f ^ (Mz(r,f))\n + ! ) - ( « + 1)( f) \aP\Vp) 

/ n oo \ / œ \ 2 

+ 2 S | a / Z Mr» +( E KKJ-
Using (3.5) we have that 

(3.6) (W(r,f))2 ^ (M2(r,/))2(« + 1) 
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Obviously, \ap\r
p < p-v«p+*hp

1 since 

,. nlogn 
lim SUp : r-Tj r = p. 

Hence, 

oo oo oo 

Z kK < E ^/('+V = Z (~) ^ Z (V) • 
Let n = 2[rp+e], where [rp+€] denotes the integral part of rp+6. Thus, we have 
that 

(3.7) Ë VvV < È 2-*/(p+€) = 0(1) . 
p=n+l p=n+l 

From (3.6) and (3.7) we obtain the required result. 

Proof of Theorem 3. Let G(z) = ^ l o c / . Then 

c» = &(A* + &iaw_i + " . . . + &„a0. 

Now, 

\cn\r
n ^ M k K + l&ikk-ik*-1 + ... + kVkol 

s=0 
= E I*. 

/ n \l/2 / n \l/2 

< M,(r, Gi)Mi(r, G*). 

This is true for all n. Hence, 

(3.8) ix (r, G) < M2 (r, Gl) Mt (r, Gt). 

Since Rn = \a„-i/an\ is a strictly increasing function of n, G\(z) = P(z) + 
Atfii(z), where A is a constant, P(z) a polynomial, and 

oo 

* iW = Z*lei9n/R1R2...Rn. 
n = l 

Thus, 

(3.9) M(r, Gi) ~ M(r, ^ J ^ l and M2(r, d ) — M2(r, 4>i)\A\. 

Let <£(z) = S n l i zn/RiR2 . . . i?w. For this function, 

oo / oo \ l / 2 

JW(r, 4>) = E f 7 * i * * ...Rn and Jlf,(r, <*>) = ( £ ^/{R.R,... Rnf) . 
71=1 \ W=-l / 

Hence, 

(3-10) lim f # 4 = 0, 
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since Rn ~ Rn+i- Also, we observe that (M2(r, #i))2 = M2(r2, h) and 
(M(r, 4>x)Y è Àf (r*, A), if *(*) = £ « l i *•/(2?rfl2 . . . Rn)

2. Hence, 

ftin M,(r, ft) < / i l^(r2 , ft)Y/2 

( d , U J Jlf(r,ft) S W ( r * , A ) / ' 

From (3.9), (3.10), and (3.11), we have that 

(3.12) lim f ^ - = 0. 
r-x» M(r, Gi) 

Therefore, from (3.8), (3.12), and the hypothesis, we have that 

i i m i ^ L = o. 
rHœ M(r, G) 

This is the required result. 
Proof of Theorem 4. (i) Let us suppose that 

lim inf v(r,f)/rMr) = A > 0. 

Thus, v(r,f) > (A — e)rX(r) for r ^ r0. This yields limT_^œ log ij,(r,f)/r^r) ^ 
^4/X, since 

log/*(r,/)= P *%£<**• 
Now, 

liminf logM(^/)AX ( r ) ^ liminf logikf(r , / ) / / ( r ) = 1. 

Thus, X > 0. However, from the hypothesis, we have that X = 0. Hence the 
result is proved. 

(ii) Let us suppose that p < °°. We can choose a positive number a > p 
such that J r0 v(x,f)/xadx is convergent. Also, from the hypothesis, we have 
that v(r,f) > <r(r) log M(r,f) for r ^ r0, where a(r) —» oo, as r —> oo. Inte
grating from r0 to r, with respect to r, we obtain, after dividing by r, 
M/a(r) > log M(r0,f)/(a — l)foa~1, where r0 is large but suitably fixed. 
Clearly, a ^ 1; otherwise, J\™ v(x,f)/x?dx is divergent. Letting r —> oo we 
obtain a contradiction, and hence the result is proved. 
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