THE EXPANSION PROBLEM WITH BOUNDARY
CONDITIONS AT A FINITE SET OF POINTS

RANDAL H. COLE

1. Introduction. The problem of expanding an arbitrary function in a
series of characteristic solutions of the ordinary differential equation

) i
(1.1) u" + PN+ 4+ Pau=0 (M B %’?)
and the boundary relations
(1.2) Z‘i Z} 2¥ut(a,) = 0, 1=1,2,...,n,
u=1 j=

is well known. The various discussions are distinguished by the manner in
which a parameter A appears in the differential system and by the number of
points at which the boundary conditions apply. The case in which the boundary
conditions apply at intermediate as well as at the end points of a fundamental
interval has been considered by Wilder (3). His investigation was confined
to the case where P, = P,(x) + N\* and where each coefficient »,,® in the
boundary relations is free from \.

The present discussion treats the case where each coefficient P, is a poly-
nomial in A of degree 2 and each coefficient v;;® in the boundary relations
is an arbitrary polynomial in A. The reduction of the system (1.1) and (1.2)
to an equivalent matrix system has been accomplished (4), therefore the
results obtained by Langer (1) can be applied to the present problem.! It
will be assumed that the reader is familiar with Langer’s paper so that direct
reference can be made to some of his formulas. In order to facilitate the use
of such formulas, Langer’'s notation has been used here with only minor
modifications.

Langer’s development concerns a differential system in the complex domain.
His boundary conditions apply at a specified set of m points in this domain.
Although his results are valid when the variable is restricted to be real, there
are several points of interest attending this restriction. The first of these is
the form of Green’s matrix. Langer has defined a set of m Green's matrices
corresponding to the m boundary points. In the real case, these can be com-
bined to yield a single Green’s matrix, &(x, s, \), which has a finite discon-
tinuity, with respect to the variable s, at each of the boundary points. In all
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other respects, this matrix has the familiar properties of a Green’s function.
That is, it has a unit discontinuity when x = s, and it is a formal solution
of the given boundary system and of the adjoint system. The second point
of interest is that the adjoint boumslary conditions (3:5b) are simply speci-
fications of finite discontinuities at the boundary points. The discontinuities
of the Green’s matrix satisfy these adjoint conditions. It is clear, therefore,
that these finite jumps are characteristic of the adjoint solution and of Green’s
matrix and, further, that no system with boundary conditions of the form
of (2-1b) can be self-adjoint if m > 2.

It should be noted that Haltiner (5) specialized Langer's results to the
real case for two point boundary conditions and obtained a new definition
of adjoint boundary relations. These relations have the advantage of being
explicitly defined in terms of the given boundary problem. The same advantage
is enjoyed by the m point relations obtained here.

The formal points of interest outlined above are significant, but the primary
problem in the subsequent discussion is the determination of the specific
regularity conditions on the boundary problem which will ensure the con-
vergence of the expansion of an arbitrary vector. This is accomplished by
decomposing the Green’s matrices defined by Langer and by finding relations
among the parts. These relations are equally valid in the complex case and
can be used to broaden the scope of Langer’s regularity conditions. This point
will be amplified in § 5, but it is appropriate to point out here that Langer’s
general results have been illuminated by applying them to a special case.

Whyburn (6), (7), (8) has considered differential systems in which integral
boundary conditions are combined with linear conditions at a countable set
of points. In particular (6), he has developed some formal aspects of a system
with combined integral and two point conditions. His Green’s matrix is
consistent with the Green’s matrix defined below and will, therefore, lend
itself to a reduction similar to that achieved in § 4.

2. The differential system. The basic system is the equation (1.1) and
boundary conditions (1.2) with the following assumptions:

k
(il) Pk= ZPkl(x>)\l) k=172v'°'ynv
1=0

with Py, (x) free from N and indefinitely differentiable.

(b) The algebraic equation r* + Pii(x)r"~' + ...+ Pu(x) = 0 has roots
rix), 7 =1,2,...,n, which together with their differences, r;(x) — r;(x), 7 # j,
have constant arguments and are bounded from zero for all values of x on a funda-
mental interval (a1, an].

(c) The points ai, a2y . .., Aw, (@; < @iy1), at which the boundary relations
apply, are the end points of the fundamental interval and a set of m — 2 arbitrary
interior points of that interval.

(d) Each coefficient v;;® in (1.2) is an arbitrary polynomial in N with constant
coefficients.
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This system can be reduced to the matrix system (see (4))

(2.12) V) = DRE) + @IV
(2.1b) > WOV ) = 9,

where 3 (x) is the diagonal matrix (8;,7;(x)); the diagonal components of the
matrix L (x) are zeros, and the other components are indefinitely differentiable
and free from A; and the components of W® (\) are polynomials in A.

The above results may be stated as a theorem.

THEOREM 1. The system (1.1) and (1.2), satisfying assumptions (a), (b), (c),
and (d), may be reduced to the matrix system (2.1a) and (2.1b).

All the subsequent results are developed for the matrix system which,
therefore, can well be regarded as the basic one. The nth order system is
preferred in this role because of its classical significance.

Langer has treated the problem associated with the matrix system when x
is a complex variable and the boundary points are m specified points in the
x-plane. He has obtained asymptotic solutions of the equation, defined the
adjoint system and a set of m Green’s matrices, developed a biorthogonality
relation and a formal expansion of an arbitrary vector in a series of character-
istic solutions. He has expressed the expansion as a series of residues of Green’s
matrices and shown that under appropriate conditions the latter converges
to the arbitrary vector. Langer’s formal results will be adapted to the present
problem. An independent derivation of Green’s matrix and of the formal
expansion would contribute to the continuity of this discussion but would to
some extent duplicate known results. Furthermore, such a derivation can be
applied to more general boundary conditions than those considered here and
will be made the subject of a separate discussion. The pertinent results from
Langer’s paper are given below, some of them being stated in the form of
theorems.

The characteristic values, Ay, Ag, ..., of system (2.1) are the roots of the
equation D(A) = 0 (cf. (1, § 7)). D(A) is the determinant of the matrix

22) 0 = 3 BP0 )

where 9 (x, \) is any non-singular matrix solution of (2.1a). The characteristic
solutions are non-trivial vector solutions of (2.1). They exist when X is a

characteristic value. The Green’s matrices, ®® (x, s, \), u = 1,2, ..., m, are
defined by (see (1, § 9))
(2.3) ©® (x, 5, N) = P (x, DN BW M) (au, NY~1(s, N),

where 9 (x, \) is the non-singular matrix solution used in the definition of
D(N). Let 7 be a non-negative integer and let f(x) be any vector (n-tuple of
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real functions) which has a derivative of order 7 + 1. Define the set of vectors,
fO@x), fV(x), ..., " (x), by the relations (1, (15.3))

@) = fx),
() = R@{FD (0) — QP @)}, k=1,2,...,7+ L

TaeoreM 2 (¢f. (1, (15.8))). The formal expansion of { (x) may be reduced
to the infinite series of residues

8P (x) = 200: resg ;ml )\I{J;IM@(“)(x, s, MR()(s)ds

+ O (x, @, ) :;0 AT (an} :

TurorREM 3. The partial sum, 8,0 (x), of the series of residues associated with
the first k characteristic values, is given by

24) &P @) = 5—}; Zmi { - f@‘“(oc, 5, NR()f(s)ds

Tr p=1

+ 6% (x, am N) 2 x‘”‘lf“"(a,,)} N,
h=0

where Ty is a contour in the \-plane enclosing precisely the first k characteristic
values.

The relation (2.4) is Langer’s formula (1, (15.10)) except that x; has been
replaced by s and 7, by @, It is clear that the expansion depends on the

choice of the integer 7 and that if [ = 0, we have an expansion of the vector
f(x) itself.

3. Green’s matrix. The term

i J;x@(")(x, s, MR()F(s)ds,

appearing in formula (2.4), represents the sum of m integrals. In the complex
case, each integral is over a curve joining one of the boundary points to the
point x. These curves may be entirely distinct or they may be drawn so that
they have segments in common. In the real case, on the other hand, no such
option exists. The intervals of integration have, of necessity, points in com-
mon. Consequently, in the real case it is notationally convenient to define
G(x, s, \), which will be called the Green's mairix, by the relation

q
> 6%, 5N, s<w
=1
3.1 &(x,5,N\) = g ,son (ag Ggr1).

m

- &P (x, 5,0\, s>«

w=g¢+1 )

https://doi.org/10.4153/CJM-1961-039-5 Published online by Cambridge University Press


file:///-plane
https://doi.org/10.4153/CJM-1961-039-5

466 RANDAL H. COLE

With ®(x, s, \) thus defined by a distinct formula on each of the subintervals
into which (a1, a,) is subdivided by the point x and the intermediate boundary
points, it is easily verified that

(3.2) i;l J;:(Sj(")(x, s MR ()f(s)ds = fm®(x & MR ()F(s)ds.

Employing (3.1) and (2.3), the discontinuities of & (x, s, A\) at the boundary
points are seen to be such that

(3.3) O, an +0,\) — O, an —0,\) = OP (x, as, \)
= Yx, DTN BW®(A)

where, as a notational convenience, the symbols G(x,a; — 0,\) and G(x,
an + 0, \) are used to represent the zero matrix. In terms of Green's matrix,
then, formula (2.4) becomes

34) 8000) = = f Fk[— J‘(:m@(x, 5 MR($)T(5)ds

a

h=0

+ Zm {@OC» [ + Ov )\) - (85<xv ay — Ov )\)} 21 }\ﬁh_lf(h%a’u)] Ald)\
p=1

It is of interest to observe that the Green’s matrix defined in (3.1) has all
the familiar properties of a Green’s function in classical boundary problems.
Because of its form, each matrix ®® (x, s, \), regarded as a function of x, is
a solution of equation (2.1a). Since, therefore, ®(x, s, ) is a sum of such
matrices, it is a formal solution of (2.1a). It fails to be a true solution because
of a discontinuity at x = s. Further, it is easily verified that

S B NG (@, s, \) = O.
h=0

Thus, & (x, s, N) is a formal matrix solution of the boundary problem (2.1).
The boundary problem adjoint to (2.1) may be defined by

(3.52)  3'(x, M) = = 3(x NARK) + Q)}
(3.5b)  B(ax +0,N) — 3@y — 0,)) = AN W™ (), h=1,2...,m,

where for convenience the symbols 3(a; — 0, ) and 3(a, + 0, \) are defined
to represent the zero matrix. A matrix 3(x, \) is a solution of this system if
it satisfies equation (3.5a) and if a parametric matrix A (\) exists such that
(3.5b) is satisfied. Solutions of the adjoint system, therefore, have discon-
tinuities at the boundary points. This definition of the adjoint system is con-
sistent with Langer’s definition (1, (10.1)) if #, is identified with a;.
Because of its form, Green's matrix, regarded as a function of s, is seen
to be a formal solution of (3.5a). Moreover, recalling (3.3), its discontinuities
at the boundary points are evidently precisely those required by (3.5b) with
D (¢, \)D7I(N) as the parametric matrix A(N). As in the earlier case, it fails
to be a true solution of (3.5) because of an add tional discontinuity at s = x.
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The characteristics of Green’s matrix will be listed in the form of a theorem.

THEOREM 4. Green's mairix defined by (3.1) has the following properties:
(1) It is continuous in x and s except when x = s and when s = a,, p = 1,
2,...,m. The discontinuity when x = s is given by

&G +0,5,A) — O —0,5,N =G

(i1) For each fixed s, it is a formal solution of the boundary system (2.1).
(iii) For each fixed x, it s a formal solution of the boundary system (3.5).

The non-homogeneous boundary problem,

Y (x, A) = (AMR(x) + Q) iye, N) + flx)

BY(MNy(an N) = o,

h=1

when X is not a characteristic value, has a vector solution u(x, ) given by
am
wen) = [ O, s NI
ail
The corresponding non-homogeneous adjoint problem has the vector solution

v, \) = — f )6 (s, x, N)ds,

al
with

am

a(\) = = | f$)P NdsDTN)

a

as the parametric vector. The verification of these facts is straightforward.

A reduction of formula (3.4) can be achieved by using the fact that ®(x, s, \)
is a formal solution of the adjoint system. It is more convenient, however, to
cite the reduction given by Langer in (1, § 17) which results in his formula
(17.3) and to express this latter formula in terms of the matrix ®(x, s, \).
The result is

Tr n=0

™

_ L f J N 6,5 ORI (s)dsan.

2T

Since the first term on the right of (3.6) has the value {(” (x), we may write

l _ Q1 ____i_ 1
(3.7) 8" (x) = V() = 5= 6" ()
where
(3.8) bV (x) = fr f amx"f'l@(x, 5, MR TV (s)dsdn.
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Thus the problem of showing that 8,(” (x) converges to {¢¥ (x) has been reduced
to the problem of showing that

lim 65" (x) = o.
ks

4. The structure of Green’s matrix. The synthesis of Green’s matrix,
achieved by formula (3.1), is notationally convenient in dealing with the
formal aspects of the boundary problem. In order to establish the convergence
of the formal expansion, however, it is desirable to obtain a decomposition
of Green’s matrix beyond that exhibited in (3.1). The following lemma will
be useful in this reduction.

LemuMa 1. Let U®O, UD, . U™ be a set of n X n matrices and let their
sum, D, be non-singular. Corresponding to each matrix DD, there is a set
of (m + 1) matrices O®, v = 1,2,...,m + 1, such that

m+1

—141( (nv)
" = Zl@“, p=12...,m,
and

oW = — o, mr=1,2...,m

The matrix W™D has zero components except on its diagonal where each
component is the corresponding diagonal component of DU,

Let the symbol &, represent the matrix in which all the components are
zero except for a unit component in the Ath row and /th column. That is,
Sne = Budiy), A1 =1,2,...,n Also, let the matrix §" be defined by
" = § — Sy The cofactor of the element in the jth row and the 7th column

of ® may be written as |DF* 4+ ;. Hence, if D is the determinant of D,

D= 1/D (DX + S
and

D% =1/D <21 D3 + 31»1]“%)
=

1/D <Z ]@S” -+ lt}c“j)\c}ki]> .
r=1

The general component of the matrix on the right is exhibited as the sum
of # determinants which differ from each other only with respect to their sth
columns. They may be added, therefore, by replacing the 7th column of any
one of them by the sum of the 7th columns of all of them. Since this column
sum is readily seen to be the jth column of 11®, we have

D = 1/D(DF + NP, ).
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The right side of this relation may be expressed as the sum of two matrices,
one having zeros on the diagonal and the other having zeros elsewhere. Thus,

(4'1) @-—lu(n) - (I__Dil_f 1@3“ + 11""&-1!) + <%i_] lgsu + u(u)gﬁ{) .

The second matrix on the right will be represented by the symbol & ™+D,
Since it is a diagonal matrix, we may replace the index 7 by j so that,

m dij
(4.2) HHm = (51 23" + 11(")3‘7;|> .

The first matrix on the right of (4.1) may be decomposed into a sum of m
matrices by expanding the determinantal factor of the general component
as follows.

[@E}ii _|_ u(#)s}jil

I

‘@3“’3]’]‘ + ;l u(y)E}jj"' u(n)s}ji

= 21 [@S”ij+u(l‘)3<”+u(n)3ﬁl.

Thus, if we define the matrix $*” by

“3) o = <1—’,')—" D373 + U3, + u“”sm!) =12, m,

we have
= v 1 - 61 i
; @(H ) ( ) J I@\(}i + u(#)f}ji[> .
Hence,
197 (w) ! (w»)
—1 _ w)
DU ; )

An examination of (4.3) reveals that, if » = u, the determinantal factor of
the general element of $®» has two identical columns. Thus,

(4.4) How = O

Again, interchanging the symbols p and » in formula (4.3) has the effect of
interchanging two columns in the determinantal factor. Since this changes
the sign of the determinant, we infer that

(4.5) HEN = — How,

This proves the lemma.
It may also be noted that

(4.6) zm: @(M,m—l) - S

u=1

This is obtained by summing (4.2).
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In anticipation of a notational device to be introduced later, we define the
matrix H™+10 by

(4.7) HEH = — GlmtD
and let 9™+1-m+D be the zero matrix of order #. Relations (4.4) and (4.7)
are then wvalid for u =1,2,...,m + 1, and relation (4.5) is valid for
wr=12...,m+ 1.
THOEREM 5. There exist matrices O®) (x, s, \), u,v = 1,2, ..., m + 1, such
that
m+1
(4.8) &P, 50) = 2 6* @, 5N, n=1,2,...,m,
y=1
and
(4.9) G®) (x, 5,A) = — GOW (x, s, ).

To prove the theorem, let the matrix U®, appearing in Lemma 1, be
specified by

(4.10) U = W® NP (ay, N), w=12...,m.
The matrix ®© of that lemma becomes, then, the characteristic matrix D(\)

and will be non-singular if A is not a characteristic value. Hence,
m+1

DIMBYNY (@, N) = 2, .
=1
Let ®® (x, s, \) be defined by
(4.11) &) (x, s, \) = P(x, \)HEIYP~1(s, N), wr=12...,m+1.

It follows at once from Lemma 1 and relation (4.7) that the relations (4.8)
and (4.9) are valid.
As a particular instance of (4.9), it may be noted that

(4.12) & (x, s, \) = Q.

Further, from (4.6) we infer that

(4.13) 25 GU (5, 0) = P, MY, N,
p=1

The asymptotic representation for the solution §)(x, \), obtained by Langer
(1, (6.10) and (6.11)), is

(4.14) D(x, N) = Blx, \)E(x, \)

where,

z

Glx, \) = (0,6,  with R,(x) =f r,(8)dt,

a

and P(x, ) has an asymptotic representation of the form
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B, N) = § + 2 NTEP )+ A B (M),

In the latter relation, k is any natural number and PP (x), k= 1,2, ...,
k — 1, and Bi(x, \) are indefinitely differentiable in x, and the components
of By(x, N) are analytic in A and bounded for |A| large.

In view of the representation (4.14) and the definition of U® in (4.10), it
is clear that the components of @®” (x, s, \) are exponential sums. To the end
of deducing the structure of these sums, we prove the following lemma.

LemMA 2. The matrix D®” has the representation given in formulas (4.15)
and (4.16) below.

Since the components of B® (A) are polynomials in A, U® may be expressed
as

u(ﬂ) — ('U(i‘;‘) exp{ )\Rj(au) } )1

where v;;® is asymptotically a polynomial in 1/X multiplied by some non-
negative integral power of A. §*™+D is a diagonal matrix and, from (4.2), its
jth diagonal component is seen to be 1/D multiplied by a determinant whose
jth column is the jth column of U® and whose other columns are corresponding
columns of D. Since D = UD 4 U 4 . | 4 N, this determinant may be
expanded into the sum of m"~! determinants, each of which contains the jth
column of U® as its jth column, and the ath column of one of the matrices

o, u®, ..., U™ as its ath column, a # j. Thus,
(4.15) o*™ = (;5] 2 kG exp{k[Rj(ap) + 2 Ra(aka]}) :
ka=1,05%j a=1,aj J

where i o ® ™D is asymptotically a polynomial in 1/A, multiplied by
some power of A\. The subscript symbol {&,|Je 5 j} is an abbreviation for the
set ki, ks, ...,k 1, Rjy1, ..., ky. The summation operator applies inde-
pendently to each member of this set. Thus, the jth diagonal component
of Hw ™D ig exhibited as an exponential sum of m"~! terms.

The matrix ®, u, v = 1,2,...,m, has zeros on its diagonal. From
(4.3), the component in the ith row and jth column, ¢ # j, is seen to be
1/D multiplied by a determinant whose ith column is the jth column of U®,
whose jth column is the jth column of U™, and whose other columns are
columns of ©. This determinant may be expanded into the sum of m"2
determinants, each of which contains, as its sth and jth columns, the jth
columns of U® and UM, respectively, and as its ath column, « # 7, j, the

ath column of one of the matrices U™, 1®, ..., U™, Hence,
12 1 '_ 61 = 13
(4.16) §* = (——’ DI P
D ka=1,a5%1,j
exp{)\[Rj(au) + R;(a,) + 12' ‘Ra(aka):l}> .
a=1,05%1,j
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The notation in this relation is similar to that used in (4.15). This completes
the proof of the lemma.

Recalling the definition of ®&*» (x, s, A\) in relation (4.11) and the repre-
sentation of 9 (x, \) in (4.14), we may write

O (x, s, \) = Blx, N)E(x, ) D@E1(s, \)B~1(s, N).

Anticipating the form of the product on the right, let the following two
relations define their left members.

(417) ¢ (x,5) = Ry(x) — Ry(s) + Ry(a,) + Z R.(ay,),

a=1,a7#j
w=12...,m,

n

(£18)  ¢Wurin (x,5) = Rilx) — Ry(s) + Ry@,) + Ry(@) + > Ralawy),

a=1,a7#1,j
v =12, ..., mu#=

Both €(x, \) and its inverse are diagonal matrices, hence, multiplying each
of the relations (4.15) and (4.16) on the left by €(x,\) and on the right
byl&-1(s, \), we have

m —_ 81- ud ,m
G, N)O*™PE (s, \) = (DJ,C 2 i) exp{Noliat) (x, S)}>

=1,a7%j

and
) e 1 — 68 =
C(x, )\)‘@(“ )@ l(sy \) = ('__‘DJ =XZ: h((ka)la#z 7 exp{)‘d’{kala#z o (x, 5)}>

The matrix &®” (x, s, \) is obtained by multiplying the appropriate one
of the above matrices on the left by B(x, ) and on the right by $—1(s, A). In
this connection, we may observe that each component of the product, ABE,
of three matrices is a linear combination of all the components of B, and
that each coefficient in this linear combination is the product of some com-
ponent of 9 with some component of €. From this, and the fact that the
components of both B(x, \) and P~1(s, \) are asymptotically polynomials in
1/, it is clear that each component of ®®” (x, s, \) will be an exponential
sum containing, in general, all the exponential terms appearing in $®», The
coefficients of these sums will, moreover, be of the same form as the coeffi-
cients in the non-zero components of $*, except that they will be functions

of x and s. Hence, each component of F® ™D (x, s, \), u =1,2,...,m, is
of the form
(4.19) \'/D Z 2 gitdeh exp (Nl (x, 5)}.

j=1 kq=1l,a#j

Similarly, each component of ®®” (x, s, \), u,v = 1,2, ..., m, is of the form

(4.20) A /D Z Z g(kala#z 3} exp{)‘¢'kalu#1 i (x, 9)1.

i,j=1ka=1,a5%1,j
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The non-negative integer 6 is defined to be the smallest such integer for which
the coefficients, g jass;® ™ and g lai,5*”, are asymptotic polynomials
in 1/X for every admissible value of their various indices. The above results
are summarized in the following theorem.

THEOREM 6. Each component of &® (x, s, N) is an exponeniial sum of the
form shown in (4.19) or (4.20). The coefficient of N\ in the exponent of e in each
term of the sum is given by (4.17) or (4.18).

As a useful notational device, we define the square matrix ((®)), whose
components are matrices, by the relation

((©) = (O“(x,5N),  mr=12,...,m+1L

Because of relation (4.9) in Theorem 5, this matrix is seen to be skew-sym-
metric. Further, let the symmetric matrix § be defined by

%: (d)(lll’)(x,s))’ M,V=1,2,...,m+l.

The components of this matrix are the functions defined in (4.17) and (4.18)
for all values of u and » for which those definitions are valid. The definition
of the remaining components is achieved by the relations

G2l (x, 5) = 0, if =,
eI (x,5) = ¢V (x,5), v=12,...,m+ 1L

Thus, the element in the uth row and »th column of § corresponds uniquely
to the element in the wuth row and »th column of ((®&)). That is to say, the
exponential sum which constitutes the general component of @®» (x, s, \) is
1/D multiplied by a linear combination of exponential terms of the form
exp{A¢®” (x, s)}, where the undesignated parameters in ¢*” (x, s) are allowed
to range through all their admissible values. It follows that, when we are
concerned with the sum of any specific block of components in ((®)), the
exponential sums contained therein will have in their exponents precisely those
¢-functions which appear in the corresponding block of components in .

The sums of certain blocks of components in ((®)) can be concisely repre-
sented, if we define the vector b; to be an (m 4+ 1)-dimensional vector with 1
in the jth place and zeros elsewhere and define the vector i, by the relation

q
i, = ,2 b

Thus, recalling (4.8),
0, ((®)) g1 = OW(x, s, N).

Hence,
q

Z ®(“)(xr Sy >\) = i«((@))im+ly

p=1
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and it is immediately clear that this notation can be used to rewrite formula
(3.1). That is,

(421) G, s \) = {iq(((@)) 1y s <

X
B (im - iq)((@>>im+1, s> x} son (ag ag1).

THEOREM 7. Formula (4.21) for Green's matrix may be reduced to

| . () (st — 1), s<al
(4.22) O(x,s,N) = {_ (= L) () + ), s > xf son (@, Ggr1).

This result follows immediately when it is recalled that ((®)) is skew-
symmetric, and hence, that both {,((®))i, and (i, — 1,) ((®)) (i, — i,) are
Zero.

The simplification of Green's matrix achieved by Theorem 7 is of basic
significance. In its absence, the definition of regularity would of necessity
be made in terms of formula (4.21). Such a definition would not permit the
fundamental conclusion stated in Theorem 8 below.

5. Regularity of the boundary problem. In § 4 it was noted that
each component of &®” (x, s, \) is 1/D multiplied by an exponential sum.
Since D is itself an exponential sum given by (1, (11.3))

D =DM = X2 Aa(N)e

each component of &®» (x, s, \) may be interpreted as the quotient of two
exponential sums. A comparison of the exponents of the numerator with
those of the denominator is clearly vital to a discussion of the convergence
of b,(Y(x) defined in (3.8).

Let the set of exponent coefficients {Qq| Ao (N) 2 0} be represented by the
symbol Ep. This set is a subset of the set £ defined by

{Z Ra<ak,,>} ,

where each member of k4, ks, . . ., k, is chosen independently from the integers
1,2,...,m, (1, (11.3) et seq.). Let the members of the set £, be plotted on
a complex g-plane, and let P, be the closed region bounded by the convex
polygon of smallest area which contains all these points in its interior or on
its perimeter. It may be noted for future reference that the members of the
set E may be similarly plotted and that they will determine a corresponding
closed minimum convex polygonal region P. The region P, may coincide
with P, but if certain members of the set {A,(\)} are identically zero, Pp
will be a proper subregion of P.

The exponent coefficients, defined in (4.17) and (4.18), are functions of s
for each fixed value of x and each permissible set of values of the parameters
involved. If the symbol ¢*» (x, s) is used to represent any one of these functions
the relation

(5.1) z = ¥ (x,s)
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will effect a mapping of any s-interval into a complex z-plane. Since R;(s) has
a constant argument and R, (s) # 0, the image is a straight line and the
mapping is one-to-one. It may be similarly inferred that, for s fixed, the
relation (5.1) will effect a one-to-one mapping of any x-interval into a straight
line image. The definition of regularity will be made in terms of the location
of the s-interval images relative to the region Pp defined above.

Definition. The boundary problem will be said to be regular relative to a
specific value of x if, for all permissible values of the parameters {ko| a ¥ j}
or {k. |a # 1, j}, as the case may be:

(i) Every ¢-function in the sum

iq%(i"wl - iq)
maps (@4 @.41) into Pp for every ¢ such that a1 < x, and maps (a,, x) into

Pp when a, < ¥ < @441
(if) Every term in the sum

(Im - iq)%(iq + brrH-l)

maps (@, @.1) into Pp for every ¢ such that ¢, > x, and maps (x, a,1) into
Pp when a, < x < agq1.

The boundary problem will be said to be regular relative to any subinterval
of [a1, an], if it is regular relative to every x on that subinterval.

It will be seen, on recalling the representation of &(x, s, \) in (4.22), that
if a problem is regular, every exponent coefficient in the exponential sum
constituting the numerator of each component of ®(x, s, \) will have values
lying in Pp, for all values of the variable s.

A sufficient condition for regularity will now be developed by showing that
each s-interval mentioned in the definition of regularity is mapped into the
region P by the mapping functions associated with it. From this it will follow
that if Pp coincides with P the boundary problem is regular.

If, in the mapping relation (5.1), ¢®*» (x, s) is the function defined by (4.18),
it is clear that the image points ¢®*” (a4, a,) and ¢** (a,, a,) belong to the set
E and are, therefore, in P. Hence, since P is convex, ¢** (x, a,) is in P for any
x on [ai, a,]. Similarly, it may be inferred that ¢®” (x, a,) is in P for the
same x. This leads to the conclusion contained in the following lemma.

Lemma 3. The relation (5.1) with p,v = 1,2,...,m, (u # v) maps the
s-interval [a,, a,| into a line in P for any fixed x on [a1, an]. Moerover, if s is
bounded away from the end points of its interval, z is bounded away from the
vertices of P.

If v =m + 1in (5.1) and ¢® ™D (x, 5) is defined by (4.17), it is clear that
the images of all pairs of values of x and s lie on the same straight line. Since
the points ¢®*™*V (a4, a,) and ¢* ™V (a,, a,) lie in P, the point ¢* "V (x, a,)
lies in P for any x on [ay, a,]. Noting, then, that ¢®* ™V (x, x) is in P, we
can state the following lemma.
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LemMmA 4. The relation (5.1) with v =m + 1, p = 1,2,...,m, maps the
s-interval [a,, x] into a line in P for any x on [a1, an). If s is bounded away
from x and a,, z is bounded away from the vertices of P.

Let (a,, a,+1) be any s-interval determined by a pair of consecutive boundary
points. If @,y < x, it is readily seen, by employing the above lemmas, that
relation (5.1) maps (a,, @,4+1) into P provided that p < gand » > ¢ + 1. For,
under these conditions on p and v, (@, @.1) is contained in [a,, @,] when
v # m + 1 and is contained in [a,, x] when v = m + 1. If ¢, < x < az41, @
similar argument shows that (a,, ) is mapped into P by (5.1) when u < ¢
and v > ¢ + 1. These facts can be summarized by saying that each ¢-function
in the sum

15 (lns1 — o)

maps (a, @.41) into P for every ¢ such that a,41 < x, and maps (a,, x) into
P when a, < x < @441. In a similar fashion, it can be inferred that each
¢-function in the sum

(im - iq)%(iq + brrH-l)
maps (a,, @,+1) into P for every ¢ such that ¢, > x, and maps (x, a,41) into

P when ¢, < x < a,41. Comparing these results with the definition of regu-
larity, the following theorem can be stated.

THEOREM 8. If Py coincides with P, the boundary problem 1is regular.

The above theorem establishes the fact that all problems in the category
initially specified are regular except possibly those for which the determinant
D()) is degenerate in the sense that P, is a proper subregion of P. Success
in establishing this fact depended on the relations (4.9) and (4.12), by means
of which the original form of Green’s matrix given in (3.1) was simplified to
the form exhibited in (4.22). The relations in question apply equally well in
the more general complex case. Consequently, Langer’s regularity conditions
could, with advantage, be amplified to include a recognition of the simplifying
properties of these relations. In this connection, it should be noted that
Langer made specific mention of the possibility of a simplification within the
formula for a single matrix ®® (x, s, \), but that the simplification suggested
here occurs between the terms of a sum of such matrices. Hence, in order to
take advantage of the relations, the paths of integration, corresponding to
those in formula (2.4), need to be chosen so that some of them have segments
in common. This will generally be possible and the attendant simplification
will be sufficient to admit as regular many problems (the present one is a
case in point) which would not be regular according to a literal interpretation
of Langer’s conditions.

6. Convergence of the expansion. The convergence discussion given in
(1) is applicable here, but it will be replaced by one which imposes a less
restrictive condition on the vector to be expanded.
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The matrix ®(x,s,\) is a sum of matrices whose components are displayed
in (4.19) and (4.20). The multiplication of & (x, s, ) on the right by R (s)f+? (s)
will, therefore, yield a vector whose components are sums of functions of the
form

X
D
where A® (x, s, \) is asymptotically a polynomial in 1/\. Let the integer p
be chosen as in (1, § 12) so that, for each « for which @, is a vertex of the
polygon bounding Pp, the function
A ?De e,

(1, (12.2)), is uniformly bounded from zero for A on the contours of the
set {T';}. Define k®” (x, s, \) by

B*7 (e, 5, \) expi{Ae®” (x, 5)},

1511('”) (x, 5, \) = E*(x, s, N)Ne %

so that E®” (x, s, N) is bounded and integrable in s and X for A on T';. A typical
term in the sum that comprises any component of the vector 0;(? (x), as defined
in (3.8), is given by

(6.1) f f AP (65, N) exp N (6™ (x, 5) — Qa)} dsdA.
T'rY a1

If x is a point at which the boundary problem is regular, ¢®” (x, s) lies in
the region P for every s on (a1, an), with the exception of the boundary

points as, a3, ..., an_1, and the point x at each of which the integrand is
not defined. For any A, then, the index « can be chosen so that
(6.2) R{X(o® (x,5) — )} <O

for all values of s. There will, moreover, exist a sector on the A-plane, which
may be specified by

(6.3) £ < arg N < &

such that the inequality (6.2) is maintained for all A therein. A finite set of
such sectors will cover the whole A-plane and will effect a subdivision of the
contour TI'; into segments. The symbol Ty, will be used to designate that
segment which lies in the sector specified by (6.3). The integral (6.1) may
be expressed as a sum according to the partition of T, and a further decom-
position is determined by partitioning [a1, ¢»] at the points ae, as, . .., Gn-1,
and x, where the integrand is discontinuous. In consequence, we may say that
any component of the vector 0;,(? (x) consists of a sum of terms of the type

da
(6.4) f j N lo(x, s, NdsdA,
T'raV ¢

where ¢ and d are any two consecutive partition points of [ai, a,] and
(6.5) o(x, 5, N) = N7k (x, 5, \) exp{N(¢®” (x, 5) — Q).
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The non-negative integer 7, on which the expansion depends, is assumed to
be at least as large as § — p and sufficiently small to insure the existence of

fr+D (x). Let the exponent of X in (6.5) be written as [ — /5, where /; = — 8
+p4 7. If I <1, it is clear that ¢(x, s, A) is bounded and integrable for
M large.

IflI <,

Iim o(x,s,\) =0

YR
uniformly in s on (¢, d). Thus it is easily inferred that integral (6.4) converges
to zero as k— . From this it follows that 0,?(x) converges to zero and
8,V (x) converges to (" (x) as k — =.

If I = I and if, for e arbitrary, arg X\ and s are restricted by §, + ¢ < arg A
<& —eand ¢+ e < s <d — ¢ respectively, then, recalling Lemmas 3
and 4, § 5,

lim exp{A(o™”(x,s) — )} =0,

M50

uniformly in s. At once,

lim ¢(x,s, A\) =0,

YIS
uniformly in s, for arg A and s restricted as above. From this it follows easily
(see (2, Lemma 1, p. 166)) that integral (6.4) converges to zero, and hence
that 8;Y (x) converges to {(P(x) as k > ».

Combining the two cases, then, it may be stated that the series 8("(x)
converges to f((x) for I < [;. The convergence is readily seen to be uniform
in x on any closed interval on which the boundary problem is regular.

If I < Iy, it is easily inferred (see (1, § 17)) that the series arising from the
term-by-term differentiation of 8 (x) converges to {(¥'(x). In particular,
8™ (x) converges uniformly to f(x), and this series admits of term-by-term
differentiation to the order /;,. The following theorem summarizes some of
these results.

THEOREM 9. Let 7 be the larger of the integers 0 and 6 — p. If f(x) is any
vector with a bounded and integrable derivative of order (r + 1) on a closed
subinterval [c, d] on which the boundary problem is regular, then the series ex-
pansion 89 (x), associated with 7, converges uniformly to f(x) on [c, d). More-
over, if 0 — p is megative, this series admits of term-by-term differentiation to
the order of p — 0.

REFERENCES

1. R. E. Langer, The boundary problem of an ordinary linear differential system in the complex
domain, Trans. Amer. Math. Soc., 46 (1939), 151-190.

2. —— Developments associated with a boundary problem not linear in the parameter, Trans.
Amer. Math. Soc., 25 (1923), 155-172.

https://doi.org/10.4153/CJM-1961-039-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-039-5

THE EXPANSION PROBLEM 479

3. C. E. Wilder, Expansion problems of ordinary linear differential equations with auxiliary
conditions at more than two points, Trans. Amer. Math. Soc., 18 (1917), 415-442.

4. R. H. Cole, Reduction of an n-th order differential equation and m-point boundary conditions
to an equivalent matrix system, Amer. J. Math. (1), 68 (1946), 179-184.

5. G. H. Haltiner, The theory of linear differential systems based upon a new definition of the
adjoint, Duke Math. J., 15 (1948), 893-919.

6. W. M. Whyburn, Differential systems with general boundary conditions, Seminar Reports in
Mathematics, University of California Publ. Math. (1), 2 (1944), 45-61.

7. ——— Differential equations with general boundary conditions, Bull. Amer. Math. Soc. (10),
48 (1942), 692-704.
8. ——— Differential systems with boundary conditions at more than two points, Proceedings

of the Conference on Differential Equations, held at the University of Maryland,
March 17-19, 1955 (University of Maryland Bookstore, College Park, Md., 1956), 1-21.

University of Western Ontario

https://doi.org/10.4153/CJM-1961-039-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-039-5

