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1. Introduction. In 1958, Egervâry and Turân [3] p ro 
posed and solved the problem of finding a stable interpolation 
process of minimal degree on a finite interval . Later [4] they 
investigated the same problem for an infinite interval with a 
suitable modification of the definition of stability. For the inter
val (-oo, oo) their definition naturally differs from the one for 
the semi-infinite interval . More recently Balâzs [ l ] considered 
the same problem for the open interval (-1 , 1) and his defini
tion of stability differs from that of Egervâry and Turân [3] by a 

factor (1 - x ) , a> -1 . In the present work we consider a 
definition of stability for the infinite interval which differs from 
the corresponding one in [4] by the introduction of a factor 

ar+1 
x , a> -1 . We then obtain the "most economical" interpola
tion p rocess which is stable in the sense of the definition. In 
§ § 4, 5, we take up the problem of convergence of the interpola-
tory polynomials considered in § 3. 

th 
2. Consider a tr iangular ma t r ix whose n row is 

(2.1) 0 < x, < x^ < . . . < x < oo, 
In 2n nn 

n ^ n 
and let (y } , (y } be a rb i t ra ry rea l numbers . 

vir . vir . 
1 1 

* 
Let R (x) and R (x) be polynomials given by 

n n 
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n * n * 
(2 .2 ) R (x) = S y u (x), R (x) = S y u (x ) , 
v ' n vn v n vn v 

v=l v = l 

( 2 . 3 ) u, (x. ) = 5, . , ( K r o n e k e r de l ta ) 
k j n kj 

w h e r e u (x) a r e the f u n d a m e n t a l p o l y n o m i a l s . Then we s h a l l 
k 

s a y tha t the p r o c e s s of i n t e r p o l a t i o n defined on (2 . 1) by (2 . 2), 
(2 . 3) i s s t ab l e if for s o m e a > - 1 

(2 .4 ) 0 < x * + 1 e " X |R (X) - R * ( x ) | 
— n n 

, * j or+1 vn 
< m a x y - y x e , 0 < x < o o . 
— A vn v n ' vn 

1< v< n 

We s h a l l ca l l the s u m of the d e g r e e s of the p o l y n o m i a l s 
u (x) the d e g r e e of the p r o c e s s R , so tha t the " m o s t e c o n o m i c a l ' 

v n 
p r o c e s s is the p r o c e s s whose d e g r e e i s s m a l l e s t . We s h a l l p r o v e 
the fol lowing t h e o r e m s . 

T H E O R E M 1. The " m o s t e c o n o m i c a l " i n t e r p o l a t i o n p r o 
c e s s R (x) which i s s t a b l e in the s e n s e of (2 .4 ) i s ob ta ined if 

n 
and only if the a b s c i s s a s x (1 < v < n) of (2 . 1) a r e the z e r o s 

vn ~ — 
of n L a g u e r r e p o l y n o m i a l L (x) , a > - 1 and the m i n i m a l 

d e g r e e of R (x) i s n ( 2 n - 2 ) . 
n 

The exp l i c i t f o r m of R (x) i s g iven by ( 3 . 5 ) . 
n 

T H E O R E M 2. If f(x) i s con t inuous in 0 < x < o o , then 
" m o s t e c o n o m i c a l " i n t e r p o l a t o r y p o l y n o m i a l R (x) of T h e o r e m 1 

n 
i n t e r p o l a t i n g f(x) in the nodes (2 .1) c o n v e r g e s to f(x) u n i f o r m l y 
in 0 < € < : x < c o < o o . 

If in (2 . 1) we a l low 0 < x and if we r e p l a c e (2. 4) by 
~ l n 

( 2 . 4 a ) 0 < x Q ' + 1 e ' X | R (x) - R* (x) | < m a x |y - y* | x * + 1 e ^ , 
~~ n n '— v vn vn vn 

0 < x < oo, 
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t hen for the p o l y n o m i a l s R (x) of T h e o r e m 1, the a b s c i s s a s a r e 
n 

the z e r o s of x L t (x ) , a> - 1 , and the m i n i m a l d e g r e e is 
n - 1 — 

then (n - 1) (2n - 1) . F o r a = - 1 , we then get the r e s u l t of 
E g e r v a r y and T u r a n [ 3 ] . 

F o r the proof of the T h e o r e m 1, we s h a l l need the following 

LEMMA 1. If ( x } n
 A denote the z e r o s of I / 0 * (x) , 

v v = l n 
then for 0 < x < oo, we have 

def -or-1 x 
(2 .5) v(x) = x e 

, x L ( a ) ( x ) 

v = l L (x ) (x - x ) 
n v v 

P roo f . F o r x (v = 1, 2, . . . , n) we have v(x ) = 0 , 
v v 

Tn/ \ -ar-1 v , . - a - 2 v 
V1 (x ) = x e - (a + l ) x e 

v v v 

x e ~:—; = 0 , L i (x) n v 

owing, to the d i f f e ren t i a l equa t ion 

(2 .6 ) x w (x) + (a + 1 - x) w (x) + nw (x) = 0 
n n n 

te) 
sa t i s f i ed by w (x) = L (x) 

n n 
i . e . , v(x) has a t l e a s t 2n r e a l z e r o s a t the x f s . If for a 

v 
£ we had v(§) < 0 , then owing to v(0) = + oo , v(x) had a t l e a s t 
one m o r e r e a l z e r o . Then a c c o r d i n g to Rol les t h e o r e m 

( 2.T)) 

v (x) would have a t l e a s t one r e a l z e r o . But th is c o n t r a d i c t s 
the fact , b e c a u s e 

, A2n) , -or-1 x x(2n) 
v(x)x = (x e ) > 0 , 

and th is c o m p l e t e s the proof of the l e m m a . 
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We s h a l l a l s o m a k e u s e of the w e a k e r i nequa l i t y 

(2 .7 ) 2 e~X (— f 1 ( x ) < l , x > 0 , 
XV V "" 

v = l 

wh ich i s obvious f r o m ( 2 . 5 ) . 
3 . P r o o f of T h e o r e m 1. We s h a l l h e n c e f o r t h w r i t e x 

v 
for x and y for y , 1 < v < n . We f i r s t p r o v e the n e -

vn v vn 
c e s s i t y of the condi t ion in T h e o r e m 1. Choosing y = 1 for 

* V 

v = k and y = 0 , v F k and y = 0 , l < v < n , we ob ta in f r o m 
v v ~~" ~~ 

(2 .3 ) and ( 2 . 4 ) , the i nequa l i t y 

(3 .1 ) 0 < F J X ) < 1 ( x > 0 , l < k < n ) 

w h e r e we s e t 

F k ( x ) 2 ( ff+± fiXk X Vx ) • 

whence f r o m (2 .1) and (2. 3) we have 

(3 .2 ) u_ (x ) = u ' (x ) = 0, v* k . 
k v k v 

t 

Also f r o m (2 . 3) and (3 .1 ) , we have F (x ) = 1 , and F k (x , ) = 0. 

F r o m the l a s t condi t ion we have owing to (2 . 3) 

(3 .3 ) u ^ ) = - — + 1 
* k 

n 
If w (x) = n (x - x ), 

n A 

v=l 
w (x) 

n x2 then (3 .2) shows tha t u (x) i s d iv i s ib l e by ( ) so tha t 
k x - y^ 

the d e g r e e of R i s > n(2n - 2) . If the p r o c e s s R i s " m o s t 
n — n 

e c o n o m i c a l " , then i t i s enough to t ake 

w (x) 2 

(3 .4 ) U k ( x ) = [ ( x - x J ) w M x k ) ] ' 
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F r o m ( 3 . 3), we now obta in on d i f fe ren t i a t ing (3 .4 ) 

% ( x k } a + i - \ t u 
—j—,—T = - , 1 < k < n 
w 

Whe nee x, w " (x ) + (a + 1 - x ) w ' (x ) = 0 , 1 < k < n 
l e n k k n k — — 

so tha t x w (x) + (or + 1 - x) w ' (x) = C w (x) = for s o m e c o n s t a n t 
n n n 

C. , } 

Thus w (x) = L. (x ) , with C = - n . Hence 
n n 

n L (x) 
(3 .5 ) R (x) = 2 y 1 (x ) , 1 (x) = ^^-j^ 

v= 1 ( x - x )L (x ) 
v n v 

and th is p r o v e s the n e c e s s a r y p a r t . 

To p r o v e the suff ic iency we show tha t the i n t e r p o l a t o r y 
p o l y n o m i a l s R (x) in (3 .5) sa t i s fy the s t a b i l i t y cond i t ion ( 2 . 4 ) . 

n 
F r o m the inequa l i t y (2. 5) p roved in l e m m a 1 we have 

n . x - x L ( û / )(x) 
(3 .6 ) Z (-*-)*" e V [ - y y - S } 2 < 1 , x > 0 . 

A X T te) / W x ~" 
v= 1 v L (x ) ( x - x ) 

n v v 
2 * 

Due to the non nega t iv i ty of 1 (x) and a r b i t r a r y y , y (v = 1, 2, . . . ,n) 
v v v 

we have 
a+1 X i ^ , 2 . , _ * , 2 . . i ^ . r * i ar+1 v . 

0 < x e S y 1 (x) - 2 y 1 (x) < S { y - y x e } 
, v v . . v v ~~ . v v v 

v=l v=l v=l 
J_>I X - X 

H h * + 1 e V l 2 ( x ) . 
x v 

V 
Thus owing to (3 .6) the i n t e r p o l a t o r y p o l y n o m i a l s (3 .5) sa t i s fy 
the s t ab i l i t y condi t ion ( 2 . 4 ) . This p r o v e s T h e o r e m 1. 

4 . To p r o v e T h e o r e m 2, we need the fol lowing r e s u l t s . 
F o r the H e r m i t e - F e j e r i n t e r p o l a t i o n on L a g u e r r e a b s c i s s a s we 
have [Szego 4] 
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n a + 1 - x L ( û f )(x) 

( 4 . 1 ) 2 (1 + * ( x - x ) [ , n ] = 1 . 
v = l Xv V L ( a ) ( x ) ( x - x ) 

n v v 

L e t K deno te the con t inu i ty m o d u l e of f(x) wi th r e s p e c t to 

the i n t e r v a l [0, 2OJ ], then for p o s i t i v e X and 5 wi th \ 5 <^ 2co 
the i n e q u a l i t y 

(4 .2 ) K ( \ 6 ) < (X + 1 ) K (6) 

h o l d s . F u r t h e r we sha l l need the following l e m m a s : 

L E M M A 2 . F o r € < . X < C G > , we have 

n 
2 | x - x I l 2 (x) < c n " 1 / 4 . 

. v v ~~ 3 
v = l 

P r o o f . We w r i t e 

n 
2 | x - x | 1 2 ( x ) = 2 + 2 
- 4 v v » . - 1 / 4 i i - 1 / 4 

v - 1 x - x J < n x - x > n 
v — v 

= s l + s 2 . 

Now 
-x a+1 „ - x Û'+I i i 2 

ex S l = Z e X
x « + 1 | x - x | l 2 ( x ) 

I x-x I < n 

<r r T l / 4 Ï . " x * + 1 4 2 / i £ n 2 e x 1 (x) 
v= 1 

(4.3) 

or+1 - 1 / 4 * - x x xc*+l 2 , . 
< w n 2 e ( ) 1 (x) 

_ > l X V 
V = l y 

or+1 - 1 / 4 
< a) n 

B e c a u s e of i nequa l i t y ( 2 . 7 ) , 
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2 
S0 = 2 | x - x | 1 (x) 

2 I » - 1 / 4 v v 
| x - x J > n 

v 

x - x > n ( x - x ) [ L (x )J 
v v n v 

^ 1/4 f T W M l 2 * 1 

< n [L (x)j 2 TTT J 
v=l [ L W (x ) ] 2 

n v 

Now us ing the following two f o r m u l a s 

(A A\ T (*>/ t " * £ - 1 / 4 n/ * / 2 - 1 / 4 \ " d ^ ^ 
(4 .4 ) L (x) = x 0(n ) c < x < u> , 

n n — — 
[4] p . 175, f o r m u l a ( 7 . 6 . 8 . ) and 

(4 .5 ) S x { L (x )} = - * - r 7 — ~ T \ 
v n v T ( n + a + 1 ) 

v = l 

m a p o s i t i v e i n t e g e r £ 2n - 1, [4]p. 343, f o r m u l a (14. 7 . 5 . ) , we 
have 

S < c n 0(n ) 0(n ) 
2 ~ 4 

( 4 ' 6 ) - 1 / 4 
< cr n 
" " 5 

Thus (4. 3) and (4 .6 ) c o m p l e t e the proof of l e m m a 2 . 

L E M M A 3. F o r € £ x £ o > , we have 

v * I I , 2 / ^ - 1 ' 4 

S — | x - x | 1 ( x ) < c n 
. x v v 6 

V = l V 

Proof . We aga in w r i t e 
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n , 2 

S — I x - x I 1 (x) 
. X V V 

V = l V 

I z I - 1 / 4 + I z 1 ^ - 1 / 4 • 
x - x < n x - x > n 

1 v "" v 

As b e f o r e 
Of+1 

.2, - x or+1 ^ - x x I I A^t \ 
e x s 0 = E , e x - x 1 (x) 

3 » 1 - 1 / 4 x v v 
x- x < n v 

. n ûr+1 ^ 
- 1 / 4 ^ - x x .2 . x 

< n 2 e 1 (x) 
~ - 4 X V 

v= l v 

- 1 / 4 or _ - x , x »ûf+l 2 , . ^ n 

< n w S e (—) 1 (x) , a > 0 
- , x v 

v = l v 

- 1 / 4 or _ - x , x .or+1 42 f s n 

< n co 2 e ( — ) 1 (x), a< 0 
~ -A x v 

v - 1 v 

H e n c e , if c = m a x (e , co ), we have 

- x ûr+1 ^ - 1 / 4 - x x or+1 .2 
e x s o £ c

7
n S e (—) 1 (x) for a> - 1 

v = l v 
(4 .7 ) 

- 1 / 4 
< c n 

owing to the i nequa l i t y ( 2 . 7 ) . 

F o r sA = S — | x - x | l 2 ( x ) 
4 « I - 1 / 4 x ' v v 

| x - x I > n v 
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- 1 / 4 T (a) . v2 ^ 1 fT «(or), , , 
< n L (x) 2 — [L (x )] 

n - - 2 

(4.8) 

n . x *• n v 
v = l v 

^ - 1 / 4 _ ( * ) , 2 r ( n + l ) r f c + 3 ) 
- n \ ( x ) r(c+n + i) 

. - 1 / 4 ar-1/2 . n / -a 
< c g n 0(n ) 0(n 1 

- 1 / 4 
< c

9
 n 

Thus (3 .7) and (3 .8) p r o v e l e m m a 3 . 

F r o m L e m m a 2 and L e m m a 3 we a t once have the 

L E M M A 4. F o r € ^ x ^ u we have 

2 l 2 ( x ) - 1 < c , n n " 1 / 4 . 
v — 10 

v = l 

In fac t we have f r o m the H e r m i t e - F e j é r i n t e r p o l a t i o n [Szego 4] 

Z (1 + a + i " X y ) ( x - x ) I 2 (x) = 1 
. x v v 

v = l v 

i . e . 
n 2 n 2 n 1 2 
S 1 (x) - 1 = 2 ( x - x ) 1 (x) - (<* + l ) 2 — ( x - x ) 1 (x) 

v= l v=l v=l v 

L E M M A 5. We have 

, 2 / v - 1 / 2 
2 1 (x) < c n € < X < C J . 

v — 4 — — 
x > 2oa 

v 

P roof . Since € < x < co and x > 2co , we have 

| x - x J > a) , so tha t us ing (4 .4) and (4 .5 ) 
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Z l 2 ( x ) < i - [ L ^ . ( x ) ] 2 2 
x > 2 w o> v=l [ L (x )] 

v n v 

_ J _ r i > W H n + l ) r (Qr+2) 
- 2 L n W J r ( n + a + l ) 

< c 1 2 0 ( n a - 1 / 2 ) 0 ( n - a ) 

- 1 / 2 

5 . P r o o f of T h e o r e m 2 . The proof of th i s t h e o r e m r u n s 
e x a c t l y on the l ines of the proof g iven by J . B a l a z s and P . T u r â n 
[ 2 ] . We s k e t c h i t s proof s i m p l y for the s a k e of c o m p l e t e n e s s . 
L e t | f ( x ) | < M for x > 0 . T h e n 

n ? n 2 
| R (f) - f ( x ) | = | 2 (f(x ) - f ( x ) ) r (x) - f ( x ) { l - 2 1 (x)} | 

n . v v A v 
v=l v= l 

(5 .1 ) 
n n 

< 2 |f(x) - f ( x ) | l 2 ( x ) + | f ( x ) | | l - 2 l 2 ( x ) | 
"" - 4 V V V 

v = l v = l 

Owing to l e m m a 4, we have for € £ x<C u , 

(5 .2 ) | f ( x ) | | l - 2 l 2 ( x ) | < c M n ~ 1 / 4 . 
. v 10 

v = l 

Again , for € <m'^<m^, 

n
 2 

2 |f(x) - f(x ) | 1 (x) = 2 + 2 
v = l € < x < 2(jj x > 2co 

— v ~ v 

2 K ( | x - x |) l 2 ( x ) + c n " 1 / 2 

€ < x < 2 c 2 a j v V U 

~ v — 
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( 5 * 3 ) , *> i ' i ^ ^ r ~ 1 / 4 5 I I AZ< \ 
< K (n ) [n 2 x - x | 1 (x) 

v = l 

2 - 1 / 2 
+ 2 1 (x)] + cAÂ n ' 

v = l 

< c K (n ) + c K (n ) + c n 
— 3 2CJ 12 2OJ 11 

us ing l e m m a s 2, 4, 5 and the r e m a r k (4 .2) on the m o d u l u s of 
con t inu i ty of f(x) . Thus (5 .1 ) , (5 . 2) and (5 .3 ) c o m p l e t e the 
proof of T h e o r e m 2 . 

6. R e s u l t s ana logous to t h e o r e m s 1 and 2 can be obta ined 
if we define s t ab i l i t y on (-00 , oo) by the r e q u i r e m e n t 

0 < | x | 2 K e " X |R (X) - R * ( x ) | 
~~ n n 

2 
I * i i | 2 K v n 

< 1 < v< n y - y x e 
— — — ' vn vn vn ' 

-00 < X < 00 

It t u r n s out tha t for a " m o s t e c o n o m i c a l " s t ab l e i n t e r p o l a -
(k) 

t ion, the x . ' s m u s t be the z e r o s of the p o l y n o m i a l s H (x) 
J n 

which f o r m a g e n e r a l i z a t i o n of H e r m i t e p o l y n o m i a l s . The i m 
p o r t a n t p r o p e r t i e s of t h e s e p o l y n o m i a l s a r e g iven in [6], p . 377. 
The p roof s a r e ana logous to the p roof s of T h e o r e m 1 and 2 . 
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