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Abstract

A type of p-adic continued fraction first considered by A. Ruban is described, and is used to give a
characterization of rational numbers.

1980 Mathematics subject classification (Amer. Math. Soc.): 10 F 45,10 A 32, 10 F 20.

1. Introduction

Analogues for p-adic numbers of the classical continued fraction for real numbers
have been studied by various authors, particularly Mahler. The p-adic algorithm
which most closely mimics the classical algorithm via integer parts was mentioned
in one of the earliest papers on the subject (Mahler (1934)) but was not pursued
there because this algorithm does not yield very good approximations. The
continued fraction based on this algorithm, here called the Ruban continued
fraction, was developed by Ruban (1970), who showed (1970, 1973) on the other
hand, that this continued fraction does have nice ergodic properties, and who also
(1972, 1976) extended these results to a multi-dimensional p-adic analogue of
Perron’s algorithm. The Ruban continued fraction and the different but similar
continued fraction developed by Schneider (1970) share the difficulty that there
are rational numbers (including all negative rational numbers) possessing infinite
continued fractions, and Schneider’s paper raised the problem of characterising
the rational numbers in terms of their p-adic continued fractions. The first part of
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my Master’s thesis (1978), written under the supervision of Dr. Jane Pitman,
consisted of a survey and comparison of the various p-adic continued fractions
and included, in particular, some work on the problem of characterising the
rationals, which, however, was not resolved there.

Recently, I have discovered that Bundschuh (1977) had solved the problem of
characterising the rationals in terms of their Schneider p-adic continued fraction.
In the present note, I shall obtain a similar characterisation of the rationals in
terms of their Ruban p-adic continued fraction using ideas based on those of
Bundschuh. This main result is given in Section 3, and is preceded by an
introduction to the Ruban continued fraction in Section 2.

In what follows, p denotes a fixed rational prime, | - |, its corresponding p-adic
valuation so normalized | p|, = 1/p, Z , the ring of p-adic integers, pZ »={pz;z
€ Z,}, and | - | the usual absolute valuation.

The abbreviation RCF stands for p-adic Ruban continued fractions.

2. p-adic Ruban continued fractions (RCF)

With no loss of generality, as will be clear from the construction, we shall first
describe the p-adic continued fraction of Ruban (1970) of an element in pZ ,. Let
§ € pZ,\ {0} Since|{ ) » > 1, then let the unique representation of § “lbe

El=c  p "+ P "+ ot ptHcegtept oo,
where |£7!], = p™and ¢, € {0,1,...,p — 1} foralli > —m, with c_,, # 0. Define
(&) = fractional part of £ = c_,,p™" + - + ¢,

(¢7') = integral partof £ ':= ¢;p + ¢, p2 + - --.
To such £, the integral and fractional parts of ¢! are uniquely determined, and so
we can uniquely write £7! = (¢7!) + (£71). The algorithm proceeds as follows:
write £7! = by + £, where b, = (£71), & = (§71). If ¢, = 0, the algorithm stops.
Otherwise, since |§,], < 1, by repeating the steps just described, we can uniquely
write {7 = b, + £,, where b, = (&1), &, = (§&71). Again, if £, = 0, we stop,
otherwise we proceed in the same manner. Since the b,’s (i > 0) so obtained are
unique, each £ € pZ ,\ {0} has a unique RCF ( p-adic Ruban continued fraction)

of the form
1 1 1
(2.0) T T BE
where the b;’s are of the formc_,,p™™ + ¢_,..1p"™" 1+ -+ + ¢
(%) for some positive integer m, and ¢; € {0,1,...,p — 1}

for all i, withc_,, # 0.
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Next, we define two sequences of rational numbers { 4, } and { B,} by
A,=1, B,=0, A4,=0, s =1,

2.1 -
(2.1) A,,.=bA,+A4,_,, B,.,=bB,+B, (n = 0).
It is easily checked that

A4, 1 1 1

B, byt b+ b, (n>1),

and, as usual, we call 4,/B, the nth convergent of the RCF of £.

We must show that such an RCF does indeed converge to £. Let n be a positive
integer. Then at the nth step of construction we have
(22) ;il = bn—l + sn’
where §,_,, £, € pZ,, and b,_, is of the form stated earlier. If £, = 0 for some n,
then the RCF is finite and is equal to . If £, # O for every positive integer n, then
by induction

A n (—1) !

£-E= Bn(g;an_‘_Bn—l) (n g 1)

Since |b,|,, > 1, by induction we see that from (2.1) we have
IBnlp = |bob, - bn—llp (n>1).
Also, (2.2) implies |£,*|, = |b,|,, (n > 1). Consequently,
-1
|£ - An/Bnlp =|bgb% Tt br?-lbnlp -0 (n - °°),

that is, the RCF converges to §.
Given an RCF of the form (2.0), by induction it easily follows that

A, A, _ (D

Bn Bn—l - Bn—an ’
and so
A, A,_ -1 -1
F - B ! =|Bn—an'p =Ibgb% e b3—2bn—1|p -0 (n - 00),
n n—1 p

implying that the RCF converges to some £ € pZ ,. This RCF is easily shown to
be identical with the one obtained from £ by the Ruban algorithm. We summarize
the result as follows.

THEOREM 1. To each § € pZ ,\ {0}, there corresponds a unique RCF of the form
(2.0) where the b,’s are of the form given in (x). This unique RCF converges to &, so

we write § = 50+ 35 5iv... . Conversely, if b’s are of the form (), then the
continued fraction 5! 5'v 5'v -+ is an RCF representing a unique number in
pzp \ {0}'
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3. Characterization of rational numbers

It is quite trivial that a finite RCF always represents a rational number.
However, there exist infinitely many rational numbers with periodic RCF’s, as the
following example shows.

1 1

P D -0+ (p-Dpit(p-1)+
1

(p-Dpt+(p-1)+
and for any positive integer s, since

2 =(p-Dp*+(p-1Dp=**t+ .- +(p - 1) +(-p),

>

we have

1

(p—Dp>+(p-Dp7*t+ - +(p-1)+
1 1

(p=-Dp'+(p-D+ (p-Dp+(p-1+
where the RCF is periodic from the second fraction onwards with the above

shape. Indeed, we prove that £ is rational if and only if its RCF either terminates
or has a “tail” identical with the RCF of —p.

5

P
(3.0)

ey

THEOREM 2. Let § € pZ ,\ {0}. Then § is rational if and only if either the RCF of
£ is finite, or the RCF of £ is periodic from a certain fraction onwards with the shape

1 1
(p-Dp +(p-1+ (p-Dp +(p-D+

ProoF. If the RCF of £ is finite or periodic with such form, it is clear that £is a
rational number, so we need only prove the other implication.

Without any loss of generality, let £ be a rational number in pZ ,\ {0}. Let also
the RCF of £ be as in (2.0), where the b,’s are of the form (»).

At this point, we come across the fact that both the partial quotients b,’s and
the numbers 4,, B, of the RCF of £ are rational, not integral, so we introduce an
associated continued fraction

ay oy a,

31 .
(3-1) Bt Bit B+
where &, = |by) ,, a, = |b,b, 1|, (n > 1), B, = b,\b,|,(n = 0).
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Evidently, this associated continued fraction (3.1) has partial quotients a, and
B, being rational integers. It also follows easily that the RCF (2.0) and the
associated continued fraction (3.1) are equivalent in the sense that both have the
same nth convergents for every n > 0 (compare with Perron (1954), Chapter 1),
SO wWe may write
_ 1 1 1 __% _% a
bt bt B+ Bt Bt Bt

Now we unwind the associated continued fraction in the following manner.
Since £ is rational, we can write
X o %

= — x =
Xo/X o4 alx—z By +
1

. .
X

B, + azx_z

where all x,, are rational integers satisfying (x,, x,_,) = (x,,, p) = (x,,_1, p) = 1.
It is easily checked that for all n, x,_;, = 8,_,x, + «,x,,;, and it can also be
shown by using the definitions of a, and 8, and the property (*) of b, that
1<8,<a,,;— 1 Thus for all n, 0 < |x,,,| < max(|x,), |x,_,]). Consequently,
there is a fixed positive integer N such that for all n > N, we have |x | = |x,| If
there exists an integer k > N such that x, _; = x,, then —a;x,,; = (Bi_1 — Dx,,
and so a;|(B,_; —1). But a; >a, —2> B,_; — 1. Thus B, _; =1, yielding
X441 = 0. Hence, the continued fraction is finite, and we have nothing to prove.

Therefore, we assume for all n > N that x, # 0 and x,_; = —x,,. This yields
x,_1/x, = -1. Consequently,

£ a @ ay __1 1 1

Bo+ B+ By + ay. (-1) b+ b+ by +p°(-1)°
for some positive integer s. By appealing to the RCF of —p” in (3.0), the result is
now evident.

We conclude this note with two remarks.

(i) The problem of deciding whether a quadratic ( p-adic) irrational number
has a periodic p-adic continued fraction (either Schneider, or Ruban type) is still
open, though the available work does not seem to support this view.

(ii) It would be of interest to extend the result of this paper to Ruban’s
multi-dimensional continued fraction.
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