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ON THE EXPONENTS MODULO 3 IN THE STANDARD
FACTORISATION OF n!

W E I LIU AND Y O N G - G A O CHEN

Let p be a prime and m be a positive integer. For a positive integer n, let ep(n) be
the nonnegative integer with pe>>(n) | n and pep(")+1 f n. As a corollary of our main
result we derive an asymptotic formula for the counting function with regard to the
condition ep(n!) = e (mod 3), where e € Z3. In 2001, Sander proved the result with
modulus 2.

1. INTRODUCTION

Let pi,P2) • • • be the sequence of all primes in ascending order. For a positive integer
n, let ePi(n) be the nonnegative integer with p*Pi | n and pe.Pi^n'+1 | n . i n 1997) Berend
[1] proved a conjecture of Erdos and Graham (see [4, p. 77]) by showing that for every
positive integer k there exist infinitely many positive integers n with

ePl(n!) = 0 (mod 2),eP3(n!) = 0 (mod 2 ) , . . . ,ePk(n\) = 0 (mod 2),

where the differences between adjacent such n are less than effectively computable con-
stant depending only on k. The initial case n = 1 is very useful in Berend's proof.

In 1999, Chen and Zhu [3] considered a general case. Two years later, Sander [6]
posed two conjectures and proved some special cases of his conjectures. After Sander,
Chen [2] proved one of the two conjectures posed by Sander: for any given positive integer
A; and any E{ € {0, l}(i = 1,2, . . . ,&), there exist infinitely many positive integers n such
that

ePl(n!)=e-i (mod 2),eP2(n!) = e 2 (mod 2 ) , . . . ,ePk(n\) = ek (mod 2).

In 2003, F. Luca and P. Stanica [5] posed the following conjecture:

CONJECTURE (F.Luca and P.Stanica [5]). Let p\,... ,Pk be distinct primes, m i , . . . ,mk

be arbitrary positive integers (> 2), and 0 < at ^ m* - 1 for i = 1 , . . . , k be arbitrary

residue class modulo m^. Then

mi. . .
{0 s% n < N : ePi(n!) = a (mod m*), 1 < i < k}\ as N -> oo.

I I m i . . . m^
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In their paper, they proved the conjecture under the assumption that Pi f m^i
= 1,...,*).

Sander [6] derived an asymptotic formula for the proportion of n < N for which
ep(n!) s e (mod 2). In the present paper, we improve the method in Sander [6] and
derive an asymptotic formula for the counting function with regard to the condition
ep(n!) = e (mod 3), where p is a prime and £ € Z3. At the same time we prove a more
general result. Although it is also a special case of Luca-Stanica Conjecture, the following
theorem not only gives a good bound for the error term, but also can take any prime p
as modulus.

Let m be a fixed positive integer. For e e Zm and a prime p, let

Ep, e, m(N) := |{0 ^ n < N : ep(n!) = e (mod m)}|.

THEOREM. For any prime p with p = ±1 (mod m) or p = 0 (mod m) and any
£ G Zm, we have

EPtCtm(N) = -N + 0(N1'2).
m

REMARK. From the proof of the theorem, we can see that

Ep,e,m(N)--N
m

Noting that all primes have the property that p = ±1 (mod 3) or p = 0 (mod 3),
by the theorem, we get the following corollary:

COROLLARY 1 . For any prime p and any e £ Z3, we have

3

By setting m = p in the theorem we get the corollary:

COROLLARY 2 . Let p be a prime. For any e e Zp, we have

1
E (N) = —N + O(N1'2)

P'£>P p

2. PROOF OF THE THEOREM

Let p be a prime, m be a positive integer and let the nonnegative integer n have the
p-adic expansion n — nsp' H 1- nip + no with p-adic digits 0 ^ n:•, < p for 0 ^ j ^ s.
It is well known that

M-£[?]•
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Hence,
5 S

ep(n!) = XI niW~X + • • • + P + !) = $ 3 aini (mod m ) '

where a, = p 7 " 1 + • • • + p + 1 (mod m) and 0 ̂  a.j <m,j = l,...,s. Now, we give two
lemmas first.

LEMMA 1 . Let p be a prime, m be a positive integer, and r ^ 2 be an integer. For
a fixed integer k (1 ^ k ^ m - I), we have

\{j' I 1 ^ J' ^ r - 1 af ld A:a, = 0 (mod m)}| ^ —-—,

where a,(j = 1 , . . . , r - 1) are deEned as above.

P R O O F : Suppose that m | kdj and m | fcaJ+1 for some j ( l ^ j ' ^ r — 2). By the
definition of aj(l ^ j < r — 1), we have m | kp>.

Assume that m = pam\, where p \ m; and a ^ 0. Since m | ka,j, we have m |

k(l + p-\ \-pj~1)- Hence, p a | k(l+p-i l-p7'"1). Since (p, l + p + hp3"1) = 1, we
have pa | A;. Then assume that k = &iPQ, where ki be an integer. From m | Ap3, we have
that kp? = k\pa+i = 0 (mod m), hence, m\ \ k\. Now, we have m \ k, a. contradiction
with 1 < A; ̂  m — 1.

Hence, for each j(j = 1 , . . . ,r — 2), we have either kcij ^ 0 (mod m) or /ca^+i ^ 0
(mod m).

By Aai = A; ̂  0 (mod m), we obtain a proof of Lemma 1. D

LEMMA 2 . Let p be a prime, m be a positive integer, r ^ 0, U ̂  1 and T ^ 0 be
integers with [/ = ±1 (mod m) or U = 0 (mod m), and iet e € { 0 , 1 , . . . , m - 1}. Then

C{e) := { ( n r , . . . , n 0 ) € Z r + 1 : 0 s$ nj < 1/(0 ^ j < r ) ; 0 ^ nr < T;

2 ^ ajTij = e (mod m) >

where a, (j = 1 , . . . , r) are defined as above and Yl ajnj — 0 f°T r = 0, satisfies

TU{r+l)l2.-—TUT

m

PROOF: The result is trivial for r = 0,1. Now we assume that r ^ 2. Let

Wfc = e(
2«*)/m(A; = 0 , 1 , . . . ,m - 1), which are all the roots of xm = 1. Then for any

integer A:(0 < k ^ m - 1), we have

no=0ni=0 nr_i=0nr=0

r-1 y-1 T-l

n,=0
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Let B{E) = C{e) - (l/m)TUT (0 ^ e < m), we have

B(0) + CJ0B{1) + l - 1) = 0,

ukB(l) + u)2
kB(2)

t
j=\ n,=O nr=O

For any integer u(l ^ u < m), multiply both sides by u>£, then add all the equations, we
have

mB{m - u) = Y. "W ft ( E «?"') E ^r"r •
For a fixed k{l ^ k ^ m - I), it follows from Lemma 1 that

\{j I 1 < j < r - 1 and ha, = 0 (mod m)}| ^ .

If ka.j ^ 0 (mod m), since U = ±1 (mod m) or U = 0 (mod m), we have

u-x

E -
n,=0

1.

Then

hence,

m - l

fc=i

Thus for any e(e — 0 , 1 , . . . , m - 1), we have

--TUr

m
TU{r+l)l2

This completes the proof of Lemma 2. Q

P R O O F OF THE THEOREM: We define EPi £i m(L, M) := Ev< e, m(L) - Ep> e, m{M)

for integers L > M ~£ 0. Let N = A^p* H h Â xp + Âo be the p-adic expansion of N.

Originating from the disjoint union of the corresponding sets, we immediately have

Ep, t, m(N) = ]TE p , e, m(NsP
s

where the empty sum occurring for k = 0 is considered to be 0.
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For a fixed integer k, we obtain

Ep, t,
 k

= | { n = Nsp" + ••• + Ns-k+lp
s-k+l + ns-kp

s-k + • • •+n1p + n0 :

0 ^ na-k-j < p ( l ^ j < s - k);0 ^ n , -* < Ns_k;ep{n\) = e (mod m ) }

= \ (n,_jt,..., n0) : 0 < n, < p (0 ^ j < s - k); 0 ^ ns_fc < Ns_k;

,-k .

^ O j - n j = £ — ^ Oĵ Vj (mod m) > .

It follows from Lemma 2, that

Ep, £< m(Nsp'+-

Hence, we have

Ep, e, m(N) - ±N

EP,t.

m

/t=o

-
m

s-k

k=0

Since Ns-k < p, p ^ 2 and p' ^ N, we have

*=0 *=0 *=0

From it, we have EPi £, m(iV) = (l/m)JV + O(N^2). This completes the proof of the
theorem. D
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