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ON THE EXPONENTS MODULO 3 IN THE STANDARD
FACTORISATION OF n!

WEI Liu AND YONG-GAO CHEN

Let p be a prime and m be a positive integer. For a positive integer n, let ep(n) be
the nonnegative integer with p»(™) | n and p®(™+1 } n. As a corollary of our main
result we derive an asymptotic formula for the counting function with regard to the
condition ey(n!) = € (mod 3), where € € Z3. In 2001, Sander proved the result with
modulus 2.

1. INTRODUCTION

Let p1, ps, . .. be the sequence of all primes in ascending order. For a positive integer
n, let e, (n) be the nonnegative integer with pf"‘(") | n and p;” i tn. In 1997, Berend
(1] proved a conjecture of Erdés and Graham (see [4, p. 77]) by showing that for every
positive integer k there exist infinitely many positive integers n with

ep,(n!) =0 (mod 2),e,,(n!) =0 (mod 2),...,e, (n!)=0 (mod 2),

where the differences between adjacent such n are less than effectively computable con-
stant depending only on k. The initial case n = 1 is very useful in Berend’s proof.

In 1999, Chen and Zhu (3] considered a general case. Two years later, Sander [6]
posed two conjectures and proved some special cases of his conjectures. After Sander,
Chen {2] proved one of the two conjectures posed by Sander: for any given positive integer
k and any €; € {0,1}(3 = 1,2, ..., k), there exist infinitely many positive integers n such
that

ep,(n!) = €1 (mod 2),ep(n!) =€, (mod 2),...,ep,(n!) =& (mod 2).

In 2003, F. Luca and P. Stanici [5] posed the following conjecture:

CoNJECTURE (F.Luca and P.Stanici [5]). Let py,...,px be distinct primes, m,, ..., m;
be arbitrary positive integers (> 2), and 0 < @; < m; — 1 for i = 1,...,k be arbitrary
residue class modulo m;. Then

N
l{0$n<N:ePi(n!)Eag (modm,-),l{isk}l~m—m— as N — co.
1-..-My
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In their paper, they proved the conjecture under the assumption that p; ¢ m;(z
=1,...,k).

Sander (6] derived an asymptotic formula for the proportion of n < N for which
e;(n!) = ¢ (mod 2). In the present paper, we improve the method in Sander [6] and
derive an asymptotic formula for the counting function with regard to the condition
e,(n!) = € (mod 3), where p is a prime and ¢ € Z3. At the same time we prove a more
general result. Although it is also a special case of Luca-Stinici Conjecture, the following
theorem not only gives a good bound for the error term, but also can take any prime p
as modulus.

Let m be a fixed positive integer. For € € Z,,, and a prime p, let
Ep ¢ m(N) := |{o <n<N:egm)=¢ (mod m)}|.

THEOREM. For any prime p with p = £1 (mod m) or p = 0 (mod m) and any
€ € Z,, we have

E, o m(N) = nilzv + O(NY?),
REMARK. From the proof of the theorem, we can see that
E, . m(N) - %N <4pPPNV2,

Noting that all primes have the property that p = +1 (mod 3) or p = 0 (mod 3),
by the theorem, we get the following corollary:

COROLLARY 1. For any prime p and any € € Zz, we have
E, « 3(N) = %N +O(NY2),

By setting m = p in the theorem we get the corollary:
COROLLARY 2. Let p be a prime. For any € € Z,, we have

Ep. £, p(N) = %N + O(sz)-

2. PROOF OF THE THEOREM

Let p be a prime, m be a positive integer and let the nonnegative integer n have the
p-adic expansion n = n,p’ + - - - + mp + ng with p-adic digits 0 < n; < pfor0 < j < s.

It is well known that -
n
ep(n!) = Z [E] .
=1
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Hence,

s s
= an(pi_l +--+p+1)= Za,-nj (mod m),
j=1 j=1

where a; = pP!+---+p+1 (mod m) and 0 < a; <m,j =1,...,s. Now, we give two
lemmas first.

LEMMA 1. Let p be a prime, m be a positive integer, and r 2 2 be an integer. For
a fixed integer k (1 € k < m — 1), we have
r—1

[G11<5<r~1 and ka;=0 (mod m)}| < ——,

where a;(j = 1,...,7 — 1) are defined as above.

PROOF: Suppose that m | ka; and m | ka;j;, for some j(1 € j < 7 —2). By the
definition of a;(1 < j < r — 1), we have m | kp’.

Assume that m = p®m,, where p { m; and o > 0. Since m | ka;, we have m |
k(1+p+---+p~1). Hence, p* | k(1 +p+---+p’71). Since (p,1+p+---+p"1) =1, we
have p© | k. Then assume that k = k;p®, where k; be an integer. From m | kp’, we have
that kp/ = k;p®*/ = 0 (mod m), hence, m, | k;. Now, we have m | k, a contradiction
withl<k<m-1.

Hence, for each j(j = 1,...,7 — 2), we have either ka; #Z 0 (mod m) or ka;j31 #0
(mod m).

By ka, = k # 0 (mod m), we obtain a proof of Lemma 1. 0

LEMMA 2. Let p be a prime, m be a positive integer, r 2 0, U 2 1and T > 0 be

integers with U = £1 (mod m) or U =0 (mod m), and let € € {0,1,...,m — 1}. Then
Cle) := {(n,,..., ng) €EZM 0K <UMOKj<r);0€n <T;
Za,-nj =¢ (mod m)}’,
j=1
where a; (j = 1,...,7) are defined as above and Y ajn; = 0 for r = 0, satisfies
=1

Cle) - Lryr < TUU+I/2,
m

PROOF: The result is trivial for r = 0,1. Now we assume that r > 2. Let
wy = e@™®)/m(k = 0,1,...,m — 1), which are all the roots of z™ = 1. Then for any
integer k(0 < k < m — 1), we have

U-1 U-1 U-1 T-1 >
_ "y Q5T
C0)+wiC(1) +wiC@)+ - +wP'C(m-1) wp =t
ng=0n,=0 n,_1=0n,=0
r—l U-1
=U wa’"’ Z wer™.
j=1 n,=0 n,=0
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Let B(e) = C(e) — (1/m)TU” (0 < € < m), we have

B(0) + woB(1) + wiB(2) + - -+ wy 'B(m - 1) = 0,
B(0) + wi B(1) + wiB(2) + - - -+ w lB(m— 1)

r—1 U-1
_UH Zw“’"’ Zw“’"' <kg<m~-1.
j=1 n;=0 n,=0

For any integer (1 < u < m), multiply both sides by w¥, then add all the equations, we

1 T-1
mB(m —u) = Zw;:UH(Z wa’"’) Zw,‘:'"'.

n;=0 n,=0

have

For a fixed k(1 < k € m — 1), it follows from Lemma 1 that

r—1
2

If ka; # 0 (mod m), since U = £1 (mod m) or U = 0 (mod m), we have

U-1
e
§ :w:J i1 g1

[{il1<j<r—1 and ka; =0 (mod m)}| <

n;=0

Then .
m|B(m — )| < Y_ TUC-V2+ L mTutr+172,

k=1

hence,
|B(m — u)| < TUTD2,
Thus for any e(e =0,1,...,m — 1), we have
IC(e) - %TU’ < TUCHI/2,

This completes the proof of Lemma 2. 1}

PROOF OF THE THEOREM: We define E, . m(L,M) := E, . w(L) — E, ., m(M)
for integers L 2 M > 0. Let N = N,p* + --- + N;p+ Np be the p-adic expansion of V.
Originating from the disjoint union of the corresponding sets, we immediately have

Ep, €, m(N) = Z E ) € m(Naps +-t Ns—kps_ky Nep* +--- + Ns—k+lps_k+l)y

where the empty sum occurring for k = 0 is considered to be 0.
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For a fixed integer k, we obtain

Ep, €, m(N’p-' + -4 Ns—kp"_k’ Nsps 44 Ns_k+lps—k+1)
= l{n = Np* + 4 NogtD" " 4™ 4+ 4 nip 41

0 < ngk—; <P(LKJ K 5—k);0 < nygi < Ny_g;e5(n!) =€ (mod m)}l

{(n,_k,...,no):osnj <p(0<j<s—k); 0K n_p < Nyy;

s—k
;a,-nj =c— > a;N; (mod m)}l.

i>s—k

It follows from Lemma 2, that
_ _ 1 a _
IEp, e, m(Np*++ - +No_k0* ™%, Nop*+ - -+ Ny 1P’ )= —Nyp "l < No_yplo=F+012,

Hence, we have
1
B, e m(N) = 2]

s
z - - 1 -
S lE y €, m(Nsps + .- + Ns_kps k,Nsps + R Na_k+1pa k+1) - a‘ S_kp" k
k=0

8
< Z Na—kp(s_k+1)/2 .
k=0

Since N,_x < p, p 2 2 and p* < N, we have

8

s 8
37 Npogplo TR = S ka2 2 o412 § k1D ¢ AN,
k=0 k=0 k=0

From it, we have E, ., m(N) = (1/m)N + O(N'/?). This completes the proof of the
theorem. o
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