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Abstract

Let G be a permutation group on a finite set Q. The base size of G is the minimal size of a subset of Q with trivial
pointwise stabiliser in G. In this paper, we extend earlier work of Fawcett by determining the precise base size of
every finite primitive permutation group of diagonal type. In particular, this is the first family of primitive groups
arising in the O’Nan—Scott theorem for which the exact base size has been computed in all cases. Our methods also
allow us to determine all the primitive groups of diagonal type with a unique regular suborbit.

Contents
1 Introduction 1
2 Preliminaries 5
2.1 Diagonal type groups . . . . . . . . ... o e e e e 5
22 Simple groups . . . . ... e e e e e 7
2.3 Holomorph of simple groups . . . . . . . . . ... 12
3 Probabilistic methods 14
3.1 Holomorphandsubsets . . . .. ... ... ... ... 15
3.2 Fixed pointratios . . . . . . . . . i e e e e e 20
4 Proofs of Theorems 1, 2 and 4 24
4.1 The groups with k € {3,4,|T| —4,|T| =3} . . ... . . .. 24
4.2  The groups with P € {Ay, Sk}t and k € {|T|=2,|T| =1} ... .. ... ... ..... 28
4.3 The groups with P = Si, 5 <k <|T|/2and G =W . ... ... ... ... ...... 28
5 Proof of Theorem 3 34
5.1 Thegroupswithk =2 . .. . . . . . e 34
52 Thegroups with |T|" <k < T =3 . . ... 35
53 Thegroupswith |[T|C =2 <k <|T|C .. .. . 36
6 Proofs of Theorems 6 and 7 40
References 42

1. Introduction

Let G < Sym(€) be a permutation group on a finite set Q of size n. A subset of Q is called a base for
G if its pointwise stabiliser in G is trivial. The minimal size of a base, denoted b(G), is called the base
size of G. Equivalently, if G is transitive with point stabiliser H, then b(G) is the smallest number b such
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that the intersection of some b conjugates of H in G is trivial. This classical concept has been studied
since the early years of permutation group theory in the 19th century, finding natural connections to
other areas of algebra and combinatorics. For example, see [3] for details of the relationship between
the metric dimension of a finite graph and the base size of its automorphism group and [52, Section 4]
for an account of the key role played by bases in the computational study of finite groups. We refer the
reader to survey articles [9, Section 5] and [44] for further connections.

In general, determining b(G) is a difficult problem and there are no efficient algorithms for computing
b(G), or constructing a base of minimal size. Blaha [4] proves that determining whether G has a base
of size a given constant is an NP-complete (nondeterministic polynomial-time complete) problem.
Historically, there has been an intense focus on studying the base sizes of finite primitive groups (recall
that a transitive permutation group is primitive if its point stabiliser is a maximal subgroup). A trivial
lower bound is b(G) > log,, |G| and it turns out that all primitive groups admit small bases in the sense
that there is an absolute constant ¢ such that b(G) < clog, |G| for every primitive group G. This was
originally conjectured by Pyber [51] in the 1990s and the proof was completed by Duyan et al. in [23].
It was subsequently extended by Halasi et al. [35], who show that

b(G) < 2log, |G| +24

and the multiplicative constant 2 is best possible. In fact, one can prove stronger bounds in special cases.
For example, Seress [54] proves that b(G) < 4 if G is soluble, and this result was recently extended by
Burness [8] who shows that 5(G) < 5 if G has a soluble point stabiliser (both bounds in [8] and [54]
are best possible).

The O’Nan-Scott theorem divides the finite primitive groups into several families that are defined in
terms of the structure and action of the socle of the group (recall that the socle of a group is the product
of its minimal normal subgroups). Following [42], these families are: affine, almost simple, diagonal
type, product type and twisted wreath products. There are partial results on base sizes when G is affine,
product type or a twisted wreath product. For example, if G = VH < AGL(V) is affine, then Halasi and
Podoski [36] show that b(G) < 3 if (|V|, |H|) = 1, and we refer the reader to [16, 24] for some results
on base sizes of product type groups and twisted wreath products. In recent years, base sizes of almost
simple primitive groups have been intensively studied (recall that G is called almost simple if there
exists a nonabelian simple group G such that Gy < G < Aut(Gy)). Roughly speaking, such a group is
said to be standard if Gy = A,,, and Q is a set of subsets or partitions of {1,...,m}, or Gy is a classical
group and Q is a set of subspaces of the natural module for G, otherwise G is nonstandard (see [11,
Definition 1] for the formal definition). A conjecture of Cameron [21, p. 122] asserts that b(G) < 7if G
is nonstandard, with equality if and only if G = Mp4 in its natural action of degree 24. This conjecture
was proved in a sequence of papers by Burness etal. [11, 14, 18, 20]. In addition, the precise base sizes of
all nonstandard groups with alternating or sporadic socle are computed in [14] and [20, 50], respectively.

In this paper, we focus on bases for primitive diagonal type groups. Here, G < Sym(Q) has socle ¥,
where T is a nonabelian simple group and k > 2 is an integer. More precisely, we have |Q| = |T|*~! and

T <G < T*.(Out(T) x Sy).

The primitivity of G implies that the subgroup P < S induced by the conjugation action of G on the
set of factors of T* is either primitive, or k = 2 and P = A, = 1. The group P is called the top group of
G and we note that

T « G < T*.(Out(T) x P). 1)

The first systematic study of bases for diagonal type groups was initiated by Fawcett in [25]. Here,
she shows that b(G) = 2 if P ¢ {Ag, S}, and in the general setting she determines the exact base size
of G up to one of two possibilities (see Theorem 2.3). One of the key ingredients in [25] is a theorem
of Seress [53], which asserts that if kK > 32 and P ¢ {Ag, Sk}, then there exists a subset of {1,...,k}
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with trivial setwise stabiliser in P. However, this does not hold if P € {A, Sk}, and hence a different
approach is required. In this paper, we extend Fawcett’s work by determining the exact base size in all
cases (see Theorem 3 below).

In recent years, there has been significant interest in studying the base-two primitive groups (we
say G is base-two if b(G) = 2). Indeed, a project with the ambitious aim of classifying these groups
was initiated by Jan Saxl in the 1990s and it continues to be actively pursued, with many interesting
applications and open problems. For example, Burness and Giudici [12] define the Sax! graph of a base-
two group G < Sym(Q) to be the graph with vertex set €, with two vertices adjacent if they form a base
for G. It is easy to see that the Saxl graph of a base-two primitive group is connected and an intriguing
conjecture asserts that its diameter is at most 2 (see [12, Conjecture 4.5]). This has been verified in
several special cases (for example, see [16, 17, 22, 40]), but it remains an open problem.

Returning to a diagonal type group G as in (1), recall that Fawcett [25] has proved that b(G) = 2 if
P ¢ {Ag, Si}. Our first result resolves the base-two problem for diagonal type groups in full generality.

Theorem 1. Let G be a diagonal type primitive group with socle T* and top group P < Sy. Then
b(G) =2 if and only if one of the following holds:

(i) P ¢ {Ak, Sk}
(ii)) 3 <k <|T|-3.
(iii) k € {|T| - 2,|T| = 1} and G does not contain Sy.

Note that b(G) < 2 if and only if G has a regular suborbit, and there is a natural interest in studying
the finite primitive groups with a unique regular suborbit. For example, notice that G has a unique regular
suborbit if and only if the Saxl graph of G is G-arc-transitive. In this direction, we refer the reader to
[17, Theorem 1.6] for a classification of the relevant almost simple primitive groups with soluble point
stabilisers, and [ 16, Corollary 5] for partial results on product type groups. Here, we resolve this problem
for diagonal type groups.

Theorem 2. Let G be a diagonal type primitive group with socle T*. Then G has a unique regular
suborbit if and only if T = As, k € {3,57} and G = T*.(Out(T) x Sg).

We now present our main result, which determines the precise base size of every primitive group of
diagonal type. This is the first family of primitive groups arising in the O’Nan—Scott theorem for which
the exact base sizes are known.

Theorem 3. Let G be a diagonal type primitive group with socle T* and top group P < Sy.

(i) If P ¢ {Ak, Sk}, then b(G) = 2.
(i) Ifk =2, then b(G) € {3,4}, with b(G) = 4 ifand only if T € {As, Ag} and G = T*.(Out(T) x S»).
(iii) Ifk > 3, P € {Ay, Sk} and |T|7" < k < |T|¢ with € > 1, then b(G) € {€ + 1,{ + 2}. Moreover,
b(G) =€ +2 if and only if one of the following holds:
(a) k=1T|.
(b) ke {|T|-2,|T)f = 1,|T|*} and Si < G.
(¢) k=|T|> =2, T € {As, Ag} and G = T*.(Out(T) x S).

Let us briefly discuss the methods we will use to establish our main theorems. Focusing first on
Theorem 1, recall that the holomorph of a nonabelian finite simple group 7 is the group

Hol(T) = T:Aut(T) = T>.0ut(T),

which can be viewed as a primitive diagonal type group (with k = 2 and top group P = 1) in terms of its
natural action on 7. We write Hol(7', S) for the setwise stabiliser of S € 7 in Hol(T'). A key observation
is Lemma 2.15, which implies that

b(G) =2 if there exists S C T such that |S| = k and Hol(7, S) = 1.
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This essentially reduces the proof of Theorem 1 to the cases where 3 < k < |T'|/2. However, it is rather
difficult to directly construct an appropriate subset S of 7' such that Hol(7, S) = 1.

To overcome this difficulty, we adopt a probabilistic approach for k > 5 in the proof of Theorem |1
(see Section 3 for more details). More specifically, we estimate the probability that a random k-subset
S of T satisfies Hol(7, S) = 1, and we also use fixed point ratios to study the probability that a random
pair in Q is a base for G. The former is a new idea, which involves computing

max{|Cr(x)|: 1 #x € Au(T)}

in Theorem 2.12, while the latter is a widely used technique in the study of base sizes introduced by
Liebeck and Shalev [45]. The cases where k = 3 or 4 will be treated separately in Section 4.1. Here,
we use the fact that T is invariably generated by two elements (which is proved in [34] and [38],
independently), and a theorem of Gow [32] on the products of regular semisimple classes in groups of
Lie type. We will use a very similar approach to establish Theorem 2.

The proof of Theorem 3 will be completed in Section 5, and the main step involves constructing a
base of size £ + 1 when |T|¢~! < k < |T|¢ = 3 for some £ > 2. Once again, our construction requires
the existence of a suitable subset S of T such that Hol(7, §) = 1. We will treat the case where k = 2
separately, working with a theorem of Leemans and Liebeck [41] on the existence of a generating pair
of T with a certain property (see Theorem 5.2).

As described above, a key ingredient in our study of bases for diagonal type groups is the following
result, which may be of independent interest.

Theorem 4. Let T be a nonabelian finite simple group, and suppose 3 < m < |T| — 3. Then there exists
S C T such that |S| = m and Hol(T, S) = 1.

Similarly, let Aut(T, S) be the setwise stabiliser of S C T# in Aut(T), where T# = T'\ {1}. Note that
Aut(T, S) = Aut(T, T#\ S). By Theorem 4 and the transitivity of Hol(T), if 3 < m < |T| — 3, then there
exists S C T containing 1 such that |S| = m and Hol(7, §) = 1. This implies that Aut(7, S \ {1}) =1
and we have the following corollary.

Corollary 5. Let T be a nonabelian finite simple group, and suppose 2 < m < |T| — 3. Then there exists
S € T# such that |S| = m and Aut(T, S) = 1.

To conclude this section, we highlight a connection to some interesting problems in algebraic
combinatorics. A digraph I is said to be a digraphical regular representation (DRR) of a group X if
Aut(T") = X acts regularly on the vertex set of I". In particular, if I" is a DRR of X, then I is isomorphic
to a Cayley digraph Cay(X, S) for some S € X* with Aut(X,S) = 1. A classical result of Babai [1]
shows that a finite group X admits a DRR if and only if X is not a quaternion group nor one of four
elementary abelian groups. Moreover, it was conjectured by Babai and Godsil [2, 30] that if X is a group
of order n, then the proportion of subsets S € X* such that Cay(X, S) is a DRR tends to 1 as n — oo.
This conjecture has been proved recently by Morris and Spiga [49].

Given a finite group X, it is natural to consider the existence of a DRR with a prescribed valency,
noting that the valency of Cay(X, S) is |S|. Recently, there are some results concerning this problem in
relation to finite simple groups (for example, see [58, 61] for the existence of some families of DRRs
with a fixed valency k& < 3, and [60] for k£ > 5). However, there appear to be no asymptotic results in
the literature concerning the proportion of DRRs of a fixed valency of a given finite group. With this
problem in mind, let Q4 (X) be the probability that a random k-subset of X* has a nontrivial setwise
stabiliser in Aut(X). That is,

{R € Sy : Aut(X, R) # 1}|

Qr(X) = Sl ,

where &y is the set of k-subsets of X*. In Section 6, we will prove the following results.
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Theorem 6. Let k > 4 be an integer and let (T,,) be a sequence of nonabelian finite simple groups such
that |T,| — oo as n — oo. Then Qi (T,,) — 0 asn — oo.

Theorem 7. Let T be a nonabelian finite simple group and let k be an integer such that 5log, |T| < k <
|T| - 51og, |T|. Then Qi (T) < 1/|T|.

We anticipate that these two results will be useful in studying the abundance of fixed-valent DRRs
of nonabelian finite simple groups.

Notation

Let G < Sym(£) be a permutation group and A C Q. Then the pointwise and setwise stabilisers of
A in G are sometimes denoted G () and G (4}, respectively. We adopt the standard notation for simple
groups of Lie type from [39]. All logarithms, if not specified, are in base two. Finally, if & is a positive
integer, then we write [k] for the set {1, ..., k}.

2. Preliminaries
2.1. Diagonal type groups

Here, we adopt the notation in [25]. Let k > 2 be an integer, and let 7 be a nonabelian finite simple
group. Define

W(k,T) :={(ai,...,ar)m € Aut(T) . Sk : a;Inn(T) = a;Inn(T) for all i},
D(k,T) :={(a,...,a)m € Aut(T) ¥ Si},
Q(k,T) :=[W(k,T) : D(k,T)].

Then |Q(k,T)| = |T|*" and W(k,T) = T*.(Out(T) x Si) acts faithfully on Q(k,T). We say that a
group G < Sym(Q) with Q = Q(k,T) is of diagonal type if

T* <G < T*.(0ut(T) x Sy).

Let P denote the subgroup of Sy induced by the conjugation action of G on the set of factors of 7.
That is,

Pg ={mneS;: (aj,...,ar)m € G for some ay,...,ar € Aut(T)}.

Then naturally we have G < T*.(Out(T) X Pg) as in (1). Moreover, G is primitive if and only if either
Pg is primitive on [k] = {1,...,k},or k =2 and Pg = 1. From now on, if G is clear from the context,
we denote P = Pg and

W =Tk (Out(T) x P),
D ={(a,...,a)n:a € Aut(T), € P},
Q:=Q(k,T) = [W: DJ.

We write ¢; € Inn(T) for the inner automorphism such that x#: = t~!xt for any x € T. Thus,
Q= {D(lptl,...,lptk) N ST 2 GT}
The action of G on Q is given by

(ap,...,ap)

D(¢ts. -5 01) = D(%lﬂ Apnlsee s Pr g At ),
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and the stabiliser of D € Q in W is D itself. In particular, for any element (a, ..., a)r € D, we have
D(grys-vevpu) ™07 = Dige ),

noting that @', = ¢, forallt € T.
We begin by recording some preliminary results on bases for diagonal type groups from [25]. We
start with [25, Lemma 3.4].

Lemma 2.1. Let tq,. .., t; be elements of T such that the following two properties are satisfied:

(i) At least two of the t; are trivial and at least one is nontrivial.
(ii) Ift; and t; are nontrivial and i # J, then t; # t;.

Then (a,...,a)r € G fixes D¢y, ..., ¢p) only ift¥ = t;x for all i.

For any X = (¢4,,...,¢1) € Inn(7)*, we define an associated partition Py = {P; : t € T} of [k]
such that i € P, if t; = ¢. Note that some parts P; in Py might be empty. The following lemma is
an extension of Lemma 2.1, which will be useful later in Section 5. Recall that Pp; is the setwise
stabiliser of the partition Py in P. In particular, if #;= = 7;= whenever t; = ¢;, then we have 7 € P(p_;.

Lemma 2.2. Letx = (¢;,, . .., ¢;,) € Inn(T)%, w = Dx € Qandlet Py = {P; : t € T} be the associated
partition of [ k] as above. Suppose («, . ..,a@)n € G,. Then

(i) m € Pipyys
(i) IfO < [P1] # |P;| for all t # 1, then t* = t;= for all i.

Proof. As (a,...,a)n fixes w = D(¢y,...,¢ys), there exists a unique g € T such that 1" = gt;=
foralli € {1,...,k}. Suppose #; = t; for some i # j (so i and j are in the same part of Px). Then
tix = g7'1 = g7'1¢ = 1;x. This gives part (i).

For part (ii), it suffices to show that g = 1. If 7; = 1, then 7;= = g~!, and we get 1, = g ™'t # g~" if
t; # 1. This implies that [P,-1| = [P1], so g = 1 by our assumption. m]

The following theorem combines Fawcett’s main results on base sizes of diagonal type groups
from [25].

Theorem 2.3. Let G be a diagonal type primitive group with socle T* and top group P < S.

(1) IfP ¢ {Ay, Sk}, then b(G) = 2.
(ii) Ifk =2, thenb(G) =3ifP =1, and b(G) € {3,4} if P = S>.
(iii) Ifk >3, P € {A, Sk} and |T|7" < k < |T|¢ with € > 1, then b(G) € {€ + 1,{ +2}. Moreover, if
either k = |T|, or k € {|T|* = 1,|T|*} and Sy < G, then b(G) = £ +2.

Corollary 2.4. If P € {Ag, Sk} and b(G) =2, then2 < k < |T)|.
The following is [25, Lemma 3.11].

Lemma 2.5. Suppose P € {Ag, S} and there exists an odd integer 3 < s < k that is relatively prime
to the order of every element of Out(T). Then G contains Ay.

Corollary 2.6. If P € {Ax, Sk} and k > |T| — 3, then G contains Ay.

Proof. We have |Out(T)| < |T|'/? by Lemma 2.9 below. In particular, |Out(T)| < |T|/3, so there exists
a prime s such that |Out(7)| < s < k (Bertrand’s postulate). Now, apply Lemma 2.5. m]

The following extends [25, Proposition 3.3], which asserts that b(G) = 2ifk > 32 and P ¢ {Ay, Sk }.
Here, r(G) is the number of regular suborbits of G, noting that r(G) > 1 if and only if b(G) < 2.

Proposition 2.7. If k > 32 and P ¢ {Ay, Sk}, thenr(G) > 2.
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Proof. We use the same construction as in the proof of [25, Proposition 3.3]. By [53, Theorem 1],
there exists a partition P = {I1;, I, I13} of [k] such that each II; is nonempty, |I1;|, |TI| and |T13]| are
distinct, and

3
(P =1 )
m=1

Let x;,xo € T be nontrivial elements of distinct orders. By the main theorem of [33], there exist
y1,y2 € T such that (x;,y;) = T. Let A; = {D,D(¢y, ,,...,¢,)} fori € {1,2}, where ¢; ; = 1if
Jell, t;; =x;if j € IIb,and t; ; = y; if j € I13. As explained in the proof of [25, Proposition 3.3],
both A; and A, are bases for G.

for some j’ € [k], thent,,; = 2 ;» and

-1

-1
=8 1], =8 1] =ty

Hence, m € P(py, and so m € Py, for each m € {1,2,3} as |II;], |II| and |II3] are distinct. This
implies that 7 = 1 by (2), and so g = 1. However, it follows that x{" = x;, which is incompatible with
|x1| # |x2]. We conclude that A and A, are in distinct G p-orbits, and thus »(G) > 2. O

Remark 2.8. In fact, as we will show in Section 4, we have r(G) > 1 whenever 3 < k < |T| — 3, with
equality if and only if T = As, k € {3,57} and G = T*.(Out(T) x Si). In particular, it follows that
r(G) >2ifk <32and P ¢ {Ay, Sk}

2.2. Simple groups

In this section, we record some properties of finite simple groups that will be used to prove our main
results. In the whole paper, T is a nonabelian finite simple group. We start with [25, Lemma 4.8].

Lemma 2.9. We have |Out(T)| < |T|'/3.

Let T be a finite simple group of Lie type defined over F,, where g = p/ and p is a prime. Then
we may write T = OP'(Y,,), where Y is the ambient simple algebraic group over the algebraic closure
K of F, and o is an appropriate Steinberg endomorphism. Note that ¥, = Inndiag(7’) is the group of
inner-diagonal automorphisms of 7.

Lemma 2.10. Let d = % ~dimY if T € {*B12(q),>G2(q)",>F4(q)’} and d = dimY otherwise. Then
%qd < |Inndiag(T)| < ¢¢.

Proof. Thisis [10, Proposition 3.9(i)] when T is a classical group, and the bounds for exceptional groups
are clear. o

Recall that a semisimple element x € T is regular if the connected component of Cy (x) is a maximal
torus of Y. Equivalently, x € T is regular semisimple if and only if |Cr (x)| is indivisible by p. In
particular, if 7 is a classical group with natural module V, then a semisimple element x € T is regular
if a preimage X € GL(V) has distinct eigenvalues on V = V ® K. And if T is an orthogonal group, then
x is also regular if X has a two-dimensional (+1)-eigenspace and all the other eigenvalues are distinct.

We say that a subset {t{,...,t,} of T is an invariable generating set if (t5',...,¢5") = T for any
g1,--.,8m € T. It has been proved in [34] and [38], independently, that every nonabelian finite simple
group is invariably generated by two elements.

Theorem 2.11. Suppose T ¢ {L2(5),La(7), Q5 (2), PQg(3)} is a finite simple group of Lie type. Then
there exist regular semisimple elements x and y of distinct orders such that T is invariably generated by
{fx. v}
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Proof. If T is an exceptional group, then we take x and y to be #; and #, in [38, Table 2], respectively,
noting that #; is a generator of the maximal torus 7} in that table. It is evident that |¢;| # |#;| in each
case, and {r1, 1, } invariably generates T by [38] (see [38, p. 312]). Moreover, we observe that (¢;) and
(t) are both maximal tori, which implies that each #; is regular semisimple.

To complete the proof, we may assume T is a classical group. Here, we will work with the corre-
sponding quasisimple group Q € {SL?(g), Sp,,(9), Q5 (¢)}, noting that if Q is invariably generated by
{t1, 12}, with t1 and ¢, regular semisimple, then 7 is invariably generated by {x, y}, where x and y are
the images of 7] and t, in 7, respectively (so x and y are also regular semisimple). Moreover, |x| = |t;|/a
and |y| = |t2|/b for some integers a, b dividing |Q|/|T|, so |x| # |y| if

[t1] is indivisible by |#,||Q|/|T| and |t5] is indivisible by |¢1]|Q]|/|T|. 3)

First, assume Q ¢ {SLy(q), Qg(q)}. Here, we use the same | and t, as presented in [38, Table 1].

In each case, it is clear that #; and f, are semisimple elements satisfying (3), and {z1,,} invariably
generates Q by [38, Lemma 5.3]. Thus, it suffices to show that #; and 7, are regular in every case, which
is a straightforward exercise (for instance, we can work with the criterion for regularity in terms of the
eigenvalues on V discussed as above). For example, consider the element 1, € Q = Q} (q). Here,
lifts to an element 7, € GL(V) of the form

~ (A

2=(")

with respect to a standard basis (see [39, Proposition 2.5.3]), where 6 € {1,2}, A € SO, _,(g) has
order ¢*"? + 1 and B € SO} (¢) has order ¢* + 1. We only deal with the case where § = 1 since a
similar argument holds for 6 = 2. Then the eigenvalues of A over the algebraic closure K of F,, are

4m-3

29,0,

for some A € K of order ¢>”~2 + 1. Similarly, the set of eigenvalues of B over K is {u, u?, ,uqz, ;1‘13}
for some p € K of order ¢> + 1. If 5 = 29" for some i € {0, ...,4m — 3}, then 29'(¢**D =1 and so
g¥" 2 + 1 divides ¢'(g> + 1), which implies that g>"~2 + 1 divides ¢> + 1 since (¢ %+ 1,4") = 1.
However, since m > 3, this is impossible. It follows that the eigenvalues of i over K are distinct, and so
1 is a regular semisimple element.

Finally, let us handle the two excluded cases above. If O = SL,(g) with ¢ ¢ {4,5,7,9}, then we take
the same #; and #; as indicated in the proof of [38, Lemma 5.3]. The group L;(4) is invariably generated
by an element of order 3 and an element of order 5, and if g = 9, then we take x and y to be of order 4
and 5, respectively. If Q = Qf(¢) with g ¢ {2, 3}, then we take ¢; as in [38, Table 1], and #, an element

of order (¢> — 1)/(2,q — 1) as described in the proof of [38, Lemma 5.4], where it is denoted . O

It is worth noting that the excluded groups L,(5), L2(7), Q5 (2) and PQ¢ (3) in Theorem 2.11 are
not invariably generated by any pair of regular semisimple elements of distinct orders. This is can be
checked using Magma V2.26-11 [5]. More specifically, we find the set of maximal overgroups of an
element x € T up to T-conjugacy using the method as in [15, Section 1.2], noting that x and y do not
invariably generate T if they have a common maximal overgroup in 7 up to T-conjugacy.

From now on, we will assume n > 3if T = U,(q),n > 4isevenif T = PSp, (¢), and n > 7 if
T = PQ£(q). We will also exclude the groups

L2(4),L2(5),L2(9). L3(2), La(2), Us(2), Sp4(2)", G2(2)', * G2 (3)’ @
as each of them is isomorphic to one of the following groups:

AS? Aﬁa AS’ L2(7)7 LZ(S)’ U3(3)a PSP4(3)
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T h(T) X Conditions

An (n-2)! (1,2)

My 48 2A

M, 240 2A

Ms, 1344 2B

M3 2688 2A

Moy 21504 2A

A 120 2A

I 1920 2A

I3 2448 2B

Is 21799895040 2A

HS 40320 2C

McL 40320 2A

Suz 9797760 3A

He 161280 2A

HN 177408000 2A

Ru 245760 2A

Ly 2694384000 3A

Co; 1345036492800 3A

Cop 743178240 2A

Cos 2903040 2A

Th 92897280 2A

O'N 175560 2B

Fix 18393661440 2A

Fio3 129123503308800 2A

Fi’2 4 4089470473293004800 2C

B 306129918735099415756800 2A

M 8309562962452852382355161088000000 2A

Ey(q) a7 |E7(@)1(2.q - 1) e

E;7(q) q**180%,(9)1/(2. q) U

EE(q) q*'ISLE ()1/(3.q - =) Ug

Fi(q) q"ISps(q)| Ug

G2 (q) q°1SL2(q) | Uq

’D4(q) g (g°-1) U

2Fy(q) q"°’B2(q)| Uq q>2

2Fy(2) 10240 Uq

jgz ((q; qz Uq

2(gq q Ua

LZ(q) [PGL,(q'/?)| ol 2 n=2,f iseven
g+1 s n =2, fis odd
[PGL3(q'/?)| @S2 n=3 &=+ fiseven,3 | g2 +1
[PGU;(q'/?)| ¢l 12y n=3 &=+ fiseven, 34 ¢q'2+1
(2,9 - &) |PGSpy(q) /(4,9 - &) 71 n=4
IGU,.-1(@)|/(n,q +1) [wl, I,-1] n>6iseven, &£ = —
g 3|GLE ,(q)|/(n,q — &) Ue otherwise

PSp, () ISP, ()| f n=4,qis odd
q" 18P, (q)| U otherwise

PQS (q) [SO,,_,(q)| t] nis odd
1SP2(q)] by q s even
1Q,-1(q)| b%| n is even, g is odd

As mentioned in Section 1, one of our probabilistic approaches in Section 3 relies on computing

h(T) :=max{|Cr(x)|: 1 #x € Aut(T)}

for every nonabelian finite simple group T.

Theorem 2.12. Let T be a nonabelian finite simple group. Then h(T) is listed in Table 1.

Remark 2.13. Let us briefly comment on the notation we adopt in the third column of Table 1, where

we record an element x € Aut(7T") with |Cr (x)| = h(T).
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(i) We adopt the notation in [59] for labelling conjugacy classes when 7T is a sporadic group. If T is
Lie type, then we write u,, for a long root element.

(i) When T' = L,(q), we write ¢ for a field automorphism of order f = log, g, where p is the
characteristic of the field F,,.

(iii) If T = L(q), then let H be the normaliser in PGL;(g) of a nonsplit maximal torus of 7, so
H = Dj(44+1). We then define s € H to be the central involution if g is odd, and an arbitrary element
of odd prime order if g is even.

(iv) We adopt the notation in [13, Chapter 3] for elements of classical groups. For example, if T =
PQ? (q), where n is even and ¢ is odd, then a preimage in O (g) of an element of type y; is an
involution of the form [—1y, I,,_;] (see [13, Section 3.5.2.14]).

Proof of Theorem 2.12. First, observe that we only need to consider prime order elements in Aut(7),
since Cr (x) < Cr (x™) for any integer m and x € Aut(7T).

Assume T = A, is an alternating group. If n = 5 or 6, then the result can be checked using MaGma.
Now, assume n > 7, so Aut(T) = S,,. It is easy to see that |Cy (x)| is maximal when x is a transposition,
in which case Cs, (x) = Sy xS, and thus |Cr (x)| = (n—2)!. Hence, h(T) = (n—2)!.If T is a sporadic
group, then |Cr (x)| can be read off from the character table of T, which can be accessed computationally
via the GAP Character Table Library [6].

For the remainder, we may assume T is a simple group of Lie type over F,, where g = p/ with p
a prime. Assume x € Aut(7) is of prime order r. If x € Inndiag(T), then x is semisimple if p # r,
otherwise x is unipotent. And if x ¢ Inndiag(T), then x is a field, graph or graph-field automorphism.
Here, if x is a graph or graph-field automorphism, then r € {2, 3}.

Assume 7 is an exceptional group. Here, we assume T # 2G,(3)" = Ly(8) and T # G,(2)" = U3(3)
as noted in (4). By [19, Proposition 2.11], |Cr (x)| is maximal when x € T is a long root element. Now,
assume x € T is a long root element. If T is not D4 (q) or 2B>(q), then |Cr (x)| can be read off from
the tables in [43, Chapter 22], noting that x'™d2e(T) = xT by [43, Corollary 17.10]. If T = 3Dy4(q) or
2B5(q), then we can find |C7 (x)| in [55, p. 677] and [57], respectively.

For the remainder of the proof, we assume 7' is a classical group defined over . Let V be the natural
module of T, and write V = V ® K, where K is the algebraic closure of ;. For x € PGL(V), let Xbea
preimage of x in GL(V). Following [10, Definition 3.16], we define

v(x) = min{dim[V, Ax] : 1 € K*},

where [V, Ax] = {v —AXv : v € V}. That is, v(x) is the codimension of the largest eigenspace of x on V/,
noting that v(x) is independent of the choice of the preimage x. Upper and lower bounds on |x” | in terms
of n, g and v(x) are given in [10, Section 3]. Similarly, if x is a field, graph or graph-field automorphism,
then lower bounds for |x” | can be read off from [10, Table 3.11]. In addition, | Crnndiag(r) (x)[, and a
description of the splitting of x™d2e(T) into distinct T-classes, can be found in [13, Chapter 3]. In
particular, note that if x € Inndiag(T') is a semisimple element of prime order, then x™422(7) = xT' (see
[31, Theorem 4.2.2(j)], also recorded as [13, Theorem 3.1.12]).

We start with the case where T = L;(g). Let H be the normaliser in PGL,(g) of a nonsplit
maximal torus of T, so H = Dj441). If g is odd, then we let x be the central involution in H, and
if ¢ is even, let x € H be an element of odd prime order. Then |Cr (x)| = g+ 1, s0 h(T) > g + 1.
Let y € Aut(T) be an element of prime order. Note that if y is unipotent, then |Cr(y)| = ¢, and
|Cr ()| divides g + 1 or g — 1 if y is semisimple. Thus, we only need to consider field automorphisms,
noting that [Cpgr,(4) (¥)| = [PGL,(g'/")| if y is a field automorphism of prime order r. It follows that
|CpGL, () (¥)| > g + 1 only if r = 2 (so f is even). Indeed,

ICr ()] = |Cpa1L,(g) (V)] = [PGL2(g"?)] > g +1

if y is an involutory field automorphism, and so we conclude that #(T) = [PGLy(g'/?)| if f is even, and
h(T) = g+ 1if f is odd.
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To complete the proof for linear and unitary groups, we assume 7 = LZ(g) withn > 3. Letx € T
be a unipotent element with Jordan form [J>, J ;“2] on the natural module, noting that x is a long root
element. Then |Cpgz () (x)| can be read off from [13, Tables B.3 and B.4], and we have xPGkn (@) = xT
by [13, Propositions 3.2.7 and 3.3.10]. More specifically,

|Cr (x)| = (n,q — &) "' ¢*"|GLE_, (q)
and

PGL (q) | = [PGLj (¢)| 24!
" 3IGLy (@) g-1°

T
et | =x

The cases where n € {3, 4} require special attention, which will be treated separately.

Assume T = L (g), s0 |Cr (x)| = (3, — £)"'¢? (¢ — £), and let y be an element in Aut(T) of prime
order that is not of Jordan form [J3, J;]. If y is unipotent or semisimple and v(y) = 2, then either y has
Jordan form [J3] or |y| is odd, so by [10, Propositions 3.22 and 3.36],

1 q
T 6 2 2 T
-1 1) = .
ly I>2(3’q_8)(q+1)q >(qg"-1D(g"+eqg+1) =[x |

If v(y) = 1 and y is semisimple, then a preimage y of y in GL(V) is [wly, 2], so |Cr(y)| =
3,qg—e)! IGL7 (¢)|. It is easy to see that |[Cr(y)| < |Cr(x)|. If y is a graph automorphism, then
|CpGL§(q) (»)] = ISLa(g)|, so |Cr (y)| < |Cr(x)| evidently. If y is a field automorphism of odd prime
order r, then by [13, Propositions 3.2.9 and 3.3.12],

|CeaLz () (9] = [PGLE (¢")| < q(¢* - 1)(q - &),

s0 |Cr (¥)| < |CpcLe () ()] < |Cr (x)]. Thus, we only need to consider involutory field or graph-field
automorphisms, so we can assume & = + and f is even. Let y; be an involutory field automorphism.
Then by [13, Proposition 3.2.9],

(3,42 +1)

PGL;(q'"?)|.
G.a-1) [PGL3(q'/%)|

ICr(y1)l =

Similarly, if y, is a graph-field automorphism, then

(3.4'2-1)

PGU;(g'/?
(3’q_1)| 3(g' )]

ICr (y2)| =

by [13, Proposition 3.2.15]. Note that
IPGL3(¢"/)| < 4°(g - 1) < [PGU3(¢"/)| < 3[PGL3(q'/?)|.

Therefore, h(T) = |Cy (x)| if fis odd or € = —, K(T) = |Cr(y1)| if e =+, fiseven and 3 | ¢"/? + 1,
otherwise h(T) = |Cr (y2)].

Next, assume 7 = L{ (¢) and let z be a graph automorphism of type y; (see [13, Sections 3.2.5 and
3.3.5]), so by [13, Propositions 3.2.14 and 3.3.17], we have

(2,9-¢)

ICr ()] = 2 L= 21PGSp, (9)] > (>~ (g &) = |Cr (v)]
(4,9 -¢)

_
(4’q - 8)
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and we claim that 4#(T) = |Cr (z)|. Note that

By [10, Propositions 3.22, 3.36, 3.37 and 3.48], we have

1{ q
T 49 Y6
|y|>2(q+1)q

for any unipotent, semisimple, field or graph-field element y € Aut(7) of prime order. Hence, |y | > |27 |
if ¢ > 4, and for ¢ € {2,3} we can check that [y”| > |z7| using MaGMma. Similarly, if y is a graph
automorphism, then |y’ | > |77 | by inspecting [13, Tables B.3 and B.4].

Finally, assume 7' = L7 (¢) and n > 5. Then by applying the bounds in [10, Table 3.11] we see that

1(1-2) 2n-1

2

> %( 31) q%(”z—"—“) g = - |
q q -

if y is a field, graph or graph-field automorphism, unless (n, g) = (5, 2) or (6, 2), in which cases one can
check that |y” | > |xT | with the aid of MaGma. If y is a unipotent or semisimple element with v(y) > 2,
then

2n-1

1 2
R e LA e 1
2\g+1 qg-1
by [10, Proposition 3.36]. Thus, we only need to consider the cases where v(y) = 1 and y is not Aut(7)-
conjugate to x. In this setting, y is semisimple, and a preimage y of y in GL(V) is [w], I;,-1], where w
is a nontrivial r-th root of unity in F, if £ = +, or qu if € = —, for some prime r. It follows that

ICr ()| = (n,q - &)"'IGL_, (q)].

Note that |Cr (y)| > |Cr (x)| if and only if € = — and #n is even. This implies that
h(T) = (n,q - )" |GL{_,(9)]

if € = — and n is even, otherwise h(T) = |Cr (x)|.

This concludes the proof of Theorem 2.12 for linear and unitary groups. We can use a very similar
approach to handle the symplectic and orthogonal groups and we omit the details. But let us remark that
if T = PSp,,(¢) is a symplectic group, then |Cr (x)| is maximal when x is a long root element, unless
n =4 and g is odd, where an involution of type #; gives the maximal centraliser. If 7 = PQ? (¢), where
n is odd or ¢ is even, then |Cr (x)| is maximal when x is an involution of type #{ or by, respectively.
Finally, if T = PQZ (¢g) with n even and ¢ odd, then a graph automorphism of type y; has the maximal
centraliser. All the relevant information about these elements can be found in [13, Chapter 3]. O

An immediate corollary is the following, which will be useful in Section 3.

Corollary 2.14. We have h(T) < |T|/10 for any nonabelian finite simple group T.

2.3. Holomorph of simple groups

Recall that Hol(T') = T:Aut(T) is the holomorph of T, which acts faithfully and primitively on T (in
fact, Hol(T) = T2.0ut(7) is a diagonal type primitive group). Note that every element in Hol(7T') can
be uniquely written as ga, where g € T acts on T by left translation and @ € Aut(7T') acts naturally on
T. That is,
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0 = (g1

for every t € T. Let Hol(7, S) be the setwise stabiliser of S C 7" in Hol(T'). Throughout this section, we
assume P = S, so W = TX.(Out(T) x Si). The following result is a key observation.

Lemma 2.15. The following statements are equivalent.

() {D,D(¢t,...,¢r)} is a base for W;
@ii) t1,...,tx are distinct and Hol(T, {t1,...,t;}) = L.

Proof. First, assume (i) holds. If ; = ¢; for some i # j, then (7, j) € W stabilises D and D (¢, ..., ¢y, ),
which is incompatible with (i). Thus, 1, ..., are distinct. Suppose ga € Hol(T, {ty,...,tx}). Then
for any i/ we have

tj =18 = (g7 )" = (g7H Uy )

for some j. That is, ga induces a permutation 7 € Sy by (g‘l)"tlf’ = t;=. Now, it is easy to see that
(a,...,a)n fixes D(¢y,, ..., ¢y ). Hence, @ = 1 and 7 = 1, which implies that g = 1 by (5), noting that
i=jsincenr =1.

Conversely, suppose (ii) holds and (a, . .., @)x fixes D and D(¢y,, . . ., ¢, ). Then there exists g € T
such that #;= = g‘lti" for all i. It follows that g"_1 a € Hol(T, {t1, ..., tr}), which implies that g = 1 and
a=1.Ast,..., 1t are distinct, this gives 7 = 1 and so (i) holds. O

Let P (T) (or just P if T is clear from the context) be the set of k-subsets of 7. Recall that r(G) is
the number of regular suborbits of G.

Lemma 2.16. The number of regular orbits of Hol(T') on Py or P i is r(W). In particular, b(W) = 2
if and only if Hol(T) has a regular orbit on Py or Pr |—k.

Proof. This follows directly from Lemma 2.15, noting that Hol(7', §) = Hol(7,T \ S). O

Given a subset S C T, it is difficult to determine Hol(7', S). In particular, it is difficult to construct a
subset S C T such that Hol(7, S) = 1. By the transitivity of Hol(7') on T, we may assume 1 € S.

Lemma 2.17. Let S| and S be subsets of T such that 1 € S1 N S, and S‘fa =8,. Theng € §;.
Proof. We have g7'S| = Sé"*], soleg™'S) and thus g € ;. o

Now, we give some sufficient conditions that allow us to deduce that Hol(7', S) = 1 forasubsetS C T
containing 1. Here, we write Aut(7, R) for the setwise stabiliser of R C T* in Aut(T).

Lemma 2.18. Let S = {t1,...,tx} € P with t; = 1. Then Hol(T, S) = 1 if the following conditions
are satisfied:

(1) Aut(T,{tp,...,tx}) =1,
(i) forall2 <i <k {|t7'0], .| e} # {1 |6l o Jel 3

Proof. Suppose ga € Hol(T, S), where g € T and @ € Aut(T). By Lemma 2.17, we have g € S. If
g=t; =1,thena € Aut(T, {1, .. .,tr}) and the condition (i) forcesa = 1. If g = ¢; forsome 2 < i < k,
then tl.‘IS = S which implies that {|ti‘1t1|, R |tl._1tk|} = {1,|tz],...,|tx|}, which is incompatible
with the condition (ii). m]

Corollary 2.19. Let S = {t1,...,tx} € Py witht; = 1. If Out(T) = 1, then Hol(T, S) = 1 if all the
Jollowing conditions are satisfied:

@{) t,...,tx have distinct orders;
(i) M ={ty,...,tx) is a maximal subgroup of T such that Z(M) = 1;
(ii) forall2 <i <k {|t;7'nl, .. 17 0l # {1 el .o |1l
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Proof. In view of Lemma 2.18, it suffices to show that the conditions (i) and (ii) imply that
Aut(T,{t2,...,tx}) = 1. Suppose @ € Aut(T,{ts,...,tx}). Then @ € Caur)(t;) for each i, as
fy,. .., have distinct orders. It follows that o centralises (f2,...,7) = M and so a € Cay(r)(M).
Since Out(T) = 1, this implies that « € Cr (M) < Ny (M) = M since M is maximal, so @ € Z(M) = 1.
This completes the proof. O

Lemma 2.20. Let S| = {t1,...,tx} and Sy = {s1, ..., sk} be elements in Py such that 1 € S1 NS, and
Hol(T, S;) =1 for each j € {1,2}. Then S and S, are in distinct Hol(T)-orbits if

{7 a1 Y # (Uil sl
foranyi € [k].

Proof. This follows immediately from Lemma 2.17. O

Remark 2.21. Let us briefly discuss the main computational techniques we will use to prove r(W) > 2
for some suitable 7 and k.

(i) Let Sy and S> be k-element subsets of T containing 1, and let O; = {|¢| : t € §;}. Assume that
|0j| = k, <S]> =T and
O; #{lx't|:teS;}

forany x € §;\ {1}. Then Hol(7, S;) = 1 by Lemma 2.18, noting that the first two conditions imply
that Aut(7, S; \ {1}) = 1. Combining Lemmas 2.16 and 2.20, we have r(W) > 2 if

O, # {|lx7't|: €8}

for any x € S;. For suitable T and &, we can construct 7 with an appropriate permutation represen-
tation in MaGma and implement this approach to find k-subsets S; and S, of T with these properties
by random search. We will only need to use this method for £ < 11.

(i) In some cases where Out(7T) = 1, we will work with a centreless maximal subgroup M of T,
rather than T itself. More precisely, if S| and S, are k-element subsets of M containing 1 and
O; ={|t| : t € §;}, then by Corollary 2.19, we have Hol(T, S;) = 1 if |O;| = k, (S;) = M and

0;#{lx"t|:1reS;}
for any S; \ {1}. Again, by Lemmas 2.16 and 2.20, we have r(W) > 2 if
O, # {lx7't|: €8}
for any x € S;. For example, if T = M is the monster sporadic group and 3 < k < 5, then we

will work with a maximal subgroup M of T isomorphic to L,(71) (this case arises in the proofs of
Lemma 4.1 and Proposition 4.8).

3. Probabilistic methods

In this section, we assume G = T*.(Out(T) x Si) with2 < k < |T|. By Lemma 2.16, we have r(G) > 2
for k = m if and only if r(G) > 2 for k = |T| — m, so we will assume 5 < k < |T|/2 throughout this
section (we will treat the cases where k € {3,4} separately in Section 4).
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In Section 3.1, we will estimate the probability Pry (T) that a random k-subset of T has nontrivial
setwise stabiliser in Hol(T'), noting that

|{S € & : Hol(T, S) + 1}|

(%)

Pry(T) = (6)

As noted above, we have r(G) > 2 if and only if

|[Hol(T)|
S (T

To establish this inequality, we will give upper bounds on Pr (T') in Section 3.1. In particular, we will
show that r(G) > 2 if4log|T| < k < |T|/2 (see Proposition 3.7).

Finally, to handle certain cases where & is small, we will consider the probability that a random pair of
elements in Q is not a base for G in Section 3.2, which is a widely used method in the study of base sizes.

Pry(T) < 1 7)

3.1. Holomorph and subsets

We first consider Pry (T') defined as in (6). Let F = {S € % : Hol(T,S) # 1} and suppose S € F.
Then there exists o € Hol(T, S) of prime order. In other words, S € fix(o, %), where

fix(o, Pr) ={S € P : 0 € Hol(T, S)}

is the set of fixed points of o on F;. It follows that

7l = fix(o, 20)

oER

< ' lfix(o, 20,

oeR

where R is the set of elements of prime order in Hol(7'). As discussed above, we have r(G) > 2 if and
only if (7) holds. Thus, 7(G) > 2 if

Z fix(o, Pr)| < (|T|) — |Hol(T)].
o€eR k

Moreover, since 5 < k < |T|/2, we note that |Hol(T)| < %(Ii ‘) by Lemma 2.9. This observation yields

the following result.
Lemma 3.1. We have r(G) > 2, and hence b(G) =2, if
T
(|k|) >2 Z |fix (o, Pe). (8)
oeER

In order to apply Lemma 3.1, we need to derive a suitable upper bound for the summation appearing
on the right-hand side of (8).

Lemma 3.2. Let o € Hol(T) be of prime order r with cycle shape [r™, 1T 1=""]. Then

_Lk/rJ m\ (|T| — mr
Ifix(or, Z)| = (M)( o )

u=0

Proof. This follows by noting that any subset fixed by o is a union of some cycles comprising o. O
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If o € Hol(T) is an element as described in Lemma 3.2, then |T'| — mr is the number of elements in
T fixed under o. It follows that |T| — mr < fix(Hol(T)), where fix(Hol(7)) is the fixity of Hol(T') (the
fixity of a permutation group is the maximum number of elements fixed by a nonidentity permutation).
Recall that

WT) =max{|Cr(x)| : 1 #x € Aut(T)},

which has been determined in Theorem 2.12.
Lemma 3.3. We have fix(Hol(T)) = h(T).

Proof. Let o € Hol(T') be such that it fixes at least one element in 7. We may assume o fixes 1 € T
by the transitivity of Hol(7"). Thus, o € Aut(7T') and hence Cr (o) is the set of fixed points of o-, which
completes the proof. O

Corollary 3.4. Let o € Hol(T') be of prime order r. Then

/7]
fix(, P) < Y ('Tl/r)( m(T) )

e u k—ru

The following bounds on binomial coefficients come from [56, Theorem 2.6], where e is the expo-
nential constant.

Lemma 3.5. Let £, m, n be positive integers with n > m. Then
4
e’éa(f,m,n) < (n ) <a(t,m,n),
mt

where

BII=

1 n 2 n" ¢
a(t,m,n) = @5 ((n—m)m) ((n—m)"‘mmm) .

Corollary 3.6. Suppose n = tm for some integer t > 2. Then

B 2 3 ;i n " 2 3 p o
¢ x(u—l)n) (a—nz-l) <@(m)<((r—1>n) ((r—l)f-l) | ®

Proof. Put{ =1and m = n/t in Lemma 3.5. |

Proposition 3.7. If4log |T| < k < |T|/2, then r(G) > 2. In particular, b(G) = 2.

Proof. First, if T = As, then we construct the permutation group Hol(7T) on T using the function
Holomorph in MaGMA. Then we find two random k-subsets of T lying in distinct regular Hol(7)-orbits
by random search.

Hence, we may assume |T'| > 168 and thus 4log |T| < |T|/4. First, assume |T|/4 < k < |T|/2. By
Corollary 3.4, we have

Lk/r]
IT1/r\( h(T) i R(T) iz AT
(e 7ol < ZO( Vi) <27 (ninsag) <2 )

for every element o~ € Hol(T') of prime order. Hence, (8) holds if

|7 et R(T)
( K ) > [Holtn)2 (Lh(T)/2J)’ (1o
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and it suffices to consider k = |T'|/4. Now, we apply (9), which gives

ool—

(|T|)>Le 4 (i)'T
IT1/4) = 2z BT \3%*

( h(T) )<L. 4y ¢ L 40 irio
LA(T)/2])]  ~2rx \ (D) V2r \IT|

as h(T) < |T|/10 by Corollary 2.14. Combining the inequalities above, we see that (10) holds for
k=|T|/4if

and

L 30 Sirino
V2 \ITI

ool

L 4 (4
Var o BT\

Finally, since |Out(7)| < |T|"/? by Lemma 2.9, it suffices to show that

IT|
) > [Hol(T)| - 2T 1/2+1..

i > V30es |73, (n
where
3 1_1
tp=4-37%.272710 =1.1577....

and it is easy to check that the inequality in (11) holds for all |T| > 168.
Now, assume 4 log |T| < k < |T'|/4 and let o € Hol(T) be of prime order r. Observe that ru < k <

IT|/4 forall u € {0,..., k/r]}, so

Lk/r] Lk/r]

Z (ITI/F)( h(T) ) - Z (ITI/Z)( h(T))

! u k—ru o u k—ru
Lk/r]

s (|T|/2)(h(T>)

ru |\k—ru
u=0

. (|T|/2th)’

noting that the third inequality follows from the Vandermonde’s identity. Thus, (8) holds if

|T|/2+h(T))‘ 1)

('Z') > 2|Hol(T)|( .

It is easy to see that (12) is equivalent to

! (IT1/2+ h(T)!
R R T Y A
Now,
Tl-m 1]

T12+h(T)—m = T2+ h(T)
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for every m € {0,...,k — 1} and thus (12) holds if * > 2|Hol(T)|. By Corollary 2.14, we have
IT|/h(T) > 10, and hence ¢ > 5/3. Therefore, (12) holds if (5/3) > |T|8/ (by applying Lemma 2.9),
which implies the desired result. O

Now, we turn to the cases where 5 < k < 4log|T|. We will give some sufficient conditions for
r(G) = 2.

Lemma 3.8. Suppose 5 < k < 4log|T|. Then r(G) > 2, and hence b(G) =2, if

Lk/2]
1) (7222

Proof. 1f 8log|T| < h(T), then k < h(T)/2 and (8) follows via (13) and Corollary 3.4. By inspecting
Table 1, we see that 8log [T'| > h(T) only if T is isomorphic to one of the following groups:

M1, Ji, 2B2(8), L3(3), La(q) (g < 167). (14)

Assume T is one of the groups in (14), and suppose o € Hol(T') has prime order r. We claim that

Lk/2]
(|T|/2)( h(T) ) s

[fix(o, Pp)| <
MZ::‘) u k—2u

To see this, first assume o is fixed-point-free on T. Here, |fix(o, P¢)| = 0if r 1 k, and

ITI/r)

Ifix(or, Pi)| = ( k/r

otherwise. In particular, the inequality in (15) holds. Now, assume o has a fixed point on 7. Since o is

conjugate to an element fixing the identity element in 7, we may assume o € Aut(7'). Then with the aid

of Macgma and Corollary 3.4, it is easy to check that (15) holds when T is one of the groups in (14).
We conclude that the proof is complete by combining (13) and (15) with Lemma 3.1. O

Lemma 3.9. The inequality (13) holds if
244 T > 2[Hol(T)| | k /2] k* X+ h(T) <=2+ (16)

foreveryu € {0, ..., k/2]}, where we define u* =1 ifu = 0.

Proof. First, observe that (13) holds if

i [71/2)( h(T)
(k)>2|Hol(T)|Lk/2J( ! )(k_ZM) (17

for every u € {0, ..., k/2]}. Now,

k-2
(k k2 ) ! < eZu
— ZU

for all such u. Therefore, (17) follows by combining (16) and the well-known bounds on binomial
coefficients
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mm m mm

n" - (n) - (en)™

for any integers n > m > 0, where we define m™ =1 if m = 0. O

We conclude this section by establishing two more technical lemmas, which will play a key role in
Section 4.

Lemma 3.10. Suppose |T| > 4080 and 5 < k < 4log |T|. Then (13) holds if there exists an integer kg
such that 5 < kg < k,

IT% > [Hol(T) [Pk 0 e (18)

and
h(T)? < ko|T]. (19)
Proof. We first prove that (13) holds if k£ = k¢. In view of Lemma 3.9, it suffices to verify the inequality
in (16) for all u € {0,...,|k/2]} and we will do this by induction. First assume u = | k/2] and note

that (18) is equivalent to (16) if k is even. For k odd, we have u = (k — 1)/2 and the inequality in (16) is
as follows:

745

k23

2
( 5 )h(T). (20)

In view of (19), we see that (20) holds if

k k-1

T\ (k-1

(%) (T) e > k*[Hol(T) %,
e

which is implied by (18) since (42)k=! > e~1. Therefore, (16) holds for u = |k/2] and we have
established the base case for the induction. Now, suppose (16) holds for u = ug, where 1 < ug < | k/2].
It suffices to show that (16) holds for u = uy — 1. Here, the desired inequality holds if

(ug — 1)"o~!

uo
0

2747 - > k2e7! - n(T)?,

but this is implied by (19), noting that (”" l)““ U'> ¢! and 2ug < k. In conclusion, if k = ko, then
(16) holds for all # € {0, ..., [k/2]} and thus (13) holds by Lemma 3.9.

Finally, we need to show that (13) holds when ko < k. By (19), we have h(T)? < ko|T| < k|T|, and
by arguing as above, it suffices to show that

IT|* > [Hol(T)|* k> e 1)

Since |T| > 4080 and 5 < k < 4log|T|, we get
k+1 k+2
IT| > 2e*(4log|T| +1) > 2*(k+1) > |—— | & (k+1).
£ k

Therefore, (21) holds for all kg < k < 4log|T| by induction on k, and the proof is complete. o
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Lemma 3.11. Suppose 5 < k < 4log|T|. Then (13) holds if there exists an integer ko such that
5< ko <k,

IT | > 2|Hol(T)|| ko /2] e* h(T)ko (22)
and
2h(T)?* > (41og |T|)2e|T]. (23)

Proof. This is similar to the proof of Lemma 3.10, working with Lemma 3.9 to establish the inequality
in (13). First, assume k = k¢ and note that (22) is equivalent to (16) with u = 0. We now use induction
to show that (16) holds for all u € {0, ..., k/2]}. To do this, suppose (16) holds for u = uy, where
0 < ug < Lk/2] — 1. Then (23) implies that

(MO + 1)u0+1
20]
Uy

27|t > ke - h(T)72,

and thus (16) holds for u = ug + 1 and the result follows.
Finally, let us assume ko < k. It suffices to show that

IT|* > 2[Hol(T)| L k/2]e* h(T)*
for all kg < k < 4log|T|. This is clear by induction on k, since we have
|T| > 2eh(T)

for every T by Corollary 2.14. O

3.2. Fixed point ratios

Now, we turn to another powerful probabilistic approach to study »(G), where G = T*.(Out(T) x Sy),
which was initially introduced by Liebeck and Shalev [45]. Here, we will estimate the probability P (T')
that a random element in Q is in a regular orbit of Gp = D, noting that b(G) = 2 if and only if
P (T) > 0. Equivalently,

(G)|G|
k(1) = r|T|2k72

is the probability that a random pair of elements in Q is a base for G.
Clearly, {w,w;} C Q is not a base for G if and only if there exists an element x € G, N G, of
prime order. Now, the probability that x € G fixes a random element in Q is given by the fixed point ratio

[fix(x, Q)| [x¢ N D|
€ Ed I

fpr(x) =

where fix(x, Q) is the set of fixed points of x on Q. Hence, we have

G 2
N D|7|C

LB < Y WOy, PODEC]
x€R(G) xX€R(G) Gl

where R(G) is the set of representatives for the G-conjugacy classes of elements in the stabiliser D in
G which have prime order. We adopt the notation from [25] and define
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R1(G) :={(a,...,a)m € R(G) : n is fixed-point-free on [k]},
R (G) :={(a,...,)n € R(G) : m =1},
R3(G) :={(a,...,a)mr € R(G) : 7 # 1 and x has a fixed point on [k]},

and
Ix¢ N D?|Cq (x)|
ri(G) = Gl G
XGR,‘(G)
It follows that
r(G)|G|
TR T —=Pr(T) < r1(G) +1r2(G) +13(G), (24)

which gives a lower bound on r(G). In particular, b(G) = 2 if r|(G) + r2(G) + r3(G) < 1. Thus, we
need to bound each r; (G) above.

Lemma 3.12. We have ri(G) < (k!)?|T|3/3-Tk/21,
Proof. This is established in the proof of Theorem 1.5 in [25]. m
Lemma 3.13. We have r,(G) < (|T|/h(T))**.

Proof. Let f,(Aut(T)) be the number of conjugacy classes of elements of prime order in Aut(T). It
follows from the proof of [25, Lemma 4.2] that

h
1 (G) < |0ut<T>|fp<Aut(T>>( l(TTl))
Thus, it suffices to show that
|Out(T)|fp (Aut(T)) < (h|(7|")) (25)

First, assume 7' = A,, is an alternating group. Then as discussed in the proof of [25, Lemma 4.2], we
have f,(Aut(T)) < "72 This implies (25) since #(T) = (n — 2)! by Theorem 2.12.

Next, assume 7 is a sporadic group. Then f, (Aut(T)) can be read off from the character table of
Aut(T) and it is easy to check that (25) holds in every case.

Finally, assume T is a simple group of Lie type over F,,. Let f(7') be the number of conjugacy classes
in T. As noted in [28], we have f,, (Aut(T)) < |Out(T)|f(T). Thus, it suffices to show that

o7 < h'(,[')) 26)

We divide the proof into several cases.
Case 1.T # LZ(q).
In this setting, [29, Theorem 1.2] implies that f(T) < |T|/h(T), so in view of (26), it suffices to
show that
h(T)|Out(T)|?> < |T. (27)

First, we assume T # PQg(q). Here, |Out(7)| < 8log ¢ and by inspecting Table 1, one can see that
IT|/h(T) > ¢*/2.1tis straightforward to check that if ¢ > 13, then 128(log ¢)> < ¢°, which implies that
(27) holds for g > 13. Then there are only finitely many exceptional groups of Lie type to consider, and
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in each case we can use the precise value of #(T') in Table 1 to verify (27). Hence, we may assume g < 11
> 10

and T is a classical group. By our assumption, T = PSp,(¢), Q. (q), PQ; (q), or PQ} (¢) with n
in the latter case. In each case, we have |T|/h(T) > ¢"~2 by inspecting Table 1, so if n > 8 we have

|Out(7)|* < 64(log ¢)* < ¢° < ¢"~* < |T|/h(T)

and thus (27) holds. There are finitely many groups remaining and we can check that (27) holds in each
case.

Now, assume T = PQ{(q). Here, |T|/h(T) > q® and |Out(T)| < 24f < 24logg. This shows that
(27) holds for g > 4 since we have 24 (log ¢)* < ¢°. If ¢ = 2, then |Out(T)|> = 36 < 120 = |T|/h(T),
while if ¢ = 3, then |Out(T)|> = 576 < 1080 = |T|/h(T).

Case2. T =U,(q),n > 3.

In this case, [29, Theorem 1.2] implies that f(T) < %ITI/h(T), except when (n, ¢) = (3,3) or (4, 3).
In the latter two cases, it is easy to check (26). In other cases, we have |T|/h(T) > ¢" by inspecting
Table 1, so (26) holds if

|Out(T)|* < 24" (28)

Notice that |Out(7)| < 2(g + 1)logq < g for g
2(q + 1) < ¢>. This implies that if ¢ ¢ {2,4} and n

> 7, and for g € {3,5} we still have |Out(T)| <
> 4, then we have

lout(T)|? < ¢* < ¢" < 24"

and so (28) is satisfied. If ¢ = 2, then [Out(7T)| < 6, so (28) holds if n > 5, and if ¢ = 4, then
|Out(T)| < 20, and thus (28) holds for n > 4. It is straightforward to check (26) when T' = U4(2), where
we have f(T) = 20.

Finally, assume n = 3, so |Out(7)| < 6log g. Here, (28) is satisfied for all g > 4 since (6log ¢)* <
243. By our assumption, the only remaining cases are T = U3(3) with f(T) = 14 and T = U3(4) with
f(T) =22, so the inequality in (26) holds.

Case 3. T =L, (q).

Here, we assume (n, q) # (2,4),(2,5),(2,9),(3,2),(4,2) asnoted in (4). f n =2 and ¢q € {7,11},
then an easy computation using Magma shows that (25) holds, and the result follows.

In each of the remaining cases, we have |T|/h(T) > ¢"' by inspecting Table 1. Moreover, [27,
Corollary 1.2] implies that f, (Aut(T")) < 100|T|/A(T), so (25) holds if

100]0ut(T)| < ¢"!. (29)

Since |Out(7)| < 2(g — 1) log g < g? for all ¢, (29) holds if n > 10. Moreover, if n > 4, then (29) holds
if ¢ > 100, while for g < 100 it is easy to check that (29) still holds in each case, unless ¢ = 2 and
n<8,orn € {56} and g <4,orn=4and g <9.Butin each of these cases, it is straightforward to
check that (25) is satisfied, so to complete the proof we may assume n € {2, 3}

Suppose 1 = 3, s0 |Out(7T)| < 6log ¢, and (29) holds if 6001og ¢ < ¢°. The latter holds if ¢ > 59. In
fact, by working with the precise value of |Out(7")| we see that (29) holds if ¢ > 25. Finally, if ¢ < 25,
then we can check (25) using MAGMA.

To complete the proof, we may assume 7 = L,(g), so |Out(T)| < 2logq and |T|/h(T) >
(¢ + 1)¢'/%/2. Thus, (25) holds if

800logg < (g +1)?
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since we have f,(Aut(7T)) < 100g by [27, Corollary 1.2]. In this way, we deduce that (25) holds if
q = 71. And for ¢ < 71, we can check that (25) holds with the aid of MaGMmA. m]

Lemma 3.14. We have

k\( 1 |Out(T)|h(T)k3 k! 1,k
r3(G) < (2)(m+—IT|"‘3 )+ P +|T| (2( )+

Proof. First, let

R4(G) ={(a,...,a)mr € R3(G) : 7 =(1,2)},
Ry(T)={a e Aut(T) : (a,...,a)m € R4(G)}

as in the proof of [25, Theorem 1.5]. Set P = Sy and

@™ T)| (| Cranr) (@)] )
n(G) =107 3,
LYER4(T)

Then we have

B k 1 |a,Aut(T)| |Clnn(T)(a)| k=3
r4(G)—(2)(|_T|+ Z IT| ( T )

@€Ry(T)\{1}

(30)
k\[ 1 h(T))k 3
< + |Out(T .
8 )(m outn)(
As noted in the proof of [25, Theorem 1.5], we have
P
T
nG) <n@+ Y (31)

cer\ {02y ITIF7 73

where R is a set of representatives for the conjugacy classes of elements of prime order in P and r is
the number of (rr)-orbits in [k]. Without loss of generality, we may assume (1,2) € R.

Let x, y € R be the representatives the P-classes (1,2, 3)P and (1,2)(3,4)F, respectively. Note that
ry=ry=k—2andr, < k—-3forall z€ R\ {(1,2),x,y}. Then

P P k 1(k\[k—-2
e S SN C WS ]
cer\ iy T35 r (T xyy 1T 73

e () )2 )

and so the lemma follows by combining (30) and (31). m]

<

Now, we define

k! K

Q1(G) = (RDAT|I 3730k — g ——, (32)
|T| 2|T|3
where 65 = 1 if kK =5 and 5 x = 0 otherwise, and
02(G) = (i) ( )|o t<T>|( ] )H. 33)
h(T) h(T)
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By Lemmas 3.12, 3.13 and 3.14, we have
r1(G) +r2(G) +13(G) < Q1(G) + 02(G). (34)

Lemma 3.15. If Q1(G) + Q2(G) < 1/2and 5 < k < 4log|T|, then r(G) > 2. In particular, b(G) = 2.
Proof. By (24) and (34), we have

1 (G)|G| r(G)|Out(T)| - k!
7> 01(G)+02(G) > 1 - TR 1- I

It suffices to prove that
2|0ut(7T)| - k! < |T*2,

which is clear since k < 4log |T|. O

4. Proofs of Theorems 1, 2 and 4
In this section, we will establish Theorems 1, 2 and 4. We will consider the following cases in turn:

(a) Pe {Ak’Sk} and k € {354’ |T| _4’ |T| _3}’
(b) P e {Ag, S} and k € {|T| - 2,|T| - 1};
© P=5Su5<k<|T|/2and G = W.

More specifically, we will prove that #(G) > 2 for every group in cases (a) and (c), with the exception
of the two special cases arising in the statement of Theorem 2 (in both cases, b(G) = 2 and r(G) = 1).
Then Lemma 2.16 shows that b(G) = 2if P € {Ay, Sk} and 3 < k < |T|-3, asin part (ii) of Theorem 1,
which also establishes Theorem 4. In particular, we deduce that r(G) > 2 if P ¢ {Ay, Si} and k < 32,
as noted in Remark 2.8.

As explained in Section 2, we will exclude the simple groups listed in (4), due to the existence of
isomorphisms.

4.1. The groups with k € {3,4,|T| - 4,|T| - 3}
We start with case (a).
Lemma 4.1. Suppose k € {3,4}, P = Sy and T is a sporadic simple group. Then r(G) > 2.

Proof. If T ¢ {Ly, Th, 4, B, M}, then we can construct 7" as a permutation group in MAGMA using the
function AutomorphismGroupSimpleGroup. Then the result follows by random search (see Remark
2.21(1)). If T € {Ly, Th,J4, B, M}, then |Out(T)| = 1. Let M be a maximal subgroup of 7" with

(T, M) € {(Ly, G2(5)), (Th, AGL2(5)), (J4,M22.2), (B, Fiz3), (M,L2(71))}. (35)
In view of Corollary 2.19, the result follows by random search as in Remark 2.21(ii). O
We define the following set of finite simple groups of Lie type:

C = {*B2(8),°B2(32), G2(3), G2(4),*F4(2)".° D4(2), F4(2), L2(7), L2(8),
L2( 1 1)’ L2(13)a L2(16)’ L2(27)’ L2(32)’ L;(?))’ L:‘f(4)7 U3(5)’ U3(8)’ Lf(3)7
PSp,(3), Spy(4), L5 (2), Us(2), Spe(2), PSp4(3), Sps (2), 5 (2), PQg (3)}.

Recall that an element x of a simple group of Lie type T defined over a field of characteristic p is regular
semisimple if and only if |Cr (x)| is indivisible by p.
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Lemma 4.2. Suppose T ¢ C is a finite simple group of Lie type. Then T has at least eight regular
semisimple Aut(T)-classes.

Proof. Suppose T is a Lie type group defined over F,, where g = p! for some prime p. We will work
with a quasisimple group Q with Q/Z(Q) = T. Let m be the number of regular semisimple conjugacy
classes in Q. Then T has at least m|T|/|Q| regular semisimple T-classes, and thus 7 has at least eight
regular semisimple Aut(7')-classes if

m|T| > 8|0ut(T)||Q]. (36)

First, assume Q is a simply connected quasisimple exceptional group. Then m has been computed by
Liibeck [46], and one can see that (36) holds for every T' ¢ C by inspecting [46].

Next, assume Q € {SLZ(q),Sp,,(¢)}, so m is given in [26]. The result now follows by inspecting
[26]. For example, if Q = SL,(q), then |Q|/|T| = (2,9 — 1), |Out(T)| = (2,4 — 1) f and

m=q-3+(2,q)
by [26, Theorem 2.4]. Thus, (36) is valid if

q-3+(2,q) >82,q-1)7°f,

which holds for all ¢ > 81. For the cases where ¢ < 81 and T ¢ C, one can check using Magma that
there are at least eight regular semisimple Aut(7T)-classes. We use an entirely similar argument to treat
all the other cases and we omit the details.

To complete the proof, we assume Q = Q% (g), so Q has index 2 in SO} (¢). First, assume ¢ is even.
Here, Q =T and every semisimple element in SOf (¢) has odd order, and so lies in Q. This implies that
m is at least the number of regular semisimple SO (g)-classes in SO (g), which is computed in [26,
Theorem 5.12], and the result follows by arguing as above.

Finally, assume Q = QZ(q) and ¢ is odd. Write d = [n/2] — 1. Let A € GL4(q) be of order g% — 1
and let

A
x=| (AHT
In—2d

with respect to a standard basis (see [39, Proposition 2.5.3]). Then x € SOZ(gq), so y := x* € QZ(q),
noting that

B
y=| BH ,
Iy 24

where B = A2. Let u be an eigenvalue of B of order (¢¢ — 1)/2 in the algebraic closure K of F,. Then
it is easy to show that y # p*4' forany 1 <t < d — 1, and the set of eigenvalues of y is

d-1

d-1 _ _ —
(o, pd T,

where 1 has multiplicity n — 2d € {1,2} and any other eigenvalue has multiplicity 1. It follows that y
is regular semisimple if (i, (¢¢ — 1)/2) = 1. This gives at least

#((¢9-1)/2)
2d
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regular semisimple GO}, (g)-classes in Q, where ¢ is the Euler’s totient function (note that two elements
are not conjugate in GL, (q) if they have distinct sets of eigenvalues). By arguing as above, T has at
least eight regular semisimple Aut(7)-classes if

¢((qd —1 /2) > 32d - |Aut(T) : PGOZ(q), 37)

noting that |Aut(7) : PGO; (g)| < f < loggq if d # 3, while |[Aut(T) : PGO: (q)| < 3f < 3loggq if
d = 3. It is easy to check that (37) holds unless

(d.q) € {(6,3),(5,3),(4,3),(4,5), (4.7, (3,3),(3,5), (3, 1)}

For these remaining cases, one can use MaGMA to obtain m and so (36) holds unless Q €
{Q1,(3), Q5 (5), Q¢ (3),Q7(3) }, where we can directly check that there are at least eight regular semisim-
ple Aut(T)-classes in T with the aid of MAGMA. O

We remark that PQ{(3) has exactly eight regular semisimple Aut(7)-classes in 7. If 7 € C and
T # PQ{(3), then the number of Aut(7)-classes of regular semisimple elements in T is strictly less than
8, which can be checked using Magma. We include PQ§(3) in C in view of Theorem 2.11,soif T ¢ C,
then T is invariably generated by a pair of regular semisimple elements of distinct orders.

Lemma 4.3. Suppose k =3, P =Sy and T ¢ C is a simple group of Lie type. Then r(G) > 2.

Proof. Let x and y be as described in Theorem 2.11. Let z; and z, be semisimple elements in 7" lying
in distinct Aut(7')-classes and
21,7 ¢ xAut(T) U (x—l)Aut(T) U yAut(T) U (y—l)Aut(T)'

Note that the existence of z; and z; follows from Lemma 4.2. Then by applying [32, Theorem 2], which
asserts that the product of any two regular semisimple T-classes contains all semisimple elements in 7,
there exist g; and A, in T such that z; = x% y"  and without loss of generality we may assume g; = 1, so
zi = xy" . Itis easy to see that Hol(7, {1,x~!, y#}) = 1, and so b(G) = 2. By Lemma 2.16, it suffices to
show that §; = {1,x7!,y"} and S, = {1,x!, y"2} are in distinct Hol(T')-orbits. Suppose S‘f” = §, for
some ga € Hol(T), and note that g € S; by Lemma 2.17.1f g = 1, then (x™1)® = x ' and (y/1)® = y".
However, this implies that

h] )(l

h
zi = (xy™) = xy™ = 20,

which is incompatible with our assumption z?ut(r) # z?ut(T). If g = x7!, then (y")8 = xyM = 7,
which is not Aut(7)-conjugate to any element in S», a contradiction. Finally, if g = y"', then (x™!)¢ =
yhxTl = z[l. With the same reason, this is impossible. Therefore, there is no g € Hol(T') such that
Sfa = S5, which completes the proof. O

Lemma 4.4. Suppose k =4, P = Sy and T ¢ C is a simple group of Lie type. Then r(G) > 2.

Proof. Let x and y be as in Theorem 2.11. By [32, Theorem 2], every semisimple element in 7T lies in
xT'yT | so we may assume that

xly g xAuT) y (x~HAUT) ) yAuT)  (y=yAuT) (38)
Additionally, using Lemma 4.2, let zp be a regular semisimple element such that

20 & xA) y (x—l)Aut(T) U yAut(T) U (y—l)Aut(T) U (x—ly)Aut(T) U (y—lx)Aut(T)_ (39)
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Again, [32, Theorem 2] implies that xT ZOT contains all semisimple elements in 7. Thus, by Lemma 4.2,
there exists z € ZOT such that

Z—lx ¢ xAut(T) U (x—l)Aut(T) U yAut(T) U (y—l)Aut(T) U (x—ly)Aut(T) U (y—lx)Aut(T)- (40)

Set S1 = {1,x,y, z} and suppose ga € Hol(T, S;). If g = 1, then @ € Aut(T, S;) = 1 as {(x,y) =T and
x,y,z are in distinct Aut(7)-classes. If g = x, then x~'y € x71S; = S;fl, which is incompatible with
either (38) or (39). The case where g = y can be eliminated using the same argument. If g = z, then
7718 = Si’fl , and by using (39) and (40), both z~! and z~'x are Aut(T)-conjugate to z, which yields
77! = 7% = 771, a contradiction. Thus, we have 5(G) = 2.

Similarly, Lemma 4.2 implies that there exists a regular semisimple element w € T such that w # z,

w ¢ xAut(T) U (x—l)Aut(T) U yAut(T) U (y—l)Aut(T) U (x—ly)Aut(T) U (y—lx)Aut(T)
and
wilx ¢ xAut(T) U (xfl)Aut(T) U yAut(T) U (y*l)Au[(T) U (xfly)Aut(T) U (y*lx)Aut(T)‘

Set S, = {1, x, y,w}. By arguing as above, we have Hol(T, S;) = 1 and it suffices to show that S| and
S, are in distinct Hol(7')-orbits. Suppose S‘f” =S, and note that g € §; by Lemma 2.17.If g = 1, then
x% =x and y* = y, which implies that @ = 1. However, this is incompatible with z # w. If g = x, then

18 =x", y$=x"'yand z8 =x7'z.
Thus, one of the above is Aut(7’)-conjugate to w, which has to be z¢ = x~!z by our assumption. However,
this gives a contradiction since y¢ = x~!y is not Aut(7)-conjugate to x or y by (38). The case where
g = y can be eliminated similarly. Finally, if g = z, then

x=z"x, y¥=z"yand 18 =77\
Once again, the only possibility is x8% = w by (40). But this leaves (z~!)® = 18¢ € {x, y}, which is
incompatible with (39). ]

We can now establish Theorems | and 2 for k € {3,4,|T| -4, |T| - 3}.

Proposition 4.5. If k € {3,4,|T| — 4,|T| — 3}, then r(G) > 1, with equality if and only if T = As,
k € {3,57} and G = T*.(Out(T) x Sk).

Proof. By Proposition 2.7, we may assume P € {Ag, Sy }. First, assume k € {3,4} and P = Si. The
groups where T is sporadic have been treated in Lemma 4.1. If T ¢ C is Lie type, then by Lemmas 4.3
and 4.4, we have r(G) > 2 as desired. The cases where T € C can be handled by random search (see
Remark 2.21(i)).

Thus, to complete the proof for k € {3,4} and P = Sy we may assume T = A,, is an alternating group.
First, assume k = 3 and T = As. One can check using Magma that Hol(T') has a unique regular orbit
on P, s0r(G)=1ifG=W = Ag.(Z % S3). With the aid of MaGma, one can show that r(G) > 2 if
G < W. Here, we obtain the permutation group G in MAGMA by accessing the primitive group database,
noting that |Q| = |As|?> = 3600.

Next, assume P = S3 and T = A, with n > 6. The cases where n < 8 can be easily handled
using Magma (see Remark 2.21(i)). Now, assume n > 9, so by [48], there exist x1,y; € T such that
|x1] =2, |y1] = 3 and (x1,y;) = T. Note that if |x;y;| = 2 or 3, then (x|, y;) = S3 or A4 respectively,
so we must have |x;y;| > 4. Hence, Hol(T, {1, x1,y;}) = 1 by Lemma 2.18, and thus 5(G) = 2. Let
x2 = (1,2,...,n) if nis odd, while x, = (1,2)(3,...,n) if n is even, and let y, = (1,2, 3)x51. Then
{x2,y2) = T and Lemma 2.18 implies that Hol(T, {1, x5, y2}) = 1, so we have r(G) > 2 by Lemma 2.20.
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Now, assume P = S5 and T = A,,. The cases where n < 11 can be handled using MaGma as noted in
Remark 2.21(i). Assume n > 12, and let x = (1,2)(3,4). Let C; and C; be the set of involutions moving
8 and 12 points in [n], respectively. Note that there exist y; € C; and y, € C, such that xy; # y;x.
Moreover, by [7, Theorem 1.2], there exist z; and z; such that

T={(x,z1) = (y1.21) = {x, 22) = (¥2, 22)-

In particular, 2 ¢ {|z;|, |xz:|, |yizi|}. Set S1 = {1,x,y1,z1} and Sy = {1,x, y2,22}. We first prove
that Hol(7, S;) = 1. Suppose ga € Hol(7, S;). If g = 1, then @ € Aut(7,S) = 1 since {(x,z;) =T
and x,y;,z; are in distinct Aut(7T)-classes. If ¢ = x, then 2 ¢ {|yf[,2f[} = {|xyil, |xz;|}, which is
impossible. The cases where g € {y;, z;} can be eliminated similarly. This implies that b(G) = 2. By
applying Lemma 2.17, one can show that S| and S, are in distinct Hol(7')-orbits.

Therefore, we have r(G) > 1 if k € {3,4}, with equality if and only if G = Ag.(2 X S3). By
Lemma 2.16, it suffices to consider the case where T = As and k = |As| — 3 = 57. Note that r(G) = 1 if
G =W = A".(2 X S57), and G has at least |W : G| regular suborbits if G < W. O

4.2. The groups with P € {Ay, Sx}and k € {|T| - 2,|T| - 1}

Lemma 4.6. Suppose m € {2,3}. Then there exist S1, S, C T* such that |S;| = m, Aut(T, S;) = 1 and
SAut(T) " SAut(T)
1 2 ‘

Proof. First, observe thatif S;U{1} and S, U{1} are in distinct regular Hol(7')-orbits, then all conditions
in the statement of the lemma are satisfied. Hence, the result follows from Lemma 2.16 and Proposition
4.5, except when T = A5 and m = 2. In the latter case, we can verify the lemma using MaGma. O

Proposition 4.7. Assume k = |T| -1 or |T| - 2.

(i) If G contains S, then b(G) = 3.
(ii) If G does not contain S, then r(G) > 2.

Proof. Recall that b(G) € {2,3} by Theorem 2.3(iii). First, assume G contains Sy. It suffices to show
that b(G) = 3 if G = Tk:Sy. Suppose {D,D(¢y,,...,¢y)} is a base for G. If t; = tj for some
i # j, then (i, j) € G stabilises D and D(¢y,, ..., ¢s ) pointwise. Therefore, t1, ..., 1; are distinct.
Let S =T\ {r1,...,1x}, s0 |S| € {1,2}. Without loss of generality, we may also assume 1 € S. Thus,
there exists 1 # ¢t € T such that S¥* = S, and hence ¢, € Hol(T,T \ S), which is incompatible with
Lemma 2.15.

Now, we turn to the case where G does not contain Sy. Recall that T¥:A; < G by Corollary 2.6.
From Lemma 4.6, there are subsets S, Sy C T# of size |T| — k + 1 lying in distinct regular Aut(7)-orbits.
Write 7% \ §; = {ti1s. .. tik—2}, and consider A; = {D, D(¢y; .. -» 1, )}, Where t; -1 = t; ) = 1.
Suppose x = (a,...,a)m € G(a,). By Lemma 2.1, tlffj =t; j= for all j. It follows that a € Aut(T, S;)
and thus @ = 1. Hence, x = 7 € ((k — 1, k)), and so x = 1 since G does not contain Si. This shows that
b(G) = 2. Finally, if A| and A; are in the same G p-orbit, then

D(Sotl,]"""ptl,k)(a ..... @ :D(‘Ptz,w'-"‘ptz,k)

for some @ € Aut(T) and 7 € Si. This implies that S{' = S,, which is incompatible with our assumption.
Therefore, r(G) > 2 and the proof is complete. ]

4.3. The groups with P = S;, 5 < k <|T|/2and G =W

Finally, let us turn to case (c) mentioned in the beginning of this section. Note that if »(G) > 2 in every
case, then the proofs of Theorems 1 and 2 are complete by combining Corollary 2.4 with Propositions
2.7, 4.5 and 4.7. By Proposition 3.7, it suffices to consider the cases where 5 < k < 4log|T|. Recall
that r(G) > 2if (13) holds or Q1(G) + 02(G) < 1/2 (see Lemmas 3.8 and 3.15).
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Proposition 4.8. The conclusions to Theorems | and 2 hold when T is a sporadic simple group.

Proof. As noted above, we may assume 5 < k < 4log |T'|. With the aid of MaGMa, it is easy to check
that (13) holds for all & in this range unless 7 is one of the following groups:

Suz, Coy, Coy, Fiyy, Fiys, Fié4, B, M.

Assume T € {Suz, Coy, Coy, Fiyy, Fiys, Fié4}. Here, we can construct 7" as a permutation group in
Macma using the function AutomorphismGroupSimpleGroup, and we can then check that (13) holds
for 9 < k < 4log|T|. The cases where 5 < k < 8 can be handled by random search using MacMma (see
Remark 2.21(i)).

Finally, if T € {B, M}, then (13) holds unless k = 5 or (T, k) = (B, 6). In each case, we can verify
that (G) > 2 by random search as described in Remark 2.21(ii), with the same centreless maximal
subgroup M of T chosen in (35). O

Proposition 4.9. The conclusions to Theorems | and 2 hold when T = A,, is an alternating group.

Proof. Once again, we may assume 5 < k < 4log |T|. The cases where n € {5, 6} can be easily handled
using MAGMA, so we also assume n > 7. First, assume n < k < 4log |T|. With the aid of MaGMa, it is
easy to check (13) holds for all 7 < n < 29. Note that #(T) = (n — 2)! and thus (23) holds. By Lemma
3.11, it suffices to establish the inequality in (22) for kg = n. Thus, we only need to show that

nin-10\"  n(n!)?
( 2e ) S

which holds for all n > 30
Finally, let us assume 5 < k < n and define Q(G) and Q»(G) as in (32) and (33), respectively. Then

4
3

2 25n4
+ 1
(n')3 2(n!)3

4 3
01(G) = (k?ryi-i-doss y £y K <'>( .) ’
it 2t "

and

_ (7] k IT| 2 2\
02(0)= (h(T)) ()'Otm'(hm) <n<n—1>+2°(n<n—1>)'

Given these bounds, it is easy to check that Q1(G) + @2(G) < 1/2 for all n > 21. Finally, for the
cases where 7 < n < 20 and 5 < k < n, one can use MaGMma to check that either (13) holds, or
01(G)+07(G) < 1/2,0r Hol(T) has at least two regular orbits on &, (for the latter, we use the random
search approach as in Remark 2.21(i)). ]

To complete the proofs of Theorems | and 2, we may assume 7 is a finite simple group of Lie type.
First, we consider some low rank groups, where /(7)) is small and Lemma 3.10 can be applied.

Lemma 4.10. Suppose T =1,(q) and 5 < k < 4log|T|. Then r(G) = 2

Proof. If |T| < 4080, then ¢ < 13 and one can check the result using Magma. More precisely, we
first check (13), and if it fails, then we construct the permutation group Hol(7) on T using the function
Holomorph and use random search to find two k-subsets S; and S, of T lying in distinct regular Hol(7')-
orbits (this is a viable approach since |T'| is small).
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Thus, we may assume g > 16. First, assume k > 6 and set ko = 6. For g < 733, one can check (13)
using MaGMa. Assume ¢ > 733, and note that A(T) < ¢'/*(¢ — 1) by Theorem 2.12, so (19) holds.
Moreover, as |Out(T)| < 2log ¢, we can check that (18) holds if

a*(g* - 1)* > 16(log g)*6%¢"®,

which holds true for all g > 733. Now, apply Lemma 3.10.
To complete the proof, we assume k = 5. By Lemma 3.9, r(G) > 2 if (16) holds for every
u € {0,1,2}. If u = 2, then (16) holds if

q'/z(q +1) > 5%¢7 log g,

which holds for all g > 48449. With the same method, one can check that (16) holds for u € {0, 1}
if g > 48449. With the aid of Macma, we see that (13) holds for all 16 < g < 48449, unless
q € {16,25,49, 81}, and the remaining cases can be handled using Magma and random search, utilising
the method in Remark 2.21(i). O

Lemma 4.11. Suppose T € {L;*(q),sz(q),QGz(q)} and 5 < k < 4log|T|. Thenr(G) > 2.

Proof. Note that |T| > 4080 and h(T)* < 5|T| by Theorem 2.12. Thus, in view of Lemma 3.10, we only
need to prove (18) for kg = 5. Assume 7' = L{ (q),s0 |T| > 7> (g*=1)(¢>-1)/3 and |Out(T)| < 6logg.
Thus, (18) holds if

(P -1)(g* 1) > 3(6logq)?57e",

which is true for all ¢ > 73. By applying the precise values of #(T) and |Out(T)|, we see that (13) holds
unlesse =—, k=5and g € {3,5,8},ore =+ and

(g.k) € {(3,5).(3,6),(4,5),(13,5)},

all of which cases can be handled easily by random search as discussed in Remark 2.21(i). We can apply
the same method to the cases where 7 = 2B»(q) or 2G,(q), where (18) holds if T # 2G»(27), 2B»(8),
2B»(32) or 2B, (128) (we are excluding the group 2G,(3)’ as noted in (4)). In the remaining four cases,
one can check (13) directly. O

Proposition 4.12. The conclusions to Theorems | and 2 hold when T is an exceptional group of Lie type.

Proof. Once again, by the previous results, we may assume 5 < k < 4log |T|. In view of Lemma 4.11,
we may also assume T # 2B;(q) or 2G2(q). Note that

7|
— >
% > 10]0ut(7)| > 10

and |T| > éqd, where d is as defined in Lemma 2.10.
First, assume 5 < k < 8. Then

h(T) hT? 1 1 1
—~ 41 | - — Y — ==
0,(G) < il +10|0ut(7)] TaE <10*10°53

and

12 ' 4 162 63 .81 1g4
(67 8 8" 6t 6.8 6ist 3

01(G) <
T3 T3 273 g3 g%  2¢5 10
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unless T € {2F4(2)",3D4(2),°D4(3),3D4(4), F4(2)} or T = G»(q) for ¢ < 23. In this cases, one can
check (13) with the aid of MaGma unless T = >D4(g) and k = 5, or T = F4(2) and k € {5,6}. In the
latter cases, we can do random search using Magma as in Remark 2.21().

To complete the proof, we assume 9 < k < 4log|T|. The groups with ¢ = 2 can be handled by
verifying (13) directly, so we now assume g > 3. We first prove (22) for kg = 9. By inspecting Table 1,
we have

9
29(%) > |TPPg*. (41)

For example, if T = Es(gq), then

Tl _ (@ -DE@ - D@0 1o
W)~ (@0-1)(g° 1) 21

and |T| < ¢**® by Lemma 2.10, which implies (41). Since |Out(7)| < 61log g, it follows that (22) holds
for ko = 9 if

g% > 48logq - (2¢)°

and one can check that this inequality holds for ¢ > 3. By Lemma 3.11, it suffices to prove (23). Here,
we only give a proof for the case where T = G;(q), as all the other cases are very similar. First, note
that |T| = ¢°(¢® - 1)(¢* = 1) < ¢'* and h(T) = ¢%(q* = 1) > 143. Then (23) holds if

q2 > 562(10g q)ze,

which holds true for all g > 907. One can also check that (23) holds for all 601 < g < 907. If ¢ < 601,
then we can use the precise values of |T'|, #(T) and |Out(T)| to check (13) for all 9 < k < 4log|T]|.
This completes the proof. O

Lemma 4.13. Suppose T = L] (q) and 5 < k < 4log|T|. Thenr(G) > 2.

Proof. Recall that h(T) = (2,q — €)|PGSp4(q)|/(4, g — €) by Theorem 2.12. First, assume that k > 7
and set kg = 7. For ¢ < 89, one can check (13) with the aid of Magma. Now, assume g > 89. It is easy
to see that

g° > max{48(4e)’ log g, 4e - 60*(log q)*},

which implies (22) and (23).
Now, assume k € {5, 6}. Note that |T'|/A(T) > 10|Out(T)| > 10, so 02(G) < % Moreover,

12 | 4
Q1(G)<(6')1 N 6.4+ 6 N
TEERRTEERTiE

so we have Q1(G) < % if ¢ > 19 and thus Q(G) + Q>(G) < 1/2. Finally, if ¢ < 17, then we can use
MacGmMma (via random search as in Remark 2.21(i)) to check that r(G) > 2. m]

Lemma 4.14. Suppose T = PSp,(q) and 5 < k < 4log|T|. Then r(G) > 2.

Proof. As noted in (4), we assume g > 3. First, assume k > 6. It can be checked using MagmA that
(13) holds for g < 607, unless (k,q) = (6,3), in which case we can verify the result using MaGMA
and random search as in Remark 2.21(i). Now, assume ¢ > 607. By applying the bounds |T| < ¢'°,
h(T) > ¢®/2 and ¢*/2 < |T|/h(T) < 2q*, we see that (22) holds for ko = 6 if

q* > 6(2¢)%loggq,
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while (23) holds if
g% > 40*(log ¢)’e.

Note that both inequalities hold for all g > 607.
Finally, assume k = 5. Once again, we have |T'|/h(T) > 10|Out(T)| > 10 and thus Q,(G) < %
Additionally,

5H2 51 54 3
()+ + <

01(G) = —
)5 rs o 2y 10

for all g > 27. The remaining groups with g < 25 can be handled with the aid of MaGma via random
search (see Remark 2.21(i)). ]

Proposition 4.15. The conclusions to Theorems 1 and 2 hold when T is a classical group.

Proof. Let T be a classical group over F, and let n be the dimension of the natural module. Note that

IT| > §¢""~V/2 by Lemma 2.10. As explained above, we may assume 5 < k < 4log |T/. In addition,
we may also assume n > 5 by Lemmas 4.10, 4.11, 4.13 and 4.14. Then
7|
—— > 10|0ut(7)| > 10
ey > 10l0u()
by inspecting Table 1, and thus
h(T) hT? 1 1 1
G) < —= + 10|0Out(T)| - <—4+—==-.
02(6) < i +1010U(T)| - Z < 5+ 45 = 5

First, assume 5 < k < n+ 3. Then

(6!)? .\ (n+3)! . (n+3)*

01(G) <

T 7|5 2IT|3

1 4 1
856D 81(n+3)! 85(n+3)

n(n-1) 2n(n-1) + n(n-1) =: Q(n’ C])
q 6 q 3 2976

Evidently, Q(n, g) is a decreasing function of ¢. In addition, if ¢ is fixed, then each summand is a
decreasing function of n. Thus, Q(n, ¢) is also decreasing of n. Note that Q(n, g) < 13—0 if

(n,q) € {(12,2), (10, 3), (9,4),(8,7), (7,9), (6,23),(5,97)} =: B.

Hence, we only need to consider the cases where n < ng or g < ¢¢ for some (ng, qg9) € B. For these
groups, we can show that r(G) > 2 either by checking Q(G) + Q2(G) < 1/2 or (13), or by random
search as explained in Remark 2.21(i). This shows that r(G) > 2if 5 < k < n+3.

To complete the proof, assume n +4 < k < 4log|T| and let kg = n + 4. We first consider the case
where T = L7 (q). Note that |T| < q"z_1 and

71 _ IPGL;(q)l L ona
WT) = |GUn-1(q)l 2

by Lemma 2.10 and Theorem 2.12. Hence, (22) holds if

"8 > 2(n+4)(2e)™+*
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since |Out(T)| < 2(g+ 1) log g < 2¢%. This inequality holds if ¢ > 3 or n > 7, while we can check (22)
directly when (n, g) = (5,2) or (6,2). Thus, we have (22) forall n > 5 and ¢ > 2. By Lemma 3.11, it
suffices to prove (23). To do this, first note that

_ 1 _ 2 1 -
nT) > ¢*"|PGLE_,(q)| > 5612" 3gn=Dt = 4" 2n

by Lemma 2.10 and Theorem 2.12, so (23) holds if
qn2—4n—1 > 32e(n2 _ 1)2

since log g < g. One can easily check that the above inequality holds for all # > 5 and ¢ > 2, unless
n=>5and g < 13, or (n,q) = (6,2), in which cases we can verify (23) directly. This completes the
proof for linear and unitary groups.

Next, assume 7 = PSp,, (¢) with n > 6. Here |T| < ¢""*1/2 by Lemma 2.10 and

T g -1
W)~ 2.q-1)

n-1

q

Since |Out(T)| < 2log g, we see that (22) holds if
n+4

g™ > 2logq - (n+4)e

and one checks that this inequality is valid unless ¢ = 2 and n < 28, n = 6 and ¢ < 5, or (n,q) €
{(8,3), (10, 3)}. In these remaining cases, one can also check (22) by applying the precise values of |T,
h(T) and |Out(T)|, so as above, it just remains to verify (23). To do this, first note that

n— 1 n{n—
WT) = q" ISP, (a)] > 34 (=72,
so it suffices to show that
q"("_3)/2 > Senz(n + 1)2(10g q)z.

The latter holds unless (n, g) = (6,2) or (6, 3), in which cases one can directly verify (23). The result
now follows from Lemma 3.11.

Finally, assume T = PQ? (g) is an orthogonal group, so n > 7, and ¢ is odd if n is odd. In this setting,
IT| < ¢""=D/2 and

W
w24

n-1

by Lemma 2.10 and Theorem 2.12. In addition, (22) holds if
g™ > 241ogq - (n+4)(2e)™*

since |Out(7T")| < 24 log g, which is valid unless g = 2 and n < 14. In the remaining cases, (22) can be
checked directly. Finally, to prove (23), note that

1
WT) > —gm=D0=2)/2
(1) > 44
by Lemma 2.10 and Theorem 2.12, so we only need to show that

q("_l)("_4)/2 > 32en’(n - 1)*(log q)°.
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This holds unless (n,q) = (7,3) or (8,2), and in these special cases we can verify (23) directly. We
now complete the proof by applying Lemma 3.11. O

We conclude that the proofs of Theorems | and 2 are complete by combining Propositions 4.8, 4.9,
4.12 and 4.15. As noted in the beginning of this section, the proof of Theorem 4 is also complete.

5. Proof of Theorem 3

In this section, we prove Theorem 3, which is our main result. By Theorems 1, 2.3, and Proposition 4.7,
we only need to consider the cases where k =2, or k > |T| and P € {Ag, Sk }.

5.1. The groups with k =2

We first consider the case where k = 2. As recorded in Theorem 2.3(ii), we have b(G) = 3 if P = 1, and
b(G) € {3,4}if P = S,.

Lemma 5.1. Suppose W = T?.(Out(T) X S,) and s,t € T. Then {D,D(1, @), D(1, ¢,)} is a base for
W if and only if:

(i) Caur)(s) N Cawr) (1) = 1;
(ii) there is no @ € Aut(T) such that s® = s~ and t® =1\

Proof. This can be deduced from [47, Lemma 3.5]. O

The following is [41, Theorem 1.1].

Theorem 5.2. Suppose T is not A7, La(q) or L (q) for some prime power q. Then there exists a
generating pair (s,t) of T such that |s| = 2 and there is no a € Aut(T) with s* = s~ and t* = 7.

It has been proved recently that each of the excluded groups A7, L>(g) and L (g) does not have a
generating pair described as in Theorem 5.2 (see [37, Theorem 1.3]).

Proposition 5.3. The conclusion to Theorem 3 holds for k = 2.

Proof. Recall that b(G) = 3 if P = 1 by Theorem 2.3(ii). Thus, we may assume P = S,. By Lemma 5.1
and Theorem 5.2, we have b(G) = 3 if T ¢ {A7,L2(q), L5 (q)}. The case where T = A7 can be easily
handled using MaGgma and we deduce that b(W) = 3.

Assume T = L,(g), so Aut(T) = PT'Ly(q). If g € {4, 5,9}, then T is isomorphic to As or Ag and we
can prove the proposition with the aid of MaGma, noting that b(W) = 4 and b(G) =3 if G < W. Now,
we consider the cases where g ¢ {4,5,9}. Let s be an element in 7 of order (¢ — 1)/(2, g — 1). Then we
have Npgr,(q)({(s)) = Ds(4-1) and

Crri,y(q)(8) = CpaL,(q) (8) = Cy-1.

One can show that PGL;(g) is base-two on [PGL,(g) : Npgr,(4)({s))] (see, for example, [8, Lemma
4.7]), which implies that there exists g € PGL,(g) such that

NpGL,(¢) ({5)) N NpgL,(¢) ({s%)) = 1.

We claim that the pair (s, s8) satisfies the conditions (i) and (ii) in Lemma 5.1. Indeed, (i) is clear
since Cpri,(q)(S) = CpgL,(¢) (s) and so it suffices to check (ii). To do this, first note that there exists
an element 8 € PGL,(q) such that s# = s~!. Therefore, if @ € PI'Ly(g) and s® = 5!, then « is
contained in the coset Cpry, (4) (5)8. In particular, @ € PGL>(q) as Cpri, () (s) < PGL2(g). It follows
that @ € NpgL,(q) ((s)). Similarly, if (s%)¢ = (s8)7!, then @ € NpGL, (¢) ({s8)), which yields a = 1.
This leads to a contradiction as s is not an involution. Thus, 5(G) = 3 by Lemma 5.1.
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Finally, let us turn to the case where T = L§ (g). One can easily check the proposition for g = 3
using MaGgMma, and we will assume ¢ # 2 as L3(2) = L,(7) has been handled above, and U3(2) is not
simple. Let N be a subgroup of Aut(T) of type GL{ (¢*). Then N is a maximal subgroup of Aut(7’), and
NNT = (5):C3, where |s| = (¢° —¢&)/d(qg—¢€) and d = (3, g — &) (see [39, Proposition 4.3.6]). Note that
N = Naur)({s)). By [8, Lemma 6.4], Aut(T) is base-two on [Aut(T) : N], so there exists g € Aut(7)
such that Nay(ry ({s)) N Naw(r)({s8)) = 1. By repeating the above argument, we deduce that the
conditions (i) and (ii) in Lemma 5.1 are satisfied if we take t = s, which completes the proof. ]

The following corollary will be useful in Section 5.3.

Corollary 5.4. Suppose T ¢ {As, Ag}. Then there exist x,y € T such that Cayyr)(x) N Cauw(r)(y) =1
and there is no a € Aut(T) with (x,y)® = (x~1,y™).

Proof. Proposition 5.3 implies that the group W = T2.(Out(T) x S») has a base of size 3. Now, apply
Lemma 5.1. m]

5.2. The groups with [T\’ < k <|T|* -3

Next, we assume P € {Ag, Sy} and [T|¢~! < k < |T|¢ =3 for some integer £ > 1. The groups with £ = 1
have been handled in Theorem | and Proposition 5.3, so we may assume ¢ > 2. In this setting, Theorem
2.3(iii) implies that b(G) € {€ + 1,¢ + 2}, and we will show that 5(G) = € + 1 by constructing a base
for G of size £ + 1. We may assume G = T*.(Out(T) x S;) throughout.

For any partition P of [k] into |T| parts, where some parts are allowed to be empty, we may write
P ={P; : t € T}. Recall that Hol(T, §) is the setwise stabiliser of S C T in Hol(7).

Lemma 5.5. If £ > 2 and |T|*"" < k < |T|® = 3, then there exists a partition P = {P; : t € T} of [k]
satisfying the following properties:

P1) |P;| < |T|¢! forallt €T.
(P2) |Pi1| # 0 and Hol(T, S) = 1, where

S={teT:|Pl=IPl}

(P3) There exists x € T* such that |Py| € {1, |T|"" = 1}.

Proof. First, assume |T|¢ — 2|T|¢"! < k < |T|® - 3. In view of Theorem 4, let S be a subset of
T containing 1 with |S| = |T| — 3 and Hol(7,S) = 1, and let {x;,x3,x3} = T \ S. Now, define
P ={P, :t € T}, where |P;| = |T|’""ift € S, and |P,,| < |T|*"! = 1 with |Py,| = |T|*"! - 1 and
[Py, | +|Pxs| = k = (IT| = 2)|T|*~! + 1. Note that such a partition exists since

2<k=(T|-2ITI P +1 < 2T -2,

It is then easy to check that P satisfies the conditions (P1)—(P3).

Now, assume 3|T|¢~! < k < |T| = 2|T|*~'. Then there exists an integer m such that 3 < m < |T| -3
and m|T|~! < k < (m+1)|T|*"'. By Theorem 4, there exists a subset S C 7 containing 1 with |S| = m
and Hol(T, §) = 1. Letxy,x; € T\S,and define P = {P, : t € T}, where |P,| = |T|*"Lift € S,|Py,| = 1
and |Py,| = k —m|T|~! — 1, noting that 0 < k —m|T|*~! =1 < |T|*~!. One can check (P1)—~(P3) easily.

To complete the proof, we assume |T|¢~! < k < 3|7~ and let S = {t1,12,73} C T be such that
t; = 1 and Hol(7, S) = 1. In this setting, let x;,x;,x3 € T \ S and define P = {P; : t € T}, where
[P, =1, and |Py,| < |T|¢7! with |Py,| # 1 and [Py, | + [Px,| + |Px,| = k — 3. We conclude the proof
by noting that P satisfies the conditions (P1)—(P3). m]

For the remainder of this subsection, P = {P; : t € T} is a partition of [k] satisfying the conditions
in Lemma 5.5, where S € T and x € T* are as described in (P2) and (P3), respectively. Define
ag = (‘Pto,w e, ‘Pto,k) € Inn(T)k by to,; =tif j € P;.
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Lemma 5.6. Suppose (a,...,a)n € Gpa,. Then @ = 1 and nt € P(p).

Proof. First, note that there exists a unique g € T such that tgj = gty j= for all j € [k], and we have
n € Pypy by Lemma 2.2(i). This implies that 7 fixes the set {P; : ¢ € S}, and thus gt eSifres,
whence g"_]a € Hol(T, S) = 1. It follows that g = 1 and @ = 1, so to,; = to, j= for all j € [k], which

concludes the proof. O

Write 76" = {by,... by -1}, where by, = (a1,p,...,a¢-1,1). If [Px| = 1, then we may assume
by = (1,...,1), and if |P,| = |T|*"! = 1, we assume by = (1,...,1). Let 1 <i <¢-1,and
define a; = (@1, ..., ¢n,) € Inn(7)*, where t;,j = a; p if j is the h-th smallest number in P;. Define

Xi’[ = {] € Py : tij = l}.
Lemma 5.7. Foranyt € T* andi € {1,..., — 1}, we have |X; ;| # | Xi1].

Proof. If |Px| = 1,thenb; = (1,...,1),s0|X; 1| = L and |X; ;| = Oforallt € T*. Andif |P,| = |T|*~",
then byy -1 = (1,...,1), which implies that | X; 1| = |T|*"" — I and |X; ;| = |T|" forall € T#. O

Proposition 5.8. If £ > 2, P € {Ay, Sk} and |T|*"" < k < |T|¢ =3, then b(G) = £ + 1.

Proof. As noted above, it suffices to show that A = {D,Dag,Da;...,Da,_1} is a base for
G =T*.(Out(T) x Sy). Suppose (a, ...,a)x € G(a). By Lemma 5.6, we have @ = 1 and m € P(p).
Note that for any i € {1,...,¢ - 1}, there exists a unique g; € T such that #; ; = g;; j= for any j € [k].
Now, j € X; 1 if and only if j* € Xi,gi—l. This implies that g; = 1 by Lemma 5.7, and hence #; ; = t; =
foralli e {1,...,£—1}and j € [k].

From the definition of a;, we see that if j, j* € P; and j # j’, then there exists i € {1,...,{ — 1}
such that #; ; # t; ;. This yields j™ # j’, so j™ = j since 7 € P(p,}. Thatis, 7 € P(p,) forallt € T,
whence = 1. O

5.3. The groups with |T|' -2 < k < |T|*

To complete the proof of Theorem 3, we turn to the cases where P € {A, Si} and k € {|T|¢ =2, |T|¢ -
1,|T|¢} for some integer £ > 1. The groups with £ = 1 have been treated previously, and we record the
result as follows.

Proposition 5.9. If k € {|T| - 2,|T| - 1,|T|} and P € {Ay, Sk}, then

b(G) — 2 lfk € {|T| _2, |T| - 1} andSk ;{ G;
3 otherwise.

Proof. Combine Theorem 2.3(iii) and Proposition 4.7. O

From now on, we assume ¢ > 2. We start with the groups with Sy € G.

Lemma 5.10. Suppose k € {|T|¢ = 2,|T|¢ = 1,|T|*} with € > 2, P € {A, Sk} and Sy & G. Then
b(G)=C+1.

Proof. In view of Theorem 2.3(iii), it suffices to construct a base for G of size £ + 1. Note that Ay < G
by Corollary 2.6, so G does not contain any transposition in Sy.

By Corollary 5, there exist x, y € T* such that Aut(7, {x, y}) = 1. Let P = {P, : t € T} be a partition
of [k] with |Py| = T +1, |Py| = |T|* ' =1 and [P| = |T| 1 ift ¢ {1,x,y}. Thus, [Py| = |T|* -m
if k = |T| = m, where m € {0, 1,2}. Now, define ag = (Pt > Prox) € Inn(7)* by setting to,j =t
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if j € P;. We also write T¢™! = {by, .. .sbjr -1}, where b, = (aip, ..., ar-1,1), and we may assume
birje-t = (y,...,y). Define a; = (¢r, 1, .., 1) € Inn(T)* fori € {1,...,¢— 1}, where

, {ai,h if j is the h-th smallest number in P;;
i,j =

1 if j is the largest number in P;.

We claim that A = {D, Day, Day, ..., Days_;} is a base for G.

Suppose (@, ...,a)7 € G(). By Lemma 2.2, we have 1 € P{py and téfj =t j= for all j € [k].
We first prove that @ = 1. To see this, note that if k € {|T|¢ =2, |T|’ — 1}, then 7 € P(p up,}. which
implies that & € Aut(T, {x, y}), and thus a = 1 since Aut(T, {x, y}) = 1. Now, assume k = |T|¢. Then
7 € Pyp.y and thus @ € Cayyr)(x). Note that for each i € {1,...,£ - 1}, 1 appears exactly [T + 1
times in the entries of a;, while ¢, appears exactly |T|¢~! — 1 times and every other element appears
exactly |T|*"" times. By arguing as above, we have 1", = 1; j= foralli € {1,..., ¢~ 1}, which implies
that @ € Cauyr)(y), and so @ = 1 since Aut(T, {x, y}) = 1.

Finally, observe that there exists a unique pair {ji, jo} of elements in [k] such that j; # j, and
tijy = tij, foralli € {0,...,f— 1}, where we have t; ;, = t; ;, = 1. For each i, there exists a unique
element g; € T such that t; ; = g;t; j= forall j € [k], so tijr =t jx = gi‘l. Since 7 € Pp,}, it follows
that g; = l andso #; j = ¢; j= for all j € [k]. It is then easy to see that m € ((j1, j2)), and thus 7 = 1 as
G does not contain any transposition in Sk. O

Proposition 5.11. If £ > 2, P € {Ay, Si} and k € {|T|¢ = 1,|T|’}, then

1 :
L gskgc,
€+2 ifSk <G.

Proof. See Theorem 2.3(iii) for the groups with Sy < G and Lemma 5.10 for S £ G. O

Finally, we turn to the groups with k = |T|® — 2 and S; < G. The case where ¢ = 2 requires special
attention.

Lemma 5.12. Suppose k = |T|> =2, T € {As, Ag} and G = T*.(Out(T) x Si). Then b(G) = 4.

Proof. By Theorem 2.3(iii), we have b(G) € {3, 4}, so it suffices to show that there is no base for G of

size 3.
We argue by contradiction and suppose A = {D,Dag,Da;} is a base for G, where
;= (@5 P1,) € Inn(T)*. If ¢, appears at least |T| + 1 times in the entries of ag for some 7,

then there exist j, j* € [k] such that j # j’, to; = to,» = t and 11 ; = t; j», which implies that G )
contains the transposition (, j'). Thus, we may assume that each ¢, appears at most |7'| times in the
entries of ag. The same argument holds for a;. It follows that the set

S; = {t € T : ¢, appears exactly |T| times in the entries of a; }

has size at least |T| — 2, so |S;| € {|T| - 2,|T| - 1}.

First, assume either |Sy| or |S1|is equal to |T|—1, say |So| = |T|—1and 1 ¢ Sy. For the same reason as
above, for any j, j’ such that j # j" and fo; = fo_j», we have t1 ; # t1 7, otherwise (J, j') € G(a). This
implies that |S1| = |T'| - 2, and we may assume T \ S; = {1,x} for some x # 1. Write ¢; = (¢o,;,11,;)
for j € [k], noting that

{ej 1/ e [k} =T>\ {(1, 1), (1,x)}.
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Thatis, {c; : j € [k]} is fixed by ¢ setwise, with the componentwise action. This induces a permutation
n € Sy, where

j =m ifc;’.’x =Cpn.
In particular, t;f’;f = t; j= foreachi € {0, 1}. Then

Dag‘p" """ Px)7 D(gyex_oooonpex ) =D(gy,. ... ¢r,) = Da

i7" ik

for eachi € {0, 1}, and so (@y, ..., ¢x)T € G(a).
To complete the proof, we may assume |So| = |S1| = |T|-2,say T\ So = {l,x} and T \ S| = {1, y}.
Write ¢; = (t,j, t1,;) for j € [k] as above, and observe that

T\ {¢; : j € [k]} = {(1, 1), (x, )} or {(1,), (x, D}

It is easy to check with the aid of Magma that there exists an automorphism @ € Aut(7") such that

1 # @ € Caur)(x) N Cau(r) (), or (x, ) = (x~1, y7h).
Assume @ # 1 and (x,y)® = (x,y). Then {c; : j € [k]} is fixed by a setwise, with the component-
wise action. Once again, @ induces a permutation 7 € Sy, where

JT=mif e} =cp.

Then by arguing as above, we deduce that (e, ..., @)7 € G(a).
Finally, assume (x,y)? = (x~', y~!) and note that

{ej:je [k} ={(x""y et j e [k}
Here, @ also induces a permutation 7 € Sy, where
jT=mife} = "y Hem,

and thus t(‘)fj = x"to’jn and t]"’j = y’ltl,jn for all j € [k], noting that & # 1 if @ = 1. Now, we have

Da(()a """ @) = D(‘;Otf' IR R ‘ptf’k”_l ) = D(‘)Dx‘l‘pli,l’ R ()Dx‘”pti,k) = Dag

Proposition 5.13. If P € {Ay, Si} and k = |T|* = 2, then

b(G) = 4 ifT € {As, Ag} and G = T*.(Out(T) x Sy);
|3 otherwise.

Proof. By Lemmas 5.10 and 5.12, we may assume that S; < G, and G is not TX.(Out(T) x Sy) if
T € {As, Ag}. Thatis, G = T*.(O x Sy) for some O < Out(T), with O # Out(T) if T € {As, Ag}. We
will prove that b(G) = 3 by constructing a base of size 3.

Write K = Inn(T).0 < Aut(T). Note that there exist x, y € T such that Ck (x) NCk (y) = 1 and there
isno @ € K with (x,y)® = (x~!, y~1). This can be obtained by Corollary 5.4 when T ¢ {As, Ag}, and
the cases where T € {As, Ag} can be checked using MaGgma (note that K < Aut(T) if T € {As, Ag}).
Now, let P = {P, : t € T} be a partition of [k] with [P;| = |Px| = |T| - 1, and |P;| = |T| if
t ¢ {1,x}. And we label the elements in T by T = {gi,...,g|r|}, where g| = 1 and g7| = y. Define

https://doi.org/10.1017/fms.2023.121 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.121

Forum of Mathematics, Sigma 39

a9 = (@ry15- -5 Proy) € Inn(T)*, where to,j = tif j € P;, and define a1 = (¢y, 5 ..., 91 ,) € Inn(T)*
by setting

A gn ift # 1 and j is the h-th smallest number in P;;
Li= gn+1 if j is the h-th smallest number in P;.

Now, we claim that A = {D, Dagy, Da, } is a base for G.

Suppose («,...,a)m € G (), noting that @ € K. By Lemma 2.2(i), we have m € Pp}, so either
7 € Pp;y N Pyp,y, or P" =Py, hence there are two cases to consider.

First, assume that P[* = P,. There exists a unique g € T such that t(‘)’fj = gto,j~ for all j € [k], and
by taking j € P; we have g = x~!. This implies that x* = x~! by taking j € P,.Let Q = {Q, : t € T}
be the partition of [k] defined by setting j € Q, if t; ; = ¢. Then |Q1| = |Q,| =|T| - 1, and |Q,| = |T|
ifr ¢ {1, y}. By arguing as above, either 7 € P(g,} N P{Qy} or Q{r = @Q,. If the former holds, then

(P1n Q)™ =PyNQy.

However, as can be seen from the definitions of ag and a;, we have |P; N Q1| = 0, while [P, N Q| = 1.
This implies that Qi’ =Q,,50y% = y‘1 as above. By our assumptions on x and y, there is no @ € K
with (x,y)® = (x~!, y~!), which gives a contradiction.

Finally, suppose that 7 € Pyp,y N Pyp, ;. First, note that t(‘)’J = to,j= for all j € [k], so x¥ = x.
Similarly, we have 7 € P(g,) N P{g,} and y® = y. This implies that @ € Ck (x) N Ck (y) = 1, and thus
t;j =ti j= foralli € {0,1} and j € [k], which yields 7 = 1 and completes the proof. O

Proposition 5.14. If € > 3, k = |T|* =2 and P € {Ay, Sk}, then b(G) = € + 1.

Proof. In view of Theorem 2.3(iii), it suffices to construct a base for G of size £ + 1. First note that there
exist x, y, z € T such that

Cau(r)(x) N Caur) (¥) N Cawry(2) =1

and there is no @ € Aut(T) with

(x,y,2)% ="y .

To see this, if T ¢ {As, Ag}, then we apply Corollary 5.4, and if T € {As, Ag}, then it can be checked
using MaGMa. Let P = {P, : t € T} be a partition of [k] with |P;| = |Px| = |T|"' =1 and |P;| = |T|¢!
if t ¢ {1,x}. Write -1 = {by,. ..,b|T|H}, where b, = (ain,...,ar-1.n), and we may assume
by =(1,...,1) and b|T|m = (y,2,...,2). Now, define a; = (QDt,-,l»---aSOti,k) fori € {0,...,¢ -1},
where o ; =t if j € Py, andif i > 1,
- ain if  # 1 and j is the h-th smallest number in P;
b a; p+1 if j is the h-th smallest number in P;.
We claim that A = {D, Day, Day, ..., Da,_} is a base for G.
We argue as in the proof of Proposition 5.13. Suppose (a, ..., a)m € G(a), noting that 7 € P(p} by
Lemma 2.2(i). It follows that either 7 € Pp;} N P(p,) or P[* = P,.
First, assume that P{" = P,. Note that there exists a unique g € T such that t(‘)’j = gto, j= for all

j € [k]. Now, g = x~! by taking j € Py, and thus x® = x~! by taking j € P,. Let Q = {Q, : t € T}
be the partition of [k] defined by setting j € Q, if ¢1,; = ¢. Then |Q;| = |Qy| = |T)¢-" - 1, and
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|Q;| = |T|¢""if t ¢ {1,y}. By applying Lemma 2.2(i) again, we have either 7 € Pig,3 N P(g,y or
Qir = Qy. Ifre Py N P{Qy}, then

(PinQ)"=P,NQy,

which is impossible since [Py N Q;| = |T|*~% — 1, while [Py N Q;| = |T|*~2. Hence, we have QT = Q,,
and thus y® = y~! with the same argument as above. Now, suppose i > 2andlet R = {R, : t € T} be the
partition of [k] defined by setting j € R, if #; ; = ¢. Then |R| = |R,| = |71 = 1, and |R;| = |T|¢!
ifr ¢ {1, z}. By arguing as above, we have z¢ = 7z~1. However, by our assumptions on x, y and z, there
is no automorphism of T simultaneously inverting all three elements, which gives a contradiction.

It follows that 7 € Pyp,y N P{p,y, and with the same reason, we have m € P(g,) and m € PR ).
Hence, tfj =t; = foralli € {0,...,¢£ 1} and j € [k]. This implies that

@ € Cauyr) (%) N Caw(ry (¥) N Cawr) (2),

so @ = 1. Moreover, note that if j, j* € P, forsome t € T and j # j’, then there exists i € {1,...,£—1}
such that#; ; # t; . Hence, m = 1 and so A is a base for G. O

We conclude that the proof of Theorem 3 is complete by combining Theorem | with Propositions 5.3,
5.8,59,5.11,5.13 and 5.14.

6. Proofs of Theorems 6 and 7

In this final section, we will prove Theorems 6 and 7. As introduced in Section 1, let Q¢ (7) be the
probability that a random k-element subset of 7# has a nontrivial setwise stabiliser in Aut(7). That is,

R € Si(T) : Aut(T, R) # 1}]
Qi(T) := S (T)] ,

where 8 (T) is the set of k-subsets of T# (we will simply write & if T is clear from the context).
Consider the diagonal type group G = TX.(Out(T) x Si) < Sym(Q), and recall that

H{(t1,....txe1) €TV {D, D(@sy, . . @1, 1)} is a base for G}

Pr(T) :=
k( ) |T|k—1

which is the probability that a random element in Q is in a regular orbit of Gp = D.
The following is [25, Theorem 1.5].

Theorem 6.1. Let k > 5, and let (T,) be a sequence of nonabelian finite simple groups such that
|T,,| = o0 asn — oo. Then P (T,,) — 1 asn — oo.

Lemma 6.2. For any k > 4, we have Qi (T) < 1 = Py (7).

Proof. First,byLemma?2.15, wehave {D, D(¢y,, ..., ¢y, 1)} isabasefor Gifandonlyifzy,...,t; € T*

are distinct and Hol(7', {¢1, . . ., tx, 1}) = 1. The latter condition implies that Aut(7, {t1,...,}) = 1, s0
1, .. 06) € (TH* 1y, ..., 1x are distinct and Aut(T, {t1,....1:}) = 1
by < M) € T o (T {1, ) = I

Note that the numerator of the expression on the right-hand side is

k! {R € Sk : Aut(T,R) = 1}|.
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Thus, we have

k!'-{R € S : Aut(T,R) = 1}]
|T1x

Prs1(T) <

and it suffices to show that
T > k! |Skl.
This is clear, as | k| = (|T]|€—1)_ D

Theorem 6 now follows by combining Theorem 6.1 and Lemma 6.2. Finally, we establish Theorem 7.
Recall that &} is the set of k-subsets of 7, and

fix(o, Pr) ={S € P : 0 € Hol(T, S)}

is the set of fixed points of o= € Hol(T') on P.
Proposition 6.3. Let m > 0 be a real number. Then Qi (T) < 1/m if
70 S Z Ifix (o, Po)| (42)
k 9 k 9
o€ER
where R is the set of elements of prime order in Hol(T).

Proof. As noted in Section 3.1, we have

{S € P : HOl(T, $) # 1}] < ) [fix(c, P%)l.
oeR

which implies that Hol(7') has
m-1 (|T|
> —
m|Hol(T)|\ k
regular orbits on &,. Then

(R € 8 - HOl(T, R) = 1}| = r(|T] - k) Au(T)| > 2= DUTI=6) (ITI)

m|T| k
and thus

R €S : Aut(T, R) # 1}] m-nari-k (3) 1
Qi(T) = 5] <I- m|T]| ' (T “m

)

as desired. O

Proof of Theorem 7. Note that if T = As, then Slog|T| < k < |T| — 5log|T| implies that k = 30, in
which case we can check the theorem using MaGgma. Now, assume |7| > 168, so Slog|T| < |T|/4. It
suffices to show that (42) holds for m = |T| and 5log |T| < k < |T|/2, and we can do this by arguing as
in the proof of Proposition 3.7. More precisely, if |T'|/4 < k < |T|/2, then (42) holds for m = |T| if

2T > V30ew |7,
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where
3 1
to=4-374.272710 =1.1577....

This inequality is valid forall |T'| > 168. Andif k < |T'|/4,then (42)holds form = |T|if (5/3)% > |T|'*/3,
which holds true for all £ > 5log |T|. O

Remark 6.4. By Proposition 6.3, we have Qg (T) < 1/2 if (8) holds. We refer the reader to the proofs in
Section 4 for a wider range of k satisfying (8) for each class of simple groups. For example, the proof of
Proposition 4.9 shows that if 7 = A, and n > 7, then (8) holds for all n < k < 4log|T|, which implies
that Qi (T) < 1/2foralln < k < |T| —n.
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