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Determinants connected with the Periodic Solutions of
Mathieu’s Equations.

By A. G. Burcess, Research Student, Edinburgh University
Mathematical Laboratory.

(Read 11th June 1915. Received 28th June 1915.)

§1. Introduction.
Various solutions of Mathieu’s equation,* or the equation of
the elliptic cylinder functions
7y
d2*
have recently been discussed in an elegant series of papers in these
Proceedings.+ These papers have dealt with the periodic and
quasi-periodic solutions, but the present paper merely considers
determinants which give the infinite series of relations between
a and ¢, so that the solutions are purely periodic, t.e. the solutions
denoted by Professor Whittaker }

cey (), ce(z) ... ce,(2)
s, (2) ... se,(?).
The first set of determinants are derived from Lamé’s equation,
denoted in the Riemann notation by

y=P 0 b? c? ®
n
0 0 0 —? X

+(a+16gcos22)y=0

I S S

and the other set by means of G. W. Hill’s method.§

* Liouville’s Journal, sér 2, t. xili., pp. 137-203.

1 Proceedings of Edinburgh Mathematical Society, Vols. XXXII. and
XXXIIL (Part 1.)

+ Proceedings of the Mathematical Congress, 1912, Vol. 1.

§ Hill: Acta Mathematica, Vol. VIIL, pp. 1-36, 1886.
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Afterwards it is shown how the equations which give one set
of determinants can be got from the equations corresponding to
the other set.

§2. By Lamd’s Equation.
Lamé’s equation is

x (x~b?) (x - ¢ ?@—‘1—/‘2— +%(3w2—2b’w—2c’m+bzcz)3—i

~i{n(n+1)z+4}y=0.
Divide throughout by ¢* and make ¢~> w0, and also n and 4,

n(n+1)
02

4 . . .
but so that and — femain finite, and the equation

becomes

m(x--bQ)% +§(2x—bg)j—y—(0m+D)y=O )]

where C'= — M nd D= —-i
4c?
Substituting 5* cos® z for x, we have
&y . dy
b? cos? z (b% cos® z — B?) { 207 ein s cos Iz 28 (cos’z - sin'z) (E}
~ 8 b%sin’ z cos® »

+%{ 2b%cos’z~b d_y

- 2 a2 0.
Shemzooss) ay ~(Cocos’z+D)y=0

This simplifies to f—zy? + (45 Ccos’z+4D)y=0.

Comparing this equation with Mathieu’s equation,

d*
f2 +{(a+16gcos22z)y=0, or :{, +(a+16 g+ 32¢cos?2)y =0,
we see that they are the same equation, if a~16¢=4D and
32¢q=45"C. There is no loss of generality in taking =1, in
which case the equation (1) becomes

(-2*+2)y"+3(-22+ 1)y +(Cz+D)y=0 (2
where a ~16¢=4D and 32¢q=4C.

If certain relations exist between C and D, the solution of
equation (2) can be expressed as a polynomial in ®, such as
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y=a,+a,x+ax’... Now, as the substitution was z=cos’z, the
relations between C' and D which give the polynomial solutions of
equation (2) will give relations under which Mathieu’s equation

can be solved in the form y=ay+a,cos’z+a,cos'z ... i.e the
e, (2), cey (), 2, (2) solutions, for these can be expressed in terms
of cos®z.

By repeated differentiation of the simplified form of Lamé’s
equation the following series of equations are obtained :—

(-2 +2)y" +(~ 2+3)y +(Cx +D)y=0
(-Z+2)y"+(-32+3)y" +(Cx+D-1)y + Cy =0
(-2 +2)y"+(=5x+§)y" +(Cx+D-4)y" +2Cy =0
(=@ +a)y" +(-Tx+]) y" +(Ca+D-9)y"” +3Cy"=0

ete.
. . a-16g¢q
In these equations substitute x=0, C'=8yg, = and
eliminate v, ¥, y¥” ..., and the following infinite determinant is
derived.
a - 16¢
— 3 0 0 0 .ceeens
8g “—':iq_ 1 3 0 0 cveeee.
a-16
0 169 -2 g 0 e, -0
0 0 24g 2380 3 o
0 0 0 329 = 4169 4

If each row be multiplied by 4, the determinant becomes

a-16q 2 0 0 L R
32¢ a-16g-2? 6 0 0........
0 649 a-16¢g—-4* 10 O0.eevnn. -0
0 0 96 a-16¢-6° 14.........
0 0 0 128¢ a-169-8°..
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The leading diagonal shows that when ¢=0, a=0, 27, 42, 6% ...,
which is what was to be expected, as the relations between a and ¢
corresponding to the solutions ce,(z), ce, (2), ce,(z) ... reduce to
these when ¢ =0.

The value of the determinant

a b 0 0 .. | o 1 0 0

¢ a; b, 0 ... d, a 1 0 .

0 ¢ a; b ... = 0 dy a 1 ... |°
0 0 ¢ a ... 0 0 d, a

in which the leading diagonals are the same and one of the side
diagonals is 1, 1, 1 ... provided d,,, =0, ¢, ,.
Accordingly the determinant is equivalent to the continuant

a - 16¢ 1 0 0 ...
64q a—16g —2? 1 0 e

0 3849 a - 16g - 4* 1 .l =0 (Cel)
0 0 960q a~16g—6...

...............................................................

I have adopted the notation Cel, Soh’ for the determinants
derived, so that they may be easily referred to, ¢ and s signifying
the determinants corresponding to the ce(z) and se(z) functions
respectively, ¢ and o the even and odd suffixes of ce(z) and se(z),
and ! and & denoting whether they were derived my means of
Lamé’s equation or Hill’s method.

This determinant as it stands is divergent. It can be made
convergent by dividing each row by certain factors, but the
purpose is to truncate the determinant so as to get approximate
relations between a and ¢, and hence the rows could be multiplied
by these factors again, and the same determinant derived as would
be when Cel is truncated.*

The determinant Cel was truncated to 8 columns and 8 rows.
The method of reversion of series was applied and the relation
corresponding to the ce, () solution was found to be

a= -32¢° +224¢* - 22896 o84 §

* This remark applies to all the determinants derived.

t Cf. Young : Proceedings of Edinburgh Mathematical Society, Vol, XXXII,
Lindsay Ince: Proceedings of Edinburgh Mathematical Society, Vol. XXXIII,
(Part 1.)
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In order to get the relation corresponding to ce}(z), a+ 2 was
substituted for a. On truncating to 5 columns and 5 rows

=80 2 6104 4
=59~ 7

Similarly by substituting a + 4% a +6% ... for a, the relations
between a and ¢ corresponding to ce, (z), cg(z) ... can be got.

§3. Determinant corresponding to ce, (), ce;(2), ete.

The foregoing suggests that by a different substitution an
equation might be derived from which, by a similar method, the
relations between a and ¢ corresponding to ce, (2), ce;(z) ... might
be got.

ce, (z), ce;(z), ... can be expressed in terms of cosz. Accordingly
the substitution x=cosz should give determinants corresponding
to all the ce(z) solutions.

If z = cos z be substituted in Mathieu’s equation, it becomes

(1-2)y’ -2y’ +(a~16¢+32¢x®)y=0.

By repeated differentiation and substitution of =0, the following
sets of equations are got :—

Y +(a-16g)y=0 ¥ +(a-16g-1%y'=0
Y +(a-16g-2)y"+64gy=0 y" +(a-16¢ -3")y" +1929y'=0
Y4 (a—16g - 4°)y" + 384qy" =0 ¥ + (a - 16¢ - 5%)y" + 640¢y"" =0

ce, (2), cey(z), ete., are functions of even powers of cosz; when
cosz=0, ¥, ¥”, ¥* .. are each zero, whereas ce, (z), ce, (2), etc., are
functions of odd powers of cos z, and ¥, ¥, ¥", y™, ... are each zero
on a like substitution.  Accordingly the first set of equations give
relations corresponding to ce,(z), ce,(z), etc., and the second set
corresponding to ce, (z), ce, (2), ete.

The first set gives on elimination the same determinant Cel,
and the second the determinant

a—16¢9-1° 1 0 0 .........
192¢ a—16g - 3* 1 0

0 640¢ a - 16¢g - 5° 1 .. =0 (Col)
0 0 1344q a-16¢g-7%...
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The leading diagonal shows that this corresponds to ce,(z),
ce;(z), ete.  On substituting a+ 1* for ¢ and truncating to 4 rows
and columns the relation corresponding to ce, (z),

a=-8¢g-8¢"+8¢°...
was found.

In like manner the relations for ce; (2), ce; (2) ... can be obtained.

§ 4. Determinant corresponding to se (z), se;(z), etc.

These are functions of sin z, and, accordingly, the substitution
x=sinz will give an equation from which determinants may be
derived corresponding to these solutions and such others as can be
expressed as polynomials in sin 2, viz. ce, (2}, ce, (2), ete.

The substitution of x =sin z in Mathieu’s equation gives

(1-2)y" -2y +(a+16g - 32¢x*) y=0.

Now ce, (z), ce,(2) ... can be expressed in terms of even powers
of sinz, whereas se¢, (z), s¢;(2), ... only involve the odd powers.
Therefore when sinz=0 (i.e. z=0), ¥, ¥, ¥* ... are each zero for

cey (2), ete., and y, ¥, ¥y ... are each zero for se, (z), etc. Hence
two determinants are again derived,

a+ 16¢ 1 0 0 ... -0
- 64q a4 16q -2 1 0 ... (Cell) corre-
0 -384¢ a+ 16¢g-4° I sponding to
0 0 ~ 960¢ a+16g—6% ... cey (%), ete.
and
a+ 1l6g-1* 1 0 0 ... -0
-192¢ a+16¢-3° 1 0 ...oeiie ’
_ (Sol') corre-
0 - 640¢ a+l16g-5 1 ... sponding to
0 0 - 13449 a+16¢-T7°... se, (2) e:c
1\%) .

The dash at Cel and Sol signifies that a + 16 ¢ is the principal
term instead of a - 16 g.

Determinant Cel’ when truncated produced the same relations
as Cel, whereas Sol', corresponding to se, (z), gave

a=8¢9g-8¢°-8¢*....
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§ 5. Determinant corresponding to se,(z), se (%), etec.

se, (z), se,(z), etc., cannot be expressed as polymonials in
sin 2, cos 2, sin®z, or cos® z, hence none of the foregoing substitutions
will give the relations corresponding to these sqlutions, but, as
they can be expressed in terms of sin 22, sin 4 ¢, ete., if they be
se,(z) se,(z)
sinz ’ sinz
cos z.  Accordingly, the substitution y=¢sin 2z was made in
Mathieu’s equation, and the equation

(1-2)g" -8z +(a~-16g-1*+32¢a%)§=0
was derived, in which x=cosz Now, se, (z), se; (2), etc., may also
be expressed in terms of cosz, when divided by sinz, and hence

this equation will give a determinant corresponding to these
solutions as well. The two determinants derived were

divided by sin 2, , ebe., can be expressed in terms of

a-16¢-1° 1 0 0 ......... =0
64¢ a - 16¢ - 3° 1 0 ... (Sol) corre-
0 384¢ a—16g - b 1 sponding to
0 0 960 a-16g-T*.... | se(2), sesz),
............................................................... etc.
and
a-16g-928 1 0 0 o . =0
1929 a-16g-4* 1 0 ... (Sel) corre-
0 640¢ a - 16¢ - 6° 1 sponding to
0 0 1344¢ a—16g ~ 82 sey(z), se,(2),
.............................................................. ete.

Determinant Sol when truncated produced the same relations

as Sol’, whereas Sel, corresponding to se, (), gave

16 ,2 40 4
= —-3-q +-2'Tq cee e

§ 6. Notes on the foregoing Determinants.

Determinants Cel and Col were got from the equation

(1-a)y ~xy' +(a-169+32¢a*)y=0,
and Cel’ and Sol’ from the equation
(1-2)y" -2y +(a+16¢-3292") y=0.
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It will be noticed that these equations differ only in the sign
of ¢. As the relations corresponding to ce,(2), ce,(2), ete., were
got from both of these equations, these relations must involve only
even powers of ¢, so that the interchange of the sign of ¢ may
leave them unaltered. This agrees with the values found for ¢,

a=-32¢"+224¢" ... ete.
Hence determinant Cel = determinant Cel'.

Again, the first of these equations gave determinant Col corre-
sponding to ce, (2), etc., and the second determinant Sol’ corre-
sponding to se (z), etc. Therefore the relation corresponding to
se; (z) may be got from that corresponding to ce, (z) by changing the
sign of ¢. This agrees with the values found,

ce,(2)=-8¢g-8¢"+8¢°... and s¢,(2)= +8¢-8¢*-8¢°....
Similarly in §5 y=¢£cosz might have been substituted, and
the equation
(A-a)¢' -3z +(a+16¢g-1°-32¢a?)£=0
have been got instead of
(- -3xf+(a+16¢g~1"+32¢9a%) £=0,

and determinants corresponding to ce, (z), ce;(2), etc., and se, (z),
se, (), ete., derived. These would be

a+16¢-12 1 0 0 «oenints -0
- 63q a -;l‘GQ - 32 16 y (; ......... (Col) corre-
- 384¢ a+;0q—o " 72 sponding to

0 0 - 960¢g a+16¢ -7 ... ce (2), ete.
and
a+16¢ - 2° 1 0 0 ......... =

-192¢ a+16g-4° 1 0 ........ (Sel’) corre-
0 - 640¢ a+ 16q - 6* | . sponding to
0 0 -1344g a+16¢-8".... | se(z), se,(2),

............................................................... ete.

Hence the relation corresponding to se,(z), se, (z), etc., must
involve only even powers of ¢. This agrees with the relation

" — 16 A2 40 4
found, a= -1 ¢°+4%¢" ...
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It will be noticed that
(1) Cel’ and Col’ have another diagonal - 64¢, - 3844, ete.

Sel’ and Sol' - - - - ~192¢q, - 6404, ete.
(2) Cel and Sol - - - - 649, 3849, etec.
Col and Sel - - - - 192q, 6404, ete.

The coefficients of ¢ are +64(r-1)(2r-3) for one set of
determinants, and + 64 (r — 1) (27 - 1) for the other, where r is the
number of the row in which the quantity occurs.

§ 7. Hill's Method.

Assuming for the solution y = X b,¢™, and substituting

n=—wx

Mathieu’s equation becomes
q

i (2ni)b, e +(a+8qe*+8ge?) b b, e"E=0.

N=—mp n=-—

Equating to zero the coefficients of ¢™*%, the relation (which holds
true for all integral values of n)

8qb,,+[(2ni)*+a]b,+8¢b, ,=0
is obtained.

If in this equation values of » from — o« to + o are inserted,
a series of equations is derived, the central ones of which are

Bgb_s+(a—-4)b_,+8qb_ =0 (n=-2)

8qgb_o+(a-2%0_,+8qb, =0  (n=-1)

8¢qgb_,+ ab, +8¢b6, =0 (n=0)

8qb, + (a-2%b, +8¢b, =0 (n=1)

89b, + (a-4)b, +8qb; =0 (n=2)
Eliminating the b’s we get the doubly infinite determinant

...... 0 8¢ a -2 8¢ 0 0......

...... 0 0 8¢ a 8¢ 0...|=0
...... 0 0 0 8¢ a-2¢ 8¢...

...... 0 0 0 0 8¢ a-4*
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This infinite determinant of order 27+ 1 can be split up into
two determinants—

a 16¢ 0 0 0......

8¢ a-2° Bq 0 0......

0 8¢ a-4° 3¢ 0...... =0 (Ceh)

0 0 8¢ a - 6° 8q ...

0 0 0 8¢ a-8

and

a2 8¢ 0 0 ......
8¢ a-4° 8g 0 ...
0 8¢ a-6° 8g un... =0 (Seh)
0 0 8¢ a- 8§

Assuming the expansion for ce, () and retaining terms up to ¢*,

co(2)=1+(4g-28¢>...)cos22+(2¢°-158¢* . )cosdr+...

=by+ b, €** +b, et 4 ...
+b_ " +b e L
we see that b,=b_,, b,=0b_,, etc.

Returning to the equations, substitute these, and the equation
for n =0 becomes a b,+ 16 ¢ b, =0, while the others become identical
in pairs, i.e. equation for n=r is the same as that for n= -r.
If the b's be eliminated in the equations, determinant Ceh is
derived. If Ceh be truncated to 4 columns and rows,

a= -32¢*+224 ¢* ... corresponding to ce, (2),

the same relation as was derived from Cel.
The leading diagonal, when ¢=0, gives a=2% 4% 6% ... and
hence the values of a corresponding to ce, (), ce;(z), may be derived.

se,(2)=sin 22 +(2qg-3¢°)sindza+ g sinbz+ ...
=b0+ble2iz +b2e4iz +bse‘“‘+...
+b_ et 4 b _ e +b_,e % 4 .,

Hence by=0, b,= - b_,, b,= - b_,, etc.
Substituting in the equations and eliminating the &’s, we derive
determinant Seh. As the leading diagonal is a - 2% a - 4% etc,
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this determinant will give the values of a corresponding to
se,(z), s¢,(z), etc. If it be truncated to 4 columns and rows, and
a+ 2° substituted for @, a= ~12¢*+4$9¢* ..., the value derived
from Sel.

§ 8. Dsterminants corresponding to ce (z), ces(z), etc., se (2),
ses (2), ete.

n=w

Assuming for the solution y = X b,¢®"~V% and substituting in

n=-—-m

Mathieu’s equation, we find it becomes

i {(2 n—- l) i}an e('zn—])iz + (a+8q82iz+ Sqe—’ziz) i bne(ﬂn—l)iz=0.

n=-—x N=—am

If the coeflicients of e*"—"* be equated to zero, the relation
(which holds true for all integral values of =)

8gb,,+[{(2n-1)i}’+a]b,+8¢b,,,=0
is obtained.

In this equation values of » from n= - to + o are inserted,
and a series of equations is obtained, the central ones of which are

8gb_y+(a-5%b_,+8gb_=0 (n=-2)
89b_ ,+(a-8b_,+89b =0 (n=-1)
8qb_+(a-1%9b, +8¢b =0 (n=0)
8qgb, +(a-1%b, +8¢b, =0 (n=1)
8¢b, +(a-3%b, +8gb; =0  (n=2)

If the &’s be eliminated the doubly infinite determinant of order
2r is derived.

...... 8¢ a -~ 5* 8¢ 0 0 0.....

...... 0 8¢ a-3 8¢ 0 0......

...... 0 0 8 a-1* 8 0... | =0
..0 0 0 8¢ a-1* 8¢

...... 0 0 0 0 8¢ a-3°
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This can be broken up into two determinants

a-1°+ 8¢ 8¢ 0 0...
8¢ a-3* 8¢q 0......
0 8q a~b* 8 ..... =0 (Coh)
0 0 8¢ a-T°
and
a-1%-8¢ 8¢ 0 0......
8¢ a-3 8¢ 0.
0 8¢ a-5  8q.... =0 (Soh)
0 0 8¢ a-T
ce, (z) =cosz +(g-¢*cos3z+...
=b,e" +b, e84 .
b7t +bh_ye i .

Hence by=0b,, by=5b_,, by=0b_,, ete.

Substituting in the equations and eliminating the b’s, we derive
determinant Cokh. Hence this determinant gives the relation
between a and ¢ corresponding to ce, (2), ce;(z), etc. When

truncated to 3 columns and rows, a= — 8¢ —-8¢°+8¢*... for ce, (z),
the value found from Col.
se, () =sin z +(g+¢?)sin3z+ ...
=b, ¢'* +b, e+ ..
+byet +b_ e 4 .

Hence by,= ~b,, b_j= —by b_,= - b, ete.

If these substitutions be made in the equations and the b’s
eliminated, determinant Sok is got. Accordingly this determinant
gives the relation between a and ¢ corresponding to se, (z), se, (2),
etc. When truncated to 3 columns and rows, a=8¢-8¢*-8¢%...
for se, (z), the value found from Sol.

If it be remembered that instead of 8¢ and 8¢ in the two
diagonals 1 and 64 ¢> may be substituted, it will be seen that a
change of sign in ¢ will leave the determinants corresponding to
ce, (2) and se, (z) unaltered, whereas it will convert the determinant
corresponding to ce, (z) into that of s, (z) and vice versa.
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It may be remarked that in order to get the value of a correct
to ¢", = + 1 rows and columns had to be taken in the determinants
derived by the first method, whereas by Hill’s method » rows and
columns were sufficient, and that the calculations were far easier.

§9. Equivalence of the Equations and Determinants.
In the first method ce, (2) was taken as equal to
A+Bcos’z+Ccos'z ...
and in the second method equal to
at+beos2z4ccosdz...
We can therefore, by considering such equations as
cos2z=2cos2~1, cos4z=8cos'z-8cos’z+ 1, ete.

get a series of relations connecting 4, B, C, ... with a, b, ¢, ....
Call these relations /. Now in the first method we get linear
equations for 4, B, C, .... Call these equations //. In the second
method we get linear equations for a, b, ¢, .... Let these be
called /71. Equations I/1 must be transformable into equations
I1. by means of relations /., and hence the determinants derived
from these equations equivalent.

As an example take Cel and Ceh.
y=A+Bcos’z+Ccos*z+ Dcos’z+ ...

or y=A+Ba*+Ca'+Da’+... where x=cosz.
y=A4,y'=0,y"=2B,y"=0,y"=24C, y =0, y"' =720 D,
when o =0.

Again, y=0,+2bcos22+2b,cos42+2b,c0862...
=by+2b,(2cos’z—1)+2b,(8cos*z -8 cos’z+ 1)
+2b;(32 cos®z—- 48 cos* 2+ 18 cos’z ~ 1) + ...
Y=by—2b,+2b,-2b,+ ...
Yy ' =8b-32b,+72b;—...
y"=384b, - 23045, + ... ete.
The equations from which Cek was derived were :—

ab,+16gb,=0, 8gb,+(a—4)b,+8¢b,=0,
8qb1+(a—l6)b2+8qba=0, etc.
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To derive the first equation from which Cel was got, multiply
the first of these equations by 1, the second by — 2, the third by
+2, etc., ie. by the coefficients of b, &, 8, ... in the relation
connecting them with y. Add these and equate to zero.

(aby+ 16 9b)) —2[8 qby+ (@~ 4) b, + 8¢ b,]
2[8¢b,+(a-16)b,+8¢gb]+...=0.
Rearranging this equation we have
(a-16¢)(by—2b,+2b,— ..) + (85, - 32b,+72b,~ ...) =0,
te. (a~-16¢)y+y =0, the first of the equations from which Cel

was got.

Again, multiplying the second of the equations by 8, the third
by -32, the fourth by +72, ... etc,, 4.e. by the coefficients of
by, by, by, ... In the relation connecting them and %", and adding
and equating to zero, we have

8[8qby+(a—4)b,+8¢d,]-32(8¢b, +(a-16)b,+8¢by]
+72[8gb,+(a-36)b,+8¢b,]-...=0.
Rearranging this equation, it becomes
64q(bp—2b,+2b,-2b;...)+(a—16g-4)(8b, - 326,+725,...)=0,

ie. 64qy+(a-16g-4)y" =0, the second of the equations from
which Cel was got.

Continuing in an exactly similar manner we can derive the other
equations from which Cel was got.

Hence the determinant Cel is equivalent to Ceh.

It will be noticed that the multipliers of the equations

ab,+16¢d, =0, etc.,

were the coefficients of b,, b, etc., in the relations connecting them
and y, y", etc., and that these coefficients were the coeflicients of
cos”z in the expansion of cos 2z in terms of cosz, multiplied by
certain factors.

Similarly it can be shown that

Cel = Ceh, Col = Col' = Coh, Sel = Sel’ = Seh, Sol = Sol’ = Soh.

The following table shows the various multipliers to convert
the equations of the second method into the first two equations of
the first method.
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When it is remembered that changing the sign of ¢ converts
Cel into Cel’, and Sel into Sel’, but Col into Sol’ and Col' into Sol
a glance at the above tables shows that they possess, in addition to
others, the same interesting features. It will be noted, for
example, Cel and Cel’ have the same multipliers, differing only in
the sign of every second multiplier, and from the second table that
the alteration is merely the substitution of sine for cosine. The
same applies to Sel and Sel’. But in the case of the odd functions,
Col and Sol' correspond in this way, and Col’ and Sol. A reference
to the transformation of Ceh into Cel, and the corresponding one
of Cek into Cel’ at once supplies the reason.

In conclusion, T desire to thank Professor Whittaker, at whose
suggestion this investigation was begun, for much useful advice
during its progress.
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