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AN OSCILLATION CRITERION FOR nth ORDER
NON-LINEAR DIFFERENTIAL EQUATIONS
WITH FUNCTIONAL ARGUMENTS

BY
S. R. GRACE AND B. S. LALLI*

ABSTRACT. An oscillation criterion for an even order equation:
x4+ q(0)f(x(1)), x[g(t)]) =0 is provided. This criterion is an exten-
sion of a result established by Yeh for the second order equation

X +q(Of (x(1)), x[g(1)]) =0.

Conditions are given here, under which all solutions of the equation x™(¢) +
q(Of(x(t), x[g(t)]) =0 are oscillatory, where n is even, n=2.

In a recent paper Cheh-Chih Yeh [1] established an oscillation criterion for
the second order non-linear differential equation

(1) X +q(0f(x(1), x[g(0)]) =0,

The purpose of this note is to extend Yeh’s criterion to the following nth
order equation,

2) x™+q()f(x(t), x[g()]) =0, n even.

without imposing any additional restrictions on the functions involved. Exam-
ples are provided to illustrate our results.
We assume in the sequel the following conditions due to Yeh:
(i) g, g€ Clty,»), fe(RXR), R=(—%,), and f(y;, y,) has the sign of y,
and y, when they have the same sign;
(ii) there exists a function o€ C[t,, ©) such that o(t)<g(t) and 0<k=
at)=1;
(iii) there exist positive constants M and ¢ such that x =M implies

f(x,y)
y

lim inf =c>0;

|y|=>o0

(iv) q(t)=0; and

1
lim sup e A, (1) =00,
t—>00
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where

Am(t)zL[

- (t—w)""'q(u) du

is the mth primitive of q for some m > 2. Travis [9] has recently demonstrated
that all solutions of (1) are oscillatory under the conditions (i)-(iii), and
(iv)’ q(t)=0, and

lim sup t J. q(s) ds =0,

Wintner [10] considered the linear differential equation
(3) X+q(t)x =0,

and showed that the condition

) 1im1[' duj:t a(s) ds =

t
—e t 0 0

is sufficient for equation (3) to be oscillatory, even when q is not assumed to be
positive. Hartman [5] has shown that the limit cannot be replaced by the upper
limit in the condition (v). Also, the integral criterion given in (iv) includes that
of Travis [9] and the one by Wintner [10].

In what follows we consider only non-trivial solutions of (2) which are
indefinitely continuable to the right. A solution x(t) of (2) is said to be
oscillatory if it has arbitrarily large zeros, and non-oscillatory if it is eventually
of constant sign. Equation (2) is said to be oscillatory if every solution of (2) is
oscillatory.

We will have an occasion to use the following Lemmas given in [4].

Lemma 1. Let u be a positive and n times differentiable function on [ty, ). If
u™(t) is of constant sign and not identically zero in any interval [t,, ), then
there exist a t, =t, and an integer [, 0=<1=<n with n+1 even for u™ =0 or n+1
odd for u™=0 and such that 1>0 implies that u®(t)>0 for t=t,,
(k=0,1,...,1-1) and l=n—1 implies that (=) u®t)>0 for t=t,,
(k=L1+1,...,n—-1).

LemMma 2. If the function u is as in Lemma 1 and

u" VOu™()=0 for t=t,
then for every A, 0< A <1, there exists a M,;>0 such that
uA) =M " u" V()|  for all large t.

THEOREM 1. Under the conditions (1)—(iv) with m >2 all solutions of (2) are
oscillatory.

Proof. Let x(t) be a non-oscillatory solution of (2). Assume that x(t)>0 for
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t=t, and choose a t; =1, so that g(t)=t, for t =t,. By Lemma 1, there exist a
t,=t, such that x™" (t)>0 and %(t)>0 for t=t,. Choose a t;=t, so that
o(t)=2t, for t=t;. It is easy to check that we can apply Lemma 2 for u =%,
A =3 and conclude that there exist M, >0 and t,=t; such that

xGo(0)]=M,e" (1)x" Vla(t)]
=Mo" () x" V() for t=1,.

4

Let w(t)=x""Y(t)/x[2c(t)]. Thus w(t) satisfies
fx(®), x[g(®)]D x[5o(1)]
x[zo(1)] x[ze (0]

Since x(t)>0 for t=t,, lim,_,. x(t) exists either as a finite or infinite limit.
If lim,_,.. x(t) = b is finite, then

(), x[g(0] _ f(b,b)
T Be] - b

w(t)=—q(t) 26 (t)w(t)

>0.

If lim,_,., x(t) =, then by (iii) we have
fx(®), x[g(®O]) _ fOx(®), x[g(O)D
x[3a(1)] x[g(1)]

In either case (5) holds for t=t,. Since x(t) is increasing for t =t,, we have

fGe@), x[gD _ . fx(0), x[g(®)]) _
) x[o(1)] =a() x[g(0)] =cq(0)

&)

=c>0, for t=t,.

(6) q(t

and

o] _k X
xBo()] 2 wio M2 x[%a(t)]]

=IMko"2(t)w?(t).

26 (Hw()

Using (ii) we get

1
LoD yen-tvt, 2w ).

S OWO L

Thus
w(t)=—cq(t)—c,t" 2w(t),

where ¢, =2k 'M,. Whence it follows that

J[ (t—uw)" W) du=- Jt ct—u)"q(u) du

4 4

- J (t—w)™ 'u"*w2(u) du.
t

4
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Since
1

J’r (t—uw)" "W du=(m-—1) J (t—w)" ?wu) du—w(t)(t—1t)™ ",

we get

t—CT J (t—u)™'q(u) du

123

- t— t4 m-l Cq ' m—1 n-2_ .2 d
= w(ty) ; T (t—w)" 'u"?w(u) du
ta

m— 1 J” (t—u)" *w(u) du

m-—1
t n

du

t#t4>m+(m~1)2 14J[ (t—u)"

t 4c, ™ un?

=w(ty)

a

— oy (m=3/272
J [(clu"*2>%w(u)(:~u><"1*1>/21’" D(t—u) ]du

t
=2\1/2
4 2(Clun )

— m—1 —1)\2 t ¢m—3
<t t4> +(m 1)° 1 j tnﬂ2 du
t ]

de, ") u

1
tmfl
= W(t4)

4

t—t\" m—-1D%1[ 1 A

which contradicts condition (iv). A similar proof holds if x(t) <0 for t=t,.
THEOREM 2. Let in Theorem 1, the condition (iii) be replaced by:

(i) f(y4, o) is a continuously differentiable function with respect to y, and y-,
and

af(y1, y2)

=k, >0 for y#0, i=1,2
ay;
Then the conclusion of Theorem 1 holds.

Proof. Let x(t) be a nonoscillatory solution of (2). Assume that x(t) >0 for
t=t,, t,=0. It follows, as in the proof of Theorem 1, that there exists t,=1t, so

that
x(1)>0, x" () >0,
x[3t]= M, " *x" (1),
and
iBo)]=M,oc" 2(O)x" (1), for t=t,.
Letting

xM(1)

CHEC

w(t)=
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we have

W(t) — _q(t) f(X(l), X[g(t)]) _l W(t)

b)) * A7)
o) %)
Since x(t) is increasing for t=t,, we have

w(t)=—q(t) = 3w kM, t" >+ k kM, o™ (1)),

Using (ii), we get w(t)=<—q(t)—ct" >w?(t), where ¢ =3k,M,(1+k""), and
the remaining of the proof follows exactly that of Theorem 1.

REMARKS

1. If n =2, then Theorem 1 becomes Theorem 1 in [1].

2. If n=2, f(x,y)=F(x), xF(x)>0 and F'(x)=k>0 ('=d/dx) for x#0,
then q(t) need not be a positive function to ensure the oscillation of (2), (see
[2, 3, 8]). In that case Theorem 2 in [1] is included in our Theorem 2.

3. We can verify that if condition (v) holds, then (iv) will also hold for m =3,
and from Remark 2, q(t) need not be a positive function. Thus the oscillation
criterion of Wintner [10] is a special case of our Theorem 2.

The following examples are illustrative.

ExampLE 1. Consider the equation

(a) x("’+f(x[—2t-]>=0, n even, t>0,

where
x exp(x[1+sinx]), for x=0.
flx)=
X, for x=0.

Here q(t)=1, g(t)=0(t)=1/2 and o(t)=5. It is easy to check that the
hypotheses of Theorem 1 are satisfied. Hence all solutions of (a) are oscillatory.
We may add that the oscillation criteria presented in the majority of papers,
concerned with the case when f is a nondecreasing function (see the recent
survey paper by Kartsatos [6] and the references contained therein), and hence
cannot be applied to equation (a), since f is not a monotone function. Also the
oscillation criteria, obtained by Mahfoud [7] (Theorem 3 and Corollaries 1-3),
cannot be applied to equation (a) with n>2, since the condition

a(t)=r(Hg" *(0g(1),
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where r is a positive, nondecreasing continuous function on (0, ), is not
satisfied.

ExampLE 2. Consider the equation

(b) x™ +sin hx[t]+sin hx[é] =0, neven, t>0.

Here f(x, y) =sin hx +sin hy, q(t)=1, g(t)=0o(t)=1/2, and (1) =3.

of(x, y) of(x, y)
ax J

=coshx=1>0 and =coshy=1>0 for x,y#0.

Thus the hypotheses of Theorem 2 are satisfied and equation (b) is oscillat-
ory. We note once again that results of Mahfoud are not applicable to equation

(b).

REFERENCES

1. Cheh-Chih Yeh, An oscillation criterion for second order nonlinear differential equations with
functional arguments, J. Math. Anal. Appl. 76 (1980), 72-76.

2. S. R. Grace and B. S. Lalli, Oscillation Theorems for certain second order perturbed nonlinear
differential equations, J. Math. Anal. Appl. 77 (1980), 205-214.

3. J. Graef, S. Rankin and P. Spikes, Oscillation Theorems for perturbed nonlinear differential
equations, J. Math. Anal. Appl. 65 (1978), 375-390.

4. M. K. Grammatikopoulos, Y. G. Sficas and V. A. Staikas, Oscillatory properties of strongly
superlinear differential equations with deviating arguments, J. Math. Anal. Appl. 67 (1979),
171-187.

5. P. Hartman, Ordinary differential equations, Wiley, New-York, 1964.

6. A. G. Kartsatos, Recent results on oscillation of solutions of forced and perturbed nonlinear
differential equations of even order, in Stability of Dynamical Systems: Theory and Applications,
Lect. Notes in Pure and Appl. Math. Vol. 28, pp. 17-72. Marcel Dekker, N.Y. 1977.

7. W. E. Mahfoud, Characterization of oscillation of solutions of the delay equation x+
a(t)f(x[q(t)]) =0, J. Diff. Eqn. 28 (1978), 437-451.

8. H. Onose, Oscillation of nonlinear second order equations, J. Math. Anal. Appl. 39 (1972),
122-124.

9. C. C. Travis, Oscillation theorems for second order equations with functional arguments, Proc.
Amer. Math. Soc. 31 (1972), 199-202.

10. A. Wintner, A criteria of oscillatory stability, Quart. Appl. Math. 7 (1949), 115-117.

UNIVERSITY OF SASKATCHEWAN
SASKATOON, SASK.

https://doi.org/10.4153/CMB-1983-006-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1983-006-0

