NOTE ON WEAK DIMENSION OF ALGEBRAS
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Let A be a K-algebra over a commutative ring K. Harada [5] has
introduced the notion of weak dimension of algebras A (denoted by
w. dim A) analogous to the dimension of algebras in Cartan and Eilenberg

[3].

In case A is semiprimary algebra over a field K with radical N such
that (A/N : K) < oo then dim 4 = w. dim 4.

We prove here some results for w. dim 4, analogous to the results
proved in Eilenberg [4] for dim A.

Throughout this note, unless stated otherwise, we shall assume that
K is a commutative ring, 4 is a K-algebra which is K-flat and I'is a regular
K-algebra. We first notice that
(1) H,(A, B®pC) ~ Tor2®™(C, B)
for (4B, rC,).

This follows from [5, (*) of § 1] on replacing (4, I, 2) by (A4, A*, I').

Imposing further conditions on K, A, I' we deduce, rather easily,
from (1) a few results some of which we use for the proofs of our main results
viz. Theorems 1 and 2.

CorOLLARY 1. If A is a K-algebra with K regular then
w. gl. dim A4 < w. dim 4.
CoroLLARY 2. If A is K-flat and regular then
w. gl. dim 4 = w. dim 4.
From Corollaries 1 and 2 one obtains Theorem 1 of [5] as

CoroLLARY 3. Let A be a K-algebra and K be regular. Then
w. dim A = 0 if and only if A° is regular.
COROLLARY 4. If A is K-flat and I is regular then
Lw.dimggprl ' =w.gldimAd® [™* < w. dim A.

CoroLLARY 5. Let A be K-flat and I' = A[I, where I is a two sided
ideal of A, be regular. Then

H,(4,C) = Tord®T*(C, IN).
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Proor. Replace B by I'in (1).
We state (without proof) the following

LemMA 1. [1, Lemma 6]. Let A be an arbitrary ring, I a nilpotent right
ideal in A and T a (covariant or contravariant) half-exact functor defined
for all right A-modules. If T(4) = 0 for each right A-module 4 such that
Al =0then T = 0.

Now we give sufficient conditions under which the inequalities in
Corollary 4 become equalities.

THEOREM 1. Let A be K-flat and I"' = A/I be regular where I is a two
sided nilpotent ideal in A. Then
Lw.dimggpr =w.gl.dimA @ I'* = w. dim 4.
PRoOF. Assume that lw. dim,g "= n. By Corollary 5, we have
H,..(4, C) = 0 for all right 4 ® I'*-modules C. Now the exact sequence
AQI* »AQA* 3 AQT* 0

and I nilpotent imply that kernel ¢ is nilpotent. Hence, by Lemma 1,
we have H, ,(4,C) =0 for all 4 ® A*-modules C, ie. w.dim A < .
Hence the theorem follows.

CoROLLARY 6. Let A be a semiprimary algebra over a field K and

(A/N : K) < oo where N is the radical of A. Then
dmAd=1LgldmAdQ I'* =1 dim,g I’

where I' = AN.

REMARK. Theorem 1 of [4] is a particular case of this Corollary.

We now make three further assumptions (i) K regular (i) I' ® I'*
regular and (iii) I" K-projective.

With these assumptions we prove

THEOREM 2. Let A be a K-algebra and I' = A/I, where I is a two sided
nilpotent ideal in A, be K-projective. If K and I' ® I'* are regular then
w.dim A =1 w.dim, "= #» where » is the smallest integer such that

Tord, (I, ') = 0. If no such integer exists, then we take # = c0.
For the proof of this theorem we need the following

LeMMA 2. Let A be a K-algebra and I" = A/I be a K-projective algebra.
If I' ® I'* is regular then

Tord®r*(C, 4) ~ C Qg pTord(l, 4)
for (4Ar, rCr)-

Proor. Consider the natural isomorphism
C P red =2 C Qre I‘t(r ®44).
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Let X be a A4 @ I'*-projective resolution of 4. Since I' is K-projective,
it follows that X is a A-projective resolution of 4. Since I' ® I'* is regular,
® rer+ is an exact functor and therefore replacing 4 by X and passing to
homology, we get

TorA8T(C, A) = C Qg - TorA (I, A).

COROLLARY 8. Let A and I" be as in Lemma 2. If further A4 is K-flat
and I'is regular then H, (A4, C) = C Qg e Tord (I, I).

ProoF. Take 4 = I'in Lemma 2.

PrOOF OF THE THEOREM 2. We know that #» <1. w.dim, I". Since K is
regular, by Corollary 1, we have 1. w. dim,I" < w. dim I'. By Corollary 3,
K and I'® I'* are regular give w.dim I'= 0 and therefore by Corollary 2,
I’ is regular. Thus by Corollary 8, we have H, ,(A4, C)} = 0 for all two sided
I'-modules C. The exact sequence

IQA*+AQI* > AQA* ETTQT'* >0

and I nilpotent imply that kernel of ¢ is nilpotent. Then by Lemma 1,
we have H, (4, C) = 0 for all two sided A-modules C, i.e. w. dim 4 = =.
Hence the result.

COROLLARY 9. Let A be a semiprimary algebra over a field K. Let
I'= AIN be of finite degree over K and I' ® I'* be semisimple. Then

dim A4 = 1. dim,I" = gl. dim 4.

REMARK. Theorem 2 of [4] is a particular case of this Corollary.
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