
SOME LEMMAS ON INTERPOLATING BLASCHKE 
PRODUCTS AND A CORRECTION 

A. KERR-LAWSON 

1. Introduction. A Blaschke product on the unit disc, 

B(z) = czkf\ f" 
n=l2« 1 ZnZ 

where \c\ = 1 and k is a non-negative integer, is said to be interpolating if the 
condition 

ce) n 
n=l; 1 Zn^rr 

^ ô> 0 

is satisfied for a constant 8 independent of m. A Blaschke product always 
belongs to the set / of inner functions; it has norm 1 and radial limits of 
modulus 1 almost everywhere. The most general inner function can be 
uniquely factored into a product BS> where B is a Blaschke product and 

sW = «{-£j£±^(0)] 
for some positive singular measure JU(0) on the unit circle. The discussion will 
be carried out in terms of the hyperbolic geometry on the open unit disc D, its 
metric 

^(*, «) 
1 — 2C0 

z, œ Ç D, 

and its neighbourhoods N(x, e) = {%' G D: \f/(z, zf) < e}. 
Lemma 1 states that an interpolating Blaschke product B is bounded away 

from zero as long as we do not come hyperbolically close to one of its zeros. 
This is stated in (2) as Lemma 1, and is used extensively there, but the proof 
given there is not correct. I learned, verbally, the proof presented here from 
Kenneth Hoffman. In the next lemma and the examples that follow, we con
sider the infimum of \B\ over the points whose hyperbolic distance from the 
zero set of B is at least e. This infimum will increase with e, but depending on 
the particular function B, it may not approach 1 when e tends to 1. Lemma 3 
characterizes interpolating Blaschke products (or finite products of them) as 
those inner functions / for which {z: \f(z)\ < 5} is contained in a union 
\JnN{an, e) of disjoint hyperbolic neighbourhoods for some ô > 0. 

Received February 3, 1967. 

531 

https://doi.org/10.4153/CJM-1969-060-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-060-2


532 A. KERR-LAWSON 

2. I n t e r p o l a t i n g B l a s c h k e p r o d u c t s . W e give first the corrected lemma. 

L E M M A 1. If B(z) is the Blaschke product of a sequence (zn) satisfying the 
condition (C) for a given <5, and if e > 0 is given, there exists a constant do 
depending only on 5 and e such that \B(z)\ è do whenever \p(z, zn) ^ efor all n. 

Proof. Le t e0 be an arbi t rar i ly small positive cons tan t such t h a t e0 ^ e, and 
€o < \p(d, e0). T h e la t ter condition ensures t h a t the sets An = N(zn, e0) are 
disjoint. For each positive integer n, the composite function fn is defined by 

*« - ifrt) • 
This function has the same range on the set D€Q = {z £ D: \z\ < e0} t h a t B 
has on An. F rom the condition (C) , we obtain 1/^(0)1 = (1 — \zn\

2)\Br (zn)\ ^ <5. 
I t can be shown from the Schwarz lemma t h a t there corresponds to ô and eo a 
cons tant do with the following proper ty : E v e r y / analyt ic on D, and satisfying 
l/l < l , / ( 0 ) = 0, and | / ' ( 0 ) | ^ d has an image on the set D € 0 which covers the 
set {z G D: \z\ < d0}. See the discussion on the Schwarz lemma in (3, pp. 165-
171). This means t h a t the Blaschke product B takes on each value X, for 
|X| < ôo, in each An. 

T o prove the lemma, we mus t show t h a t \B(z)\ ^ So for all z no t in the 
union of the An. li\B(z)\ < <50 for such a z, then for some integer m, \Bm (z) \ < 80j 

where Bm is the part ial product consisting of the first m factors of B. However, 
\Bm\ ^ \B\ holds in D, and hence Bm mus t take on the value Bm(z) in A*, 
i = 1, 2, . . . , m. Moreover, Bm is a rat ional function, and i t can t ake a n y given 
value only m t imes. Th is is a contradict ion, and hence \B(z)\ ^ <50 whenever 
$(z, Zn) ^ e ^ €0 holds for all n. 

W e observe from the above proof t h a t do could be chosen first, and the 
existence of a suitable e follows, as long as 80 is no t too large. 

L E M M A 2. Suppose that B(z) is the Blaschke product of a sequence (zn) 
satisfying (C) for a given 5. There is a positive constant ôi depending only on 8, 
and for each 50 < 5i, there exists e > 0 such that \B(z)\ ^ 8o whenever \f/(z, zn) ^ e 
for all n. 

Proof. T a k e a n y do small enough so t h a t the a rgumen t from L e m m a 1, using 
the Schwarz lemma, will apply for some do < ^(ô, e0). T h e n the conclusion 
holds with e = e0. T h e cons tan t 8± can be obtained as the supremum of all such 
«o. 

T h e following example shows t h a t the cons tan t 5i of L e m m a 2 can have a 
value less than 1. T h e function 

^(2) = exp(f±|) 

is an inner function wi thout zeros on D. As z approaches 1 on the real axis, 
A (z) approaches zero. Th i s means t h a t A (z) tends to zero as z approaches 1 
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between any two hypercycles. From this, one can see that {z: \A(z)\ < 5} will 
contain arbitrarily large hyperbolic neighbourhoods for each positive value of 
ô. For |X| < 1, the function Ax = (A — X)/(l — \A) is an interpolating 
Blaschke product with zeros on an oricycle touching {z: \z\ — 1} at z = 1. 
However, {z: \A\{z)\ < p}, for any p with | \ | < p, must contain those large 
arbitrarily hyperbolic e-neighbourhoods on which A is small. 

For an example of an interpolating Blaschke product with ôi = 1, it suffices 
to assume that 

Hm n 
m-$co n=l; ZnZn 

= 1. 

The proof depends on showing that, in the Schwarz lemma argument, as 
5 —> 1 it is possible to take €0 and <50 arbitrarily close to 1. 

The following is a partial converse of Lemma 2. 

LEMMA 3. Let F be any inner function. Suppose, for some 8 < 1, that 
{z: \F(z)\ < 8} is contained in the union of disjoint hyperbolic e-neighbourhoods 
N(ani e), an £ D for n = 1, 2, 3 . . . , of fixed radius. Then F is the product of a 
finite number of interpolating Blaschke products. 

Proof. Let F = BS, where B is a Blaschke product, and 5 a singular 
function. We show first that 5 is the identity, by showing that if either the 
discrete or the continuous part of /x(0) is non-trivial, then 5 must approach 
zero along some radial path. The argument of the first example just given then 
shows that {z: \S(z)\ < p} will contain arbitrarily large hyperbolic neighbour
hoods for each p > 0. If the continuous part dF{6) of the singular measure 
dix{d) is non-trivial, we can choose 0O with F'(do) = +co . We then apply the 
argument of Fatou's lemma (1, p. 34) to obtain 

l imlog |5 i (^ 0 o ) | = -F'(do) = - o o , 

where Si is the inner function obtained from dF(d) alone, since 

We can also show that for any 6 where the discrete part of M(0) has non-zero 
measure k, S(rei9) must have a factor of the form 

^[\~7y\ - k > o, 

which approaches zero as z —» eie radially. 
Thus, F — B, and the zeros (zm) of this Blaschke product must each lie in 

one of the sets N(an, e). The given conditions impose a finite maximum for the 
number of zm's which can appear in any N(ani e). We decompose B into a finite 
product of Blaschke products, each having at most one zero in any given 
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N(an, e). If B is any one of these, we know that B also satisfies the conditions 
of the lemma, since \B\ ^ \B\. If we let Bm be B with the zero zm from 
N(an, e) removed, then \Bm\ ^ \S\ ^ ô on the circular boundary of N(an, e). 
However, Bm is zero-free inside, and hence \Bm\ ^ 8 holds throughout. This 
means that \Bm(zm)\ ^ 5, which is precisely (C). 

In particular, this shows that if B is a Blaschke product which is not the 
finite product of interpolating Blaschke products, then B wrill be arbitrarily 
small at points arbitrarily far (hyperbolically) from its zeros. We might also 
note that from Lemma 3 and Rouché's theorem, we can easily prove that the 
set of interpolating Blaschke products is open in / . 
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