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CONTINUITY OF THE SCATTERING
TRANSFORMATION FOR THE KORTEWEG DE VRIES
EQUATION

HENRI-FRANCOIS GAUTRIN AND TAPIO KLEMOLA

Introduction. It is at present well known that, if g(x, ¢) is a solution of
the Korteweg de Vries (K d V) equation

(D G — 699, + ¢, =0

isfuch that g(x, 0) = gy(x), where gy(x) behaves reasonably at infinity, and
(R(k, 1), A(2), @), j=1....n,

are the scattering data (see [4] ) corresponding to q(x, ¢), then
R(k, t) = exp(8ik’t)R(k, 0)

)  ¢(1) = exp(8\ir)c,(0)
A1) = N(0) = A,

The bijective map F which associates the scattering data

(R(k, 1), (1), ¢;(1))

to g(x, t), is called the scattering transformation. The knowledge of F and
its inverse F~ ! allows us to solve the K d V equation. In fact, we have

q(x, 1) = F Y(R(k, 1), \,(1), (), j=1....n

and

(R(k, 0), A,(0), ) = F(qo(x)).

This article is a part of a study of the properties of continuity of F and
F~!. Here, we are going to define, in the space of solutions ¢g(x, ¢) and in
the space of scattering data, relatively natural topologies in relation to
which F will be continuous. Because of the particularly simple behaviour
in ¢ of the scattering data, we will study the continuity of the map

F:q — (R(k), >\j, ¢).

This work can be motivated by several points, in addition to purely
intrinsic reasons.
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First off, for the characterization of the infinite dimensional manifold
formed by the solutions of the K d V equation, the study of the continuity
of the map F is necessary, before looking at the more complex question of
its differentiability.

Secondly, the study of the continuity of F and of F~ ' is a useful tool for
looking at the approximation of solutions of the K d V equation by known
solutions.

Finally, in studying the closure of the set of the admissible scattering
data, and using the continuity of F _1, one could envisage to construct, by
passing to the limit, mathematical objects more general than functions,
solutions of K d V in some generalized sense.

In the first part, we shall recall the map F. On this subject one can
consult classical references such as: [3] and [4] and the articles cited
there.

In the second part, we discuss certain natural topologies on the space of
the functions g(x, ¢) and on the space of scattering data topologies which
make the map F, associated to F continuous and in the third part we study
the continuity of F.

1. The scattering theory. Let us consider the Schroedinger equation

O Sutaf =k
where ¢(x) is a locally integrable function such that: ¢ € L} ie.,

(o e]

gt = | . (1 + Ix1)lg(x) ldx < co.

Let f1(x, k) and f5(x, k) be the Jost functions, i.e., solutions of (3) with the
following asymptotic behaviour

filx, k) = " x - +oo
flx, k) =~ e ™ x> —co.

Let us note that if k # 0, we obtain for the Wronskian:
W(fi(x, k), fix, —k)) = —2ik

and
W(fy(x, k), folx, —k)) = +2ik.

In particular, the solutions f|(x, k), f;(x, —k) are linearly independent if
k # 0. Hence we can write f(x, k) as a linear combination of f,(x, k) and

f](X, _k)
Hx, k) = byk) fo(x, k) + ay(k) fo(x, —k).

Similarly we obtain

S, k) = by(k) folx, k) + ax(k) fo(x, —k).

https://doi.org/10.4153/CJM-1986-017-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-017-4

362 H-F. GAUTRIN AND T. KLEMOLA

From this we conclude easily:
1
al(k) = ﬁw(f‘](x, k)’ f‘z(x9 k)) = a2(k)’

by(k) = —by(k).

Let us set a(k) = ay(k) and b(k) = b,y(k).

Let us consider, now, the map F,, which to g(x) associates the couple of
functions (a(k), b(k) ); one shows (see [1] and the references therein) that,
if g(x, t) is a solution of the equation (1), such that g(x, 0) = g(x),
then

Fo(q(x, 1)) = (a(k, t), b(k, t)), and
alk, t) = a(k, 0)
bk, 1) = e Kbk, 0).
Let us introduce, to simplify the presentation, the two functions

mi(x, k) = e Mfi(x, k) and my(x, k) = ¥ f(x, k).

These functions are solutions, respectively, of the differential equations
m| + 2ikm| = gm; and mj — 2ikm,) = qm,

and satisfy the boundary conditions

lim mi(x, k) =1 and lim my(x, k) = 1.

One obtains

my(x, k) = by(k)e > my(x, k) + ay(kymy(x, —k)
and

my(x, k) = by(k)e** my(x, k) + a,(k)m,(x, —k).

Let us introduce the kernel

1
D, (y) = ﬁ(ezlky = 1);

we obtain the m (x, k) as a solution of the integral equation

4 mx, k)y=1+ /jo D, (u — x)q(u)m(u + k)du

for each k such that Im k = 0. Similarly m,(x, k) is a solution of the
integral equation

my(x, k) =1+ /x_oo D, (x — u)q(u)my(u, k)du.

Taking the limit as x — +o00, and making the identifications we obtain:
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b(k) = —1— f Mg (uym,(u, k)du
2ik Y~

and
1
5 ak)y=1- 25 J —oo quym(u, k)du
Imk =0,k +#0.

In the following, we are going to state certain well known properties of
the solutions m(x, k), in order to establish the behaviour of b(k) and
a(k).

In the sequel, when there is no ambiguity, we shall denote m;(x, k) by
m(x, k).

Let us return to the equation (4), which is an equation of Volterra; we
solve it by iteration, and obtain after some majorations:

mx, k)| =1 + in(x)e'l)(x)/lu
(6) |k|
Im(x, k)| = 1 + y(x)e"™.

where:

w0 = [ laGoldu

v = [ = ) lgtu
We have also from (4)

Im(x, k)| =1 + /Zo ulg(u) | lm(u, k) |du

(o]
- x fx lg@u) | Im(x, k) ldu.
But as for u = 0, 1 + y(u)e"™ =1 + y(0)e"?, this gives

m(x, k)| = 1+ v(0) + ¥(0)e"® — x f "l | Im(u, k) ld.
Let
=1+ ¥0) + ¥ (0)e"".
Then C = 1. Let us set
M(x’ k) — M
(1 + Ixl)

and
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p(x) = (1 + Ixl)g(x) |,
where p(x) is integrable. We obtain

= C 00
MO S S T i l)f p(u) IM(u. k) ldu

1A

m/ p(u) |M(u, k) |du

=1+ /iop(u) IM(u, k) |du.

Resolving by iteration one obtains

exp (fzop(u)du)

exp f_oo(l + lul ) lq(u)ldu = exp liqlly;

IM(x, k)|

IIA

1A

1e.,

(7)  Im(x, k)| = exp llglic + |x]).

2. Continuity of the map F,. Let now .# be the space of all the complex
valued functions f(z) which are analytic in the half-plane Im z > 0 and
continuous in Im z = 0 except at the point z = 0. Let us define on #
the topology of uniform convergence on compact sets. Let 4" be the space
of functions g(x), continuous on the real line except perhaps at x = 0, and
equipped with the topology of uniform convergence on compact sets.

THEOREM 1. The map F, that associates to q the couple (a(k), b(k) ) is a
continuous function from L into the product space M X N

Proof. Let us note first that a(k) is indeed an element of .Z. In fact,
[ee]

1
aky =1 — %k q(u)m(u k)du.

As m(u, k) is analytic in the half plane Im k& = 0 and continuous in
{klIm k = 0} — {0}, this is true about a(k) as well.
Similarly, starting from the expression

1 [ 5
b(k) = — f g m(k, x)dx,
2ki v
we conclude that b(k) is continuous on R — {0}.

Let now ¢g,(x) be a sequence in L{, converging to g(x). Let m, (x, k) be
the solution of the equation

m” + 2ikm’ = q,m
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such that

lim m,(x, k) = 1.

Set also
(Cl”(k), bn(k) ) = FO(qn)

From (5) we obtain

1
a(k) — a,(k) = 2k ) oo (@n(WImy(u, k) — q(u)m(u, k) )du

that is:

lak) = a,(k)| = ﬁ‘ J7 ) Im G 6 — mea, )l

1 (<)
+ 2_|k—| f—oo Im(u, k) | an(u) — q(u) |du.

From (7) we have:

1
@) lak) = a,(k)| = 2] ) oo g, (u) | Im,, (u, k) — m(u, k) |du

1 1
+ —Cllg, —
T llg, — qll;

but from (4) we obtain

(mn(x’ k) - m(X, k)) = ‘/x Dk(u - x)(qn(u)mn(u’ k)
— q(u)m(u, k) )du

(e, &) = me )1 = [ 1D~ 201 1,0 a6
— m(u, k) |du

+o0
[ = 0 a0

q(u) | Im(u, k) |du

1 (ee]
|mn(x9 k) - m(x’ k)l -—<: Tk—l X an(u)l Imn(us k) - m(u, k) |du

¢ 1
+ —llg, — qll;.
|k|”qn q”]

Resolving this inequality of Volterra by iteration we have
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1 (o]
Im,, (x, k) — m(x, k)| = m g, — @l exp — 7 fx 1g,,(u) |du

or

C
©)  |m,(x, k) — m(x, k)| = I lig, — qllie” M,

Substituting (9) into (8) we have

latk) — a,(k) | = =llg, — g [ gl e”%”lf"]
2/k] : k]

but

gl = llg, — gll, + llgll, = llg, — qlli + ligll,
from which

llg, — qlll
k) — a (k)] = — - 1[1 + Mn AW g, —qlhllalh
la(k) — a, (k)| = ZIkI llg, — qll; P

ligll, '
+ L ll4lls gllg, —qlh |
Ik

This implies that if K is any compact set such that
K C {k|Imk = 0} — {0},

if g, = ¢ in the topology of L{, a,(k) will converge uniformly in K
toward a(k). It is clear that we have similar inequalities for b(k), when
Im k = 0, £k # 0, which proves the theorem.

COROLLARY. Let us consider now the solutions q(x, t) of the K d V
equation, such that q(x, 0) = q(x), and the map F, that associates (a(k, t),
b(k, t)) to q(x, t). We obtain immediately the following results:

(a) If g,(x) converges in L] toward q(x), then Fy(q,(x, t)) will tend
toward Fy(q(x, t)) in the topology of M X N, umformly in t.

(b) If for a fixed t, q,(x, t) tends to q(x, t) in Ll, then Fy(q,(x, t))
tends to Fy(q(x, t)) in M X N

3. Continuity of the scattering map.

THEOREM 2. Let q,(x) be a sequence of functions that converges toward
q(x) in Ll, let
a(k b, (k
oy — 46 ey )
b(k) a,(k)
and let «, ..., a; be the zeros of a(k). Then {r,(k)} converges to r(k)
uniformly on compact sets in R — {0}, and for all i, there exists a complex
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sequence «a; , such that

lim o, =0
n—o00

and such that a;,, is a zero of a, (k).

Proof. As the functions a,(k) and a(k) are # 0 outside of the axis
Re k = 0 (see [3] and [4] ), it is clear that, taking into account the Theorem
1, the quotient b, (k)/a,(k) converges uniformly on all compact sets of
R — {0} to b(k)/a(k).

We know that the number of zeros of a(k) is finite on the real axis. If ¢;
is a zero of a(k), there exists a closed disk centered at «; with radius 7, such
that a(k) # O elsewhere in the disk. On the other hand, as a,(k) is a
sequence of holomorphic functions that converges uniformly on compact
sets in the upper half plan to the function a(k), according to the Hurwitz’s
theorem [6], starting from a certain N all the functions a, (k) have a unique
zero inside the disk. Let «;, be these zeros, i.e., a,(a;,) = 0. Let us show
that o;, = a;.

Given ¢ > 0, consider the disk centered at «; and of radius e. For ¢
sufficiently small, according to Hurwitz’s theorem, 3N, such that for
n > N, a,(k) has only one zero inside the disk. Hence

n>Ny=lo; — a, <e

The «; can be considered as eigenvalues of the self-adjoint operator
associated with the Schrodinger equation

&

dx*

in the Hilbert space of the square integrable functions on the real line. Let

j;- be a Jost function associated with the eigenvalue a;. The normalization
coefficient ¢; is defined by the relation

Vg = oy

| p—

7 i

&

or, using the functions m; = e"‘f"fj(x, ia;)

I —

[ee]
_ —2ax 2 .
= /_oo e Y mj(x, laj)dx.
J
THEOREM 3. Let q,(x) be a sequence of functions converging to q(x) in
L}, a, ..., the zeros of a(k), and let a, ; be a complex sequence, such
that

o

a,(a, ;) = 0 for all j and

lim a,; = & forallj
n—00
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Let ¢; be the normalization coefficient that corresponds to ;, ¢, ; the one

corresponding to a, . Then
lim Crj = G
Proof. Letfnvj(x, k),i = 1,2, be the Jost functions for g,(x). If k = a,
then
(21‘(112’]-)_1 W(f;r.](x’ an,j)’ fn,2(x’ an,j)) = an(an.j) =0
and

/.1 is proportional to f, 5,

f,,,z(xa an.j) = 'Yn,jfn,l(x’ an,j)'
Furthermore we have (see [3] page 148)

—f)lz,,Z + qfn,2 = szn,Z + 2k n.2k #0
where

d
means — x, k).

fn,z dkf"’z( )
Then

d .

—W(flz,l’fll,z) = 2kfn,l n2-

dx
For k = a, ; we obtain, f, | being proportional to f, 5,

n.j

2an./ /-_oo j;l,l(t’ an,j)f;l,2(t’ an,j)dt = W(fn,l’fn,Z)‘

Similarly we have

2an,_/ /x jﬁn.](t’ an,j)f;ll(t’ an,j)dt = W(j;z,l’f;z.Z)’
So

+ oo
20, | oo Sualts @y Dot @, )t
= Wi fon) + W(y1s o)

d
= EW(f"’l(x’ k), f;1,2(x7 k)) lk:u,,‘/

d .
= d—k(Zlka,,(k) ) |I<:a,,,,

= [2ia, (e, ;) + 2ian‘jan((x"‘j)]

n,j
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whence

+o00

. 1

an(an,j) = 7 —oo jpn,](t, an,j).fn,Z(ts an,j)dt'
Or

+oo

. Yn,;

a,(a, ) = 41”- f_oo f:f,’](x, a, )dx.
Then

1 i .

— = — a,(a, ;) forall.

Cpj M
Similarly we have

' p—

= La(a).

Y)

Let us show now that for all k£, Im £k > 0, a4,(k) converges to a(k)
uniformly on compact sets, when g,(x) converges to g(x) in L}: we
have

)

1
lak) — a,(k)] = —;[a(k) — a,(k)]

N /*‘” [qn'hn - qrh]du
—oo L ik
1

1 +o00 . . +oo .
by /_oo (gm, — gm)du = Tk /_Oo lg, — qlmdu
+oo
+ 2k ) oo q,lm, — mldu.

Let us estimate |m(x, k) |. From

(x, k) = /io Dy (t — x)q(tym (1, k)dt

+ foo D, (t — x)q(r)m(1, k)dt

using the estimate

1
D.(») ] < rk_l for Im y = 0 and

2

D =1+
D, (») | e

forImy =0
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we obtain

. _1 [ . 2\
e 1= o [ o+ (14 2 el

where ¢ = 1 + (0) + y*(0)e"?.
Solving by iteration we have |m(x, k) | = E(k) where

k 2
£ = (1 + et exof it + 1210 ).

Ik]

Therefore

1 /+°° = |

3 | ool = i = LB g, =l
and

00
Im, (x, k) — m(x, k)| = Ikl/ g, (t) | I, — mldt
E(k)

2
oy il ( wﬂmmn%—wwmm

1 1
+ (1 + W)Cellq”'”qn _ qH:-

Solving by iteration we obtain

i, (x, k) — m(x, k)| = F(k)llg, — gll}el@h/ %,

_Ek®) ( 2\ (llg,lly llg, |l |
F(k) . 1+ [k|2)c( | exp(———|k| )exp Ilqlll).

Therefore

1 [ee]
2k f_oo q,lm, — mldu

where

= gl F(k)e kg — qlI]

and

. . 1
la(k) — a,(k)| = mla(k) a(k)|+Tk|E(k)llqn qll;

+ Fk)elellq, — qll).

As d(k) and a, (k) are continuous for Im k > 0 (see [3] ) we conclude
that 4, (a,, ;) will converge to d(e;) when g, converges to g in L.

Let us show now that y, ; converges to v;. Indeed there exists an x, such
that ' '
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_f](XO, (Xj) # 0.

Furthermore from (9) we conclude that £, ;(x,, k) converges uniformly to

%, k) on compact sets of {k | Im k > 0} when ¢, converges to g in L

1(x ,
{. Then £, \(xg, @, ) will converge to f}(x,, a;). By the same argument we

prove that f, 5(x,, @, ;) converges to fy(xp, ;). Then
_ Jna(x0, an,))
fn,l(XO’ &y )

will converge to y; and

‘Yn,j

ian(an,;) . ia(ey)
— 7 will converge to ——2=~
Yn,j Y
ie.,
lim ¢, . = c.
n—oco ) J

Definition (Scattering map). Let F be the map that associates to
q € L} the triple

F(g) = (r(k), (ay, ..., ), (¢, - -5 ¢)))

as defined above. The map F is called the scattering transform. The zeros
{a,} of a(k) are ordered on the imaginary axis so that their absolute values
form a decreasing sequence.

Definition (Topology 7 on the image F (L%). Let us introduce on F (L})
a topology 7 saying that a triple sequence
(rn (k)’ (a]’,p 0(2’", cees a/(n),n)’ (Cl,yn cee s c[(n)‘n))

converges to (r(k), (e, ..., a,), (¢, ...,c,)) if
1) r, (k) converges to r(k) uniformly on the compact sets of R — {0};

2) lim @, = q
n—oo

with the convention that if /(n) < m then we complete the /(n)-triplet
(@), -+ @y ,) With m — [(n) zeros, and

lim o, , =0 if /(n) > m.

n—00

3) lim ¢;, = ¢
n—oo

there we also complete the /(n)-triplet with zeros if m — I(n) > 0. We
impose no conditions on

lim ¢, -
n—oo
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THEOREM 4. Let D be a domain in L}, bounded in the topology of L';

i.e., 3d > 0 such that
+oo
DC {q e L f_oo lg(t) ldt < d}.

Then F is continuous in D with respect to the topology .

Proof. Let g, be a sequence of functions in D converging to ¢ in L.
Let a,(k) and a(k) be the corresponding functions. From (5) we
conclude

< L
lap k) = 1 = 5 | oo 1aa@0) | by (s ) e

and

1 (e
) = 11 = 20 | g | ImGu k) ldus

from (6) we obtain

Im,(u, k)| =1 + i (/ojm’qn(u) Idu)el/iklﬁw(q,,(u)ldu

Ikl
i.e.,
Im,(u, k)| = 1 + 4
|kl
similarly

d
Imu, k)| = 1 + e/,

k|
We then obtain the following inequalities:
d &
la, (k) — 1] = — + ——e¥/W
k| |k
and
d dz d/ |k
a k - 1 é P + —¢ |
latk) — 1) | T

Hence 3« such that for |k| > «
(10)  la,(k) — 11 <1 Vn
la(k) — 1] < 1.

Let us recall that the zeros of a(k) as well those of a,(k) are finite
in number, simple and are situated on the positive imaginary axis (i.e.,
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Im k > 0 and Re k = 0).

We conclude that there exists k > 0 such that all zeros of a(k) and of
a,(k) are situated on the interval between 0 and ik on the imaginary
axis.

Let «; be the zero of a(k) such that |« is minimum. The zeros of a,, (k)
being separated Ve’ > 0, ¢ < ||, Je such that € = € and is not a zero of
a,(k), ¥n. Consider the domain in the complex plane, bounded by the line
Rez = —§, Rez = §, Im z = «, the real axis and the upper half circle
|zl = ¢ Imz = 0, (§ > €). On the contour of this domain a(k) and a, (k)
are continuous and # 0; in addition, a(k) and a,(k) are holomorphic in
the domain. Then, by Hurwitz’s theorem AN such that » > N = a(k) and
a, (k) have the same number of zeros within the domain. Eventually, a, (k)
may have zeros «,, outside the domain, but then |a,| < €; i.e., the sequence
of these zeros converges to 0.

Applying Theorem 2 and Theorem 3 we conclude that F is continuous
in the topology 7.

CorOLLARY. Consider now the solution q(x, t) of K d V equation,
satisfying the initial condition q(x, 0) = q(x). Let

F(g(t) = (r(k, 1), & ¢,(1)

such as defined in (2). Then we have immediately the following results:

(a) If for a fixed 1, the sequence {q,(x, t)} in L} is uniformly bounded
in L', and converges in L{ to q(x, t) € L}, then F(q,(x, t)) converges to
F(q(x, t)) in the topology .

(b) If q,(x) converges in L} to q(x) and the sequence q,(x) is uniformly
bounded in L', then F (g,(x, t)) converges to F(q(x, t)) in the topology T
uniformly in t.

THEOREM 5. Let G;(i = 1, 2) be domains in L; N L:, bounded in the
topology of L'; i.e., Ad such that

G —tgetd [ od<d ad
7 atom, onax = 0y

G, = {q € L) /700 lg(t)|dt < d and
f_oo g(m(x, 0)dx # 0},

Then F is a continuous map from G, equipped with topology of L} to

[ele] . oo .
Cx &R X® R

i=1

where C represents the space of complex valued functions continuous on
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R — {0}, considered with the topology of uniform convergence on the

(S .
compact sets of R — {0}. On ‘E_Bl R’ we consider the following norm

/

”a]’l’ (a2’19 a2,2)’ I (a/’h c ey al’l) ” = 21 Sup Iaj,j|~
i= J

Proof. From (10) we conclude that there exists k > 0 such that all the
zeros of a(k) and a, (k) are situated on the interval (0, ik) of the imaginary

. . . d
axis. From [3, Theorem 1] it is known that if ¢ € L; then a—km(x, k) ex-

ists and is continuous for Im k = 0. Let us suppose that g and g, are in G|;
therefore a(k) is continuous for k = 0 and

lim a(k) # 0.
k—0

Hence on the contour of the rectangle with vertices (—9, 8, 8 + ik, —8 +
ik) a(k) and a, (k) are continuous and # 0; in addition a(k) and a, (k) are
holomorphic in the interior of this rectangle. By Hurwitz’s theorem 3N
such that n > N = a(k) and q, (k) have the same number of zeros within
the rectangle. As all the zeros are within the rectangle, we conclude
that, starting from a certain N, a, (k) and a(k) have the same number of
zeros. The continuity of F now follows directly from Theorem 2 and
Theorem 3.
Let us suppose now that ¢ and g, are such that

+ oo +oo
vy = f_oo q(x)m(x, 0)dx and v», = f_oo q,(x)m, (x, 0)dx

then » and v, are finite and # 0. We have:
v 1 + o0
katk) = k = = = = /~ q(t)(m(1, k) — m(z, 0) )dr;
i i *©

m(x, k) is continuous for Im k = 0 then ka(k) and ka,(k) are also
continuous on the contour of the rectangle with vertices (—§6, 8, § + ik,
—& + ix). ka(k) and ka, (k) are # 0 on this contour, and the zeros of
ka(k) are the same as the zeros of a(k). Then by Hurwitz’s theorem,
starting from a certain N, a,(k) and a(k) have the same number of zeros.
This implies that F is continuous (Theorem 2 and Theorem 3).

COROLLARY. We have immediately the following proposition for q(x, t),
the solution of K d V equation such that q(x, 0) = g(x)
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(a) if for a fixed 1, the sequence g,(x, t) in G, (i = 1, 2) converges in
L} to q(x, t) in G, then F(q,(x, t)) converges to F(q(x, t)) in

[0.0] o0

CX OR X &R,

1= 1=

(b) if q,(x) converges in L} to q(x) and if q,(x) and q(x) € G; (i = 1,2)
then F(q,(x, t)) converges to F(q(x, t)) in the topology of

uniformly in t.

Conclusion. In this article we have given conditions for the continuity of
the scattering transformation. In order for us to obtain more general
results for the continuity of the inverse transformation, we would have to
establish conditions for the differentiality of the scattering transformation
and make use of an inverse function theorem.
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